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NOW have printed a Sixth Volume of this Collection of Mathematical 

Tracts, to which I have given the title of Scriptores Logarithmici, though 
ſome of the tracts that have been inſerted in it have not related ſtrictly to 
Logarithms, but to ſome other uſeful ſubjects, which have had but a remote 
connection with them. And, as the volume is pretty large, extending to 950 
pages, I will here proceed to lay before my readers a previous account of the 
contents of the ſeveral tracts contained in it, to the end that, if they ſhould 
not have leiſure, or inclination, to read the whole volume regularly through, 
they may be the better able to judge before-hand which of the tracts contained 
in it will be beſt ſuited to the courſe of ſtudy they are purſuing, and will be 
moſt likely to gratify their curioſity. 


Of the Contents of the first Tract in this Volume. 


The firſt tract in this Volume is written by Dr. Andrew Mackay, L. L. D. 
late of Aberdeen in Scotland, who is a very able Mathematician, and particu- 
larly well-ſkilled in the Doctrine of Navigation; and it is intitled An Examin- 
ation of Mr. Baron Mavceres's Solution of Mr. Bouguer's Example to Dr. Halley's 
Problem, as given in page both of the fourth Volume of the Scx1pTorEs LoGas 
RITHMICI, The occafion of his writing it was as follows. 

Vol. VI. a Dr. Halley 
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Dr. Halley had propoſed to the learned Mathematicians of the latter part 
of the 17th century a certain Problem concerning Navigation, of which he 
very much defircd to ſee a direct ſolution, The Problem was this. Sup- 
poſing a Ship to fail from a given place, of which the latitude is known; 
and to ſail neither upon a Meridian-circle directly towards, or directly from, 
the Equator, nor on the Equator itſelf, nor on a Parallel of Latitude, but in an 
intermediate direction between a Meridian-circle and a Parallel of Latitude, 
and on a Rhumbseline, or Loxodramick curve, or ſo as to cut all the Meridian- 
circles, over which it paſſes, in the fame angle; but that the ſaid angle is not 
known; and ſuppoſing it to have run-over, in ſuch an oblique direction, a 
certain known number of leagues, or miles; and alſo, in ſuch run, or voyage, to 
have increaſed, or diminithed, it's Longitude, (meaſured on the circumference of 
the Equator,) by a given arch, or a given number of leagues, or miles; it is re- 
quired to find the ſaid angle of the Ship's courſe, and the new Latitude at which 
the Ship will have arrived at the end of the voyage.” This is a very difficult 
Problem ; and no direct ſolution was, as I believe, ever given of it before 
that which I publiſhed in the 4th Volume of the Scripteres Logarithmici, and 
which had been communicated to me by Mr. George Atwood, who had, with 
great ſkill and ſagacity, derived it from a certain infinite ſeries invented by 


Mr. James Gregory, But this ſolution, when explained as fully as possible, 


is ſtill very ſubtle and difficult, and requires a great quantity of calculation, 
both Algebriick and Arithmetical, before we can obtain, (by reſolving, by 
ſome Method of Approximation, an equation conſiſting of an infinite number 
of terms,) a tolerably accurate near value of x, or the co-fine of the angle 
of the courſe, to find which is the object of the Problem. And the Problem 
admits of three different cafes; in the firſt of which the Ship is ſuppoſed to 
fail from a place on one fide of the Equator to another place on the ſame fide 
of the Equator, but which is /z/5 diſtant from it; and in the ſecond it is ſuppoſed 
to ſail from a place on one ſide of the Equator to another place on the ſame ſide 
of the Equator, but which is more diſtant from it; and in the third it is suppoſed 
to ſail from a place on one fide of the Equator to a place on the other ſide of 
it; which variety of caſes increaſes the length and difficulty of the ſolution 
in a very conſiderable degree. In order, therefore, to make the ſolution as 
intelligible as I could, I ſubjoined to each of theſe three caſes a ſeparate ex- 
ample with particular quantities, expreſſed in numbers, for the quantities that 
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were before ſuppoled to be given, or known, and I ſolved it by the application 
of the rules of the General Solution of the caſe under which it fell. And the 
values of x, (or the co-ſine of the angle of the Ship's courſe,) which were 
thereby obtained in each of theſe three examples, were tolerably exact; as 
was proved by deriving, reverſely, from the values of x obtained in thoſe 
examples, the values of the Differences of the Longitudes of the Ship at the 
beginning and at the end of the voyage, and finding that the new values of 
the ſaid Differences of the Longitudes, when ſo derived, were very nearly equal 
to their former values, when they had been given, or known. 


Thus, in the firſt of thoſe examples (in Vol. 4, page 33,) the Ship at the 
beginning of the voyage is ſuppoſed to be in North- latitude 51, 187, and in 
Weſt-longitude, (reckoned from London,) 22, 6' ; and the diſtance run by 
the Ship in the voyage in the ſame courſe, (or on the ſame rhumb-line, or 
loxodromick curve, or ſo as to cut all the meridian lines, over which it paſſes, 
in the ſame angle,) is ſuppoſed to be 564 miles; and the Difference of the 
Longitudes of the ſhip in the place of her departure and in the place of her 
arrival, or the length of the arch of the Equator intercepted between the two 


meridian- circles that paſs through the ſaid firſt and laſt places of the ſhip, is 


ſuppoſed to be 786 miles. And, from theſe three things given, it is required 
to find the angle of the ſhip's courſe, 


And by the ſolution of this example (contained in page 33, 34s 35, = = = 
44, ) it is found that, if the radius of the earth be called 1, the co- ſine x of 
the angle ſought will be = 0.4272, and conſequently the ſaid angle itſelf 
will be = 64?, 42”, and the new Latitude of the ſhip at the end of the voyage 
will be 47*, 49. 


And then, as a proof that this value of x is pretty near the truth, it is 
ſhewn (in Art. 47, pages 45, 46, and 47,) that, if the ſaid angle of the courſe 
be ſuppoſed to be 649, 42“, and the new Latitude of the ſhip be ſuppoſed 
to be 47*, 497 the Difference of the two Longitudes of the ship in it's firſt and 
it's laſt places will be 790.4 miles; which differs ſo little from 786 miles, or 
the former, or given, Difference of the Longitudes of the ſhip in the ſaid two 

a2 places, 
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places, that we may juſtly conclude tl.at the value of x, the co- ſine of the angle 
of the courſe, found by the foregoing computation, to wit, 0.4272, mult be 
pretty neatly equal to it's true value, 


The example to the ſecond caſe of Dr. Halley's Problem begins in page 60, 


and ends in page 75, of Vol. 4. Ju this example the ſhip at the beginning of 


the voyage is ſuppoſed to be in North-latitude 40?, 45, and in Welt-longitude, 
(reckoned from London,) 15?; and it is ſuppoſed to fail, in a direction partly 
tending to the North, and partly tending to the Eaſt, along a rhumb- line, or 
loxodromick curve, or ſo as to cut all the meridian- lines, over which it paſſes, 
in the ſame angle; and in the courſe of the ſaid voyage to have run over a 
line of 60 leagues, or 180 nautical miles, in length, and to have varied it's 
Longitude by an arch of 2, 15, meaſured on the Equator, or by a line of 
147.375 miles. And, from theſe three quantities ſo given, it is required to 


find the angle of the ſhip's courſe, of which the co- ſine is called x. 


And, by the ſolution of this example (contained in pages 60, 61, 62, &c, 
- = » 75,) it is found that, if the radius of the earth be called 1, the co-ſine 


x of the angle ſought will be = 0.7947, and conſequently the ſaid angle it- 


ſelf will be = 37*, 22/, and the new Latitude of the ſhip at the end of the 
voyage will be 42*, 48“, 29”. | 


And then, as a proof that this value of x is pretty near the truth, it is ſhewn 
(in Art. 84, pages 76, 77, and 78,) that, if the ſaid angle of the courſe be 
ſuppoſed to be 37*, 22', and the new Latitude of the ſhip be ſuppoſed to be 
422, 48*, 29”, the Difference of the two Longitudes of the ſhip in it's firſt and 


laſt places will be 147.14 miles, or 147 105 miles; which differs ſo little 
from 147.375, or 147 , which was the former, or given, Difference of 


the Longitudes of the ſhip in the ſaid two places, that we may justly conclude 
that the value of x, (the co- ſine of the angle of the courſe,) that was found 


by the foregomg computation, to wit, 9:7947s muſt be pretty nearly equal 
to it's true value. 


This 


JJ * 


This example has been reſolved alſo by Monſieur Bouguer in his Traité de 
Navigati:n ; and he makes the new Latitude of the ſhip at the end of the voyage 
to be 43%, 157. This is greater than the new Latitude ſound by my ſolution of 
this example, to wit, 42*, 48", 29”, by the difference of only 200, gi”, which 
is leſs than half a degree, and is therefore not very conſiderable upon an arch 


of nearly 43 degrees. 


The example to the third caſe of Dr. Halley's Problem begins in page 95, 
and ends in page 111, of Vol. 4. In this example the ſhip is ſuppoſed to be, 
at the beginning of the voyage, in North latitude 5 degrees, and to ſul, in a 
direction partly tending to the South and partly to the Welt, on a rhumb-line, 
or loxodromick curve, or ſo as to cut all the meridian-lines, over which it 
paſſes, in the ſame angle, which is ſuppoſed to be unknown, and of which x 
is ſuppoſed to be the co-fine in a circle of which r, or 1, or the radius of the 
earth, is the radius. And the ſaid ſhip is ſuppoſed, in it's voyage, to have run 
over a line of 564 miles, and to have gone to the South fide of the Equator, 
and to have varied it's Longitude by an Equatorial arch of the length of 
324.904 miles. And it is required, from theſe three quantities ſo given, to 
wit, the firſt Latitude of 5 degrees North, the diſtance run of 564 miles, and 
the Difference of the ſhip's two Longitudes in it's firſt and it's laſt places, or the 
length of the Equatorial arch intercepted by two meridian=circles paſſing 
through the ſaid two places of the ſhip, which is 324.904 miles, to find the 
angle of the ſhip's courſe (of which angle x is the co-ſine,) and the new 
Latitude at which the ſhip arrives at the end of the voyage. 


And by the ſolution of this example (which is contained in pages 95, 96, 
97,&c, » - 111, of Vol. 4,) it is found that the co-fine x of the angle 
ſought is = 0.82, and conſequently that the ſaid angle itſelf, or the angle 
of the courſe, is = 345, 55, and that the new Latitude of the ſhip at the end 


of the voyage will be 1*, 38”, 16”, South, 


And then, as a proof that the ſaid value of the co-ſine æ obtained by this 
ſolution, to wit, 0.82, is pretty near the truth, it is ſhewn (in Art. 177, 
pages 111, 112, and 113,) that, if the ſaid angle of the ſhip's courſe be ſup- 
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poſed to he 34*, 55%, and the new Latitude of the ſhip at the end of the voyage 
be ſuppoſed to be 1, 38”, 16”, South, the Difference of the two Longitudes of 
the ſhip in it's firſt and laſt places will be 323.576 miles; which differs ſo 
little from 324 904 miles, or the Difference of thoſe two Longitudes that was 
before ſuppoſed, or given, that we may juſtly conclude that 0.82, or the value 
of x, (the co-ſine of the angle of the ſhip's courſe,) which we had found 
by the foregoing computation, muſt be pretty nearly equal to it's true 
value. 


And by theſe computations of the values of the co-ſine x in theſe three ex- 
amples, and theſe proofs of their being tolerably near the truth by the ſucceſs 
of theſe reverſe operations, I was inclined to think that the accuracy of this 
ſolution of Dr. Halley's Problem in a dire& method had been ſufficiently eſta- 


bliſhed. But ſome time after I was induced to entertain ſome doubts upon 


this ſubject, and to fear that I had made ſome flip in the computation of the 
ſecond example in conſequence of Dr, Mackay's having ſolved the ſame ex- 
ample by a different and an indirect Method of Solution, and found the 
angle ſought, or angle of the ſhip's courſe, (which I had made to be 37 22“, 
to be only 335, 52', which is 35, 3o' leſs than my value of it. The occafion 
of Dr. Mackay's computing this example was as follows. | 


When I had compleated this difficult and complicated ſolution of Dr, Halley's 
Nautical Problem in a direct method, and had illuſtrated it by applying it 
to the computation of the foregoing three examples to the three different caſes 
of the Problem, (which was a very laborious and fatiguing taſk,) I commu- 
nicated the whole to Dr. Mackay, who was at that time reſident at Aberdeen 
in Scotland: and he took occaſion from the peruſal of it to draw-up another 
ſolution of the ſame problem in an indirect, or tentative, method, which was 
incomparably leſs laborious in the application of it to particular examples, 
than the direct, but very long and abſtruſe, ſolution which I had given of it in 
my tract. And this new and indirect method of ſolving this problem, which 
he had invented, he thought to be not only ſhorter and eaſier, and therefore 
fitter for practice, than my direct ſolution of it (in which opinion I intirely 
agree with him,) but to be preferable alſo to the ſeveral indire methods 
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of ſolving this diflicult problem that had been given by other writers on this 
ſubject. And, to ſhew that it was ſo, he inſerted in the faid tract which he 
drew-up on this occaſion, a number of examples of this Problem that had been 
ſolved by Mr. F-bn Robertſen, (the author of the celebrated treatile on Navi- 
gation,) and by Monfieur Bouguer, (a famous French writer on the fame ſub- 
ject,) and by Mr. Emer/on, and other writers, by indirect methods of ſolution, 
and he ſolved them all anew, together with my three examples above-mentioned, 
by his own new method. And this tract he ſent to me for my peruſal, with a 
requeſt that I would print it in the ſame volume of the Scripteres I.ogarihmics, 
in which I had printed my long, direct, ſolution of this problem; which has 
accordingly been done in pages 275, 276, 277,&c, - - - 299, of Vol. 4. 
The reſults of his ſolutions of my three examples in this tract are as 
follows, 


In the firſt of my examples, in which I had found the angle of the courſe 
to be 64, 42, and the new Latitude of the ſhip to be 47, 49“, he makes the 
angle of the courſe to be 65?, 10/, 40”, and the new Latitude to be 47*, 21, 
14”. Theſe reſults do not differ greatly from mine. 


In the ſecond of my examples, in which I had made the angle of the courſe 
to be 37?, 227, and the new Latitude of the ſhip to be 42?, 48“, 29”, he makes 
the angle of the courſe to be only 33*, 527, and the new Latitude to be 43%, 
14, 30”. Theſe values of the angle of the courſe differ from each other 
conſiderably, Dr. Mackay's value of it being leſs than mine by 3?, 30“. 


In the third of my examples, in which I had made the angle of the courſe 
to be 34", 55, and the new Latitude of the ſhip to be 1®, 38', 16” South, 
Dr. Mackay makes the angle of the courſe to be 35*, 8“, 33”, and the new 
Latitude to be 2®, 41”, 12” South. 


| Theſe values of the angle of the courſe differ from each other by only 13', 33“, 


or leſs than 15", or 2 of a degree, or 72 or — of 35 degrees, which 


ſeems to be no important difference: but the difference of che two magnitudes of 
| | the 


CC —„[„— — — — * 


viii nnn 
the new Latitude, to wit, 15, 38”, 16”, and 29, 417, 2”, ſeems conſiderable and 


ſomewhat ſurprizing. 


When J obſerved theſe differences between the reſults of my ſolutions of 
theſe examples and the reſults of Dr. Mackay's ſolutions of them, and more 


particularly in the ſecond example, where I had found the angle of the courſe 


to be 37 22/, and Dr. Mackay had made it to be only 337, 52“, which is leſs 


than 37, 22 by three degrees and a half, I began to ſuſpect that ſome miſ- 


take had been made in ſome of the numerous arithmetical operations that it 
had been neceſſary to perform in my ſolution of that example, and there- 
fore I wiſhed to have that ſolution performed over-again by ſome ſkilful cal- 
culator who might be able to diſcover and correct any errors that I might 
have made in it. And for this purpoſe I applied to Dr. Mackay to under-— 
take this buſineſs for me, and he was ſo obliging as to comply with my requeſt, 
And he has accordingly performed this calculation of my example to the 
ſecond caſe of Dr. Halley's Problem over-again compleatly, from the begin- 
ning to the end, with great care and ſkill, and, by my deſire, in the ſame 
words that I had made uſe of, and without any other change than a correction 


of the numbers where they were found to be erroneous ; excepting that, for 


the ſake of obtaining a more exact value of x, or the co-ſine of the angle 
of the courſe, than I had obtained, he has retained two more terms of 
James Gregory's infinite ſeries than I had employed. And this new and 
more exact computation of this example to the ſecond caſe of Dr. Halley's 
Problem according to the direct method of ſolution explained in Vol. 4, 
which Dr. Mackay made by my deſire, together with ſome remarks that 
Dr. Mackay has added, at the end of the computation itſelf, in pages 21, 


22, and 23, conſtitutes the firſt tract in the preſent, or 6th, Volume of the 


Scriptores Logarithmici, and extends from page 3 to page 23, or through 20 
Pages. 


The reſult of this new and more accurate computation of this example to 
the ſecond caſe of Dr. Halley's Problem, by the direct method of ſolution, 
made by Dr. Mackay, is, „that the co-fine, x, of the angle of the courſe, 
(mſtead of being = 0.7947, as J had made it,) is = 0,837,264, and con- 
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lequently that the angle of the courſe itſelf (inſtead of being 37, 22, as | 
had made it,) is = 33, 9g', which differs from the value of it which Dr. NV 


/ 


had before found by his new, indirect, method of ſolution, to wit, 33 £2", Uy 
only 43', or leſs than I of a degree; which dificrence of the values of the 
4 


angle of the courſe, obtained by the direct method of ſolution, when ri: 
ſolution has been applied to it with greater exafinefs than before, and obtaines 
by Dr. Mackay's new, indirect, method of ſolution, is much less than it was 


before, when it amounted to three degrees and a half, Ani by this new and 


more exact computation of this ex1mple made by Dr. Mackay, according to 
the direct method of ſolution, the new latitude of the ſhip at the end of the 
voyage, (which I had made to be 429, 48“, 29/,) appears to be 43®, 15", 42”, 
which is much nearer than 422, 48”, 29” to 47, 14, 3%, which is the new 
latitude of the ſhip found by Dr. Mackay's new, indirect, or tentative, me- 
thod of ſolution, So that the difference between the two values of the new 
latitude of the ſhip obtained by the direct ſolution of this example to the 
ſecond caſe of the problem when the application of the ſaid ſolution to this 
example had been made by Dr. Mackay with more exact neſs than it had been 
made by me before, and when obtained by Dr. Mackay's indirect method of ſolu- 
tion, as well as the difference of the two values of the angle of the ſhip's courſe 
obtained by the ſaid dire& and indirect methods of ſolution, are much leſs than 
they were before: and therefore the ſaid direct and indirect methods of ſolution 
tend to confirm each other, and there is no reaſon to doubt of the truth of 
either of them. 


Of the Contents of the Second Tract in this Folume. 


The ſecond tract in this volume is alſo written by Dr. Mackay, and 1: 
another indirect method of ſolving the aforeſaid nautical problem of Dr. Halley, 
different from that which he had given before, and which had been printed 
in the 4th volume of the Scriptores Logarithmici, This method of ſolution is 
deduced from the principles of Middle-latitude failing, and is recommended 
by Dr. Mackay on account of it's great ſimplicity, which, he preſumes, will 


make it acceptable to practical navigators in thole caſes in which the daza, upon 
Vol. VI. b which 


* —— ” 


S. > 9 


— — 


. — — — 


- » - 
mes}. — 
— — 2 — — ethos r 
As. . 


— 


ä OG. DUC at ELD 


Sis - bs A 


4 


r EE e—___ 


X . 


which it is founded, can be obtained with ſufficient accuracy. This tract is 


very ſhort, and takes- up only three pages, to wit, pages 23, 26, and 27. 


Of the Contents of the Third Tract in this Volume. 


The third tract in this volume is entitled, Additional Remarks on Mr. Glenie's 
Problem which was ſolved and couſtructed in Vol. 4 of the SonipTORES LoGa- 
RITHMICI, Theſe remarks were ſuggeſted ro me by Mr, Frend ; and the ten— 
dency of them was to ſhew that, when, in attempting to ſolve a Geometrical 
Problem, we have been led, by the conditions of the problem, to an equation of 
a higher order than a quadratick equation, and particularly when we have been 
led to an equation that is many degrees higher than a quadratick, as, for ex- 
ample, to an equation of the tenth order, or that involves the tenth power of 
the unknown quantity which we wiſh to find, it will, for the moſt part, be much 
ſafer and eaſier to proceed at once to the reſolution of ſuch high equation by, firſt, 
forming a few conjectures concerning the value of it's root x, or the unknown 


quantity required to be found, and ſubſtituting ſuch conjectural values of the 


root (carried only to two decimal figures,) inſtead of x in the terms of the 
ſaid equation, untill we have obtained a value of the ſaid root that ſhall be 
ſufficiently near to it's true value to be made a convenient ground-work, or . 
baſis, of a proceſs of M. Raphſon's Method of Approximation, and then em- 
ploying one, or more, proceſſes of the ſaid Method of Approximation till we 
have obtained the value of the root x to the propoſed degree of exactneſs, than 
to endeavour to reduce the ſaid equation of the tenth order to a quadratick 
equation by finding a long multinomial diviſor, involving the eighth power of 
x, by which the original equation (when all it's terms ſhall have been brought 
to the ſame fide of the mark of equality, and made equal to o,) may be di- 
vided without a remainder ; becauſe it will often be impoſſible for any ſuch 
multinomial diviſor to exiſt, and, when ſuch a diviſor may exiſt, there will 
be more trouble in finding it than in reſolving the original equation by 
Mr. Raphſon's Method of Approximation, Theſe remarks of Mr. Frend 
will be found very curious and ſatisfactory, 
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This third tract extends through 13 pages, beginning in page 31, and end- 
ing in page 43. 


Of the Fourth Tract in this Volume. 


The fourth tract in this volume is entitled, An Inveſtigation of the Differential 
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—.— — &c ad infinitum, by which the Law of Continuation of it's terms tis 
1+x| 


ſhewn to extend to all it's terms, as well as to thoſe which have bcen actually inveſ+ 


tigated,. By Mr. Thomas Manning, 


This is a very valuable tract, that fully performs what is ſtated in it's title 
concerning the Law of the Continuation of the terms, which is a moſt im- 
portant concluſion, It was communicated to me by the author Mr. Thomas 
Manning, who is a gentleman of great {kill and learning in the Mathematicks, 
and who publiſhed in the year 1796 a book intitled, An Introduction to Arith- 
metick and Algebra, in one volume, octavo, and afterwards publiſhed a ſecond 
volume to it in the year 1798. He was, about 12 years ago, a ſtudent of the 
Univerſity of Cambridge at Caius College, and he is now on a voyage to 
China, with a view to obſerve the manners, and the laws, and the attainments 
in uſeful arts and ſciences, of that remote and ſingular people. This tract 
contains 16 pages, beginning in page 47, and ending in page 62. 


Of the Fifth Tract in this Volume, 


The fifth tract in this volume is reprinted from the poſt-humous works of 
Dr. Robert Simſon, who was Profeſſor of Mathematicks in the Univerſity of 
Glaſgow, in Scotland, in the middle of the laſt, or eighteenth, century ; 
which poſt-humous works were printed at Glaſgow in the year 1776 at the 
expence of Philip, the late Earl Stanhope, the father of the preſent Earl. I 
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is written in Latin, aud intitled Tractatus de Logarithmis, It contains 22 pages, 
beginning 1n page 65, and ending in page 86, 


Of the Sixth Tract in this Volume, 


The fixth tract in this volume was alſo written by the ſame celebrated 
Geometrician, Dr. Robert Simſon, and is reprinted from the aforeſaid edition 
of his poſt-humous works. It is written in Latin, as well as the foregoing 
tract, and is intitled, De Limitibus Quantitatum et Rationum, and relates to the 
principles of Sir Iſaac Newton's Method of Fluxions. It contains only 22 
pages, like the foregoing tract on Logarithms, * in page 89, and 
ending in page 110. 


Of the Seventh Tract in this Volume. 


The ſeventh tract in this volume is a paſſage extracted from the works of 
Peter Fermat, an eminent French Mathematician, who was a co-temporary 
of the celebrated Des Cartes, Paſcal, and Roberval, for about 30 years toge- 
ther, between the years 1630 and 1665. He was a counſellor of the Parlia- 
ment of Toulouſe, in the reign of Lewis the XIV, and was a reſpectable 
lawyer and magiſtrate, and a man of general literature as well as knowledge of 
the mathematicks, though he was moſt celebrated for his attainments in that 
laſt ſcience, And his mathematical works were collected together after his 
death, and publiſhe] at Toulouſe in a thin folio volume in the year 1679. 
From this edition of his works the paſſage which. makes the ſeventh tract of the 
preſent volume, is extracted; and jt contains little mote than a ſingle page, 
making part of the 111th and 112th pages of the preſent volume. But it relates 
to a moſt curious and uſeful branch of mathematicks, © the Doctrine of Maxima 
” and is ſaid to have been one of the firſt attempts, if not the 
very firſt, that were publiſhed by any writer on. mathematicks, to lay the 
foundations of this doctrine, or to teach us how to find the ſaid Maxima and 
Minima, where the ſeveral quantities that are ſuppoſed to increaſe, or to de- 

creaſe, 
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creaſe, are ſubject to ſuch limitations. It is expreſſed with great conciſenets, 
and ſeems to be rather obſcure and difficult to underſtand, But this obſcurity 
has been intirely removed by the explanation that Mr. Huygens has given of 
it, and which forms the next tract of the preſent volume. 


Of the Eighth Tract in this Folume. 


The eighth tract of the preſent volume is the work of that moſt clear and 
accurate writer on mathematical ſubjects, Mr. Chriſtian Huygens, of Zuy lichem 
in Holland (che author oi the excellent treatiſe, De Mitu Penduli, ſeu Horilogtum 
eſcillatorium,) and is calle, in the general collection of his works, Demonſtratio Re- 
gule de Maxinis et Min m. But I have, in the preſent volume, given it the more 
ample title of Diatribe il/uftriſſimt viri, Chriſtiani Hugenii, continens Demon/tratio:em 
præc dert's Regulæ, a Petro bermatio invent, de determinaticne quantitaium Maxima- 
rum el Minimarum. This tract contains a full and clear explanation, and likewiſe 
a demionſliacion, of the foregoing Rule of Fermat for finding the Maxima and Mi- 
nima of in creaſing and decreaſing quantities, which had been given by it's author 
in the foregoing paſſage without a demonſtration. And to make the ſubject 
ſtill caſier to my readers, 1 have added a few notes of my own to what 
Mr. Huygens has ſaid upon it: but theſe I have added at the bottom of the 
page, to diſtinguiſh them from the text of Mr. Huygens, which is printed 
faithfully from the Dutch edition of his works, without the ſmalleſt alteration 
of it. This tract, with theſe additional notes of mine, takes-up nine pages, 
beginning in page 113, and ending in page 121. 


Of the Ninth Tract in this Volume, 


The ninth tract of the preſent volume is of my own compoſition, and is 
an Addition, or Appendix, to the foregoing excellent tract of Mr, Huygens, 
being an application of it to the determination of the greateſt and leaſt 
poſſible magnitudes of the following binomial and trinomial quantities, to 
wit, Fr— xx, gx &, Pr, Daxt—at, rx“, Pan — n, qx +prxt—x?, 
2 -, rie -., and ræ g-; from which we may derive the 

limits 
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limits of the magnitudes of the two roots of the binomial equations pr—xx 
= „ d= r, . = x, pa- = 4, rr = 3, Pn 
= Q, and of the two roots of the trinomial quantities gr+px*—a3? = , 
-N - = 7, rx - = , and rx A = 5; which limits 
will be of great uſe to us in reſolving any quadratick, cubick, or biquadratick, 
equations, that are of any of theſe forms, by Mr. Raphſon's Method of Ap— 
proximation. 


This ninth tract I have intitled, Additamentum ad præœcedentem Hugenii Dia- 
triben de inveniendis Maximis ve! Minimis quantitatibus ; continens exempla hujus 
Methodi in quibuſdam quantitatibus binomiis et trinomiis que eccurrunt in reſelitione 
quarundam equationum quadraticarum, cubicarum, et biquadraticarum, et altiorum 
ordinum. It takes-up 28 pages of the volume, beginning in page 123, and 
ending in page 150. 


Of the Tenth Tract in this Volume. 


This tenth tract relates to the ſame ſubje& of Maxima and Minima as the 
foregoing, or ninth, tract, and is alſo of my own compoſition, It is intitled, 
Alia Methodus iuveniendi maximos valores quantitatum quarundam compeſitarum ex 
duabus, vel pluribus, quantitatibus fimplicibus, quarum una, vel plures, d reliquis 


ſubtrahuntur. And it is grounded upon a very ſimple principle, which appears 


to me to be ſelf evident. This principle is laid-down in Art. 4, pages 153 
and 154, and may be expreſſed as follows. 


If there be two quantities of the ſame kind, (as, for example, lines,) y and 
2, whereof y is the greater; and the ſaid quantities be, both of them, ſup- 
poſed to increaſe at the ſame time from their firſt magnitudes ↄ other greater 
magnitudes by the continual addition to them of very ſmall increments in 
ſucceſſi ve very ſmall portions of time; the binomial quantity y-, or the ex- 
ceſs ot the gicate . quantity y above the leſſer quantity x, will not always neceſ- 
ſaruy increate at the ſame time as the two quantities and 2 themſelves increaſe; 


but will incrcaſe only when the increment of the greater quantity y is greater 
than 
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than the contemporary increment of the lefler quantity x; and will neither 
increaſe nor decicaſe, but continue of the ſame magnitude, when the increment 
of y is equal to the contemporary increment of 2; and will decreale, when the 


increment of y is leſs than the contemporary Increment of . 


This ſeems to me to be the plaineſt and cleareſt principle upon which the 
Inveſtigation of the Maxima and Minima, or of the greateſt and leaſt magni- 
tudes of compound, or multinomial, quaatities, of which ſome of the terms 
are ſubtracted from the others, and which do not always continually either 
increaſe, or decreaſe, can be founded; and indeed it ſeems to be too plain 
either to need a demonſtration, or to admit of one. And therefore 1 formerly 
adopted it in my Diſſertation on the Uſe of the Negative Sigu in Algebra, publiſhed 
in November, 1758, and made it the ground of my determination of the 
Maxima, or the greateſt poſſible magnitudes, of the compound quantities 
Px—xx, & — , pa*—x*, gx + pri —af, and r- -, in which the quan- 
tities px, qr, /x*, 4x +px*, and gr, (from which the other quantities xx, X“, 
x3, a, and pa*+x*, are ſubtracted,j aniwer to , the greater member of the 
binomial, or, rather, reſidual, quantity „-, and the ſaid ſubtracted quantities 
xx, x3, &, *, and px* +43, anſwer to z, the lefler, or ſubtracted, member of 
the ſame reſidual quantity; and by the determination of thoſe Maxima of the 
ſaid compound quantities pr—ra, -I, px* -, qr +px*—aF, and -p 
x', I obtained the limits of the magnitudes of the roots of the ſeveral equa- 
tions px—au = q, ir- = 1, pr. = r, grp -* = rx, and gx— 
pu- * = r. Ani, for the fame reaſon, I have here again brought this prin- 
ciple forward, and have applied it to the ſime uſeful purpoſe of finding the 
limits of the roots of the'e equations, and likewiſe of ſuch of the trinomial 
forms of biquadtatick equations as admit of more than one real and affirmative 
root. And I believe this tract will be found to be of great utility to all ſuch 
readers as are.delirous of becoming pertect maſters of the art of reſolving ſuch 
cubick and biquadratick equations as admit of ieveral roots (I mean real and 
affirmative roots,) by Mr. Raphſon's Method of Approximation, For, by 
means of the limits of the magnitudes of ſuch roots, (which this method of 
finding the Maxima and Minima will dilcover to them,) they will be enabled to 


find, with but little trouble, ſuch firſt near values of the ſaid roots as will 
be 
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be near enough to the true values of them to be fit to be employed as the 
ground- works, or baſes, of the proceſſes of that excellent method of approxi- 
mating ſtill further to the ſaid true values. 


I am inclined to think that this method of determining the Mexima and Minima 
of compound, or multinomial, quantities conſiſting of terms that all increaſe at the 
ſame time, but of which ſome are ſubtracted from the others, and conſequently, 
by their increaſing, counter- act the increaſe of the other quantities from which 
they are ſubtracted, and leſſen the increaſe of the difference, or of the whole 
compound quantity, is rather clearer and eaſier to underſtand than the method 
of Monſieur Fermat, even after it has been ſo well explained and illuſtrated 
by Mr. Huygens in the former tract, though both are equally juſt and true. 
But of this I leave the reader to judge. But, if both theſe methods ſhould be 
thought equally clear and eaſy to underſtand, it will ſtill be uſeful to the 
ſtudents of theſe ſubjects to ſee them placed in different points of view, and 
demonſtrated by more than one train of reaſoning, 


This tenth tract extends through no fewer than 60 pages, beginning in 
page 151, and ending in page 210. 


Of the Eleventh Tract in this Volume. 


The eleventh tract in this volume is an inveſtigation of the Maximum, or 
greateſt poſſible value of the binomial quantity gx—a*® while the variable quan- 
tity x increaſes from o to V, which was communicated to me by Mr. Wil- 
liam Frend, M. A. and Fellow of Jeſus College, Cambridge, It differs both 
from Fermat's Method of Inveſtigation, which Mr. Huygens has so well ex- 
plained, and from my Method of Inveſtigation, ſet forth in the tenth tract; 
and | found it ſomewhat ſubtle and difficult to underſtand, But I have taken 
great pains to deſcribe it as fully and clearly as J could, after I bad, by 
Mr. Frend's repeated explanations of it, been made to underſtand it myſelf. 
It takes up five pages, beginning in page 211, and ending in page 215, 


Of 
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Of the Twelfth Tract in this Volume. 


The twelfth tract in this volume is entitled Tractatus de Limitibus A qua- 


tionum. It was written by Mr. Florimond De Beaune, a very learned and inge- 


nious French mathematician, who was a co-temporaiy of the celebrated Des 
Cartes, and reckoned to be almoſt his equal in mathematical {kill and know- 
ledge, and had written ſome ſhort, but very inſtructive, notes upon his Geo- 
metry, which, from the very conciſe manner in which it is written, ſtood in 


great need of them. 


For, when that celebrated tract of Des Cartes on Geometry was firſt pub- 
liſhed, (which was in the year 1637,) it was underſtood by very few perſons 
in all Europe, but was much applauded by thoſe few readers who were capable 
of comprehending it. And it was, during the ten, or twelve, years imme- 
diately following it's publication, the aim and glory of ſome of the ableſt 
mathematicians on the Continent to penetrate into the true meaning of it's pro- 
found contents, and make them known to other lovers of theſe ſciences either 
by comments, or preparatory tracts, that would facilitate the peruſal of the 
book itſelf. Among theſe explanatory writers the following three were the moſt 
diſtinguiſhed, namely, the above-mentioned Mr. Florimond De Beaune, Mr. Fran- 
cis Schooten, or Van Schooten, a very learned and moſt induſtrions Profeſſor of 
Mathematicks at Leyden in Holland, and Era/mus Bartholinus, who was the King 
of Denmark's Profeſſor both of Medicine and Mathematicks at Copenhagen 
in the year 1657, and who had, about ten years before, or about the years 1647 
and 1646, been a ſtudent of the Mathematicks at Leyden in Holland, under 
the ſaid Profetior Schooten, and had thereby contracted an intimate friendſhip 
with him, which continued till Schooten's death in the year 1659. The firſt 
edition of Des Cartes's Geometry, was in the year 1637, and in French, and, 
| believe, without any notes, or comment, to facilitate the reading it; and 
accordingly it was but little underſtood, But in the year 1649 Schooten tranſ- 
laced it into Latin, and publiſhed his tranſlation cf it, with Mr. De Beaune's 
ſhort, and few, but very inſtructive, notes above-mentioned. And in the year 
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16 51, Eraſmus Bartholinus (who had, a few years before, attended the mathe- 
matical lectures of Profeſſor Schooten at Leyden, in which he had explained 
the principles of Des Cartes's Geometry in ſo full and clear a manner as to ena- 
ble Bartholinus to underſtand it in a degree that gave him great ſatisfaction,) 
publiſhed an excellent tract in Latin on the Elementary parts of Algebra, which 
he intended for an introdutory, or preparatory, treatiſe, to facilitate to the ſtu- 
dents of Algebra the ſubſequent peruſal of Des Cartes's Geometry itſelf, and 
accordingly gave it the title of Principia Matheſeos univerſalis, ſeu Introductio ad 
Geometriæ Methodum Renati Des Cartes. 


This piece of Bartholinus was publiſhed at firſt in the year 1651 as a 
ſeparate book, two years after the firſt publication of Schooten's Latin 
tranſlation of Des Cartes's Geometry in the year 1649 ; but afterwards it was 
publiſhed a ſecond time in the year 1659 in conjunction with ſeveral other 
explanatory tracts on Des Cartes's Geometry, in Schooten's ſecond edition of 
his Latin tranſlation of that work, with his learned comment on it in two ſmall 
quarto volumes, in which edition it is the firſt tract of the ſecond volume, 
This edition of Des Cartes's Geometry of the year 1659 1s the edition that 
I am poſſeſſed-of; and is the only one, I believe, that is now to be eaſily 
met-with, 


Though this piece of Bartbolinus is not re- printed in the preſent volume of 
the Scriptores Logaritbmici, and therefore it's contents are not properly an object 
of this Preface, yet | will not loſe this opportunity of declaring that it appears 
to me to be an excellent elementary treatiſe of Algebra, and is much clearer 
and eaſier to underſtand than moſt of the elementary treatiſes of the ſame 
ſubject that have been publiſhed ſince : and, amongſt other merits, it has the 
very great one, in my eſtimation, of omitting all mention of Negative quan- 
tities, or (as Sir Iſaac Newton defines them in the third page of his Arithmetica 
univerſalis,) quantities that are 4% than nothing, or (as Mr. Mac Laurin defines 
them in the beginning of his treatiſe on Algebra,) quantities obtained by ab- 
tracting a greater quantity from a leſſer. For in page 3 of this uſcful work of 
Bartholinus, where he treats of the ſubtraction of ſimple quantities, he makes the 
following remark, Netandum, in ejuſmodi quantitatum ſubtradione, oportere quan- 
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titatem illam que ex alid ſubtrahi debet, efſe minorem : hoc eſt, ad ſubtrahendum b ex 
a, (ut in ſuperiori exemplo,) opus eſe ut b fit minor quam a; which teems to 
prove, that, in the year 1051, when this uſcful tract was firſt publiſhe ], the 
abſurd and pernicious doctrine of negative quantities (which has fince intro- 
duced ſo much obſcurity and confuſion into the, otherwiſe, clear and fimple 
ſcience of Algebra, or Univerſal Arithmetick,) had not yet been generally 
adopted by all the eminent writers on this ſuhject. 


The above-mentioned Mr. Florimond De Beaune was ſo zealous in his en- 
deavours to promote the ſtudy of Des Cartes's Geometry that, beſides the notes 
he wrote to it in the firſt Latin edition of it publiſhed by Schooten in the year 
1649, be begun to compoſe two ſeparate tracts relating to Algebraick equa- 
tions, which were calculated to explain and illuſtrate what Des Cartes had 
delivered upon that ſubject in his Geometry, but died of the gout at Blais, 
(which was the place of his uſual reſidence, and in which he was a Counsellor, 
or one of the Judges, of the Preſidial Court there eftabliſhed,) before he had 
finiſhed them. It happened, however, that at the time of this melancholy 
event, (which took place in Auguſt, 1652,) and for a year or two before, the 
learned Eraſmus Bartholinus (who had publiſhed that uſeful piece of Algebra, 
called Principia Matheſeos univerſalis,) had come to reſide for a conſiderable 
time at Blois, in order to perfect himſelf in the knowledge of the French lan- 
guage: and there he had become intimately acquainted with Mr. De Beaune, 
and had frequently converſed with him upou the ſubjects treated-of in thoſe 
two tracts which Mr, De Beaune had not had time to finiſh, The manuſcripts 
of them therefore (which were left by Mr. De Beaune in a very imperfect ſtate,) 
and all Mr. De Beaune's looſe papers relating to them, were put into the hands 
of Bartholinus, to be examined and corrected by him, and to have the defects in 
them ſupplied by him, agreeably to the meaning and intention of Mr. De Beaune, 
which his frequent converſations with Mr. De Beaune concerning them had 
enabled him to diſcover. And he accordingly did ſo examine and compleat 
them for publication, and delivered them to Profeſſor Schooten to be publiſhed 
in the next edition he ſhould publiſh of Des Cartes's (Geometry ; and they 
were pubiii!hed accordingly in the next edition of that learned work, which 
was that of the year 1659. 

C 2 The 


—— — — 


— 
— 


— — — 
- — — ᷑F—r·H— 


— — —ä—ä — 
Pr 


— 


XX ee 


The firſt of theſe poſt- humous tracts of Mr. De Beaune, which were pre- 


pared for the preſs by Bartholinus, is intitled, De Naturd et Conſtitutione qua- 


tionum, and the ſecond is intitled, De Limitibus equationum ; ſeu quo pato, ex 
forma equationum affectarum, definiri peſſint Limites intra quos radices vere debent 
Fendi. 


The former of theſe tracts relates to the doctrine of the Generation of 
quadratick, and cubick, and biquadratick, equations, and all higher equations 
whatſoever, from ſimple equations by Multiplication, which was invented by 
Thomas Herriot, and was publiſhed in the year 1631, ten years: after Harriot's 
death, by his friend Walter Warner, and was adopted by Des Cartes in his 
Geometry, which was written by him in French, and publiſhed for the firſt 
time in that language in the year 1637, and afterwards was tranſlated by 
Scbooten into Latin, and publiſhed in that language in the year 1649, with the 
notes of Mr. De Beaune, and afterwards again in the year 1659 with the ſame 
notes of Mr. De Beaune, and likewiſe with a number of other concomitant 
and explanatory tradts. I have ſaid © that this Doctrine of the Generation of 
affected, or multinomial, equations from ſimple equations by multiplication, 
was adopted by Des Cartes, becauſe Harriot's works had been publiſhed in 
the year 1631, which was fix years before the firſt edition of Des Cartes's Geo- 
metry in the French language in the year 1637; in which interval of time it 
ſeems highly probable that Des Cartes had ſeen Harriot's works in which this 
doctrine is ſet-forth at large. But, as, in his book of Geometry, Des Cartes 


makes no mention of Harriot, as being the inventor of this doctrine ; ſome 


French writers have ſuppoſed that he had never ſeen Harriot's book, and had 
invented this doctrine himſelf, by his own ſagacity. This, however, is a con- 
troverſy in which I take no concern, becauſe I fincerely wiſh, that neither 
Harriot, nor Des Cartes, or any other perſon whatſoever, had ever invented 
this much-boaſted doctrine, and, (inſtead of joining in the general admiration 
of it which is frequently expreſſed by the modern writers of Algebra, as 
being a molt uſeful improvement of that ſcience,) I conſider it is a great cor- 


ruption of Algebra, that has deſtroyed it's ſimplicity and perſpicuity, and added 


greatly to the obſcurity and confuſion that had been already introduced into it 
by the doctrine of negative quantities, And I think J have given ſufficient 
reaſons 
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reaſons for this opinion in pages 93, 94, 95, 96, 97, 98, and 99 of the 
octavo volume I publiſhed in the year 1803, intitled, Tracts on the Reſolution of 
Cubick and Biquadratick Equations, and more particularly in the tract, called, 
Remarks on the Doctrine of the Generation of Algebraick Equations one from another 
by Multiplication, in pages 433, 484, 483, &c. - - 555 of the ſame volume, 
where the ſubject is examined to the bottom, 


The other poſt-humous tract of Mr, De Beaune, which was reviſed and 
prepared for the preſs by Eraſmus Bartholinus, is that intitled, De Limitibus 
aquationum ; ſeu quo pa No, ex formd aquationum affetarum, definiri point Limites 
inter quos radices vere debent offendi. This tract is re- publiſhed in the preſent 
volume, of which it is the twelfth tract. It is re- printed from the edition of 
Des Cartes's Geomeiry in Latin, with Schooten's ample comment and other 
concomitant explanatory tracts, that was publiſhed in the year 1659, as has 
been already mentioned; and I have added a few notes to it, where they 
ſeemed to be neceſſary to the explanation of the text. It is preceeded by a 
very fiiendly and reſpectful dedication of it by Eraſmus Bartholinus to his old 
inſtructor Schooten. And in this dedication he declares that the propoſitions 
contained in this tract, will be of great uſe in reſolving Algebraick equations 

by finding the values of their roots in numbers; Eximium habent uſum ea que 
ſequenti tratatu exponentur ad numeroſam Aquationum reſolutionem; ut reliquas 
utilitates pertranſcam, quia tu eas ignorare non potes. 


The method of finding the limits of the magnitudes of the roots of affe&ed, 
or multinomial, equations, deſcribed in this tract, is fonnded on a compariſon 
of the ſeveral ſeparate terms that involve x, or the unknown root of the equa. 
tion, with each other and with the abſolute, or known, term of the equation; 
whereby we (hall find whether it is greater, or leſs, than ſome of the known 
co-ethcients, or the ſquare-roots, or the cube-roots, or other roots, of the ſaid 
coefficients of the terms, or of the abſolute term, or known quantity. Thus, 
In the b:quadratick equation & mmxr—1rx +p* = ©, in Prop. 6, page 237, 
we proceed as follows. Add m to both fides of the equation; and we ſhall 
have “ + mmxx +p* = #x, Subtract p* from both ſides ; and we ſhall have 

* = na-. Therefore #*x is greater than -, and conſequently x is 


greater 


* 
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greater than £- ; and thus we obtain the known quantity, or, rather, knowable 


quantity, 2, or the quotient of the diviſion of p* by , for one limit of the 
magnitude of x, than which it muſt always be greater. Secondly, ſince x* + 


mmxx+p* is = 1x, it follows that a* alone muſt be leſs than , and there- 
fore — will be leſs than ==, that is, ** will be leſs than z*, and conſe- 


quently x will be lefs than , or the cube root of the known co-efficient 2; 
and thus we obtain the known quantity 2 for another limit of the magnitude 
of x, than which it muſt always be leſs. Therefore x, or the root of the 
biquadratick equation * mmxy—7*x +p* = o, or (as I chuſe rather to de- 
ſcribe this equation, ) the root of the biquadratick equation * m -& 


= þ*, is greater than , but leſs than zz. But this equation has two roots, 


and the foregoing reaſonings will apply equally to both roots, Therefore 


both the roots of this equation will be greater than 2 but leſs chan . 


Theſe reaſonings, employed by Mr. De Beaune for finding certain limits of 
the magnitudes of the roots of equations, are very juſt and clear; and 
Mr. Kerſey in his excellent treatiſe of Algebra, book 2nd, chapter 10, (where 
he deſcribes Stevinus's Method of reſolving affected equations by conjectures 
and trials,) recommends this method of finding the limits of the roots in the 
following words; “ Mr, Florimond De Beaune, in the latter of two ſmall trea- 
tiſes printed in 1659, ſhews how to find-out limits, within which the roots 
of all compound equations, not aſcending above the biquadratick kind, are 
confined ; which limits, (when they may be diſcovered without much trouble, 
and are not very wide aſunder,) will help to leſſen the [number of] trials in 
the general method before delivered.“ This tenth chapter of the ſecond 
bock of Kericy*s Algebra is reprinted in the octavo volume of Trads on the 
R ſelu ton of Ife led .:lgebraick 7 quations ty the Methods of #4pproximation, which 
I publithed in the year 1800. 


In 
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In obtaining theſe limits in the manner recommended by Mr. De Beaune, 
we ſhould compute them only to two decimal places of figures, Thus, for 


4 
* . . * . 6 2 
example, in computing the limits _ and u, or Vins, in the equation nx— 


mmex—a* = 74, we ought to find only the two fiiſt figures of the quotient 
of the diviſion of p* by x*, and only the two firſt figures of the cube root 
of the co- eſſicient *: for otherwiſe the trouble of finding theſe limits of the 
values of x would be too great, as is intimated in the foregoing paſſage of 
Mr, Kerſey. 


When theſe limits have been obtained to two decimal figures, one of them 
muſt be ſubſtituted inſtead of in the firſt, or left-hand, fide of the equation: 
and, if either of them, being fo ſubſtituted, makes that fide of the equation 
be tolerably near to the abſolute term, or known quantity of the equation, 
(as, for example, ſo near to the {aid abſolute term as to ditter from it by 
leſs than a tenth part of it,) it will be expedient to make ſuch limit the 
ground-work, or baſis, of a proceſs of Mr. Raphſon's Method of Approxima- 
tion to the true value of the root, by calling the ſaid limit a, and deudting it's 
unknown difference from x, or the true value of the root, by the letter 2, and 
ſubſtituting the binomial quantity @ +2, or 4-2, inſtead of x in the propoſed 
equation, with an omiſhon of all the terms that involve any higher power of z 
than it's {imple power, or 2 idelf, and then refolving the imple equation re- 
ſulting from ſuch omiſſion ; which will give us the value of z, and conſe- 
quently that of a +2, or 4-2, or x, to twice as many figures as were true in 
a, the preceeding near value of it; and, by repeating theſe proceſſes of 
Mr. Raphſon's Method of Approximation, we ſhall ſoon obtain the value of 
the root x to a very great degree of exactneſs. 


But it will ſometimes happen that the two limits of the unknown quantity, 
obtained by this method of Mr. De Beaune, will be very wide aſunder, as is 
likewiſe intimated in the foregoing paſſage of Mr, Kerſey. And in this caſe 
we mult ſubſtitute one of the limits, to wit, that one which we conjecture to 
be nearer than the other to the true value of the root x in the firſt, or left- 
hand, fide of the equation, (which contains all the terms involving x,) in or- 


der 
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der to diſcover whether the quantity reſulting from ſuch ſubſtitution will be 
greater, or will be leſs, than the abſolute term of the equation, and alſo how great 


their difference will be with reſpect to the ſaid abſolute term; and, if the ſaid 


difference is leſs than a tenth part of the abſolute term, we may proceed, as 
before, to make uſe of the limit ſo ſubſtituted, as the ground-work, or baſis, 
of a proceſs of Mr. Raphſon's Method of Approximation: but, if this dif- 
ference is much greater than a tenth part of the abſolute term, it will be ex- 
pedient to make the like ſubſtitution of the other limit obtained by Mr. De 
Beaune's method, inſtead of x, in the ſaid firſt, or left: band, fide of the equa- 
tion, in order to diſcover whether the quantity reſulting from ſuch ſubſtitution 
will be greater, or will be leſs, than the abſolute term of the equation, and 
alſo how great their difference will be with reſpect to the ſaid abſolut? 
term; and, if their difference is leſs than a tenth part of the ſaid abſolute 
term, we may proceed to make uſe of this ſecond limit, as the ground-work, 
or baſis, of a proceſs of Mr. Raphſon's Method of Approximation: but, if 
their difference is much greater than a tenth part of the abſolute term, as well 
as the former difference of the quantity reſulting from the ſubſtitution of the 
former limit, from the ſaid abſolute term, it will be expedient to take, by con- 
jecture, ſome quantity of an intermediate magnitude between the ſaid two 
limits, (of which neither is found to be near enough to the true value of the 
root x to be made the ground-work, or baſis, of a proceſs of Mr. Raphſon's 
Method of Approximation to the ſaid true value,) and to ſubſtitute ſuch inter- 
mediate quantity inſtead of x in the firſt, or left-hand, tide of the equation, 
and compaie the reſult of ſuch ſubſtitution with the ſaid abſolute term, in order 
to diſcover whether ſuch reſult will be greater, or will be leſs, than the ſaid 


abſolute term, and, whether it will be near enough to the ſaid abſolute term 


to make it adviſcable to employ the ſaid new intermediate quantity as the 
ground-work, or baſis, of a proceſs of Mr. Raphſon's Method of Approxima- 
tion to obtain another value of x that ſhall be much nearer han the ſaid in- 
termediate value to it's true value. 


This twelfth tract, with the notes | have added to it to clear-up ſome of the 
more difficult parts of it, extends through 43 pages, beginning in page 221, 
and ending 1n page 263, 


Of 


ty 
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Of the Thirteenth Tract in this Volume. 


The thirteenth tract in this volume is a fort of appendix to the preceeding 
tract of Mr. De Beaune, being a ſummary of all the conclufions obtained in 
the propoſitions of that tract, without the reaſonings there employed to ob- 
tain them. It is therefore a mere table of the ſeveral quadratic k, cubick, and 
biquadratick, equations which are ſet-down in the former tract, with the 
limits of the roots of each equation, that had been found in the former tract, 
ſet-down immediately under the equation to which they belong ; and is there- 
fore, on account of it's brevity, more eaſy to be conſulted by a calculator 
who is deſirous of employing theſe limits in the beginning of his refulutions of 
any of theſe equations, than the former tract itſelf, J have given it a title 
that exprefles it's nature, to wit, that of Recenſio Limitum, intra quos radices 
vere aquationum quadraticarum, cubicarum, et biquadraticarum, debent offendi, in 
pracedente traflatu Florimond: De Beaune indentorum. It extends through 23 
pages, beginning in page 265, and ending in page 287, 


Of the Fourteenth Tract in this Volume. 


The fourteenth tract in this volume is intended to illuſtrate Mr. De 
Be ꝛune's tract on the limits of the roots of equations by applying thoſe limits 
to the reſolution of ſome numeral cubick and biquadratick equations, in order 
to obtain good firſt near values of the roots ſought, or ſuch values of them as 
are near enough to their true values to be fit to be made the ground-works, or 
bales, of proceſſes of Mr. Raphſon's Method of Approximation to their true 
values. And for this purpoſe I have choſen eight equations from the examples 
given in Mr. Raphſon's own excellent treatiſe, intitled Aualyſis equationum 
wniverſalis, to be ſo reſolved, and have reſolved them with great care and ex- 
actneſs, and at great length, that my readers may be fully able to judge how 
far theſe limits of the roots given us in the foregoing tract of Mr. De Beaune 


Will be of uſe to us in reſolving theſe difficult equations, Theſe eight equa- 
tions are as follows, | 
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The cubick equation * + 24x = 587,914. 

The cubick equation 300x—x? = 1000. 

The cubick equation gxx—a? = 100. 

The cubick equation a® +74xx+8729x = $560,783. 

The biquadratick equation & ＋ 6808xx +672,792x = 43,507,216, 
The biquadratick equation 17515.969,772,051x — 1221.125xx + 62,145, 
069,37 5x%—x* = 135,869.138,875,123,885. 

The biquadratick equation 4,228,931.085,087,852 xx + 323, 609.663, 689 
X * - = 22, 540, 483, 202.6 13, 561,987, 516. 

And the biquadratick equation * ＋ 4 + 75 I#x — gooox 90, ooo. 


In the firſt of theſe equations, to wit, the cubick equation à ＋ 24x = 587, 
914, which has but one root, the limits of the root x obtained by Mr. De 
Beaune's method are 83 and 84. Theſe limits are very near each other, and 
either of them is fit to be made the ground -- work, or baſis, of a proceſs of 


Mr. Raphſon's Method of Approximation: and, by ſubſtituting 83+z inſtead 
of æ in the equation * ＋ 24x = 587,914, and reſolving the new, or trans- 


formed, equation thence ariſing, as if it were a ſimple equation, we find 2 
to be = o 68, and conſequently x, or 83 T, to be (= 83 To. 68) = 83.68; 
and by a ſecond proceſs of Mr. Raphſon's Method of Approximation we find 
x to be = 83.677, 607. In this example therefore the limits obtained by 
Mr. De Beaune's method are found to be very uſeful. This equation is re- 
ſolved in pages 288, 289, 290. 


In the ſecond of theſe equations, to wit, the cubick equation 300* - = 
1000, (which has two roots,) it appears from Mr. De Beaune's limits that 


both the roots will be leſs than 17.32 &c, and greater than 2 or 3. 333,333. 


Therefore it is poſſible that the leſſer root may be very little greater than 
3.333,333, Kc. To try therefore how near this number 3.333, 333, &c ap- 
proaches to the true value of the leſſer root, I ſubſtitute 3. 3 inſtead of x in 
the binomial quantity 300 —* , and find the value of the ſaid quantity thence 
reſulting to be 954.063, which differs but little from the abſolute term 1000, 


the difference being leſs than a 2oth part of 1000. I therefore conclude 
> 
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that 3.3 is near enough to the true value of x to be fit to be made the 


ground-work, or baſis, of a proceſs of Mr. Raphſon's Method of Approxi- 
mation. And one ſuch proceſs gives me 3.47 for a ſecond near value of x; and 
a ſecond proceſs gives me 3.472,963 for a third near value of it ; and a third pro- 
ceſs gives me 3.472,963,553,338 for a fourth near value of it; of which all the 
figures are true. It appears therefore that in this equation the leſſer limit 3.333, 
333&c of the roots that was obtained by Mr. DeBeaune's method, was near enough 
to the true value of the lefler root to be ſucceſsfully employed as a ground-work 
for a proceſs of Mr. Raphſon's Method of Approximation, This ſecond 
equation is reſolved in pages 290, 291, 292, 293, and 294. 


In the third of theſe equations, to wit, the cubick equation gxx—a? = 
100, (which has two roots,) it appears from Mr. De Beaune's limits, that 


both the roots will be leſs than 9, and greater than — or 3+.333,333- 


Therefore it ſeems reaſonable to ſuppoſe that the leſſer of two roots will be a 
little greater than 3.333,333,&c, as, for example, equal to 3.4. But, upon 
trial of this number 3.4 in the binomial quantity gxx—4?, it appears to be too 
ſmall to be a good ground-work, or baſis, of a further approach to the true 
value of this leſſer root by Mr. Raphſon's Method of Approximation, For 
its true value is the whole number 5. In this equation therefore theſe limits 
obtained by Mr. De Beaune's are not of much aſſiſtance to us in refolving it 
by Mr. Raphſon's Method of Approximation; but we might have found the 
leſſer root of it more eaſily by ſubſtituting ſucceſſively the ſmall numbers 3, 
4, and 5, inſtead of x in the binomial quantity gxx—-s, the laſt of which ſub. 
ſtitutions would have made that quantity be = (9X 25125 = 225—12 5 
=) 100, which is the abſolute term of the equation, and therefore would 
have ſhewn us that 5 is the true value of the ſaid leſſer root. 


But, in reſolving this equation in pages 295, 296, 297, and 298, I have 
proceeded by Mr. Raphſon's Method of Approximation, beginning from the 
number 4.5; and by the firſt proceſs I have found x, or the ſaid leſſer root, 
to be = 4.933 + &c, and by the ſecond proceſs I have found it to be = 


d 2 4-993, 564 
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4.9;8,564+ &cz which naturally creates a ſuſpicion that it's true value is the 
whole number 5, as, upon trial, it appears to be, 


In the fourth of theſe equations, to-wit, the cubick equation 2 + 7e + 
8729x = 560,783 (which has but one root,) the limits of the root » obtained 
by Mr. De Beaune's method are 26 and 64. Thele limits required a good 
deal of troubleſome calculation to obtain them; and, when we have found 
them, they are very wide of each other, and each of them differs very widely 
from the true value of the root x, which is 41.480,514,263. In this caſe 
therefore theſe limits are of no ule to us in obtaining the value of the root x: 
J have, however, reſolved this equation at great length, and with great exact- 
neſs, by Mr. Raphſon's Method of Approximation, in order to illuſtrate that 
excellent method of reſolution... And I have taken 41 (which is ſomewhat 
leſs than 45, or the arithmetical mean between 26 and 64, the two limits of 
the value of x found by Mr. De Beaune's method,) for the ground-work, or 
baſis, of the firſt proce's of that method of approximation, and thus I have 

obtained ſucceſſively the numbers 41.48, and 41.480, 514,263 for more accurate 
values of the root x of that equation. The reſolution of this equation extends 


from page 298 to page 303. 


In the fifth of theſe equations, to wit, the biquadratick equation x* + 6808xx 
+ 672,79 2 = 43,507,216, (which has but one root,) the limits of the root 
obtained by Mr. De Beaune's method, are 25 and 63. Theſe limits required 
a good deal of troubleſome calculation to obtain them ; and, when we have 
found them, they are very wide of each other, and each of them differs very 
widely from the true value of the root x, which is 42.083,595,737. Ir this 
caſe therefore, as well as in the laſt, theſe limits are of no ule in obtaining the 
value of the root x. I have, however, reſolved this equation at great length, | 
and with great exactneſs, by Mr. Raphſon's Method of Approximation, taking 
the number 42 (which is ſomewhat Jeſs than 44, or the arithmetical mean be- 
tween 25 and 63, the two limits of the value of x found by Mr. De Beaune's 
method, ) for the ground work, or baſis, of the firſt proceſs of that method of 


approximation. And thus J have obtained ſucceſſively the numbers 42.083 
. | and 
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and 42.08 3, 30 5,737 for more accurate values of the root & of that equation. 
The refolution of this equation extends fiom page 303 to the end of page 


308. 


In the {ixth of theſe equations, to wit, the biquadratick equation 1757 5.999, 
772,05 1x —1221.12;xx+62.145,009,37 * = 135,869.138,87 5,123,385 
(which, by the changes of the ſigns + and — prefixed to it's terms, ſeems 
capable of having four roots, that is, real and affirmative roots,) the limits ot 
the roots obtained by Mr. De Beaune's method are indeed very wide of each 
other, being the whole number 88 and the decimal fraction 0.47, Which is 


leſs than 0.5, or — ſo that all the roots are leſs than 88, and greater than 


0.47. The roots of this equation are only two, to wit, 40.7583 and 13.666, 
which are, both of them, very diſtant from the foregoing limits 88 and o. 47. 
Yet we may obſerve that the greater of theſe roots, to wit, 40.7 583, is not a 
great deal leſs than 44.23, or the arithmetical mean between the ſaid limits 88 
and 0.47,. as was the caſe with the roots of the two preceeding equations. 
However, it muſt be acknowledged that in this equation the inveſtigation of 
theſe limits given by M. De Beaune's methods (the obtaining of which re- 
quired a good deal of troubleſome calculation in page 312,) has not been of 
any uſe to us in finding the roots 40.7583 and 13.666, and that it would have 
been eaſier and better to ſeek for the firſt tolerably near values of them, to 
wit, 41 and 13.6, (which are made the ground-works, or baſes, of proceſſes 
of Mr. Kaphſon's Method of Approximation, by which their more accurate 
values 40.7583 and 13.666 have been obtained,) by mere conjectures and 
trials with ſmall and eaſy numbers, ſuch as 1, 10, 20, 30, 40, and 1, 10, 12, 
13, according to the method recommended by Stevinus and Kerſey. 


This equation I have examined and reſolved at great length, and ſhewn 
that it can have only the two roots 40.7583 and 13.666, notwithſtanding the 
number of changes of the ſigns + and — prefixed to it's terms. The examin- 
ation and reſolution of it extend through 19 pages, beginning in page 309, 
and ending in page 327, 
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In the ſeventh of theſe equations, to wit, the biquadratick equation 4, 228, 
931.085,087,852Xx + 323,609.663,689xx — x* = 22, 40, 483, 202.613,61, 
987,516, (which has two roots,) the limits of the two roots obtained by Mr. De 
Beaune's method are the numbers 160 and 591, which are very wide of each 
other, and very diſtant from the true values of either of the two roots, which, 
after a long inveſtigation, are found to be 302.750,106 and 487.140,484,17. 
In this equation theſe limits obtained by Mr, De Beaune's method are of no uſe 
to us in finding a firſt near value of either of the two roots that is near enough 
to it's true value to be employed ſucceſsfully as the ground-work, or baſis, 
of a proceſs of Mr. Raphſon's Method of Approximation. 


This equation is reſolved at great length, and the reſolution of it extends 
through 16 pages, beginning in page 327, and ending in page 342. 


In the 8th and laſt of theſe equations, to wit, the biquadratick equation x*+ 
44 ＋ 751xx—9000x — 90,000, (which has but one root, ) the limits of the 
root x obtained by Mr. De Beaune's method, are 17.32 and 4.8, which differ 
conſiderably from each other, and likewiſe from the true value of the root x, 
which is = 12, Therefore theſe limits are of no uſe to us in finding a firſt 
near value of x that is near enough to it's true value to be employed as the 
ground-work, or baſis, of a proceſs of Mr. Raphſon's Method of Approxima- 
tion. However, we may obſerve that in this eighth equation, (as well as in 
ſome of the preceeding equations,) the true value of the root x, to wit, the 
number 12, though conſiderably diſtant from either of the two limits 17.32 


and 4.8, yet is but little different from the arithmetical mean between them, or 


17.32 + . or 22:12 
2 2 


from half their ſum, (or >) or 11.6, 


The reſolution of this eighth equation extends through fix pages, beginning 
in page 342, and ending in page 347. 


I recommend to all ſuch of my readers as are defirous of being fully and 
familiarly acquainted with Mr. Raphſon's excellent method of reſolving equa- 
tions by approximation, to peruſe all theſe eight examples of equations reſolved 
by that method, with great care and attention, and to go through all the arith- 
metical operations that occur in them with patience ; the reſolutions of theſe 

equations 
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equations having been here ſet-· down very much at length, and every difficulty 
that occurred in performing them having been ſtated and explained. Theſe 
examples are all taken from Mr. Raphſon's own original work called Analyſis 


æguationum univerſalis. 


The reſult of theſe reſolutions of the foregoing eight examples by the appli- 
cation of the limits of their roots obtained by Mr. De Beaune's method, is not 
ſo much in favour of the utility of thoſe limits as I had expected. However, 
it is prudent to have recourſe to a variety of different methods of proceeding, in 
order to obtain a good firſt near value of the root x of the propoſed equation, 
or one that is ſufficiently near to it's true value to be fit to be employed as the 
ground-work, or baſis, of a proceſs of Mr. Raphſon's Method of Approxima- 
tion, by which we may obtain another value of it that ſhall approach much 
nearer to it's true value. 


Of the Fifteenth Tract in this Volumg, 


The fifteenth tract in this volume is a very uſeful and ingenious tract of 
Mr, James Ivory, of the Royal Military College at Marlow in Buckinghamſhire, 
and relates to the reſolution of Algebraick equations by the methods of approxi- 
mation, It is intitled, 4 Method of aſcertaining the number of figures that are 
exa? in the value of a root of an Algebraick aquation that bas been obtained by 
Mr. Raphſon's Method of Approximation. This method Mr, Ivory deſcribes in 
the following manner by an example. 


In reſolving the biquadratick equation 14,937#—1998x*-+80x%—4* = 5000, 
(which Dr. Wallis has derived from the difficult Arithmetical Problem propoſed 
by Colonel Silas Titus,) it is found in Art. 28 of my octavo volume of Tracts 
on the reſolution of Algebraick equations by Approximation, that it's ſecond 
root, or it's leaſt root but one, (for it has four real and affirmative roots,) is 
greater than 12, but leſs than 13. Therefore, if e be put for the exceſs of this 
root above 12, we are ſure that e muſt be leſs than 1, or, in other words, that 
the two limits of the magnitude of & are o and 1. Now let the letter @ be (for 
the ſake of brevity,) ſubſtituted for the known number 1a, which is the leſſer 

| limit 


XXX11 FE CF & Ef 


limit of this ſecond value of x, or ſecond root of the equation 14,937 %—1, 998 
+ 80x%—x* = 5000. And we ſhall then have x (= 12+e) = ae, and 


** = a+e = 4 Tze, and & (= a4) = &+ 34˙ T za e, and 


* (= Aten) = a*+42 "ſri. and conſequently 14,937x (= 
14,937 = = = 14,9374@+14,937e, and 1998. (= 1998 K Zee) 


= 19984 39964 ² ＋ 1998, and 80x? (= gO Xx za ＋ za e) = B04? 
+ 240 + 240 ＋ 8e. Therefore the whole quadrinomial quantity 14,937 


—1998x* 8 -K will be equal to the multinomial quantity 


14,9378 + 14,937 
— 1,998 — 3,9963e — 19987 | 
+ 808% + 2408's + 2404 + B8ce3 
— 4 — 8 ba — 4dje — e 


or (by inſerting 12 inſtead of a,) to the multinomial quantity 


14,937 X12 + 14,937 
— 1998 XxI44 — 3,996XI12Xxe — 1998e 
+ $0 x 1728 + 240X144e + 240X 12e + $06 
— 20,730 — G6gl2Xe — S$o04e — 43 — e 


or the multinonual quantity 


179,244 + 14,937 


— 287,712 — 47,9529 — 19980 
+ 138,240 + 34,z6ce. + 28808 + 8ce 
— 20,736 — 6,912e — 864 — 48 — e 


or the multinomial quantity 


317,484 4 49,497e — 28625 + 806 
— 308,448 — $54,804 + 28808 — 480 — e“ 


or the quinquinomial e 9036 — 55670 1865 + Zee, 


But the 8 * l dogs is = 5000. 


| Therefore the quigguinomial quantity 9036 5367e+18e + 32e—e will 

alſo be = = 5000. And conſequently (adding 5367e+e to both ſides,) we ſhall 
have 9036 ＋ 18 32 = 5000+ 536 e“; and (ſubtracting 5000 from 
both ſides,) we ſhall have 4036 ＋ 18% 3z2c = 836 7e e“; and (ſubtracting 
1350 ++ 320? from both fides,) we ſhall have 4036 = 5367e—18e'——32+e* ; 


and, 
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and, laſtly, (dividing both ſides by the quadrinomial quantity 5367 184 — 
| 4036 
367 18 3e +65 


zz e,) we ſhall have e = the fraction 


Now we know that e is leſs than 1, or that the two limits of the magnitude 


of e are o and 1. Therefore the true value of e will be of an intermediate 
4036 

5367 - 18 — 328 + e 

ariſe by ſubſtituting o inſtead of e in it's denominator, and the value of it that 

would ariſe by ſubſtituting 1 inſtead of e in it's denominator, But, if we were 


6 , 
to ſubſtitute o inſtead of e in the fraction n a; that fraction 


that would 


magnitude between the value of the fraction 


= 228. — = £239) — ich is the near value of 
would be (= —5=-oFo = - = 0.750, which is the near 


e obtained by a proceſs of Mr. Raphſon's Method of Approximation ; and, 
if we were to ſubſtitute 1 inſtead of e in the denominator of that fraction, the 


; 725 4936 — 4935 
ſaid fraction would be (= Dee, ja 


8363—55 = 2316 = 0.758. Therefore the true value of e muſt be of an 


intermediate magnitude between 0.750 and 0.758 ; and conſequently the two 
firſt figures of it muſt be 0.75, which are found in both it's limits. Therefore 
the firſt four figures of ae, or 12 +e, which is equal to x, or the ſecond root 
of the equation 14,937#—1998x* + 80x3—x* = 5000, mult be 12.75. 

Q. E. D. 


Having thus found with certainty that x is greater than 12.75, or 12.7 50, 
but leſs than 12.758, Mr, Ivory puts e for the exceſs of x above 12.75, and 
ſubſtitutes 12.75 +e inſtead of x in the equation 14,937*—1998x* + 80x% — a* 
= 5000, but with an omiſſion of the terms that involve the cube and fourth 
power of e, on account of their extreme ſmallneſs. And, by reaſonings 
ſimilar to thoſe juſt now deſcribed, he finds e to be equal to the fraction 


34-058,593,75 
5287.0875 = 86.7250 


nitude of e, inſtead of e, in the denominator of the ſaid fraction, and finds 
the value of the ſaid fraction reſulting from ſuch ſubſtitution to be (= 


Vol. VI. - 34.058, 593,75 
5287.060875 —0 


And then he ſubſtitutes o, or the leſſer limit of the mag- 


— 
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34-058,59375 — 34-05B,593,75 — ; : 
— cotrln 1 — 0.006,441,7 ; and he afterwards ſubſtitutes 


0.008, or the greater limit of the magnitude of e, inſtead of e, in the deno- 
minator of the ſaid fraction, and finds the value of the ſaid fraction reſulting 


DOOR FT 34-958,593,75 — __34-058,593,75 
from ſuch ſubſtitution to be (= 5287.687; —86.725 X0.008 — 7287.68; 5=0.6938 


| .058, , q 1 
e 8 = 0.006,441,9, which agrees with the former value of the 


ſaid fraction, to wit, o. 006, 441,7, in the firſt four figures o. 006, 441. And 
thence he concludes with certainty that the true value of e, (which is of an 
intermediate magnitude between theſe two limiting values 0.006,441,7 and 
0.006,441,9,) mult have the ſame four figures 0.006,441, for it's four first 
figures; and conſequently that the firſt eight figures of the value of 12.75 +e, 
or of x, the ſecond root of the equation 14,9374—1998x* + 80x*—x* = 5000, 
muſt be 12.7 56, 441. 


Mr. Ivory further illuſtrates this method of aſcertaining the number of 
figures that are exact in the values of the roots of equations obtained by 
Mr. Raphſon's Method of Approximation, by applying it to the firſt, or leaſt, 
of the four roots of the foregoing equation 14,937 1998K* ＋ 80 = x* = 
5000, which is = o. 3 50, 987, 45, 866, og, in the ſame manner as he had 
before applied it to the ſecond root, 12.7 56, 461, of the ſame equation. 


This method ſeems to me to be both very ingenious and very ſatisfactory, 
ſince nothing can be more evident than that ſo many of the figures of the 
numeral values of the two limits of the magnitude of the correction e as are 
found to be the ſame with each other, muſt likewiſe be found in the value of 
the ſaid correction e itſelf, which lies between the ſaid limits. 


Of the Sixteenth Tract in this Volume. 


The ſixteenth tract in this volume is a New Solution of the difficult 
Arithmetical Problem propoſed by Colonel Silas Titus to Dr. Wallis, which 
was communicated to me by Mr. Ivory. It is very different both from 
Dr. Wallis's Solution, and from Mr. Frend's Solution, of the ſame Problem, 
which 1 have inſerted in the octavo volume of tracts on the Reſolution of 
Algebraick Equations by the Methods of Approximation, that was publiſhed 

| in 


P r — 7 2 ** 


2 
3 
= & 


TT ©. 7- o W XXXY 


in the year 1800. And, in one reſpect at leaſt, it ſeems preferable to both 
thoſe ſolutions, to wit, in producing a final equation which has only the ſame 
number of roots as there are ſolutions to the Problem itſelf, which are two; 
whereas the equation obtained by Dr, Wallis's Solution of the Problem, to wir, 
the equation 14,937x —1998x* + S = A = 5000, has four roots, of which only 
the firſt and ſecond, or the leaſt and leaſt but one, to wit, 0.350,987,&c and 
12.756,441,&c,are of uſe for the ſolution of the problem, and the other two roots, 
to wit, 32.060, 290, &c and 34.832,280,&c, relate to two other problems that 
bear a near reſemblance to the ſaid problem, but differ from it in ſome of it's 
conditions; and the equation obtained by Mr. Frend's ſolution of the ſame 
problem, to wit, the equation «* —11.54x*+21.76x*—11.24x = 0.02, has 
three roots, of which only the middle root, and the third, or greateſt, root are 
fitted to ſolve the problem from which it was derived, and the firſt, or leaſt, 
root has no relation to that problem, but is fitted to folve another problem a 
little different from it, but which would produce the ſame final equation. 
Now, when the final equation, derived from the conditions of a problem that 
is required to be ſolved, is exactly commenſurate to the problem that produces 
it, and has mo ſuperfluous roots, or roots that are of 10 uſe in ſolving the 
problem that has been propoſed, but relate to ſome other problems differing 
a little in their conditions from the problem under conſideration, ſuch a ſolu- 
tion ſeems to be ſomewhat preferable, in point of perſpicuity and elegance, to 
another ſolution that produces a final equation that admits of more roots than 
are wanted for the ſolution of the propoſed problem. And in that reſpe& 
Mr. Ivory's ſolution of this problem of Colonel Titus ſeems to be preferable 
to either of the two former ſolutions of it by Dr. Wallis and Mr. Frend. The 
ſolution of this problem is reduced by Mr. Ivory to the reſolution of the bi- 
quadratick equation 342 ＋ 52*—342%*—2* = 8, which, Mr. Ivory tells us, 


has two roots, of which the firſt, or leſſer, is nearly equal to =, or 75 and 


the ſecond, or greater, is ſomewhat greater than _ This ſolution extends 
through ten pages, beginning in page 361, and ending in page 370. And in 
the 24 following pages, to wit, pages 371, 372, 373, &c. = - = 394, I have 
given a very full reſolution of this equation by Mr. Raphſon's Method of Ap- 
proximation, by which it appears that the leſſer root of this equation is = 

e 2 0.240 
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0.240,831,917,697, and the greater root of it is = 0.926,828,970,5057 3 
and I have applied theſe roots to the ſolution of Colonel Titus's problem, 
and ſhewn that they enable us to perform that ſolution with great exactneſs. 
And in the three following pages 395, 396, and 397, I have inſerted another 
leiter of Mr. Ivory, (which I received ſoon after that which accompanied the 

» aforeſaid ſolution of this famous problem,) in which he explains the true 
foundation of all the different methods of approximating to the roots of Al- 
gebraick equations, and the reaſon and degree of their approximation, and 
alſo makes ſome curious and valuable remarks on Dr. Halley's Nautical 
Problem, of which a direct Solution has been given in the fourth volume of 
this Collection of Tracts, called Scriptores Logarithmics. 


Of the Seventeenth Tract in this Volume. 


The next tract in this volume is of my own compoſition, and is intitled, 

A convenient Method of reſolving Biquadratick Equations of all kinds, without taking 

eway their ſecond terms ; which may alſo be applied to the reſolution of all kinds of 

Cubic Equations, and of all Equations of the fifth, fixth, ſeventh, and all other 
higher powers. 


"Til | 
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ö This tract was drawn- up in the year 1777, and it exhibits examples of the Re- 
! ſolution of Biquadratick Equations by Mr. Raphſon's excellent Method of Ap- 
' proximation, performed at great length and with great exactneſs, and alſo of the 
reduction of a biquadratick equation, that has more than one root, to a cubick 
Equation by diviſion, in order to find the remaining roots of the former equa- 
tion by reſolving the latter, or cubick, equation, of which the roots will be 
the ſame with the remaining roots of the biquadratick. But it will often- times 
be found eaſier to inveſtigate the remaining roots of the firſt, or biquadratick, 

equation without reducing it to a cubick equation by diviſion than by means 
of ſuch a reduction; on account of the quantity of calculation that is required 
for ſuch reductions. And of the expediency of reſolving thoſe equations in 
the one way rather than in the other, the calculator muſt judge for himſelf in 
each particular biquadratick equation that he may have occaſion to reſolve, 
as no general rules can be ſafely laid-down for his direction. But, that he 
may be able to reſolve ſuch an equation by the method which he fhall think it 
expedient 
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expedient to adopt, it is neceſſary that he ſhould be acquainted with both theſe 
methods of proceeding ; and that knowledge is what a careful peruſal of this 
tract, with a diligent performance of all the arithmetical operations that occur 
in it, will contribute to render familiar to him, This tract extends through 


no fewer than 47 pages, beginning in page 402, and ending in page 448, 


Of the Eighteenth Tract in this Folume. 


The eighteenth tract in this volume is a Computation of the Length of the 
Sine of an Arch of 1 Minute of a Degree of a Circle, by continual ſections 
of an arch of 60 Degrees, the chord of which is known to be equal to the 
radius. The finding the length of this fine is a problem of great importance 
in Trigonometry, as it is neceſſary to the computation of the Trigonometrical 
canon, or of a table of the values of the fines, tangents, and ſecants of cir- 
cular arches to every Minute of a Degree throughout the whole quadrant. 
And the uſual method of ſolving this problem, or of finding the length of a 
fine of 1 minute, in the middle of the 17th century, (or before Sir Iſaac 
Newton had found. out and publiſhed to the world the infinite ſeries a — 


a3 as a7 av 4 * 
2. 3. r + 2.3.45 2.3.4. 5.6.7. 75 + 2.3.4.5. 6.7.F. 9. 77 © 2:3.4-5-6.7-8.9.10.11.5%* 


+ &c for expreſſing the fine 5s of any arch in a quadrant of a circle called 
4, in powers of the ſaid arch and the radius ,) was to biſect the arch of 


30 degrees, (of which the fine is = —)) continually, or to inveſtigate the 


fines of the halves of the ſeveral arches, of which the fines ſucceſſively be- 
come known, till the calculator had obtained the value of the fine of an arch 
that was leſs than 1 minute. This required no fewer than eleven ſucceſſive 
biſections of the arch of 30 degrees, by which the calculator ſucceſſively ob- 
tained the fines of an arch of 15 degrees, and of an arch of 7 degrees and 
30 minutes, and of arches of 35, 45, and of 15, 52', 30“, and of 56, 15%, 
and of 28”, 5”, 30”, and of 14, 3”, 45”, and of 7, 1”, 52”, 30%, and o 
3', 30% 50%, 15, and of 1', 45”, 28%, %, 30”, and, laſtly, of 52", 44%, 
3%, 45”, Theſe numerous biſections require a great deal of laborious 


calculation; and, when they have been performed with due care, they do not 
give 


Wil! 
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give us the value of the fine of an arch of 1 Minute, which was the thing 


ſought, but the fine of an arch of 52”, 44”, 3', 45", that is lefs than 1 
Minute; from which we are afterwards obliged to derive the value of the ſine 
of an arch of 1 Minute by means of the rule of proportion ; which rule of pro- 
portion between the fines of ſmall arches of a circle and the arches themſelves is 
not accurately, but only nearly, true. This made me conjecture that it might 
be more convenient, and would, at leaſt, be more ſatisfactory, to employ quin- 
quiſections and triſections of an arch, as well as biſections, in this Inveſtigation 
becauſe we ſhould then arrive at laſt with certainty at the very quantity which 
we were ſeeking, to wit, the length of the ſine of an arch of i Minute. And, 
when I mentioned this matter to Mr. Hutton in the year 1777, he agreed with 
me in this opinion, and, at my defire, undertook and performed, with great {kill 
and ſucceſs, the following compuration of the length of the fine of an arch of f 
Minute in the manner that had been ſuggeſted. He ſuppoſes the radius of the 
circle to be called 1, and conſequently the chord of an arch of 60 Degrees (which 
is equal to the radius of the.circle,) to be equal to 1 likewiſe, And he then 
begins his calculation by quinquiſecting the arch of 60 Degrees, or finding the 
chord of it's fifth part, or of an arch of 12 Degrees, by reſolving, by Mr. Raphſon's 
Method of Approximation, the equation 4. 54 + 5a = b, which expreſſes 
the relation between thoſe two chords upon a ſuppoſition that þ denotes the chord 
of the greater arch, of which the chord is given, or known, (to wit, in the pre- 
ſent caſe, the chord of 60 Degrees, which is = 1,) and that the leſſer of the two 
values of a denotes the chord of it's fifth part, or of an arch of 12 Degrees. And 
he finds this latter chord to be = o. 209, 056, 926, 535, 307; and he afterwards 
proves this number to be true in all it's fifteen figures. 


He then triſects the arch of 12 Degrees, or finds the chord of it's third part, or 
of an arch of 4 Degrees, by reſolving, by Mr. Raphſon's Method of Approxima- 
tion, the equation that expreſſes the relation between the ſaid two chords, to wit, 
the equation 32—* = c, in which c denotes the chord of the greater arch, to 
wit, 12 Degrees, and is therefore = 0.209,056,926,535,307, and the leſſer of 
it's two roots, or the leſſer value of a, denotes the chord of the third part of the 
ſaid greater arch, or the chord of an arch of 4 Degrees. And he finds this latter 
chord to be = 0.069,798,993,405,002 ; and he afterwards proves this number 
to be true in all it's fifteen figures, 


The 
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The next operation is to biſect an arch of 4 Degrees, or to find the chord 
of it's balf, or of an arch of 2 Degrees by reſolving the equation that expreſſes 
the relation between the chords oi thoſe arches, to wit, the equation 4a*—a* 
= &@, in which c denotes the chord of the greater arch, to wit, 4 Degrees, and 
is therefore = 0.069,798,993,405,002, and the lefler of the two values of @ 
denotes the chord of it's half, or of an arch of 2 Degrees. And he finds this 
latter chord to be = 0.034,904,812,874,569 ; and he afterwards proves this 
number to be true in the firſt 14 places of figures, to wit, 0.034,904,812, 


$74,56, and very nearly true allo in the laſt figure 9, which mult be either 
an 8, Ora 9. 


The next operation is to biſect an arch of 2 Degrees, or to find the chord of 
it's half, or of an arch of 1 Degree, by a calculation ſimilar to that employed 
in the biſection of an arch of 4 Degrees. And Dr. Hutton finds the chord 
of the latter arch, or of an arch of 1 Degree, to be = 0.017,453,070,996,753 3 
and he afterwards proves this number to be true in all it's fifteen figures, 


Having thus found the chord of an arch of 1 Degree, or 60 Minutes, to be 
= 0,017,453,070,996,753, Dr. Hutton proceeds to quinquiſect this arc, or to 
find the chord of it's fifth part, or of an arch of 12 Minutes, by reſolving, by 
Mr. Raphſon's Method of Approximation, the equation &—54a* + 5@ = , 
which expreſſes the relation between thoſe two chords, upon a ſuppoſition that 
þ denotes the chord of the greater arch, of which the chord is given, or known, 
to wit, in the preſent caſe, the chord of an arch of 1 Degree, or 60 Minutes, 
(which is = 0.017,453,070,996,7 53,) and that the leſſer of the two values of a 
denotes the chord of it's fifth part, or of an arch of 12 Minutes. And he finds 
this latter chord to be = 0.003,490,656,731,798 ; and he afterwards proves 
this number to be true in the firſt 14 places of figures, to wit, in the figures 
0-C03,490,656,731,79, and very nearly true in the 1 5th figure 8. 


He then triſects the arch of 12 Minutes, or finds the chord of it's third part, 
or of an arch of 4 Minutes, by refolving, by Mr. Raphſon's Method of Ap- 
proximation, the equation that expreſſes the relation between thoſe two chords, 
to wit, the equation 3a—4 = c, in which c denotes the chord of the greater 


arch, to wit, 12 Minutes, and is therefore = 0.003,490,656,731,798, and the 
i leſſer 
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leſſer of the two values of denotes the chord of it's third part, or of an arch 
of 4 Minutes. And he finds this latter chord to be = 0.001,163,552,709,027 ; 
and he afterwards proves this number to be true in the firſt 14 places of figures, 


to wit, 0,001,163,552,769,02, and very nearly true in the laſt figure 7. 


He then biſects the arch of 4 Minutes, or finds the chord of an arch of 2 Mi- 
nutes, by reſolving the equation that expreſſes the relation between the chords 
of thoſe two arches, to wit, the equation 4a*—a* = &, in which c denotes the 
chord of the greater arch, to wit, 4 Minutes, and is therefore = 0.001,163,552, 
769,027, and the leſſer of the two values of a denotes the chord of it's half, or 
of an arch of 2 Minutes. And he finds this latter chord to be = o. ooo, 581, 
776,409,127 ; and he afterwards proves that this number is true in the firſt 14 
places of figures, to wit, o. ooo, 58 1,776, 409, 12, and that it is very nearly ſo in 
the laſt figure 7. 


He then divides this number o. ooo, 58 1,776, 409, 127, (which is equal to the 
chord of an arch of 2 minutes,) by a; and the quotient o. ooo, 290, 888, 204, 563, 5 
is equal to the ſine of half the ſaid arch of 2 Minutes, or to the ſine of an arch of 
1 Minute; which is the quantity that was ultimately to be found, as the reſult of 
the whole computation. And he afterwards proves that this value of the ſaid ſine, 
to wit, the number o. ooo, 290, 888, 204, 563, 5, istrue in the firſt 15 places of figures, 
to wit, in the figures o. ooo, 290, 888, 204, 563, and that it's laſt figure 3, in the 
16th place of decimal fractions, differs from the truth by only an unit. And 
thus the length of the ſine of an arch of only 1 Minute of a Degree is, by 
this valuable and well. conducted computation, found exactly to 15 places of 
decimal fractions, without the help of Sir Iſaac Newton's ſeries for expreſſing 
the fine of a given arch of a circle in terms involving the powers of the arch 
and the radius; which ſeries is obtained by firſt inveſtigating, by means of 
Sir Iſaac's Method of Fluxions, the infinite ſeries for exprefling the arch 
of a circle in terms involving the powers of it's fine and the radius, and 
afterwards reverting the ſaid ſeries according to ſome of the known methods 


of reverting ſerieſes; which methods are very abſtruſe and difficult to under- 


ſtand, and likewiſe often attended with very great labour in the practical 
application of them to particular ſerieſes. 0 
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This computation of the Fne of an arch of 1 Minute, with the preliminary 
obſervations by which it is introduced, extends through 23 pages, beginning 


. 40 — 1 A; l TOE 
in page 451, and ending in page 473. 


Of the Nineteenth Tract in this Folume. 


The nineteenth tract of this 6th volume of the Scriptores Logatithmici, is the 
o g inal tract of Lord Napier on Logarithms, publiſhed at Edinburgh in the 
Vear 1614, under the title of Mirifici Logarithmorum Canonis Dejcriptio ; ejtts-que 
uſis in utrdque Trigonometri, ut etiam in omni Logiſtics Mathematica, ampliſſimi, 
ſacillimi, et enpeditilſini, explicatio. AHuctore et Inventore Joanne Nepero, Barone 
Merchi/lonii, Sc, Scoto. Edinburgi, ex (fie ina Andrew Hart, Bibliopolæ. 
cLo. bc. xv. Of this tract there has never, as I believe, been any fecond 
edition in the Latin language, in which it was written by it's learned author: 
but a very good Englith tranſlation of it, in a ſmall duodecimo volume, was 
publiſhed at London in the year 1615, (the very next year after that in which 
the Latin original had been publiſhed at Edinburgh,) which had been fnade by 
Mr. Edward Wright, (the celebrated Engliſh writer on Navigation,) imme- 
diately after the publication of the original, and had been fent to Lord Napter 
for his peruſal and examination, and had been intirely approved-of 
by him, “as being moſt exact, and preciſely conformable to his mind and the 
original.” It was not, however, publiſhed by Mr, Edward Wright himſelf, (who 
died very ſoon after he had compleated it, and before he had had time to 
publiſh it,) but by his ſon, Mr. Samuel Wright, as is related more fully in 
page 704 of the preſent volume. But this tranſlation I have not thought it 
neceſſary to reprint, 


This original tract of Lord Napier is divided into two books; of which 
the firſt contains, in the two firſt chapters, his definition of Logarichms, and 
his geometrical manner of generating them by the motion of a point over a 
right line, and a deſcription of their uſeful property in enabling Arithmeticians 
to find third proportionals to two given quantities, and fourth proportionals 
to three given quantities, without performing the laborious operations of 
multiplication and diviſion which were formerly neceſſary for that pur- 
poſe, but in the room of which he ſubſtituted the much eafier opera- 


tions of the addition and ſubtraction of the Logarithms correſponding to 
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the faid quantities; and, (in the following, or 3d, chapter,) the ſaid 1ſt book 
contains a deſcription of the table of Logarithms which Lord Napier had 
compoſed and publiſhed for thar purpoſe, and which confitts of ſeven different 
columns of numbers placed one under another in the ſame page; and, (in the 
4th and th chapters,) it contains a ſet of directions as to the manner of making 
uſe of the ſaid table, or of finding in it the Logarithms correiponding, to given 
Numbers, and the Numbers correſponding to given Logarithms, together with 
ſome examples of their great uſe in finding continual proportionals to two 
given quantities, or in raiſing the powers of given quantities, and in finding 
intermediate proportionals between two given quantities, or in extracting the 
ſquare- roots and cube-roots, and other higher roots, of given quantities. And 
the ſecond book is an application of this new and uſeful invention of Logaithms 
to the ſolution of all the caſes of the reſolution of triangles, that can occur 
either in Plane, or in Spherical, Trigonometry, with numerical examples of the 
reſolution of each of the ſaid caſes by means of the ſaid table of Logarithms, 


The firſt of theſe two books contains only 18 pages, beginning in page 483, 
and ending in page 500 ; and the ſecond contains 33 pages, beginning in page 
501, and ending in page 533- After which follows the table of Logarithms 
itſelf, which begins in page 534, and ends in page 623, containing go 


Pages. 


T have taken great pains in printing this tract of Lord Napier as correctly as 
poſſible, and have rectified the punctuation of it in many places: ſo that I be- 
lieve it will be found to be more eaſy to read and underſtand in this edition of 
it than in the original edition from which this has been copied. And J have re- 
printed all the introductory pieces of it, ſuch as the dedication of the work to 
Charles, Prince of Wales, (who was afterwards king of England by the title of 
Charles the firſt, but who then had been very recently made Prince of Wales, 
upon the death of his elder brother, Prince Henry,) and the Latin verſes written, 
in honour of the work and it's learned author, by ſeveral of his friends at 


Edinburgh. 
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Of the Twentieth Tract in this Folume. 


In peruſing Lord Napier's Tract on Logarithms I obſerved ſeveral paſſages 
which appeared to me to be ſomewhat ſubtle and dificult to underitand, and 
to require ſome explanation, And I have therefore drawn up and printed, 
immediately af. er this Tract of Lord Napier, another Tract that I have intitled 
© Olſervalious on the ſoregcing Trad of Lord Napier,” and which, I hope, will be 
found ſufficient to remove all the difficulties which my readeis may have found 
in the peruſal of it. In this tract I, in the firſt place, ſet- forth (in article 1, 
pages 625, 626,) the object which Lord Napier had in view in contriving this 
new and uſeful invention and computing a Table of Logarithms; which 
was to facilitate the relolution of triangles in both Plane and Spherical Trigo- 
nometry by ſubſtituting, inſtead of the laborious operations of multiplying and 
dividing the lengths of fines and tangents of circular arches, expreſſed in num- 
bers of ſeven places of decimal figures, by each other, (which operations were 
continually occurring in the ſtudy of practical aſtronomy, to which Lord N apier 
was much devoted, ) the much eaſier operations of adding, or ſubtracting, the 
Logarithms of the ſaid numbers by which it was formerly neceſſary to make thoſe 
multiplications and diviſions. And then (in art. 2, 3, and 4,) I deſcribe Lord 
Napier's method of generating the fines of the circular arches contained in a quad- 
rant of a circle, by ſuppoſing the radius to decreaſe proportionally from it's firſt 
magnitude, or that of the fine of an arch of go degrees, to that of the fine of one 
Minute of a Degree, or of 1 ſecond Minute of a Degree, or of ſuch other very 
ſmall arch as ſhall be choſen to be the laſt, or leaſt, arch that will be the object 
of contemplation in any Trigonometrical calculation; which decreaſe he con- 
ceives to be effected by the motion of a point moving along the ſaid radius with 
a velocity that decreaſes continually at ſuch a rate that the whole line, or radius, 
and the remainders of it at the ends of ſeveral ſucceſſive equal portions of time 
ſhall be to the firſt, and ſecond, and third, and other following decrements correſ- 
ponding to them reſpectively, or generated in the ſaid ſucceſſive equal portions 
of time, always in the ſame proportion. This decreaſing motion is a matter of 
ſome nicety and difficulty, and therefore I have deſcribed it at conſiderable 

fs length 
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length in art. 2, and 3, (pages 627, 628, 629, and 630); and have afterwards 
demonſtrated in art. 4, (pages 630, 631, and 632), that the radius and it's 
ſeveral remainders at the ends of the faid ſeveral ſucceſſive equal portions of 
time will form a decreaſing Geometrical Progreſſion. Then, in art. 5, and 6, 
(pages 632, 633, 634, and 635) I have deſcribed Lord Napier's Method of 
generating the Logarithms of the Sines of the ſeveral Arches in the Quadrant of 
a Circle, or ihe Logarithms of the ratios of the ſaid fines to the radius of the 
circle. Then in art. 7, (pages 635 and 636,) it is obſerved that the lengths of 
all the fines of all the arches in the quadrant of a circle, and the lengths of all 
their Logarithms, are expreſſed by Lord Napier in whole numbers, and not in 
mixt numbers conſiſting of whole numbers with decimal fractions added to them, 
as they are often repreſented by ſubſequent writers on this ſubject. And in 
art. 8, (pages 636, 637, and 638,) it is hen that the Decreaſing Geometrical 
Progreſſion which Lord Napier has choſen for the foundation of his Logarithms, 
is that of which the high number 10,000,000, or ten millions, (which is the 
number of equal parts into which he has thought fit to ſuppole the radius of the 
circle to be divided,) is the firſt, or greateſt, term, and 10,000,000—1, or 
9,999,999, is the ſecond term. And inart. 9 (page 639,) it is ſhewn that the 
natural numbers 1, 2, 3, 4, 6, 6,7, &c. in their order, are proportional to, or 
meaſures or Logarithms of, the ſeveral ratios of minority of the ſecond, third, 


fourth, fifth, ſixth, ſeventh, and eighth and other following terms of this decreaſing 

2 
geometrical ſeries, reſpectively, to wit, of the terms 9,999,999, 2, 

5 3 3 
o 7 

9999-997 _3:999-999!* 9:799.999-, 9:999:990) 9.999.999}, 9.999.999!" Kc, 
10,000,000) 10, ooo, och 10, oo, oo 10,000,000}? 10, 00, 00 10,000,000 7 
to 10,000,000, the firſt and greateſt term of the ſaid ſeries : which is as clear a 


definition, or deſcription, of Logarithms as can well be given, 


In art. 10, 11, 12, 13, &c. - - 21, pages 640, 641, 642, &Cc.--- 652, it is 
ſhewn how the Logarithms of the Sines in the Trigonometrical Canon may 
be derived from the Logarithms of the terms of the foregoing Geometrical 
Progreſſion, to ſome of which terms every fine in the Quadrant muſt be equal, 
or ſo little different from it that it may be conſidered as equal, their difference 
being leſs than 1, or one ten- millionth part of the radius, or 10,000,000. And 

; it 
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it is ſhewn alſo Low the Secants of circular arches, and the Logarithms of the 
ſaid Secants, may be generated by the motion of two moveable points, in a 
manner analogons to that of generating the fines of archesand their Logarithms; 
which generation of the ſud Secants and their Logarithms ſeems to be ſuppoſed 
by Lor! Napier in the forenging tract, but is not exprefily deſcribed by him. 
And the manner of f nding the Logarichins of the tangents of circular arches is 


allo explained in theſe articles. 


In art. 22, pages 653, 654, and 655, there is a Scholium that I think 
particularly curious, inalmuch as it gives us an account of the diflatis- 
fiction expreiſed by ſome elderly German Mathematicians in the year 
1621, or 7 years after the publication of Lord Napier's Tra on Logarichms, 
at the |:btie and abiiruſe manner in which he had conceived Logarichms to 
be ge trated, by the motion cf two points along two dilterent right lines, the 
one wich a velocity continually decreaſing according to a certain law, and the 
other with an uniform velociy, This we are told by the celebrated John 
Kepler in the fol owing patſige. Cum anno 1621 deniſſem in Germaniam ſute- 
riorem, paſsimjue cum feriiis rerum mathemat carum de Logarithmis Neperianis 
contuliſſem; deprebendi eos quibus di prudentiam addebat, rom titudinem m:nuebat, 
Super hoc gene eu rorum loco Canonis Sinuum, in u/um re. ipiendo, cunctari: Qudd 
dicerent turpe efſe Ir feſſori Mathem tico ſuper compend:o aiiquo calculi puerilitèr 
exultare, interimque fine demon/tratione legitim formam calculi in uſum recipere, que 
om cum miuimè metuere in erroris . nſidia te pertrahe e poſſet. Cue ebantur Neperi 
demonſtrationem niti fig nento mods cuj ſdam Geomet ici, cujus lubricitas et fluxivilitas 
inepta effet in qui ſeliaus ille flylus ra wnis dem. n/irationtmgue firmum poneret veſli- 
gium. Ic m hi cauſa fuit ftatim tunc conciyiendi rudimentum a'izuod demon ra ionis 
legitime, &c. as in pages 95 and 96 of the firſt volume ot che Yeriptores Lagaritb- 
mici, in which Kepler's wwo excellent tracts upon Logarithms (which ate the 
cleareſt and beſt that have ever been publiſhed on the ſubjeR,) are re- printed. 
The words figmento motis cujuſdam Geometrici, cujus lubricitas et fluxililitas inepta 
efſet, &c., iclate to the mutions by which Lord Napier ſuppoſed the ſeveral 
lines in the arch of a quadrant of a circle, and the Logarithms of the ſaid fines, 
or of the ratios of the ſaid fines to the radius of the circle, to be generated ; 
2nd they ſeem to be very happily choſen to expreſs the objection of theſe 
| German 
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German Mathematicians to theſe motions, and particularly to the mation with 
a velocity that continually decreaſes, by which Lord Napier lappoſes the fines 


to be generated, “ as being a motion of a very tubtie and ſlippery kind, of 


which it is not eaſy to form a clear conception, and which diilers widely from 
the plain ideas of fixed and determinate magnitudes that occur in the eclemen- 
tary parts of Geometry, and more eſpecially in the works cf Luclid.” And 
for this objection, I mult needs confeſs, I think there is tome foundation, But 
Lord Napier might have deſcribed bis noble invention of Logarithms, and 
given his readers a clear idea of the table of them which he he computed, (and 
which is reprinted in the preſent volume, a: the end of his Lordship's tract,) 
without having recourſe to the ſuppoſition of this {ubrie generation of the fines 
of circular arches by motion, or departing in any denne from the fimple con- 
ceptions of antient Geometry and the known prupertics of the terms of a Geo- 
metrical Progreſſion. And therefore, in the two following ati es, to wit, art. 
23 and 24, (pages 655, 656, -- - 659,) | hive ſhewn bow he might have done 
this; and in art. 25, (pages 669, 661, and 662,) I have actually computed the 
3d, 4th, 5th, 6th, 7th, and 8th terms of the Gecreating geometrical ſeries of 
numbers of which the two firſt terms are 10, 00, oo and 9,999,999, and 
which is the grand foundation of Lord Napier's Table of Logaricims ; theſe 
Logarithms being nothing more than the exponents of the diſtances of the 
ſecond, and third, and other following terms of this decreaſing progreſſion 
from its firſt, or greateſt, term 16,000,000, which exponents are proportional 
to, or meaſures of, the ſeveral ratios which the terms to which they belong, 


bear to the ſaid firſt term, and expreſs the numbers of cqual ratiunculz, or 


ſmall ratios of minority, equal to that of 9,999,999, to 10,000,000, that are con- 
tained in the ratios of the ſecond, third, fourth, and other following terms, to 
which they reſpe ctively belong, to its firſt and greateſt term 10,000,000, and 
from this circumſtance have obtained the name of Logarithms, as being 
"apibjuei TWY NOYar, | 


Though the method in which the 3d and 4th and fix following terms of this 
decreaſing geometrical progreſſion are computed in art. 25 from the two firſt 
terms 10,000,000 and 9,999,999, is exceedingly clear and eaſy, every new 
erm being produced by the multiplication of the precceding term into the 

| fraction 
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9,999,999 10,000,000—1 4 f h dioi b f th 
94999-2999 0 et, f om the prodigious number of the 

fraction 10,000,000 ? K 10, o, c o e P S 
terms of which this decreaſing progreſſion, if carried to a term that was leſs than 


1, or even if carried only to a term that was leſs than 2909, or the fine of an 
arch of 1 Minute of a Degree, would conſiſt, it would, perhaps, be impracticable 
to compute them all in this manner, And therefore it would be highly conve- 
nient to have a method of finding the Logarithm of any propoſed fine contained 
in the Trigonometrical Canon without having ſuch a table of the values of the 


terms of chis Geometrical Progreſſion ready-computed to our hands. And this 
* 
a | 
28; in which v ſtands for the 


may be done by reſolving the equation 


radius of the circle, which, in Lord Napier's Table of Sines and their Lo- 
garithms, is = 10,0"0,900 ; and à ſtands for 9,999,999; and & is the known, 
or given, fine, of winch the Logarithm is to be found; and x is the Logarithm 
of the ſaid Sine, or the Logarithm ſought. Now this equation has been re- 
ſolved in a very ingenious manner by the help of the Binomial Theorem by 
the learned Mr. ſanes Ivory, M. A. of the Royal Military College at Great 
Marlow in Buceinghamſhire; and the reſult of his Solution is,“ That, if 
v be put -&, or 10,000,000 = the numeral value of the given Sine &, the 


i b . . X V 8 23 
Logarithm x will be = v x the infinite Series 1 + , + — ++ 
4 5 6 , a . 
_ + R_—_ + =p + &c.” This Solution Mr. Ivory has communicated to 


me with permiſſion to publiſh it ; and I have therefore printed it at length in 
this volume in pages 665, 666, 667, - -- 671, and have afterwards applied it 
to four different examples, in which I have, by means of it, computed 
Napier's Logarithms of four given fines, Theſe examples are contained in 
pages 671, 672,673, &c. - - 681, 


And, as it may ſometimes be alſo convenient to be able to derive from a 
given Logarithm in Lord Napier's Syſtem the value of the Sine to which ſuch 
Logarithm belongs, or of the ratio of which to the radius x, or I0,000,000, it 
is the meaſure, Mr, Ivory has likewite ſolved this ſecond Problem in a very 


clear and ſatisfactory manner by means of the ſame uſeful binomial Theorem 
which: 
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which he had employed in the ſolution of the former Problem, and has commu— 
nicated his Solution to me with permiſſion to publiſh it in this collect ion: 
which I have accordingly done in pages 681, 682, 683, &c. - - 688, and have 
afterwards illuſtrated it by applying it to four examples, or computing by 
means of it the Sines that correſpond to four different given Logarithms in 
Lord Napier's Table. Theſe examples begin in page 688, and end in page 
693. The reſult of Mr. Ivory's Solution of this Second Problem is, “ That, 
te if x be put for the given Logarithm in Lord Napier's Table, of ſome un- 
* known Sine & of an arch in a Quadrant of a Circle of which the radius is 


* 


& called r, the ſaid ſine & will be equal to the infinite {eries T— X + 2 3 


« *3 2 1 — 1 . * 
2.3· 2.34.73 2.3.45 T 2.3-4+5-0.75 2:3-4+5-0.7.10 i 
& we put L for the ſaid given Logarithm inſtead of x, the faid Sine & will be 
: : "> | * 1.3 L* . 
cc —— — — — — _-— ; — — — — — 
= the infinite Series — L + — V 
6 7 - 
2 — + &c.” 
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In the remaining pages of this 20th Tract, intitled Oęſervations on the fore- 
going Tract of Lord Napier, from page 693 to page 710, I have endeavoured to 
give a diſtinct account of the changes made, or intended to be made, afierwards 
by Lord Napier in the Syſtem of Logarithms deſcribed in the foregoing Latin 
Tra®, and ſet-down in the Table at the end of it, and of the ſhare which 
Mr. Henry Briggs had in making thoſe changes, and of the further changes 
made in them by Mr. Briggs after Lord Napier's death; and for that purpoſe 
I have cited at full length a paſſage or two from Mr, Briggs's Arithmetica Loga- 
rithmica, and from Mr. Edward Wright's Engliſh tranſlation of Lord Napier's 
Tract, that relate to this ſubject, but which require to be carefully examined 
and compared, in order to our forming a clear conception of theſe changes, 
there being ſome expreſſions in theſe paſſages which are not caſily to be made 
conſiſtent with other paris of them. But I have laid them all fairly before the 
reader, that he may form his own judg.nent of their meaning; and determine 
whether, or not, he finds reaſon to concur with me in the interpretation I have 
given of them, and in the opinion I have formed of the ſeveral gradual changes 
and improvements that have been made in the ſyſtem of Logarithms, from the 


firſt publication of Lord Napier's Tract to their being publiſhed in their preſent 
| ſtate 
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ſtate in the Tables now in general uſe, This opinion is ſet-forth in art. 45, 
pages 700, 701, 702, and 703. 


This 20th tract extends through 86 pages, beginning in page 625, and 
ending in page 710. 


Of the Twenty:first Tract in this Volume, 


The twenty-firſt tract in this volume is, An Account of Jobn Speidell's New Lo- 
garithms, derived by Subtrafion from the Logarithms of Lord Napier's firſt Syſtem, and 
publiſhed, firſt, in the year 1619, and afterwards in the year 1628. This tract has been 
drawn-up by my learned friend Mr. James Ivory, without whoſe aſſiſtance I was 
not able to underſtand the nature of theſe New Logarithms, as Mr. Speidell him- 
ſelf had not explained them ſufficiently. But Mr. Ivory bas ſhewn us in this tract 
that they are the ſeveral remainders that ariſe from the Subtraction of the ſeve- 
ral Logarithms ſet-down in Lord Napier's Table from the great number 
100,000,000, or an hundred millions, which is greater than the greateſt of 
thoſe Logarithms, to wit, the Logarithm 81,425,681, which is that of 290g, or 
the Sine of an arch of 1 Minute, or of the ratio of the ſaid Sine of 1 Minute 
to the radius, or 10,000,000, 


Mr. Speidell's obje& in publiſhing theſe new Logarithms, inſtead of thoſe 
ſet-down in Lord Napier's Table, was to baniſh from the Trigonometrical 
Canon of Sines, Tangents, and Secants of circular arches with their Logarithms 
annexed to them, the diſtinction of Logarithms into two kinds, or claſſes, to 
wit, affirmative Logarithms, or ſuch as were to be added to others in the reſo- 
lution of Plane and Spherical Triangles, and negative Logarithms, or ſuch as 
were to be ſubtracted from others in performing thoſe reſolutions, which 
diſtinction aroſe from the two contrary kinds of ratios, (to wit, ratios of ma- 
jority, or of greater quantities to leſſer quantities, and ratios of minority, or of 
leſſer quantities to greater quantities,) of which they were the repreſentatives, 
or meaſures, And this he effects by chuſing the number 100,000,000 (which is 
greater than $1,425,681, or the Logarithm of 2909, or the Sine of 1 Minute, or 
of the ratio of the ſaid Sine of 1 Minute to the radius, or 10,000,000, which is 
the greateſt Logarithm that occurs in Lord Napier's Table of Logarithms,) for 
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the number from which he ſubtracts all the Logarithms in the ſaid table, and 
of which he conſiders them as parts. But, as it is not eaſy to explain this 
matter in fewer words than are employed for this purpoſe by Mr. Ivory in this 
21ſt tract itſelf, I refer the reader to the ſaid tract for a fuller illuſtration 


of it. 


As this Table of New Logarithms, publiſhed by John Speidell in the year 
1619, and again in the year 1628, ſeems to be intirely ſuperſeded by the 
Tables of Briggs's Logarithms that are now in general uſe, I have not thought 
fit to reprint it. 


But in the edition of John Speidell's Logarithms that was publiſhed in the 
year 1628, there is, beſides the above-mentioned Table of New Logarithms, 
another Table of Logarithms relating to numbers in general, without any 
reference to Trigonometry, in which are contained the Logarithms of all the 
natural numbers 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, &c, as far as the number 
1000, by which he underſtands (as Mathematicians in general do at this day,) 
the Logarithms of the ratios of thoſe numbers to unity, or 1, Theſe Loga- 
rithms are the ſame as Lord Napier's Logarithms of the ſame ratios, except 
that they are carried to one figure leſs than his Logarithms ; the Logarithm of 
the ratio of 10 to 1 in this ſecond Table of Speidell being the whole number 
2,302,584, which with the additional figure 2, makes 23,025,842, which is 
Napier's Logarithm of that ratio, or of the equal and contrary ratio of 1 to 10. 
The deſcription of this ſecond Table is given in the laſt, or 12th, article of 
Mr. Ivory's account of Speidell's Logarithms, in page 727. And, as it is ſup- 
poſed that this ſecond table of John Speidell, which was publiſhed in the 
edition of the year 1628, may be of conſiderable uſe to Mathematicians in 
cultivating ſome branches of Sir Iſaac Newton's Method of Fluxions, I have 
here reprinted it in pages 728, 729, 730, &c, - - - « 759. - 


Of the Twenty-second, and last, Tract in this V olume, 


The laſt tract in this volume is a very long and laborious Computation of 
the Length of the Sine of an arch of 1 Minute of a Degree in a Circle of 
which the Radius is called 1, derived from the Tangent of an arch of 45 

| Degrees, 
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Degrees, which is known to be equal to the Radius. This computation 1s 
performed by various ſections, or diviſions, of an arch of 45 Degrees into leſſer 
arches by reſolving the equations that expreſs the relations of the tangent of any 
given arch of a quadrant to the tangent of a leſſer arch that is a known aliquot 
part of the former arch; by which we may obtain, firſt, by the Quinqui- 
ſection of an arch of 45 Degrees, the Tangent of an arch of g De- 
orees; and 2dly, by the Triſection of an arch of 9 Degrees, the Tangent 
of an arch of 3 Degrees; and zdly, by the Triſection of an arch of 3 De- 
grees, the Tangent of an arch of 1 Degree; and 4thly, by the Quin- 
quiſection of an arch of : Degree, or 60 Minutes, the Tangent of an arch of 
12 Minutes; and gthly, by the Triſection of an arch of 12 Minutes, the 
Tangent of an arch of 4 Minutes; and 6thly, by the Biſection of an arch of 
4 Minutes, the Tangent of an arch of 2 Minutes; and 7thly, by the Biſection 
of an arch of 2 Minutes, the Tangent of an arch of 1 Minute. And, when 
we have thus found the length of the Tangent of an arch of 1 Minute exact to 
the intended number of decimal figures, we mult multiply the ſaid Tangent into 
itſelf, in order to obtain it's ſquare, and muſt then add the ſaid ſquare to the ſquare 
of the radius 1, that is, to (1X1, or) 1; and the ſum thence ariſing will be 
equal to the ſquare of the Secant of the ſaid arch of 1 Minute, and the ſquare- 
root of the ſaid ſum will be equal to the ſaid Secant itſelf. And, having 
thus found the value of the ſaid Secant of an arch of 1 Minute, we muſt 
make the following proportion, to wit, © As the Secant of an arch of 1 
Minute of a Degree is to the Tangent of the fame arch, ſo is the radius of 
the circle, to wit, 1, to the Sine of the ſame arch ;” and the fourth quantity 
obtained by this proportion will be the length of the ſaid Sine of an arch of 
1 Minute; which was the quantity to be found. And thus we may, by 
common Geometry, and without the help of the infinite Series a— 


2 1 *——; + &c, which has been given us by Sir 


2.3.2 2.3.4.5. wh 2.3. 4.5. 0.7. 0 
Ifaac Newton for expreſſing the length of the Sine of the arch à in a circle 
of which the radius is called , (and which is obtained by means both of 
the Doctrine of Fluxions and of that of the Reverſion of infinite Serieſes, ) obtain 
the value of this important Sine of 1 Minute, which is the foundation of the 


Trigonometrical Canon, or the Table of Sines, Tangents, and Secants. 
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This Computation of the Sine of an arch of 1 Minute by means of the 
Tangent of the ſame arch, after having computed the ſaid Tangent by re- 
peated ſections of an arch of 45 Degrees, is of the ſame degree of utility with 
reſpe& to the compoſition of the Trigonometrical Canon, as the Computation 
of the Sine of the fame arch of 1 Minute made above in the 18th Tract of 
this volume by Dr. Hutton by repeated ſections of an arch of 60 Degrees; 
the chord of which is known to be equal to the radius ; and the agreement 
of the numeral value of the ſaid Sine of 1 Minute found by means of the 
Tangents with the value of it found before by means of the Chords, 
is a ſtrong confirmation of the accuracy of Dr. Hutton's Computation, 
and is ſufficient to remove every doubt concerning the exactneſs of the value 
of the ſaid Sine of 1 Minute which reſults from both Computations, 


This grand Computation of the length of the Sine of 1 Minute by means 
of repeated Sections of an arch of 45 Degrees, is preceeded by a Geometrical 
Problem that has been ſolved by Mr. John Machin, (a very eminent Mathe- 
matician in the beginning of the eighteenth century,) “ for finding the tan- 
gent of the ſum of two circular arches, (which together are leſs than go De- 
grees, or the arch of a Quadrant of the circle,) from the tangents of the ſaid 
two arches,” This Problem and it's Solution are given in pages 766, 767, 
and 768 ; and in the Corollaries to it, (in pages 768, 769, 770,&c, - - - 773,) 
there are derived from it the four following equations expreſſing the relations 
between the Tangent of any given circular arch, (leſs than go Degrees, or the 
arch of a Quadrant,) and the tangents of it's half, and of it's third part, and 
of it's fourth part, and of it's fifth part; to wit, that, if T be put for the tan- 
gent of the greater arch, and 7 for the tangent of it's half, ander for the 
radius of the circle, the relation between T and ? will be expreſſed by the 


Quadratick equation + ＋ x 8 = 7*; and, if # be put for the tan- 


gent of it's third part, the relation between T and 7 will be expreſſed by 
the cubick equation grr/+3Txf—®f = ey; and, if r be put for the tan- 
gent of it's fourth part, the relation between T and 7 will be expreſſed by 


the Biquadratick equation * XI＋Err x — = Xr = 4; and, 


if t be put for the tangent of it's fifth part, the relation between T and 7 
will be exprefled by the following _—_— of the fiſth order, to wit, 57 + 
1orrT xx 


” n= EF A @ lit 


ior DX f—1orr —3T+5 = T. Therefore, if the greater tangent T 
be known, or given, the tangent of half the arch of which T is the tangent, 


may be found by reſolving the Quadratick equation 7 + 1 Xx t; and 


the tangent of the third part of the arch of which T is the tangent, may be 


found by reſolving the Cubick equation zrrt T. =? = r; and the 
tangent of the fourth part of the arch of which T 1s the tangent, may be found 


by reſolving the Biquadratick equation 2 X rr X — . Xx 2 


= r*; and the tangent of the fiſth part of the arch of which T is the tangent, 
may be found by reſolving the following equation of the fifth order, to wit, 
gt +1077T xf—1orrt—Ti + = . 


And, if the radius r of the Circle be called 1, theſe four equations for the 
Biſection, Triſection, Quadriſection, and Quinquiſection, of the arch of which 
IT is the tangent, will be thereby much ſimplified, and reduced to the four 
following equations, to wit, for the Biſection of the arch of which the tangent 


IT is known, or given, to the Quadratick equation i + 1 X 


for the Triſection of the ſaid arch, to the Cubick equation 3 ＋ 3TX FY“ = 
T; and for the Quadriſection of the ſaid arch, to the Biquadratick equation 


4 * 1465 — ＋ * = 1; and for the Quinquiſection of the ſaid 
arch, to the equation, of the fifth order, 57+10T x f- 10.5 TIA. 


= T. And this is the caſe in the preſent Computation, the radius of the 
circle being therein ſuppoſed to be equal to 1, 


Further, in the preſent Computation no uſe 1s made of the equation for 
Quadriſecting an arch of which the tangent T is known, but only of the 
equations for Biſecting, Triſecting, and Quinquiſecting it, that is, of the equa- 


tions + 1 X 1, TTF = T, and 5t+10Txf—1i0f— 
STXFT TY = T. 


This Computation has been made with great care and ſkill by Dr. Andrew 


Mackay, L. L. D. late of Aberdeen in Scotland, and a fellow of the Royal 
Society 


liv ern. 


Society of Edinburgh, and has been carried to more than 20 places of deci- 
mal figures; and the ſeveral ſtages, or branches, of it may be briefly de- 
ſcribed as follows, 


The firſt Stage, or branch, of this Computation is to Quinquiſe& an arch 
of 45 Degrees, of which the tangent is known to be equal to the radius of 
the circle, which in this Computation is 1. We muſt therefore ſubſtitute 1 
inſtead of T in the equation 5f&+10T xif—10/—5T x!*+7* = T, by which 
it will be converted into the equation (gt i x 1 x f—10f—5 x 1 x f + 
= 1, or) 5f+10f—10f—5f +8 = 1; and we mult then reſolve this laſt 
equation. And this Dr. Mackay has done in the following manner. 


He, firſt, by means of the number 3.141,592,653,589,793,238,462,6 &c 
(which has been found by the induſtrious Dutch Calculator Yan Ceulen, by the 
principles of Common Geometry, to expreſs the length of the whole circum- 
ference of a circle of which the Diameter is called 1, and which therefore will 
expreſs the length of the ſemi-circumference of a circle of which the radius 
is called 1,) computes the length of the arch of which we are ſeeking the 
tangent, to wit, the arch which is a fifth part of an arch of 45 Degrees, or 


141, 92,663, &c 
3-14 __ 53 „ or 0.157,079, 


632,&c., And then, as the tangent of a circular arch is always ſomewhat 
greater than the arch itſelf, he conjectures the tangent of this arch, or of 9g 
Degrees, to be nearly equal to o. 157 1; and, in order to try the truth of this 
conjecture, he ſubſtitutes 0.1571 inſtead of 7 in the quinquinomial quantity 
5t+1oft'—1o0f-— 5;t*+t*, and finds the value of the ſaid quinquinomial 
quantity reſulting from this ſubſtitution to be = 0.990,581,255,867,552, 
868,51 ; which is leſs than 1, or the abſolute term of the equation 57+ 10 
—iot—gt* +15 = 1. And hence he concludes that o. 157 1 is leſs than 
the true value of z, or the leaſt root of that equation, 


the arch of 9 Degrees, and finds it to be = 


Having thus diſcovered that o.1571 is leſs than the true value of 7, 
Dr. Mackay puts 2 for their unknown difference, and ſubſtitutes the binomial 
quantity o. 1571 7 inſtead of f in the equation 5t+ 10 —10/—5? +15 = 
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1, and reſolves the new equation reſulting from ſuch ſubſtitution according to 
Mr. Raphſon's Method of Approximation, and finds z to be = o. ot, 28, 
and conſequently z, or 0.1571+2, to be (= 0.1571 + 0.001,28) = 0.15838. 
And thus he obtains the number 0.15838 for a ſecond near value of , or the 
leaſt root of the equation 57+ 10 - 1043 —5tf +5 = 1. 


He then ſubſtitutes this number o. 15838 inſtead of 7 in the quinquinomial 
quantity 5/+1cf—10# — 5f+7*, and finds the value of the ſaid quantity 
reſulting from the ſaid ſubſtitution to be = o. 999, 967, 413, 423, 063, 877,778; 
which is leſs than 1, or the abſolute term of the equation 5#7+10t*—10f— 
5 = 1. And conſequently 0.158,38 muſt be leſs than the true value 


of t, or the leaſt root of that equation. 


Then, by another Proceſs of Mr. Raphſon's Method of Approximation, 
Dr. Mackay obtains the number o. 1 58, 384, 440,3 for a third near value of 
t; and, by a third Proceſs of the ſame Method, he obtains the number 0.158, 
384,440,324,536,293,83 for a fourth near value of 7; which is exact in all 
it's twenty figures. And he afterwards, by further calculations, proves that 
the number 0.158,384,440,324,536,293,838,833 will be a fifth near value 
of t, or the tangent of an arch of 9 Degrees, that will be till nearer to it's 
true value, and will be true in all it's twenty-four figures. 


This reſolution of the quinquinomial equation 57 + 10f/—1ct——51* + = 
1 is very long and laborious, and takes-up more than 22 pages, beginning at 
the bottom of page 781, and ending in page 803. But all the Arithmetical 
operations in it are ſet-down at length, that the induſtrious reader, that has a 
taſte for calculations of this nature, may be enabled to go-over them care- 
fully, line by line, with his eye, and perceive that they are rightly performed ; 
which he may do in this manner with much leſs labour than would be neceſ- 
ſary for the performance of the ſame operations by his own endeavours, and 
without having them thus preſented before him for his inſpection and exa- 
mination. | 


The next, or ſecond, branch of this Computation is to Triſect an arch of 
9 Degrees, of which the tangent has been found to be = 0.158,384,440,324, 


530,293, 
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536,293, 838,883, by ſubſtituting this number inſtead of T in the Cubick 
equation 3#+3Tf—& = T, and reſolving the equation (3/+3 x 0.158,384, 
440, 324, 536, 293,838,883 xf*—e* = o. 158, 384, 440, 324, 336, 293, 838, 883, 
or) 37 ＋ 0. 475, 133,320, 973, 608, 88 1,5 16,649 K- = o. 158, 384, 440, 324, 
536,293, 838,883, reſulting from ſuch ſubſtitution; whereby we (hall obtain 
the value of 7, or the leſſer root of this Cubick equation, which will be the 
value of the tangent of the third part of an arch of 9 Degrees, or of the tan- 
gent of an arch of 3 Degrees. 


To find this value of f, or the tangent of an arch of 3 Degrees, Dr. Mackay, 


in the firſt place, obſerves that an arch of 3 Degrees is equal to the third part 


of an arch of 9 Degrees, or to —z, or to 0.05236, and that the tangent 


of an arch of 3 Degrees muſt therefore be ſomewhat greater than 0.05236 ; 
and he therefore conjectures that it will be = 0.0524, and ſubſtitutes this 
number inſtead of ? in the trinomial quantity 3#+0.475,153,320,973,608,88 1, 
516,649 xtf—#?, in order to diſcover whether the value of this trinomial 
quantity reſulting from ſuch ſubſtitution will be greater, or will be leſs, than 
o. 158,384, 440, 324.536, 293, 838,883, or the abſolute term of the equation 
that is to be reſolved. And he finds that the ſaid value reſulting from this 
ſubſtitution is 0.158,360,779,158,596,496,322,514, which is leſs than the 
ſaid abſolute term of the equation; whence it follows that 0.0524 is leſs than 
the true value of 7, or the leſſer root of the ſaid equation, or than the tangent 
of an arch of 3 Degrees. 


He therefore puts 2 for the difference between 0.0524 and 7, and ſubſti- 
tutes the binomial quantity 0.0524 +2 inſtead of t in the propoſed equation, 
and reſolves the new equation thence reſulting by Mr. Raphſon's Method of 
Approximation, and thereby finds z to be = 0.000,007,779,289,3, and con- 
ſequently z, (or 0.0524+2)) to be = 0.052,407,779,289,3 ; of which number 
it is probable that the firſt nine figures 0.052,407,779 are correct. 


Dr. Mackay then ſubſtitutes 0.052,407,779, inſtead of 7, in the trinomial 


quantity 37 +0447 5, 133,320, 973,608, 88 1, 5 16,649 x ff—7?*, and finds the 
5 value 
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value of the ſaid quantity reſulting from ſuch ſubſtitution to be = 0.158, 
384, 439,46 3,648, 432, 218, 748, which is leſs than the abſolute term o. 158, 384, 
440, 324, 536, 293, 838, 883, of the propoſed equation. Therefore o. o 52, 407, 
779 is leſs than the true value of t, or the leſſer root of the ſaid equation. 


Dr. Mackay then puts 2 for the difference between o. 052, 40, 779 and 2, 
and ſubſtitutes the binomial quantity o. 052, 407, 79 f, inſtead of , in the pro- 
poſed equation, and reſolves the new equation thence reſulting by Mr, Raphſon's 
Method of Approximation, and thereby finds z to be = o. ooo, ooo, ooo, 283, 
041,204, and conſequently 7, or o. 0 52, 407, 779 +2, to be = 0.052,407,779, 
283,041,204. Therefore 7, or the tangent of an arch of 3 Degrees, is equal 
to o. 52, 407,779, 283, 041, 20g. 


This number o. 052, 407, 779, 283, of 1, 204 is exact in all it's figures. But 
Dr. Mackay has carried his inveſtigation of this Tangent ſtill further by means 
of a third Proceſs of Mr. Raphſon's Method of Approximation, and has 
found t, or the tangent of an arch of 3 Degrees, to be equal to 0.052,407, 
779,283,041,204,038,805, and afterwards proves, by the neceſſary trials 
and ſubſtitutions, that this laſt number 1s exact in all it's 24 figures. 


This Triſection of an arch of 9 Degrees extends through 16 pages, begin- 
ning in page 804, and ending in page 819. 


The third branch of this Computation is to triſect an arch of 3 Degrees by 
reſolving the Cubick equation 3#+3T x f—£& = T, in which T is the Tan- 
gent of 3 Degrees, and is = 0.052,407,779,283,041,204,038,805, and 7, 
or the lefler root of the ſaid equation, is the tangent of an arch of 1 De- 
gree. 


By reaſonings ſimilar to thoſe employed in the foregoing triſection of an 
arch of 9 Degrees, Dr. Mackay conjectures that the tangent of an arch of 1 
Degree will be = o. 01), 455, and ſubſtitutes this number inſtead of ? in the 
trinomial quantity 35 ＋π a X=, in order to diſcover whether the reſult of 
this ſubſtitution will be greater, or will be leſs, than the abſolute term T, or 


0.052,407,779,283,041,204,038,805; and he finds that the ſaid reſult will 
Vor. VI. h be 
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be = o. 052, 40), 584, 201, 365,65, 8 80, 997; which is leſs than 0,052,407, 
779,283, 041, 204, og 8, 85, or T. Therefore o. 017, 455 will be leſs than 
the true value of 7 in the ſaid equation 35 ＋3 TN - = T. 


He therefore puts z for the difference between o. o 19, 465, and , and ſubſtitutes 
the binomial quantity o. 017, 455 +2, inſtead of t, in the equation 3643 TX, 
= T, (or 3 ＋ 3 X o. og, 407, 779, 283, o41, 204, o38, 805 K. = = o. 052, 40), 
779,2 3, 041, 204, 038,8 5,) or 30 10. 157, 223, 337, 849, 123, 612, 116,415 x!* 
— = 0.052,407,7 79, 283, 041, 204, o38, 805, and then reſolves the equation 
reſulting from this ſubſtitution by Mr. Raphſon's Method of Approximation, 
and finds z to be o. ooo, ooo, o64, 928, 217, 733, and conſequently 0.017, 
455 72, or t, to be = o. 017, 455, 064, 928, 217, 733; that is, the tangent of 
an arch of 1 Degree will be nearly equal to o. 017, 453,064, 928, 217,733, 
of which number it is probable that at leaſt the firſt 12 figures o. o 17, 455 
064,928, are exact. | 


Dr. Mackay then ſubſtitutes the number o. o 1, 455, 64, 928 inſtead of 7? in 
the trinomial quantity 37 ＋0. 157, 223, 337, 849, 123, 612, 116, 4156 x !*——P, in 
order to diſcover whether the reſult of this ſubſtitution will be greater, or wil] 
be leſs, than the abſolute term 0.052,407,779,283,041,204,038,805; and he 
finds the faid reſult to be o. 052, 407,79, 282, 387, 451,364, 8 58, which is 
leſs than the ſaid abſolute term. Therefore o. 017, 45 5, 064, 928 is leſs than 


the true value of z. 


Dr. Mackay then puts 2 for the excels of f above o. 0 17, 455,064, 928, and 
ſubſtitutes the binomial quantity o. o 17, 455, o64. 928 +2 inſtead of 7 in the pro- 
poſed equation 379 3T x .-“ = T, and reſolves the equation thence ariſing 
by Mr. Raphſon's Method of Approximation, and finds z to be = o. ooo, 
000,000,000,217,585,765,126, and conſequently 0.017,455,964,928 +z, or t, 
to be = 0.017,455,064,928,21,7,585,765,126 ; that is, the Tangent of 1 De- 
gree will be = o. o 17, 455, 064, 928, 217, 58 5, 765, 126. 


This number is true in all but the two loweſt figures 26, as Dr. Mackay 
proves afterwards by making the proper ſubſtitutions; and he further ſhews that, 
if 4 be added to the laſt figure 6, the reſulting number 0,017,455,064,928, 


217,585, 
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217,58 5,765, 130 will agree with the more exact value of t, or the Tangent 
of 1 Degree, in all it's 24 figures. And thus he compleats this ſecond Tri- 
ſect ion of a circular arch by means of the Tangential equation 37 + 3T * f 
= T, to a very great degree of exactneſs. 


This Triſection of an arch of 3 Degrees extends through 12 pages, begin- 
ning in page $20, and ending in page 831. 


The fourth branch of this Computation is to Quinquiſect an arch of 1 De- 
gree, or 60 Minutes, of which the Tangent has been found to be = 0.017, 
455,064,928,217,585,765,130, by reſolving the equation 5f+10T XH 10 
—5Txt*+f = T, in which T is equal to the tangent of 1 Degree, or 60 
Minutes, and the leaſt of the three values of ? is equal to the tangent of an 


arch of 12 Minutes, 


By ſubſtituting, inſtead of I, in this equation the number 0.017,455,064, 
928,217,585,765,130, to which T is equal, the ſaid equation will become 
5t + 0.174,550,049,282,175,857,651,30 x f—108* — 0.087,275,324,041,087, 
928,825, 6 K tt = 0.017,455,064,928,217,585,765,130; which Dr. 
Mackay reſolves in the following manner. 


By reaſonings ſimilar to thoſe employed in the reſolutions of the foregoing 
tangential equations Dr. Mackay conjectures that the tangent of an arch of 
12 Minutes, or the leaſt value of ? in this equation, will be very nearly equal 
to o. oog, 490, 67: and then, by ſubſtituting this number inſtead of , in the 
Quinquinomial quantity 5 ＋ o. 174, 5 50, 649, 282, 175,8 57, 651, 30 * “- 10 — 
0.087, 275, 324, 641,087,928, 825, 66 K ＋˙, he finds that the value of the 
ſaid quantity reſulting from ſuch ſubſtitution is o. 017, 455,05 1, 517,948, 
824,771, 82; which is leſs than o. 0 17, 455, 064, 928, 217, 585,765, 1 30, or the 
abſolute term of the equation 57+ X 1 = ST NXHT TY = T; whence 


it follows that the number o. oog, 490, 67 is leſs than the true value of r, or 


the leaſt root of that equation. 


Dr. Mackay then puts z for the exceſs of ? above o. 03, 490, 67, and ſub- 


ſtitutes the hinomial quantity o. 003, 490, 67 1 inſtead of 7 in the propoſed 
h 2 equation 
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equation 5f+10T xi —10—;T NN“, = T, and then reſolves the equa- 
tion reſulting from this ſubſtitution by Mr. Raphſon's Method of Approxima- 
tion, and finds z to be o. ooo, ooo, oo, 68 1, 596, 250, 401, and conſequently 
o. oog, 4390, 67 +2, or r, to be = o. oog, 490, 672, 08 1, 396, 250, 401; of which 
number it is highly probable that the firſt fifteen figures, (reckoned from the 
place of units,) to wit, o. oog, 490, 672, 68 1, 596, are true. 


Dr. Mackay then ſubſtitutes this number o. oog, 490, 672, 68 , 596, inſtead 
of t, in the Quinquinomial quantity 57+ 10Txf—108—5;T x&f +7, and 
finds the reſult to be = 0.017,455,064,928,216,333,959,018 ; which is leſs 
than 0.017,455,064,928,217,585,765,130, or the abſolute term of the pro- 
poſed equation ; whence it follows that the number 0.003,490,67 2,681,596 
is leſs than the true value of 7, or the leaſt root of that equation, or the tan- 
gent of an arch of 12 Minutes. | 


Dr. Mackay then puts z for the excels of t above 0.003,490,672,681,596, and 
ſubſtitutes the binomial quantity 0.003,490,672,681,596 + 2, inſtead of t, in the 
propoſed equation 5f+ 10T xif—10f —5$Txf+#&f= T, or ;t+0.174,550,649, 
282,175,857,651,30 X!*—108 — 0.087,275,324,041,087,923,825,05 x 1* ＋ 
= 0.017,455,064,928,217,585,765,130, and then reſolves the new equation re- 
ſulting from ſuch ſubſtitution by Mr. Raphſon's Method of Approximation, and 
thereby finds z to be = 0.000,000,000,000,000,250,318,516, and conſequently 
t, or 0.003,490,672,081,596 +2, to be = 0.003,490,672,681,596,250,318,516; 
that is, the Tangent of an arch of 12 Minutes will be equal to 0.003,490,672, 
681,596,250,318,516. And this number Dr. Mackay afterwards proves, by 
making the proper ſubſtitutions and trials, to be exact in all it's 24 decimal 
figures. 


This Quinquiſection of an arch of x Degree, or 60 Minutes, extends through 
18 pages, beginning in page 832, and ending in page 849. 


The fifth branch of this Computation is to Triſe& an arch of 12 Minutes, 
(of which the tangent is now found to be = 0.003,490,672,681,596,2 50, 
318,516,) by reſolving the Cubick equation 3*+3TxX&if=-&f = T, in which 

T is 


4 

* 4 
N 
* 
4 
= 
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T is equal to the Tangent of 12 Minutes, or to the number 0.003,490,672, 
631,599,2 592,318,510, 


By ſubſtituting 0.003,490,672,681,596,250,318,516 inſtead of T in this 
equation 3/+3T x f—1* = T, it will be converted into the equation (37 ＋ 
3 No. oog, 490, 672, 68 1, 596, 2 50, 318, 5 16 x - = o. oog, 490, 672, 687.596. 
250,318,516, or) 3t + 0.10, 472,018,044, 7 88, 750, 985,548 X 7 — 
o. oo3, 490, 672, 68 1, 596, 230, 318,516; which Dr. Mackay reſolves in the fol- 


lowing manner. 


By reaſonings ſimilar to thoſe employed in the reſolutions of the preceeding 
Tangential equations, he conjectures that t, or the tangent of an arch of 4 
Minutes, is nearly equal to 0.001,163,553, and ſubſtitutes that number, in- 
ſtead of t, in the trinomial quantity 3/+0.010,472,018,044,788,750,955,548 
X-, and finds the reſult of ſuch ſubſtitution to be = 0.003,490,671, 
602,317,377,578,15; which is leſs than the abſolute term o. oog, 490, 67, 
681,596,250,318,516 of the propoſed equation 3#+3Tx#if—& = T, and 
therefore the number 0.001,163,553 muſt be leſs than z#, or the leaſt root of 
the ſaid equation, 


. He therefore puts 2 for the exceſs of f above 0.001,163,553, and ſubſtitutes 


the binomial quantity o. oo, 163, 553 T , inſtead of 7, in the propoſed equa- 


tion ze gT XY = T, and reſolves the equation thence reſulting by 
Mr. Raphſon's Method of Approximation, and thereby finds z to be = 
0.000,000,000,359,757,188,938,9, and conſequently 0.001,163,553+2, or 
t, to be = 0.001,163,553,359,757,188,938,9 ; of which it is probable that 
the firſt 16 figures, to wit, 0.001,163,553,359,757,1, are correct. 


He then ſubſtitutes this number 0.001,163,553,359,757,1 inſtead of f in 
the Trinomial quantity 37+ 3TX H=, and finds the value of the ſaid quan- 
tity reſulting from ſuch ſubſtitution to be = o. oog, 490, 672, 68 1, 598,983, 
500,79; which is leſs than the abſolute term T, or 0.003,490,072,681, 
596,250,318,516 ; and therefore the ſaid number 0.,001,1 63,553,359,757,1 
mult be leſs than the true value of t, or the leſſer root of the propoſed equa- 


tion. 
Dr. Mackay 


Ixil . 


Dr. Mackay then puts 2 for the exceſs off above the number o. ooo, 163, 
553,359,757, 1, and ſubſtitutes the binomial quantity o. oo r, 163, 553,359, 
757,1 ＋2, inſtead of 7, in the equation 3/+gT xff—# = T, and reſolves 
the equation reſulting from ſuch ſubſtitution by Mr. Raphſon's Method of 
Approximation, and thereby finds z to be = o. ooo, ooo, ooo, ooo, ooo, o88, 
938,65, and conſequently o. oo 1, 163, 3 53,359,757 1 ＋ 2, or t, to be = 0.001, 
163,563,359, 757, 188,938,665. Therefore the Tangent of an arch of 4 Minutes 
will be = o. oo, 163,353, 359,757, 188,938,655. And this number he after- 
wards proves, by making the proper ſubſtitutions and trials, to be true in 
all it's figures. | 


This Triſection of an arch of 12 Minutes extends through 11 pages, be- 
ginning in page 849, and ending in page 859. 


The ſixth branch of this Computation is to Biſect an arch of 4 Minutes, 
of which the Tangent is now found to be = 0.001,163,553,359,757,188, 


938,65, by reſolving the Quadratick equation F“ + 1 X 2 1, in which 
T is the Tangent of an arch of 4 Minutes, or is = o. 001, 163,553,359, 
757,188,938,65. 


If we divide by 0.001,163,553,359,7 57,188,938,65 the Quotient will be 
= 1718.872,609,690, 509,838,486,820,225,3, which is therefore the co- 


efficient of f in the Quadratick equation * + 1 x 8= 1, Therefore the 


Quadratick equation * += ＋ N will become * ＋＋ 1718.82, 609, 690, 


509, 838, 486,8 20, 226,3 * = 1, which Dr. Mackay reſolves in the follow- 
ing manner. | 


By reaſonings ſimilar to thoſe employed by him in the reſolutions of the 
preceeding Tangential equations, he conjectures that the root of this equa- 
tion, or the tangent of an arch of 2 Minutes, will be very nearly equal to 
0.000, 581,776,42, and he ſubſtitutes that number inſtead of f in the bino- 
mial quantity F 1718.872, 609, 690, 509, 838, 486, 820, 225, 3 xt, and finds 
the value of the ſaid quantity reſulting from ſuch ſubſtitution to be = 0.999, 
999,891,765,604,989,826,040,5; which is leſs than 1, or the abſolute 

| term 
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term of the equation * + —_ X t = 1; and conſequently 0.000,581,776, 


42 is leſs than the true value of ? in that equation. 


He therefore puts 2 for the exceſs of f above o. ooo, 581,776,42, and ſub- 
ſtitutes the binomial quantity o. ooo, 581,776,42+2, inſtead of , in the equa- 


tion “ + —_ X t = 1, or i*+1718.872,609,690,509,838,486,820,225,3 


Xt = 1, and reſolves the equation reſulting from ſuch ſubſtitution by 
Mr. Raphſon's Method of Approximation, and finds 2 to be = 0.000,000, 
000,062,968,204,352, and conſequently 0.000,581,776,42 ＋ 2, or t, to be 
= 0,000, 58 1,776, 482, 968, 204, 352. Therefore the Tangent of an arch of 
2 Minutes will be nearly equal to o. ooo, 38 1,776, 482, 968, 204, 352. 


He then ſubſtitutes this number o. ooo, 58 1,776, 482, 968, 204, 35 2, inſtead 
of t, in the binomial quantity #&f 1718.872, 609, 690, 509, 838,486, 820, 223, 3 
x7, and finds the value of the ſaid quantity reſulting from ſuch ſubſtitution 
io be = 0.999,999,999,999,999,998,710,568,2 ; which is leſs than 1, or the 


abſolute term of the equation + ＋ Xx = 1; and-conſequently o. ooo, 581, 


776, 482, 968, 204, 352 1s leſs than the true value of 7 in that equation, or than 
the Tangent of an arch of 2 Minutes. 


Dr. Mackay then puts z for the exceſs of ? above 0.000,581,776,482,968, 
204,352, and ſubſtitutes the binomial quantity o. ooo, 58 1,776, 482, 968, 204, 


352 ＋2, inſtead of r, in the equation 5 + 15 X £ = 1, or 1718.87, 


609, 690, 509,838,486,820,225,3 x/ = 1, and reſolves this equation by 
Mr. Raphſon's Method of Approximation, and finds 2 to be = o. ooo, ooo, 
ooo, ooo, ooo, ooo, ooo, 7 50,16, and conſequently 0.000,581,776,482,968,204, 
352 ＋ 2, or t, to be = o. ooo, 538 1,776, 48 2, 968, 204, 3 52, 750, 16; of which, if 
no miſtakes have been made in the arithmetical operations, all the 26 figures 
muſt be true, Therefore the Tangent of an arch of 2 Minutes will be = 
o. ooo, 58 1,7 6, 482, 968, 204, 352,750, 16. 


But this equation F + ＋ X = 1, or +1718.872,609,690, 509, 838, 


486 


3 
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486,820,225 K f = 1, being a Quadratick equation, may be reſolved in 
a direct manner to as great a degree of exactneſs as we pleaſe, by 
ſquaring the half of the co- efficient of 7, or the half of the long number 
1718.872, 609, 690, 509, 838, 486, 820, 225, and adding the ſquare to both fides 
of the equation, and extracting the ſquare-· roots of the ſums. And Dr. 
Mackay has given us alſo this reſolution of this equation in the manner 
following. 


He divides the co- efficient 17 18.872, 609, 690, 509, 838, 486, 820, 225, (omit- 
ting only the three laſt figures 225, ) by a, and finds the quotient, or the ſaid co- 
efficient, to be 859.436, 304, 845, 254, 919,243, 410; and he then multiplies 
this number into itſelf, and finds the product, or ſquare, to be = 738,630, 
762, 086, o6 5, 944, 179, 205, 412, 18; and, adding this ſquare to both ſides of 


the propoſed equation? + I x t = 1, he converts it into the equation #& + 


1718,872,609,690,509,838,486,820X? + 889.436, 304, 845, 254, 919, 243, 410 
= 738, 63 1.762, 086, o6 5, 944, 179,205, 412,18; and then, extracting the 
ſquare- roots of both ſides, he has 147859. 436, 304, 845,254,919, 243,410 = 
859.436, 886,621, 737,887, 447,762, 7, and conſequently | 


859.436,886,021,737,887,447,702,7 
— $59.436,304,845,2541919-243,410,0 


2 


= 0.000,581,776, 482,968,204,3 52,7 ; that is, the root 
of the equation #* + _ X t = 1, or the Tangent of an arch of 2 Minutes, 


will be = 0.000,581,776,482,968,204,352,7. This number agrees with the 
number 0.000,581,776,482,968,204,352,750,16, found before by Mr. Raph- 
ſon's Method of Approximation, in all it's twenty-two figures o. ooo, 581,776, 


482, 968, 204, 352,7. 


This Biſection of an arch of 4 Minutes extends through 14 pages, begin- 
ning in page 860, and ending in page 873. 


The ſeventh, and laſt, branch of this Computation for finding the length of 
the Tangent of an arch of 1 Minute, is to Biſect an arch of 2 Minutes, (of 
5 which 
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which we now know the tangent to be equal to o. ooo, 581,776, 482,968, 204, 
352,75,) by reſolving the Quadranck equation #* + —＋ x 1 = 1, in which 
T is = o.ooo, 58 1,776, 48 2, 968, 204, 352,75. This reſolution Dr. Mackay 


performs, firſt, by Mr. Raphſon's Method of Approximation, and aſterwards 
by the direct Method, by adding the ſquare of half the numeral co-eſſicient, 


＋ of to both ſides of the equation 7. + 1 Xx t = 1, and then extracting 


the ſquare- roots of the ſums. Theſe reſolutions are as follows. 


Dr. Mackay, in the firſt place, divides the numerator, 2, of the ſaid co- 
efficient "> by it's denominator T, or o. ooo, 58 1,776, 482, 968, 204, 35 2,7 5, 


and finds the Quotient to be = 3437.46, 382,933,983, 613, 383,297,287, 
and thereby converts the equation + 15 XI 1 into the equation“ + 


3437-746,382,933,985,613,383,297,287Xt = 1, And then, by reaſonings 
ſimilar to thoſe which he employed in the reſolutions of the preceeding Tan- 
gential equations, he conjectures that 7, or the tangent of an arch of 1 Mi- 
nute, will be = 0.000,290,888,21, and ſubſtitutes this number 0.000, 


290,888,21, inſtead of 7, in the binomial quantity “ + 1 x , or *+3437- 


746,382, 933,985, 613, 383,297,287 Xt, and finds the value of the ſaid quan- 


tity reſulting from ſuch ſubſtitution to be = o. 999,999, 976, 381,592, 340, 
246, 920; which is leſs than 1, or the abſolute term of the equation 7 + 


5 X | = 1, Therefore the number o. ooo, 290, 888, 21 is leſs than the 


true value of # in that equation. He then puts à for the exceſs of ? above 
0.000,290,888,21, and ſubſtitutes the binomial quantity 0.000,290,888,214+2, 


inſtead of 7, in the equation?“ + A Xx = 1, or # 3437.74, 382, 933, 


985,613,383, 297,287 * = 1, and reſolves the equation reſulting from this 
ſubſtitution by Mr. Raphſon's Method of Approximation, and thereby finds 
2 to be = 0.000,000,000,006,870,315,908,123, and conſequently , (or 
0.000,290,888,21+z,) to be = 0.000,290,888,216,870,31 5,908,123; of 
which number the firſt 21 figures, to wit, 0.000,290,888,210,870,315,908, 
will be exact, if no miſtake has been made in the calculation. And Dr. Mackay 

Vor. VI. i afterwards 
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afterwards proves that theſe 21 figures are exact, by ſubſtituting them, inſtead 
of e, in the binomial quantity * + 1 X , or F + 343.746, 382, 933, 
985,613,383, 297,287 x , and finding that the reſult is = 0.999, 
999,999,999,999,999,574, which is leſs than 1, or the abſolute term of 


R 2 | : 
the equation 7 + T = I, and by then adding o. ooo, ooo, ooo, ooo, ooo, 


ooo, col to the ſaid number o. ooo, 290, 888, 216, 870, 313, 908, and ſubſtituting 
the new number theace ariſing, to wit, o. oo, 290, 888, 216, 8 70, 3 15,909, in- 


. . . 2 . 
ſtead of 7, in the ſame binomial quantity #* + 5- X 2, and finding that the 
reſult is = 1.000,000,000,000,000,003,011, which 15 greater than 1, or the 
abſolute term of the equation #* + 1 = 1, For it follows from theſe re- 


ſults that the true value of the root ? muſt be greater than 0.000,290,888,216, 
870,315,908, but leſs than 0.000,290,888,216,870,3 1 5,909, and conſequently 
that all the 21 figures in the number 0.000,290,888,216,870,315,908 are 


Dr. Mackay then reſolves the ſame equation 7* + + Xt „ £+ 


3437-746,382,933,985,013,383,297,287 Xt = 1, by the direct Method, as 
follows. He firſt divides the co-efficient 3437.740,382,933,985,613,38 3,297, 
287 by 2, and finds the quotient, or half of it, to be = 1718.873,191,466, 
092,806,691,648,643,5; and he then ſquares this laſt number, and finds it's 
ſquare to be = 2,954,525-048,343,925,312,842,322,795,310, He then adds 
this ſquare to both ſides of the equation, and thereby obtains the equation ? + 


3437.746, 382,933,985, 613,383,297, 287 X# + 1718.873,191,406,992,8 6, 
691,648,643,5 = (1+ 2,954, 525.048, 343,925, 312, 842,822,793, 310) = 
2,954, 5 26.04 8, 343,925,312, 842,8 22,795,310; and then (by extracting the 
ſquare-roots on both ſides,) obtains the equation 7 1718.873, 191,466, 992, 
806, 69 1,648, 643,5 = 1718.8 73, 482, 355, 209,677, 07, 556, 766, 9. Therefore 
t will be = | | 


718.873, 482,355, 209,677, 007, 556, 766, 9 
— 1718.873, 91,466,992, 806, 691,648, 643,5 


—— o. ooo, 290,888, 216,870, 3 15,908, 123,4. 


This value of 7, or the tangent of an arch of 1 Minute, agrees with the value 
of 
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of it found before by Mr. Raphſon's Method of Approximation 1n the twenty- 
four figures 0.000, 290, 888, 216, 8 70, 315,908, 123. 


And thus, by finding by two different methods of reſolving the equation 


AS, or 4 3437.746, 382,933,985, 13,383, 297,287 Xt = 


1, that it's root ? (which is equal to the tangent of an arch of 1 Minute,) is 
= 0.000,290,888,216,870,315,908,123, the long and difficult Computation 
undertaken by Dr. Mackay tor deriving the length of the Tangent of an arch 
of 1 Minute from the Tangent of an arch of 45 Degrees, by the Principles 
of Plane Geometry, and without the help of the Infinite Scrieſes invented by 
Mr. James Gregory for expreſſing the length of a circular arch in powers of 
the tangent and the radius, and the length of the tangent in powers of the 
arch and radius (which ſerieſcs are obtained by the Method of Fluxions and 


the Doctrine of the Reverſion of Serieſes,) is, at laſt, ſuccesfully con- 
cluded. 


This Biſection of an arch of 2 Minutes extends through 12 pages, begin- 
ning in page 874, and ending in page 886. And the whole Computation 
extends through 106 pages, beginning in page 781, and ending in 
page 886. | 


The ſecond Computation, by which, after we have found, by the reſolution 
of the foregoing tangential equations, that the tangent of an arch of 1 Mi- 
nute of a Degree is = 0.000,290,888,216,870,315,908, we may derive from 
it the length of the Sine of the ſame arch, is performed by Dr. Mackay as 
follows, 


He, in the firſt place, multiplies the number 0.000,290,888,216,870,315, 
908, (which is equal to the tangent of an arch of 1 Minute,) into itſelf, and 
finds the product, or the ſquare of the ſaid tangent, to be equal to 0.000,000, 
084,615,954, 13, 990. To this ſquare he adds the ſquare of the radius 1, that 
is, I X 1, or 1, and thereby obtains the number 1.000,000,034,61 35,954,713, 
990 for the ſquare of the Secant of the ſame arch of 1 Minute. And then, 


by extracting the ſquare- root of this number 1.000, ooo, o84, 61 5,954,713, 990, 
12 he 
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he obtains the number 1. ooo, ooo, o42, 30), 976, 462,0 12, for the value of the 
ſaid Secant itſelf, And he then makes the following proportion, “As 1.000, 
000,042,307,976,462,012, the Secant of an arch of 1 Minute, is to o. ooo, 
290, 888, 216,8 70, 315, 908, the tangent of the ſame arch, ſo is 1, the radius of 
the circle, to the Sine of the ſaid arch of 1 Minute; and therefore the ſaid 


Lat be = 1 X O ooo, 290, 888, 2 16, 870, 3 15, hoh __ 0.000,290,888,216,870,315,908 
| 10000, ooo, O42, 307, 976, 462, 12  1.000,000,042, 307,976,402,012 


= o. ooo, 290, 888, 204, 563, 424,596. Therefore the Sine of an arch of 1 


Minute of a Degree is = o. ooo, 290, 888, 204, 563, 424,596. 


This value of the Sine of an arch of 1 Minute of a Degree agrees with the 
value of it found before in Dr. Hutton's Computation of it in page 473, to 
wit, the number o. ooo, 290, 888, 204, 563, 5, in the firſt 15 places of figures, 
reckoned from the place of units, to wit, the figures o. ooo, 290, 888, 204, 563, 
and therefore confirms the truth of the ſaid value of the Sine of 1 Minute, 
obtained by that Computation, in all the ſaid 15 figures: which was the object 
of the two Computations performed by Dr. Mackay. 


When Dr. Mackay had, in the manner here deſcribed, obtained, by means 
of theſe two Computations founded on the principles of Common Geometry, 
the lengths of the tangent and the fine of an arch of 1 Minute, to twenty-one 
places of decimal figures, (which he had done at my requeſt,) he was led 
to compute them likewiſe by means of the two infinite ſerieſes which had been 
given by Mr. James Gregory and Sir Iſaac Newton for expreſſing them in powers 
of the arch of 1 Minute and the radius, in order to ſhew the perfect agree- 
ment of the values of them that would be thereby obtained with the values of 
them that he had before obtained by Common Geometry, This he has done 
in the manner following. 


If the radius of a circle be called , and any arch in it, leſs than an arch 


of 45 Degrees, be called à, and it's tangent be called 7, the tangent t will 
, : . 3 S 4 62 
be equal to the infinite Series @ + — TY 33 * 72 7 * A 4. 


12824" 3 "FLY IT. - 1 
755,925 775 — &c, or, if r IS — I, (as It 1S in the foregoing Computations, ) 


to 
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, 2 j a3 245 17a! 6249 13824 & 
— — — — —— — — — — Co 
to the infinite Series à + - + = + ITT ST 4 + 
And, if the ſine of the ſaid arch be called s, the ſaid fine 5 will be equal to 
Bats tors a3 as. 47 2 a? 
the infinite ſeries 4 — 2.3.75 " 2.3.4.5.7 2. 3.4.5. 6.7. 0 2. 3.4.5 0. 7. 8. . rf 
a" 5 as as 27 a9 
$15 2-3-4-5-6.7.8.9.10.11.7%? ＋ Ke, or, 8 — 67* P 120 7% $049 r® + 362, 88o r® 
a"! 1 2 . . . a3 
2 r _ the infinite Series 8 — — 
r + &c, or, if r is = 1, to the 7 + 
25 8 - f. f theſe ſeri 
2 . + & c. The former of theſe ſerieſes 


was invented by Mr. James Gregory, about A. D. 1670, and the latter by 
Sir Iſaac Newton. 


The arch of 1 Minute is the 6oth part of a Degree, or of the 180th part 
of the ſemi-circumference, which, when the radius is called 1, is = 3.141, 
592,653,589,793,2 38,462,6 &c. Therefore the arch of 1 Minute is (= 


3.141,592,653,589,793,233,462,0 & __ 3.141,593,653,589,793,238,462,6 &c 
60 x 180 THe 10500 


290,388,208,665,721,596,153,&c; or, if we carry the figures only to 21 
places below the place of units, it will be = 0.000,290,888,208,665,721, 
596. Dr. Mackay therefore takes a = 0.000,290,888,208,665,721,596, and 
then computes the four following powers of a, to wit, a“, 48, a*, and a*, and 
finds a* to be = 0.000,000,084,615,949,940,7 52,2, and 4 to be = o. ooo, 
000,000,024,613,782,102,8, and a* to be = 0.000,000,000,000,007,159, 
859,0, and 4 to be = o. ooo, ooo, ooo, ooo, ooo, ooa, o8 2,6; and then com- 

a3 0.000,000,000,924,013,782,102,8 
putes — : 


000,008,204,594,034,3, and computes _ and finds it to be (equal 
1 


) = 0.000, 


„and finds it to be = 0.000,000, 


0,000,000,0092,000,004,105,2 
15 
: 3 
quently the Series a + TY + 


= 0.000,000,000,000,000,000,277,7, and conſe- 


75 + &c to be = 


0.,000,290,888,208,665,721,596 
+ 0.000,000,000,008,204,594,034,3 
+ 0.000,000,000,000,000,000,2 77,7 
+ &c 


= 0.000,290,888,216,870,315,908,0; that is, the tangent 
of 


Ixx Fa 2-9 & 36-Þs 


of an arch of 1 Minute will be equal to 0.000,290,888,216,870,315,908 ; 
which agrees with the value of the ſaid tangent found above by the foregoing 
Computation in all it's 21 figures, 


— Ro Bode bc 


3 N 
And he then computes ——, or 


5 
to be equal to o. ooo, ooo, ooo, oo, 102, 297,17, , and computes —_ 


0.000,000,000,000,000,002,082, 
120 


6 * 
„ and finds it to be o. ooo, ooo, ooo, ooo, ooo, 


as 
120 


— &Cc to be 


dooco, o17, 3, and conſequently finds the Series a4 — 5 + 


0.000,290,888,208,665,721,596 
O. OOo, OOO, oo, O04, 1 02,297, 0 1 75 1 
+ c. ooo, ooo, ooo, ooo, ooo, oOo, O17, 3 
— & c 


| o. O00, 290, 888, 208, 665,721, 613, 3 
— d. ooo, ooo, ooo, oc, 102, 297,017, 


= o. ooo, 290, 888, 204, 563, 424, 596, 2. 


Therefore 5s, or the Sine of x Minute of a Degree, in a circle of which the 
radius is called 1, will be = 0.000,290,888,204,503,424,596,2 ; which agrees 
in the firſt twenty-one figures, reckoned from the place of units, with the 
value of the ſaid Sine found before, from the principles of common Geometry, 
in art. 63, page 890, to wit, o. oo0, 290, 888, 204, 563,424, 596. 


Theſe Computations of the lengths of the Tangent and the Sine of an arch 
of 1 Minute of a Degree, by the infinite Serieſes of James Gregory and Sir 
Ilaac Newton, take-up only 5 pages, beginning in page 891, and ending in 


page 895. 6 


Dr. Mackay, after having thus computed the values of che Tangent and the 
Sine of an arch of 1 Minute of a Degree, by the two infinite Serieſes invented 
by Mr. James Gregory and Sir Iſaac Newton for expreſſing them in powers of 


the arch and the radius of the circle, and having ſhewn the perfect agreement 
of 


CTC x xi 


of theſe new values of the ſaid Tangent and Sine with the values of them thar 
had been found before by the principles of common Geometry, proceeds to make 
ſome very judicious Obſervations on the long Computation by which the ſaid 
Tangent of 1 Minute had been derived from the Tangent of an aich of 45 
Degrees by repeated ſections of the ſaid arch; in which he ſhews that the 
firſt and ſecond branches of that long Computation, (which confiſt of the 
Quipquiſection of the ſaid arch of 45 Degrees, in order to obtain the Tangent 
of an arch of 9 Degrees, and of the Tritection ot an arch of 9 Degrees in 
order to obtain the tangent of an aich of 3 Degrees, and which, together, 
extend through no fewer than 39 pages of the preſent volume, to wit, from 
page 780 to page 820,) might have been avoided by taking a much lefs 
laborious method of finding the length of the tangent of an arch of 3 De- 
grees, and which yet was equally derived from the principles of common 
Geometry with thoſe former methods of obtaining it. This Method is as 


follows. 


An arch of 3 Degrees is the Difference of an arch of 15 Degrees and an 
arch of 18 Degrees. Now it is ſhewn in books of Trigonometry that, if 
there be taken any two unequal arches in the Quadrant of a Circle, each of 
which is leſs than the arch of the whole Quadrant, and the leſſer of theſe two 
arches be ſubtracted from the greater, and we draw the tangents and the 
ſecants of the ſaid two arches, and likewiſe the tangent and ſecant of the 
arch which is the Difference of the two former arches, the tangent of this 
third arch (which is equal to the Difference of the two former arches,) will 
be to the difference of the tangents of the two former arches in the ſame 
proportion as the ſquare of the radius of the circle to the ſum of the ſaid 
ſquare of the radius and the rectangle contained under the tangents of the 
two former arches ; or, if x be put for the radius of the circle, and à for the 
tangent of the greater of the two former arches, and &4 for the tangent of the 
leſſer of them, and c for the tangent of their difference, the tangent c will be 
to a—6, (the difference of the two former tangents,) as rr is to yr + ab. And 
conſequently, when x is = 1, we ſhall have c to a—=b as 1X1 is to 1X1+ 


ab, or c to a- as 1 is to 145; and therefore c will be = =. There- 
fore, if the two tangents à and & of the two former arches are known, the 
tangent 


= — 
= — 


oN 
- = — — 7 — 
— — — — = 2 35 no_—— 
= 2 _ = \ = = =_ o 
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tangent c of the third arch (which is equal to the difference of the two 
former-arches,) may be derived from them by computing the expreſſion 


2 And conſequently, if the two former arches were arches of 18 Degrees 


11 ab 
and 1 15 Degrees, and we knew the lengths of their tangents @ and 6, the tangent 
c of their difference, which is an arch of 3 Degrees, would be (= — 


_ tang. 18 —tang. 15% 
1 Ttang. 18 x tang. 15® 
faid fraction. Now the values of the tangents of 18 Degrees and of 15 De- 
grees may be obtained with very little labour of calculation by proceeding in 


the * manner. 


and might be obtained by computing the value of the 


It has been ſhewn above in page 773 of the preſent volume that, if T be 
put for the tangent of any arch in the Quadrant of a Circle that is leſs than 
the arch of the whole quadrant, and 7 for the tangent of the fifth part of the 
ſaid arch, and the radius of the circle be called 1, the leſſer tangent # will 
be the leaſt root of the quinquinomial equation 57+ 10T XK i -T x. 
+15 = T. Therefore ? will alſo be equal to the leaſt root of the equation 


T x 22 3 T x 14 a 8 
* 2 1 — _ — —— + - = = or of the equation A + 
$ . . . 
10 — = — 5.“ + E. = 1. And this equation will always be true fo 


long as the greater arch, of which T is the tangent, is of any magnitude leſs 


than go Degrees, or the arch of a Quadrant, that is, ſo long as the Tangent 
T 3s of any finite magnitude, how great ſoever. Therefore it will alſo be 
true when the greater arch is equal to go Degrees, which is the limit of all 
the former caſes ; as might be proved, (if it ſhould be thought neceſſary,) by 
a demonſtration ex ab/urdo. But, when the greater arch is equal to go Degrees, 
the tangent T en infinitely great, and conſequently the three terms 


. — and 1 , become infinitely ſmall in compariſon of the other 
three terms 1ct*, 5#, and 1, and therefore the equation 1 205 


I 
1 3 + ＋ = 1 becomes in this caſe o+ 10 —0—5;+q = 1, or 


10f—5# = 1. Therefore = — f will be = =, or ar will be = 


2 
E. 
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—} and (ſubtracting both ſides from 5 „or I), or 1,) we ſhall have 1— 
1 — 7 = 1 and (extracting the ſquare- roots of both fides,) 
1— 7 = 7 and conſequently 1 = ＋ 7 and f = 1 — = and 
(again extracting the ſquare roots of both fides,) 4 = v f —4 — 
Ai — = *. — 55 = Vi- V5. Therefore the tangent 


of an arch of 18 Degrees is = W{[1i—0.4xwv 5, 


And another demonſtration that the tangent of an arch of 18 Degrees 1s 


equal to val 2 or / I — 25. or v [1 =, or V 11—044xwv 5, 


has been given in the 3d volume ot this Collection of Mathematical Tracts calls 
ed Scriptores Logarithmici, in pages 148 and 149; to which I refer the reader. 


The computation of this expreſſion V — 0.4 x V/ requires four arith- 
metical operations, to wit, 1ſt, the extraction of the ſquare root of the num- 
ber 5, 2dly, the multiplication of this ſquare- root into t e decimal fraction 0.4, 
2dly, the ſubtraction of the product of this multiplication from 1, and àthly, 
the extract ion of the ſquare-root of the remainder of this ſubtraction. Neither 
of theſe four operations is very difficult, and the ſecond and third are re- 
markably eaſy. The extraction of the ſquare-root of 5 has been made to 
a great number of figures by Mr. Abraham Sharp, the great Engliſh Calcu- 
lator of the latter part of the 19th Century; and he has found the ſaid ſquare» 
root to be = 2.236,067,977,499,789,096,409,17 3.668,731,276,235,440,618, 
355,375,457, &c, as may be ſeen in page 149 of the third volume of this 
Collection of Tracts called Scriptores Logari:hmici, lines th and 8th ſrom the 
bottom. Therefore o. 4x V5 is (= 0.4 X 2.236,067,977,499,789,696,409, 
173,608, 731, 276,) = 0.894, 427, 190, 999,915,878, 563, 669,467,492, 10,4, 
and 1-0. 4x Võ is = 

1. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, o 
— 0.89, 427, 190,999, 915, 878, 563, 069, 467,492, 10,4 


= . 105,5 72, 809, ooo, O84, 121, 430, 330, 532, 507, 289, 6. 
Vol. VI. K 
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And the ſquare- root of this laſt number, which is equal to 1-0. 4x V/ 5, bas 
been found by Mr. Abraham Sharp to be = o. 324, 919, 696, 232, 906, 326, 
155,871, 412,215,134, 4 & c; as may be ſeen in the third volume of theſe 
Scriptores Logarithmici, page 146. 


Therefore / [1—0.4xV 5, or the tangent of an arch of 18 Degrees, in a 
circle of which the radius is called 1, is = 0.324,919,099,232,906,320,155, 
871,412, 215, 134, 4 &C. Q. E. I. 


The length of the tangent of an arch of 15 Degrees may be found as 
follows. 


It is ſhewn in books of Trigonometry that the Difference between the Se- 
cant and the Tangent of any arch in the Quadrant of a Circle is equal to the 
tangent of half the complement of the ſaid arch to an arch of 90 Degrees, 
or the arch of the whole Quadrant. See my Elements of Plane Trigonometry, 
Prop. 23, Coroll. in page 65. Therefore the Difference between the Secant 
and the Tangent of an arch of 60 Degrees is equal to the Tangent of 
an arch of 15 Degrees, which is the half of 30 Degrees, or of the com- 
plement of an arch of 60 Degrees to an arch of go Degrees, or the arch of 
the whole Quadrant. But the Secant of an arch of 60 Degrees is double 
of the radius of the circle, and therefore, when the radius is called 1, is 
= 2. Therefore it's ſquare is = 4, and the ſquare of the tangent of the 
ſame arch is = 4 1 = 3, and the tangent itſelf is = V3. Therefore the 
difference of the tangent and ſecant of 60 Degrees is = 2— 99 3. And con- 
ſequently the tangent of an arch of 15 Degrees will alſo be = 2=y/3. But 
the ſquare-root of 3 has been computed by Mr. Abraham Sharp, and found 
to be = 1,732,050,807,568,677,293,527,446,341,505,872, &c. Therefore 
2—4/ 3 will be = | 

2.000,000,000,000,000,000,000,000,000,000,000 
— ee eee e eee 


= o 267, 939, 192, 43 1, 122,700, 472, 553,658, 494, 128; that is, 
the tangent of an arch of 15 Degrees will be equal to the decimal fraction 


0. 267,949, 192,431, 122, 706, 472,553,658, 494, 128. Q. E. I. 


Having 
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Having thus found the tangent of an arch of 18 Degrees to be = 0.324, 
919,696,232,906,326,155,071,412,215,1 34, a d the tangent of an arch of 
15 Degrees to be = 0. 267,949,192, 431, 22,/06, 472,35 3,8, 494, 128, we 
muſt ſubtract the latter of theſe tangents from the former, and their diiference 


will be = 


0.324,919,6:6,232,900,326,155,87',412 21588] 
— 0.267,949,192,43!,12 ,796.47-,553, 58 04,28 


= 0.056, ,70,503 801, 83, 019,683, 31,75 {1,721,000 ; or, if the 
tangent of 18 Degrees be denoted by @, and the tanyen: of 15 Degrees 
be denoted by 3, we ſhall have 2 “ (or the numerator of the fraction 
a, = 0.056,970,503,801,783,619,83,3:7,753,721,000, We mult then 
multiply the tangent @, or o. 324, 910, 9, 232,996, 326, 153, 871, 412, &c into 
the tangent 6, or o. 26), 9 49, 192,431,122, 06.472, 353.658, &c, or (increas- 
ing the laſt figure 8 by an unit, on account of the following figures 494, 128, 
&c, which are omitted, ) o. 267,949, 192,431, 122,706, 472, 553,59; and we 
ſhall find the product ab to be = o. 087, 061, 970, 210, 572,952,731, 324, 783, 
according to the multiplication of them performed by Dr. Mackay, which is 
ſet- forch in page 904. And, if to this number we add 1, we ſhall have 1 +as, 


(or the denominator of the fraction 1 = 1.087, 061,970, 210, 572,952, 


731,324, 783. And, laſtly, we muſt divide the number o. 056, 970, 503,801, - 
783,619,683, 317,753, or the numerator a—6 of the ſaid fraction, by the num- 
ber 1.087, 061, 970, 2 10, 572, 952,731, 324,783, or it's denominator; and the 
quotient of this Diviſion, (which has been performed by Dr. Mackay, and is 


ſet-forth in page 904,) will be = 0.052,407,779,283,041,204,038,805, and 


will be equal to the fraction _—_ or P 


square of radius 1 + tang. 18 x tang. 155 and 


conſequently will be equal to the tangent of an arch of 3 Degrees. 


QE. I. 


This value of the tangent of an arch of 3 Degrees, found by this method 
ſuggeſted by Dr. Mackay, to wit, the number 0.052, 40, 779, 283, o41, z04, 
038,305, agrees with the value of the ſame tangent found before in art. 32, 
page 817, in all u's twenty-four figures. And therefore it appears that, by 

k 2 theſe 


been performed by Dr. Mackay. 


to the Lovers of theſe ſubjects. 
may be ſhortly deſcribed as follows. 


tangent of an arch of 72 Degrees will be 


the ſquare of the radius 1 ; that is, 
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75 = $£, or 


theſe calculations, which have been ſuggeſted and performed by Dr, Mackay, 
(and which have taken up only g pages, beginning in page 897, and ending 
in page 905,). we have obtained the length of the tangent of an arch of 
3 Degrees to the ſame degree of exactneſs as it was obtained before, by the 
quinquiſection of an arch of 45 Degrees and the ſubſequent triſection of an 


arch of ꝙ Degrees in the 39 pages from page 780 to page 820. 


But there is till another method of proceeding to facilitate the Computation 
of the Tangent ot an arch of 1 Minute of a Degree, in the former part of ſuch 
Computation, and until we have obtained the value of the Tangent of an 
arch of i Degree; which was communicated to me by my very learned and 
ingenious friend Mr. James Ivory of the Royal Military College at Great 
Marlow in Buckinghamſhire, in conſequence of my having mentioned to him 
the foregoing laborious Computation of it by the Qinquiſection of an arch 
of 45 Degrees, and the following two Triſections, the ſecond Quinquiſection, 
the third Triſection, and the two following Biſections, of arches, which had 
This method of Mr. Ivory is ſo very 
ingenious, and contributes fo greatly to leſſen the Labour of computing the 
length of a Tangent of 1 Degree, that I have inſerted it in this Volume 
immediately after Dr. Mackay's obſervations on the foregoing laborious 
Computation, under the title of A Sketch of a Method of computing the length of a 
tangent of an arch of 1 Degree in a circle of which the radius is called 1, by Mr. 
James Ivory, being confident that the peruſal of it will give great ſatisfaction 
The ſeveral ſteps, or branches, of this Method 


Mr, Ivory, in the firſt place, puts ? for the tangent of an arch of 18 De- 


grees, which 1s the fourth part of an arch of 72 Degrees. Thercfore the 
4t—4t3 
1-64 +1 


in pages 770, 771, 772, and, 773. Further, an arch of 18 Degrees is the 
complement of 72 Degrees to an arch of go Degrees, Therefore the rectangle 
under the tangent of 72 Degrees and the tangent of 18 Degrees is equal to 
41 —art . 


, as is ſhewn before 


Is = 


1 —6t* + {4 = 


I, and 
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r, and conſequently 4 —4 will he = 1—67* . Therefore (adding 6? 
to both fides,) we ſhall have 10 —4# = 1+, and (ſubtracting #* from 
both ſides, ) we ſhall have 10. 5. = t, and (dividing all the terms by 5,) 


we ſhall have 2//—# = 75 which is a quadratick equation of which 7 is 


the root. Therefore, if we ſubtract both ſides from 1, we ſhall have 127 
112 12 = hs —) = — or 1 -f = * Therefore 1 —?* 
will be (= 0 = J. and x will be = = + , and & will be = 
1 — — and a t will be (= + FT * 1—— = 


v , that is, the tangent of an arch of 18 VAN 69 be = „ — . 


And this I conceive to be the eaſieſt Method that can be taken to find the 
length of the Tangent of an arch of 18 Degrees. 


Having thus found the tangent of an arch of 18 Degrees to be equal to 


* , Mr. Ivory puts T for this value, and ? for the value of the tan- 


gent of an arch of 9 Degrees, and finds the value of r by reſolving the 
F * 3 ; | C=24/ 5 
Quadratick equation #& r x # = 1, in which T is equal to . 


The value of 7 in this equation is VII + AT — Z. which, (being pro- 


perly reduced into numbers by ſubſtituting for T it's numeral value 


* S is = I+/5 — / (+245; as is ſhewn in art. 79, page gog. 
Therefore the Tangent of an arch of 9 Degrees is = 1+W/5 = V[;,+2V5; 
the computation of which expreſſion requires little more labour than that 
of extracting the two ſquare-roots of the numbers 5 and 5+24/ 5, 
which is trifling in compariſon of the labour employed in the foregoing 
Computation in Quinquiſecting an arch of 45 Degrees in order to obtain the 
lame quantity, or the tangent of an arch of 9 Degrees, which took-up no 
fewer than 23 pages, beginning in page 78 1 and ending in page 803. 


Mr. Ivory, 


Ixxviii n in r Ale . 


Mr. Ivory, in the 2d place, computes the length ef an arch of 30 Degrees, which 
5.732, po, 807, 568,8 „9, 7, &c, 
| 3 

or 0. 377,350,269, 89, 623,4, 09 &c. He then trilefAs the arch of 30 
Degrees by reſolving the Cubick equation $t+ 3T xf—& = , m which T 


is eaſily ſhewn to be equal to wry or tO Ly, or 


. 1 
is equal to A Or the tangent of an arch ef 30 Degrees, and the leſſer of the 


two roots of this equation, or the leſſer value of t, is equal to the tangent of 
an arch of 10 Degrees. And thus he obtains the values of the tangents of 
the two arches of 9 Degrees and of 10 Degrees, the difference of which is 
only 1 Degree. 


And then, in the 4th place, he puts @ for the tangent of an arch of 10 De- 
grees, and & for the tangent of an arch of 9 Degrees, and multiplies the one 
into the other, and thereby obtains the value of ab; and, by adding ab to 1, 
obtains the value of 1 + ab. He then ſubtrafts the tangent 5 from the tangent 
2, and thereby obtains the value of a—#; and then he divides the value of a—6 


by the value of 1440, and thereby obtains the value of the fraction =, 


which, (by the Trigonometrical Propofition employed by Dr. Mackay in his 
abridgement of the firſt Computation) is equal to the tangent of the arch which 
is the difference of the two arches of which @ and 6 are the tangents, that is, to 
the tangent of an arch of 1 Degree, 


And thus the whole Labour of computing the length of an arch of 1 Degree 
is reduced to that of computing the numeral expreſſion 1+4/ 5 = V (5 +2y5, 


and triſecting an arch of zo Degrees, of which the tangent is = 7 or 3, 


and thereby finding the value of the tangent of an arch of 10 Degrees, 


and then computing the value of the fraction in which à denotes 


a— 

i +ab? 
the tangent of an arch of 10 Degrees, and & denotes the tangent of an arch 
of 9 Degrees. 


The Deſcription of this method of computing the tangents of an arch of 
1 Degree communicated by Mr. Ivory, extends through 7 pages, beginning 
in 
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in page 907 and ending in page 913. And in the following 22 pages, to wit, 
in pages 914, 915, 916, &c. - - - 935, I have inſerted the whole com- 
putation itſelf, with all it's arithmetical operations ſet-forth at length, as they 
have been performed by Dr. Mackay, by which the faid tangent of an 
arch of 1 Degree is found to be = 0.017,455,064,928,217,585,705 ; 
which agrees in all it's twenty-one figures with the firſt twenty-one figures 
of the number 0.017,45 5,064,928, 217, 583, 765, 130, 659, which had been 
found before in art. 39, page 831, for the value of the ſame tangent, by the 
former computation of it, which had extended through no fewer than 51 
pages, to wit, the pages from page 780 to page 832. So chat Mr. Ivory's 
Method of computing this tangent mult be acknowledged to be much ſhorter 
and leſs laborious than that former method of computing it, and yet equally 


clear and ſatisfactory. 


The remaining 15 pages of this Volume are employed in the deſeription of 
another method of quinquiſecting an arch of 45 Degrees, or of reſolving the 
equation 5r*7+10rt—107*f— grtf +15 , and finding it's leaſt root, 
(which is the tangent of an arch of 9 Degrees,) by, firſt, obſerving that one 
of it's other roots (for it has three in all,) will be the radius , or the tangent 
of the arch of 45 Degrees itſelf, and then making uſe of that known 
root 7 to reduce the quinquinomial equation gr/#+1lor!ff—10—57 + t 
= to a quadrinomial, or biquadratick, equation, and then reſolving the 
ſaid biquadratick equation by Mr. Rapbſon's Method of Approximation. 


Now, that the radius 7 is one of the roots of the quinquinomial equation $r*#+ 
10 - -g r +15 = 7, will eaſily appear by ſubſtituting r, inſtead 
of t, in the quinquinomial quantity grf+10rt—107— Fr, which 
forms the firſt, or left-hand, fide of that equation. For, if that ſubſtiturion 
of r for t be made in the ſaid quantity, it will be thereby converted into the 
quantity 5*Xr+ 1073 X1*—107r -g NK, or r' +107 — 10 —55+ 
r5, which is equal to , or the abſolute term of the propoſed quinquinomial 
equation 5/t +10 -i -rf = . And conſequently » is one 
of the roots of the ſaid equation. Q. E. D. 


Secondly, ſince 5r*% + 10 —10rP—grif + is , and 5 Xr +107 
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xi Ru -r +75 | is alſo. = , it follows that 37 + 10 t. 10 t 
4A will be = 5*xr +107) x F—1077 x rF—5grxr*+75 Therefore 
(adding lor x 13+ rx to both fides,) we ſhall have t 10 +1077 x 
Arx Ii -r“ = S Nr Io x1* +7, or 5rt+107 +1077 
X—107*XP + gr xrf—gr xX1f +1 = S xr +107 xX1* +77; and (ſubtract⸗- 
ing art irt from both ſides,) we ſhall have 10 * -i Xff + 57 x r 
rx H = 5 Kr Xx Ir i +755, and (ſubtracting 
from both fides,) we ſhall have 107* x i x B+ 5r xrf—57 x = 51* 
X 1—5r* Xx! +10 X7*—1 07 x +r5—t*; that is, 10 X- rx = 
will be = 5 N- +107) x75. Were (dividing all the 
x = _ = = 53 x = 


terms by -,) we ſhall have 


22 mm; 75 


5 
+10 x — + — or I x V, + rx Nr P = 


7 
6&r* X1+107* X r+t + P+Pt+PA+rf+18, or 10 10 10 U + 57% 
+5Pt+ art +5 = who +io + f+r t4rFf rtf +8, or 1574+ 
It +15 tf +58 = 1611+ rf ++, and (ſubtrafting 1571 ＋ 
11777 from both fides,) 4Pt+ 1597 ru = e , and (ſubtract- 
ing irt from both ſides,) 4r*%t+14/ +478 = r*+2, and, laſtly, 
(ſubtracting ? from both fides,) we ſhall have 4414, +4rfF—tff = rf; 
which is a biquadratick equation that has two roots (that is, real and affirma- 
tive roots,) of which the leſſer is equal to the tangent of an arch of g De- 
grees, and the greater is equal to the third, or greateſt, root of the quinqui- 
nomial equation 577+ irt - 10 tf —5;rif+i = , from which the ſaid 
biquadratick equation has been derived. 
: | And, if in this laſt biquadratick equation 4t+ AL gALD'S * we 
ſubſtitute 1, inſtead of 7, becauſe in all the foregoing Compurations the 
radius ef the circle has been ſuppoſed to be = 1, this <quation will be 
thereby converted into the equation 4t+ 14 + 43 — f, = 1. 


Thirdly, this laſt equation 47+ 142 + 41/9—7* = 1 is now to be reſolved, 
by findirg, by a few reaſorable conjectures and trials, a pretty good firſt 
near value of 7, or the leſſer of it's two roots, and then proceeding to derive 
from this firſt near value of it a ſecond, and a third, and a fourth, and, if 


neceſſary, 


»* > = $5 4 2m Ki Ixxxi 


neceſſary, a ſtill further near value of it by ſucceſſive proceſſes of Mr, Raph- 
ſon's Method of Approximation, till we have obtained a near value of the 
aid leſſer root that is exact to the intended number of decimal figures. 
And this reſolution of this equation has been performed with great care 
by Dr. Mackay, and the ſeveral arithmetical operations of it are fet-down 
at length in pages 939, 940, 941, &C. - = = - 9:9 of this volume: and, 
after taking 0.158 for the firſt near value of it, he finds, by a proceſs of 
Mr. Raphſon's Method of Approximation, a ſecond near value of it to be 
= . 138,384; and, by a ſecond proceſs of the fame method of approxi- 
mation, a third near value of it to be = o. 158, 384, 440.324; and by a 
third proceſs of the ſame method of approximation, a fourth near value 
of it to be = o. 158, 384, 440, 324, 336, 293, 838,883; which is, probably, 
exact in all it's 24 figures, as it agrees in all thoſe figures with the 
value of the leaſt root of the quinquinomial equation 5 ＋ 1 10 — 
81 ＋ = 1, or the length of the tangent of an arch of g Degrees, 
that had been found before in art. 25, page 803, by reſolving the ſaid 
quinquinomial equation. 


The thought of inveſtigating the length of the tangent of an arch 
of 9 Degrees, or the value of the leaſt of the three roots of the quin- 
quinomial equation 5t+10t—108— 51f +15 = 1, by, firſt, obſerving that 
it's ſecond, or middle, root would be equal to the radius, or 1, and 
then employing this middle root, when thus diſcovered, to reduce the 
ſaid quinquinomial equation to the more manageable quadrinomial equation 
a4t+141f* t- .. = 1, and reſolving the ſaid quadrinomial equation 
in order to find the leſſer of it's two roots, or the length of the tangent 
of an arch of 9 Degrees, was ſuggeſted to me by the ingenious Mr, William 
Frend, M. A. and Fellow of Jeſus College, Cambridge. And he recom- 
mended this method of computing the length of a tangent of an arch of 
9 Degrees in preference to the former method of computing it by re- 
ſolving the quinquinomial equation 57+1cf—10f—51*+# = 1, becauſe 
it was much leſs laborious than that former method. And the difference 
of the two methods in this reſpec is, indeed, very conſiderable; ſince the 
reſolution of the quadrinomial equation 4t+ 142 +4 = = 1 has taken- 


up only 11 pages of this volume, to wit, the pages from page 938 to 
Vor. VI, ] page 
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page 950, whereas the reſolution of the quinquinomial equation s t 104* 


10-5 = 1 has taken- up 23 pages of 1t, to wit, the pages from page 
780 to page 804. 


As to the third, or greateſt, root of the quinquinomial equation 57 + 10#? 
— 10 51 = 1, or, (if we expreſs this equation. in the firſt and more 
general manner without ſuppoſing the radius r to be = 1,) of the quinqui- 
nomial equation 577+ 1c == 107 P—;rif +15 = , it is a third propor- 
tional to the leaſt root f and the middle root , and therefore is = 5 and is 


equal to the co tangent of the arch of which ? is che tangent, or of an ach of 
9 Degrees, or to the tangent of an arch of 81 Degrees. For, if 4 be put for the 
tangent or 81 Degrees, and be ſubſtitured inſtead of ? in the q inquinomial 
quantity 5rt-+ 1073 — 10 P—5rff +, which is equil to the abſolute term v5, 
the new quinquinomial quantity ariſing from ſuch ſubſtitution, to wit, the 
quinquinomial quantity 579 ＋ 107%b*—10r — 514* +85, will allo be equal 
to 7*; as may be ſhewn in the following manner. | 


Since 6 is the tangent of 81 Degrees, or of the complement of an arch of 
9 Degrees to go Degrees, or the arch of the whole quadrant, the rectangle 
under the tangent & and the tangent # will be equal to the ſquare of the radius 


, | | 94 
7, that is, to rr. Therefore : will be = —, and F will be = — and * 


b 
will be = Lacy and “ will be = =, and -' will be = 15 ; and conſe- 
quently the quinquinomial quantity 5% + 1077 — 1 —5rtf + will be 


6 8 710 


25 r 4 — 
(= „ „ ＋ + 10 x A — ic Xx A r * A + * 


5r® 1077 1078 579 


„ 


tity 5777+ 10734? —107—5rtf +75 is = . Therefore the quinquinomial 


10 * Fo . 
+ _ But the quinquinomial quan- 


. 6 7 $ 9 to > 
quantity —.— — — — — —.— — —.— + —5 will allo be = . There- 


fore (by multiplying all the terms of this equation into 4*,) we ſhall have 
Srl ict — 107*b*= 5 fr = 75; and (by dividing all the terms 
by ,) we ſhall have grö“ f 107 b*—107 = *+r = ; and (adding 
1079 ＋? 57*6 to both fides,) we ſhall have 576*-+ 10 +75 = b+1cr + 

: 37 0, 


pin? ne pi al cf nd Ix&x1t1 


rb, and (ſubtracting ro to both fides,) we ſhall have * = 45+ 
101% + 51% = rb. o, or (ranging the terms according to the powers of 
b,) W» = Sr e i -r, or 51% +107 or -r + b* 
3 Q. E. D. 


Therefore & is a root of the quinquinomial equation g,. t fer, -: 
1 +285 = 3 as well as f and . 


. . . rr . . . 
And in like manner it may be ſhewn that ö, or , is likewiſe the greater 


of the two roots of the quadrinomial equation 47% +147 ir- = . 
| T * 7 
For, ſince 3 is = —, we ſhall have / = , and & = Ir, and , Z >» 


and & . Therefore the quadrinomial quantity 47*# +147 Art 


b* 
. 8 rr * 1 7 1 1478 


+ 4 — 2 But the quadrinomial quantity 4%7+147 Ar - is = 
. Therefore the quadrinomial quantity A + —— + a — 7 will 
alſo be = . Therefore, if we'multiply all the terms into 4*, we ſhall have 
4B Ar +4rb—r* = , and (dividing both fides by ,) we ſhall 
have 47 + 147 b*+ 41 -er“ = i, and (adding - to both fides,) we ſhall 
have 410 +141%* + 41% = &+7*, and (ſubtracting “ from both ſides,) we 
ſhall have 476 + 147*b* 4+ 47*b—4* = „, or (ranging the terms according to 
the powers of 3, we ſhall have 41% +141*4* +476 —b* . Therefore 5, 


or , is a root of the quadrinomial equation 44 t ir Ar- = rf as 


well as z, or the tangent of an arch of 9 Degrees. Q. E. D. 


As all theſe leſſer Computations, that follow the firſt long and laborious 
Computation of the Tangent of an arch of 1 Minute by deriving it from 
the Tangent of an arch of 45 Degrees by repeated ſections of it, may be 
conſidered as appendixes of that firſt Computation, being orly other and 
ſhorter methods of obtaining ſome of the tangents that had been obtained 
before in that firſt Computation, I have treated them as parts of the tract 

which 
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which begins with that firſt Computation, and have therefore numbered 
the ſeveral articles into which they are divided by reference to the articles 
of the ſaid firſt Computation; ſo that the ſaid tract (which is the twenty- 
ſecond tract of this volume,) mult be conſidered as extending from page 763, 
in which it begins, to page 950, or the end of the volume, and therefore 


as taking-up 187 pages. | 


FRANCIS MASERES. 


Inner Temple, Nov. 27, 1806. 
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DOCTOR MACKAY'S EXAMINATION 
oF 


BARON MASERES'S SOLUTION OF N. BIUGUER'S EXAMPLE 
TO DR. HALLEY'S PROBLEM. 


INTRODUCTION. 


PON comparing the reſult of the direct Solution of M. Bouguer's 

Example to Dr. Halley's Problem, as given by Baron Maſeres in page 75 
of the fourth Volume of his S$criptores Logarithmici, with the reſult of the 
Solution of the ſame Example as given by Dr. Mackay in page 285; they 
were found to diſagree : and Baron Maſeres, not knowing to which of the two 
to attribute the error, applied to Dr. Mackay to examine his own computation 
of the above-mentioned Example; which, upon trial, was found to be correct. 
Haron Maſeres, therefore, ſuſpecting that there might be ſome errors in his 
own calculations ; (which, from his not having taken into his computation a 
ſufficient number of the terms of the original ſeries, and alfo from the multi- 
plicity of tigures, is not to be wondered at :) and with a view to prove the 
accuracy of his direct method of ſolution, requeſted Dr. Mackay to examine 
his ſolution of that example ; and to retain the fame words which had been uſed 
by him, and only to alter the numbers: which direction has been adhered-to as 


nearly as poſſible. 


In order to attain the utmoſt accuracy, it was judged neceſſary to take into 
account two more terms of Mr. James Gregory's general ſeries; the inveſti- 
gations of which are given by Baron Maſeres in the third Volume of his 
Seriptores Logarithmici, page 453. The angle of the courſe obtained from this 
complicated calculation is 3359“; and the latitude come-to is 43* 15.7 :— 
the former differing 43“ from that found by the indirect method of ſolution ; 
and the latter only about one minute ; which, indeed, is as near an agreement 
as can reaſonably be expected; eſpecially when it is conſidered, that ſo many 
ſerieſes are involved, and many terms of each of thele ſerieſes are required to 
obtain preciſion ; alſo the numerous multiplications, divifions, extractions of 


roots, &c. all involving each other. 
B 2 To 


4” DR, MACKAY'S EXAMINATION OF BARON MASERES'S SOLUTION 


To this Examination Dr. Mackay has been induced to annex, upon account 
of it's extreme ſimplicity, another indirect method of ſolution, (different from 
that which he had given before, and which had been printed in the fourth 
Volume of the Scriptores Logarithmici,) deduced from the principles of Middle- 
latitude failing ; which, it is preſumed, will be found acceptable to the practical 
navigator, in thoſe cafes where the data can be obtained with ſufficient accuracy, 


— — 


BREFoRE we begin the examination of this example, it will be neceſſary to 
yeſtigate the ſeveral ſerieſes exhibiting the values of the capital letters B, C, 
D, &c; taking into account two more terms of the general ſeries in page 53: 
and in order to ſimplify the operation, the letter r, and it's powers, being equal 
to 1, may, therefore, be omitted, The general ſeries in page 53 of the fourth 
Volume of the Scriptores Logarithmici, with the two additional terms, in page 453, 
Vol. III, will then be as follows, to wit, 


„. PHE eee 


5940 72,576 
50521 X m + Ieh 41581 * m + dx) 
| 39,916,800 95,800,320 
Now the third term of this ſeries, or the ſecond term in which x 1s involved, 
(to wit, the term — being expanded, is 
Baa m3 ＋ gm*dx + amd*.x* + 4343 
21 s 


The third term, RE „being expanded, is 


—_ m9 + F dx + To md + od, + mdr, + d5x5 


24 
a en i 
The fourth term, — — — «i. 


= = * mi + 7n*ds + 21 + g5*dx* + 3 


+ 21d 'e + and*s* + ax. 


418 


The fifth term, 277 = 2. 


= ry * n + qu + Di] + Sam bx + 120m dx 
+ 126m ＋ 84m*d's* + 0m*'d'x7 + gma*x* + d. 
4 The 


9 © 
OF M. BOUGUER'S EXAMPLE TO DR, HALLEY S PROBLEM, 5 


$0,521 X m + A 


292 is 
39,910, 800 ; 


The ſixth term, 


—_ — * mM + Tim*ds + 55m d*x* + 165m Px 7 330m. 
— $39,916,500 


+ 462m*dx* + 462m 9x" + 330 + 16 5nd "x" 
+ 55m'a*%x* + 11md x + dx". 
41,581 x m + dx}%3 


95,800,320 


I 


And the ſeventh term, 


= 976525 X m* + IZM Adr + 7 8max* + 2$6m*d4*x* + 71 gn d*x* 


+ 1287m*d*x* + 1716m'd*s* + 1916 d'x" + 128 % 
+ 71 5m*a%? + 286m*d"*x * + 78π⁹ s + Indi- 
+ 4*x*. 


Hence, by collecting all the different terms in which the ſame power of x is 
involved into one ſeries, the above infinite ſeries will be changed into another 
infinite ſeries, in which the co-efficients of the ſeveral powers of x will be 
equal to the —— ſerieſes, which we will denote by the capital letters 


C, PD, F, G, H, I, K „L, M, N, O, P, as follows: 


I. The terms in which x is involved. 
_ 61 277mid 


BUY 90, 521. F40, 5 53 —*j¾ 
C=d * © + 2 720 + 8064 T 3-028,800 . 93, 800, 3 20 ＋ . 
II. The terms in which x“ is involved. 

md? mA . 2777 o, 521 2 18 
3 + — 222 8855 3-243»3 a 
2 "240 + "2016 7＋ 5277 725,760 + 95,800,320 Þ+ Ke. 
III. The terms in which * is involved. 
a3 ma 61s 277m o, 52 m 6,08 319043 
F 2222 25 5+240,053m 
* 144 2 864 * 241,290 * 47,990, 10 + 


IV. The — in which x* is involved. 


G = 2 A. hs — 2d. 4 50, m7 2 41581 „ 143 * 1 


24 144 576 120, 960 I 159,160,004 + &C, 


v. The terms in which &' is involved. 


61m*45 270 ds 50, 52 1mπ¾—w 41,581 * 92 48 4 
240 + 576 T 86,490 P 967,080 + &c. 
VI. The 
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VI. The terms in which x* is involved. 


__ 6G1mds 277m3gs 50,521m*%d* - 41,581 X 132746 
* 720 + 864 * 806,00 + 72 5,760 - 


VII. The terms in which x? is involved. 


— 61d! 27% 50, 211. 41,581 x 12m%d! 
— $5040 ar "2016 + 120,960 25 725,760 ＋ Kc. 


VIII. The terms in which x* is involved. 


27% md 50, 52 1 41,531 * go 
L = 8064 + 241,920 + 967,080 Þ+ &c. 
IX. The terms in which x* is involved. 
2272 $0,521m*dv 41,581 X 143m*d® 
M = 72,576 T 725,60 + 19,160,064 + &c. 


X. The terms in which ** is involved. 


50,5 21md"* 41,581 X 143m3d"? 
3,028,800 47,900,160 Þ+ &c. 


N = 


XI. The terms in which x" is involved. 


FJ, 521 41,581 K 78m*d"* 
O= 39,916,800 * 95 „800, 320 ＋ &c. 


XII. The terms in which «* is involved. 


P = 41,581 x 13 m½¼- 
95.800, 320 + tec. 


Art. 67, Vol. IV, page 60. 


A degree of a great circle on the ſurface of the earth is 60 nautical, o 
geographical, miles ; z therefore the arch BM, or the latitude of the point B, 
which is 40? 45", will be equal to 40* 45 x 60 = 2445 nautical miles. | 


But 


* 
* 

, 9 1 
= 
: * # 
2 

Y 

* $4 

. 

7 


= 0.052,359,9 : or, becauſe „ 135.58, hence 135.88 will be = 
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But the radius of the earth is 3437 nautical miles, and three-fourths of a 
mile nearly * ; therefore the arch BM will be equal to 2 = . 711,222 of 
the radius of the earth. Or, ſince the meaſure of an arch equal to the radius 
is 57 17 44.8; if, therefore, the given latitude 405 45“ be divided by 
57 17 44.8, the quotient o. 711, 222 will be the meaſure of the given lati- 
tude, in ſuch parts whereof the ſemidiameter contains 1; but m is equal to the 


arch BM ; therefore will be equal to o. 711,222. 


In the next place, the loxodromick arch BA, or the diſtance run by the 
ſhip, is ſuppoſed to be 180 miles, which expreſſed in parts of the radius, that 
180 _ 30 
„or = ——=— 
3437-75 $79 17 44 b 
0,711,222 


of the earth being aſſumed to be = 1, will be = 


40% 45' _ 


0.052,359,9, as before. But d is = the loxodromick arch BA. Therefore d is = 
0.052,359,9e 
Thirdly, by art. 59, the capital letter C is equal to the infinite ſeries 4 + 


md cn*d 61 2770 50, 5 21m 41,581 x 13 ¹. 3 
2 T 24 720 8064 + 3,028, 800 * 95,800,320 + & = 4 X 


LI : ma zn! 61 27½n 50, fz 1 41881 x 13m"? 
the infinite ſeries 1 + 217 — 4 . — + 2 + 77620,000 + OO 
＋ E. 


Now, ſince m = o. 11, 222, we ſhall have 


m* = ee m (= o. 711, 222 X o. 7 11, 222) = o. 505, 836 
m* = ni x m (= o. 505, 836 Xx o. 505, 836) = o. 255,871 
g m* = m* x m* (= o. 255, 871 X o. 505, 836) = 0. 129,429 
m" = m* x m* (= o. 255,871 X o. 255,871) = o. 065, 470 


mio = m x m' ( o. 129, 429 X o. 253,871) = 0.033,117 
and m* = me x m* (= o. 129, 429 X o. 129, 429) = 0,016,752. 


IN. : 61 2775 
And conſequently the infi - —— —— 2 
onſeq y nite ſeries 1 + 7 * — + _ 2566 + 
0,52 1m%9 1,581 Xx 1499? . 505, 
33 2. — + &, will be equal to 1,000,000 + — 


3,628, 80 95,800, 320 


3 — 
" — —ũm4̃— —— 


For the circumference of the earth is 360%, or 21, 600 geographical, or nautical, 


mules : hence the radius of the earth is equal to . 343771. or 3437 and 


three-fourths nearly.— The radius of the earth in Engliſh miles is 39583. See Dr. 


Mackay's Treatiſe on the Longitude, vol. i. page 7, ſecond edition. 
* 
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277 * 0.065,4750 50, 521 X o. og3, 117 
+ 3,628,200 T 


. $5 X 0.255,871 61 x 0.129,429 
T 24 + 720 + 8064 


41,581 X 13 X 0,016,752 FE 

ve oe} eee + &c = 1. ooo, ooo + 0.252,918 + 0.053,306 + 

O. 010,965 + 0.002,249 + OR + 2 = 1.3 19,974. There- 
6 8 

fore 4 x the infinite ſeries I + — + las 755 * _ & Dn 


41,581 * 13 * ** + Kc, will be 8 * 1.319,974 = o. 052, 359,9 X 


+ 95,500,320 
1.319,974 = o. 069, 114 nearly. Therefore the capital letter C will, in this 


caſe, be equal to o. 069, 114. 


Fourthly, the ſmall letter c, which is equal to the equatorial arch LM, or 
to 2 15), will be equal to 135%, which expreſſed in parts of the radius, that 


135 — 2 
of the earth being 1, will be equal to 343777 r e os 039,270. 


Therefore the equation ſet down above in art. 65, will in this caſe become 


e e + Fx* + G + Hat + Ix + Ki? + Lr' + Max' + &c } 
Dx? Fxt Gas Hx® Ir? Ky 


Cx? 


2 2 2 2 2 2 2 
Cat Dxs F.x* Gx ? Hex & 
. 


= o. 039, 270. 


Art. 68. We mult next find the values of the capital letters D, F, G, H, 
I, K, L, M, &c, which may be done as follows. 


The capital letter D is equal to the infinite ſeries — 2 * 25 on — — + 


25 m7, 90.8 2 19194? 41,581 X „81 a 1 
nf i" ee fie — +'Qtc; a conſequently it w 
2016 725,700 95,300,320 Cc; q tly c ill be 


2d to nd multiplied by the infinite ſeries F + — + 6 4 . + 


ayer x BxmP . c = md multiplied by the infinite ſeries 


5,760 + 95,800,320 
* o. o, 836 61 X o. 25 8,871 277 X . 129,42 0,521 X o. 065, 470 
5 505,783 $407 oh = 9,429 4 50,5 5747 + 


+ WEE”... _ 240 2010 725, 760 


385 
72 


* 


* 


* 3 * 4 3 N y 
FE 
- 


3 3 » ; _ = 
, . N 3 


* 
* 
0 
* 
* 
* 
* 
* 
F 
* 
% 
* 
1 
> 
L 
— 
4 
2 
- 
« 
- 
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41,581 78 X 0:933117 + &c = md* multiplied by the infinite ſeries 0.500,000 
95,800,320 | 


+ 0.210,765 + 0.065,034 + 0.017,784 + 0.004,557 + 0.001,121 + &c 
= md* multiplied by 0.799,261 = 0.711,222 X 0.052,359,9\* X 0.799,261 


= 0.001,549,8. : Z. I. 


61m*43 


144 + 


| The capital letter F is equal to the infinite ſeries Li + —.— + 


e þ RI + S252 + &c = di multiplied by the infinite 
+ , , , 
; I 5m* 61 27m 50, 52 15 41,581 x 286 x e 
ſeries N * 7 T 144 * 864 ” 241,920 + 95,800,320 + &c 
1. p . X .co5,836 61 * . 255,871 
= di multiplied by the infinite ſeries 5 + ELL + — + 
277 X 0.129,429 Fe 50, 521 X 0.065. 470 + 41,581 x 286 x 0.033,117 + & = 4 


864 241,920 95,800,320 
multiplied by the infinite ſeries 0.166,667 + 0.210,765 + 0.108,390 + 
0.041,495 + 0.013,672 + 0.004,110 = 4, multiplied by 0.545,100 = 
0.000,143,5 X 0.545,100 = 0,000,078. Q. E. I. 


The capital letter G is equal to the infinite ſeries 55 + oP 4 = 


144 576 


50,5214 41,581 „ 715 * 1 8 222 
+ — + Jo” + &c = md* multiplied by the infinite 
1 61m 27724 50,5215 41,581 x 715 x mb 2 
ſeries 24 + 144 + 576 + 120,960 p 95,820,320 + Ke = mab 
8 F . . 61 Xx 0.505,836 277 X 256,871 
multiplied by the infinite ſeries —- 
plied by 2 + == + L + 


50,521 X 0.129,429 + 41,581 x 715 » 0.065,470 
120,960 95,800,320 
infinite ſeries 0.208,333 + 0.214,278 + 0.123,049 + 0.054,058 + 0.020,318 
= md x 0.620,036 = 0.711,222 X o. oo, 75 x 0.620,036 == o ooo, oog. 
Q tk 


Since the computation is carried no lower than fix decimal places, and 
becauſe the firſt fix decimal places and upwards in the values of the other 
letters, to wit, H, I, K, L, M, &c. will be cyphers, the values of | theſe 
letters may therefore be conſidered as equal to o; ſee Vol. IV, page 64: hence 


the ſeveral terms that involve them may be omitted, and the ſaid equation will 
be as follows. | 


+ &c = md* multiplied by the 


vor. VI. ef onde, 


EE NE EIT 


— — — 
— — 


DR. MACKAY'S EXAMINATION OF BARON MASERES's $OLUTION 


10 
0.069,114 + Dx +Fx*+Gxe* EO +0 TOTO + o Kc) 
Cx2 Da3 Pa“ Gx5 
NN Tra Irene > ©, Gm © es 


Ca* Ne Raf _ ſhe? 
. \ = 0.039, 270. 


8 * | 8 8 
S Dx? Fa? 


N 8 


8 | 
| K 5Cxs 
128 dc . 


Art. 69. In this 8 we muſt now reduce the ſeveral compound co-ei- 


cients of x*, , *, a*, x*, x', and &, to wit, the compound quantities + F 

C 2 F C G D F C G 
BER rere 
— = „ — 5 — 2 „ into ſimple terms, which may be done as follows. 


Since C is o. 69, 114, we ſhall have = = — —9 = o. 034, 557, and 


* (= —2— = 0.008,639, and LA (= ant) — 0.004,320, and 


X ©. „114 ©, $70, 
255 (= 8 2 o& = — — = o. oo, 699. 


And ſince D is = 0,001,550, we ſhall have = (= — —— = o. ooo, 775, 


0.001,550 


) = 0.000,097. 


D .001, D 
and —- (= — = 0.000, 194, and —- (= 


And ſince F is = Nn we ſhall have — (= — = 0,000,039, 


__ 0.000,078 


7 ) o. ooo, ooß. 


F , __ 0.009,078. 


And fince G is = o. ooo, oog, we ſhall have 2 (= En ) = 0.000,002, 


and © (= ) = 0.000,000, 


Therefore + F — LA will be (= + 0.000,078 — 0,034,557) = = 0.034,479 
And + G — 2 will be (= + 0.000,003 — o. ooo, 77) = — 0.000,772 


And — — — * will be (= — o. ooo, o39 — o. oo8, 639) = = 0,008,678 
And 
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And — — — ＋ will be (= — 0.000,002 — o. ooo, 196) = — o. ooo, 198 


And — — will be (= — 0.000,010 — o. oo, 3 20) = — 0,004,330 


16 


8 
And — = — vill be (= — 0.000,000 — o. ooo, 97) = — o. ooo, og 
b. E 75 will be (= — 0.000,005 — o. oo 2, 699) = — 0.002,704 


And 5 


Therefore, the foregoing complicated equation, ſet down in the preceeding 
article, will now become as follows: to wit, 0 069,114 +0.001,550x — 
0.034,479x* — 0.000,772x* — 0.008,67 8x* — 0.000, 1 y9&x* — 0.004,330x" — 


0.000,097x” — 0,002,074x* = 0.039,270. 


Art. 70. Now let all the terms on the left-hand fide of the equation that 
have the ſign — prefixed to them, or are ſubtracted from the other terms on 
the lame ſide, be added to both ſides of the equation; and we (hall then have, 


0.069,114 + 0.001,550x*= 0,039,270 + 0.034,479x* + 0.000,772x* 
+ 0.008,678x* + 0.000,198x* + 0.004,3 30a® 
+ o. ooo, gya + 0.002,704x* + &c, 


Therefore, (ſubtracting 0.039,270 from both ſides) we ſhall have 


0.029,844 + 0.001,550x = 0.034,479x* + 0.000,772x* + o. oo8, 678 
+ 0.000,198x5 + 0.004,330x* + 0.000,097 x? 
+ 0.002,704x"* + &c, 


And (ſubtracting 0.001, 5 50x from both fides) we ſhall have 
— 0.001,550x + 0.034,479x* + 0.000,772x* ＋ 0.008,678x* 


+ 0.000,198x*- o. oog, 3 304. + o. ooo, yx! + 0.002,704x* 
= 0.029,844. 


Art. 71. In this equation it is remarkable that 0.034,479, the co-efficient of 
*, is greater than 0.001,550, the co- efficient of x; and that o. 008, 678, the 
co- efficient of x*, is greater than o. ooo, 772, the co-efficient of x*; and that 
o. oo, 330, the co- efficient of x', is greater than o. ooo, 198, the coefficient of 
; and that 0.002,704, the co- efficient of *, is greater than o. ooo, og y, 
the co- efficient of x” : But the co-efficients of x, *, x* and x, or the odd 
powers of x, (to wit, o. 001, 550, o. ooo, 772, o. 000, 198, and 0.000,097) are 
every one leſs than the next before it, or decreaſe when the powers of x in- 


creaſe; and the co-efficients of x*, *, * and x*, or the even powers of x, (to 
C2 wit, 


ep ed _ "ww „ 


— — 
— 


3uhT— ſ — OS — — == — 
- e DONS % 
— ä r ——— — —0 —— 1 
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terms, it is hence evident that the value of x thus obtained will be greater than 
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wit, 0.034,479, o. oo8, 678, 0.004,330 and 0.002,704) are allo every one leſs 


than the next before it, or decreaſe when the powers of x increaſe, as well as the 


co- efficients of x, x*, x* and x", or the odd powers of x. 


Art. 72. We muſt now endeavour to reſolve this laſt equation obtained in 
art. 70, to wit, the equation 


—0.001,550Xx +0.034,479 & * + 0.000,772 x * + 0.008,678 x X 
+ 0,000,198 & ＋ . ooq, 330 X * + o. ooo, ogy x & + 0.002,704 X vr + &c 
| = 0.029,844 


In this place we ſhall follow Mr. Raphſon's method of approximation as laid 
down by Baron Maſeres in page 66 of Vol. IV. of his Scriptores Logarithmict. 


Art. 73. Now, ſince x, or the co- ſine of the courſe, is neceſſarily leſs than the 1a- 
dius, it follows that x* will be leſs than x, and * leſs than , and x* leſs than a, and 
that every following power of x will be leſs than that which preceeds it ; we may, 
therefore, conclude that the two firſt terms, 0,001,550 Xx &, and 0.034,479 X x* 
will be greater than the two next terms, or than any other two terms on the ſame 
fide of the equation: we will, therefore, neglect all the terms on the left-hand 
ſide of the equation, except the ſaid two firſt terms — o. 001,550 K * + 
0.034,479Xxx*; and will ſuppoſe thoſe two terms alone to be equal to the whole 
left hand fide of the equation, and conſequently to the abſolute term 0.029,844, 
and will reſolve the quadratick equation — 0.001,550 Xx x + 0.034,479 X x* 
= 0.029,844, or 0.034,479 X * — 0.001,550 X x = o. 029,844. This may 


be done in the following manner. 


Divide all the terms by 0.034,479, the co-efficient of x*; and we ſhall have 


0.001.550 — ©.029,844 1 — 
588355470 1 3 that is x 9 5 5 * # = 0.805,570, 
Divide the co-efficient 0.044,955 by 2, and the quotient will be 0.022,477, the 


ſquare of which is 0.000,505. Let this ſquare be added to both ſides of the 
equation; and we ſhall have & — 0.044,955 X x + 0.000,505 = 0.865,570 
+ 0.000,505 = 0.866,075 : Therefore, extrafting the ſquare roots of both 
fides, we ſhall have x — 0.0224 = 0,9306, and conſequently x = 0.9906 + 


0.0224 = 0.9530. 


Art. 74. Now ſince 0.953, the value of x, is nearly equal to 1, the ſquare, 
cube, and other higher powers of x will form a decreaſing ſeries, of which a few 
of the firſt terms will be of a conſiderable magnitude; and, therefore, ſince only 
the two firſt terms of the ſeries in art. 72. were taken into the account and all 
the other terms of it are poſitive, or to be added to the value of the two firlt 


the 
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the truth; and, therefore, for a firſt trial, and to avoid tedious multiplications, we 
ſball ſubſtitute 0.9, inſtead of x in the compound quantity which forms the left- 
hand fide of the equation ſet down in art. 70; to wit, the equation 

— 0.001,550 X x + 0.034,479 X x* + 0,000,772 Xx & 

+ 0.008,678 x * ＋ 0.000,198 X * + 0.004,330 X K* 

+ 0.000,097 X #7 + 0.002,704 Xx x* + &c = 0.029,844, in order 
to diſcover whether the value of the ſaid compound quantity reſulting from ſuch 


ſubſtitution will be greater or leſs than the abſolute term 0.029,844, of the ſaid 
equation, and whether its difference from the ſaid abſolute term will be great 


or ſmall, 


Now, if we ſuppoſe to be 0.9, we ſhall have 
* (= 0.900,000 X 0.9) = 0.81 

And x* (= 0.5:0,000 x 0.9) = 0.729 
x* (= 0.729,000 X 0.9) = 0.6561 
x* (= 0.656,100 x 09) = 0.590,49 
4 (= 0.590,490 Xx 0.9) = 0.531,441 
** (= 0.531,441 Xx 0.9) = 0.478,297 

And * (= 0.478,297 X 0.9) = o. 430, 407 


And conſequently x 
0.001,550 X x (= 0.001,550 X 0.900,000) = 0.001,395 
0.034479 & * (= 0.034,479 * 0.810,000) = 0.027,928 
0.000,772 X * (= 0.000,772 x 0.729,000) = o. ooo, 563 
0,008,678 X a* (= 0.008,678 x 0.656,100) = 0.005,694. 
0.000,198 X x* (= 0,000,198 X 0.590,490) = 0.000,116 
0.004,330 X x* (= 0.004,330 X 0.531,441) = o. oo2, 301 
o. ooo, og7 X x* (= o. ooo, og x o. 478, 297) = o. ooo, o46 
o. oog, 704 X & (= o. oo, 04 X o. 430, 467) = o. oo l, 160. 


Therefore the compound quantity 


— 0.001,550 X * + 0.034,479 Xx * + 0.000,772 X * 
+ 0.008,678 X x*+ o. ooo, 198 x * + 0.004,330 Xx * 
+ 0.000,097 x x'+ 0.002,704 x * + &c will be equal to 
(— 0.001,395 + 0.027,928 + o. ooo, 563 + 0.005,094 
+ 0.000,116 + 0.002,301 + o. ooo, 46 + 0.001,160 
= — 0.001,395 + 0.037, 808) = 0.036,413 z which is greater than 
| 0.029,844 
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o. oꝛ, 844, or the abfolute term of the equation—0.001,550 Xx#+0.034,479 X x? 
+ 0.000,772 Xx #* + 0.008,678 x * + 0.000,198 x * + 0.004,330 x * 
+ 0.000,097 X x? + 0.002,704 Xx * = 0.029,844. Therefore, 0.9 will be 
greater than the true value of x in the ſaid equation. 


Art. 75. We will therefore in the next place ſuppoſe x to be equal to 0.9 — 2, 
and ſubſtitute 0.9 — & inſtead of x in the terms of the foregoing equation, but 
with an omiſſion of all the terms that involve any higher powers of z than its 
ſimple power, or 2 itſelf, agreeably to the rules of Mr. Raphſon's method of 
approximation. This may be done in the manner following. 


Since x is = 0.9 — 2, we ſhall have 

x*(=0.9 = 2*=0.91 — 2X0.9 X2+&c)=0.81—1.8X +&c 

and x*(=0.9 - 2*=0.9 3 x0.9* x2z+&c)=0.729 — 2. 43 X2+&c 
and x*(=0.9 - 2\*=0.90 = 4X0.9*xz+&c)=0.6561 — 2.916 x 2z+&c 
and & (o. 9 — 2.9 = 5X0.9*x2+&c)=0.590,49 — 3.2805 X 2+ &c. 
and x*(=0.9 — 2*=0.98 = 6 x 0:9* xz+&c)=0.531,441 = 3.542, 94 x 2+ &c, 
and x1(=0.9 Do. —7 O. * 2 ＋&c) o. 478, 297 — 3.7 20, o8 7 x 2 
and x*(=0.9 = z'=0.9* — 8 x 5.9 Xx TT &c) O. 430, 467 = 3.826, 376 XK 2 


Therefore, o. oot, 5 50 X x will be (= 0.001,550 X 0.9 — 2) 
= 0.001,395 —0.001,550 X 2, | 
And 0.034,479 X * will be (= 0.034,479 x 0.81 — 1.8x2 
= 0.034479 X 0.81 — 0.034,479 X 1.8 X 2 
= 0.027,928 — o. o62, 62 X 2, 
And 0.000,772 X will be (0.000,772 X 0.729 — 2-43 X 2 
= 0.000,772 X 0.729 — 0.000,772 X 2.43 X 2) 
= 0.000,563 — 0.001,876 X 2, 
And 0.008,678 X * will be (= 0.008,678 x 0.6561 — 2-916 X 2 
= 0.008,678 Xx 0,6561 — o. o08, 678 X 2.916 x 2) 
= 04005,094 — 0.02 5,305 X 2. 


And 0.000,198 x & will be (= 0.000,198 x 0.590,49 — 3.2805 X 2 
= 0.000,198 X 0.590,49 — 0.000,198 X 3.2805 X 2) 
= 0,000,116 — 0,000,049 XR 2, 


And 
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And 0.004,330 Xx * will be (= 0.004,330 & 0. 531,441 — 3.542,94 & 2 
= O. oo4, 330 X o. 33 1, 441 — 0,004,330 X 3.542,94 * 29 

= o. oo, 301 — 0.015, 136 X 2. | 

And o. ooo, g/ X x? will be (= 0.000,097 X 0,478,297 — 3.720,087 X 2 
= 0.000,097 X 0.478,297 — 0.000,097 X 3. 720, 87 X 2) 
= 0.000,046 — 0.000,361 Xx ⁊. 

And 0,002,704 Xx will be (= 0.002,704 x 0.439,467 — 3.826,370 X 2 
= 0.002,704 X 0.430,467 — o. oo, 704 X 3.8 26,376 x 2) 
= 0,001,160 — o. o 10, 346 X 2, 


And conſequently the compound quantity 


— 0,001,550 X # + 0.034,479 & * + 0,000,772 X x? 
+ 0.008,678 x * + 0.000,198 & x* + 0. 004,330 X x* 
+ 0.000,097 Xx x7 + 0.002,704 XA, will be 
= — 0,001,395 + o. o01, 550 X 2 

+ . 027,928 — o. o62, 0 X 2 

+ 0.000, 563 — 0.001,876 * 2 

+ 0.005,694 — 0.025,305 X 2 

+ 0.000,116 — o. ooo, 649 X 2 

+ o. ooa, 301 — o. o 15, 156 X 2 

+ . ooo, 46 — o. ooo, 361 X 2 

+ o. 001, 160 — 0.010, 346 X 2 &c 
= — 0.001,395 + 0.001,550 X 2 

+ 0.037,808 — 0.115,755 X 2 
= ＋ 0,036,413 — 0. 114, 205 X 2 


But the compound quantity, 
— ©,001,550 X # + 0.034,47 K * + 0.000,772 X * 
+ 0.c08,678 Xx * + 0.000,198 Xx * + 0.004,330 x * 
+ o. ooo, og; x x? + 0.002,704,X * is = 0.029,844. 
Therefore, 0,036,413 — 0.114,205 Xx Z is allo = o. o29, 844; 


And conſequently, (adding 0.114,205 * 2 to both ſides) we ſhall have 


0.036, 413 = 0.029,844 + 0.1 14, 205 X 2, and (ſubtracting 0.029,844 from 


both ſides) we ſhall have o. 1 14, 206 XxX 2 = 0.006,569, and's = _ 


= 0.0575, Therefore x, or 0.9 — z will be (= 0.9 — 0.0575) = 0.9425, or 
the ſecond near value of x in the equation | 
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— 0.001,550 X # + 0,034,479 x * + 0.000,772 Xx X 

+ 0,008,678 x x* + 0.000,198 x * + 0.004,330 X x 

+ 0.000,097 x x! + 0.002,704 X x* = 0.029,844, will be equal 
to 0.8425. Q. E. I. 


Art. 76. It is probable, for the reaſon formerly aſſigned, that the value of « 
thus found is (till roo great; and, therefore, we will ſubſtitute the two firſt 
figures only of this value, to wit, 0.84, inſtead of æ in the compound quantity 

— 0,001,550 X x + 0.034,479 Xx * + 0.000,772 X & 

＋ 0.008,678 X a* + 0.000,198 x * + o. oo, 330 * * 

+ o. ooo, 7 x * + 0.002,704 X x*, (which forms the firſt, or left. 
hand, fide of the foregoing equatien,) in order to diſcover how near the value of 
the ſaid compound quantity reſulting from the ſaid ſubſtitution will approach to 
the true value of the laid compound quantity, or to the value of its equal, the 
abſolute term 0.029,844, of the ſaid equation; and: conſequently to find how 
near the ſaid number 0.84 will approach to the true value of x in the ſaid equa» 
tion, This may be done in the manner following. | 


If we ſuppoſe x to be equal to 0.84, we ſhall have 


* (= 0.84) = 0.7056 
And à (= 0.705,600 Xx 0.84) = 0.592,704 
* (= 0.592,704 X 0.84) = 0.497,871 
* (= 0.497,871 Xx 0.84) = 0.418,212 
* (= 0.418,212 x. 0.84) = o. 351,298 
** (= 0.351,298 Xx 0.84) = 0.295,090 
x* (= 0.295,090 X 0.84) = 0.247,876 
And conſequently | 
0.001,550 X x (= 0,001,550 X 0.84 ) = 0.001,302 
And 0.034,479 x x* (= 0.034,479 X 0.7056 ) = 0.024,328 
0.000,772 Xx * (= 0.000,772 X 0.592,704) = 0.000,457 
0.008,678 X * (= 0.008,678 X 0.497,871) = 0.004,320 
0.000,198 x * (= 0.000,198 x 0.418,212). = 0.000,032 
- 0,004,330 X x* (= 0,004,330 X 0.351,298) = 0,001,521 
o. ooo, og X x7 (= 0.000,097 Xx 0.295,090) = 0.000,029 
And 0.002,704 X * (= 0.002,704 Xx 0.247,876) = 0.000,670 
Hence — 0.001,550 Xx * + 0.034,479 X x* + 0,000,772 Xx K* 
+ 0.008,678 X * + 0,000,198 X * + 0,004,330 & * 
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+ o. ooo, og) X * + o. oo, 704 X x* will be = — o. oo, 302 

+ 0.024, 328 + 0,000,457 + 0.004,320 + o. ooo, o8 2 

+ o. oo, 21 + 0,000,029 + o. oo, 670 = — o. oo, 302 

+ o. og 1, 407 = 0,030,105 ; which is greater than o. 029, 844, or the 
abſolute term of the equation 

— o. oo t, 550 X # + o. o34, 470 X x* + 0,000,772 Xx 

+ 0.008,678 x * + o. ooo, 198 x * + o. oo, 330 X * 


+ o. ooo, og X * + o. oOo, 704 x A = 0.029,844. Therefore, o. 84 
is greater than the true value of x in that equation; but the difference between 
them, to wit, 0.000,261, is very ſmall. 


Art. 77. We will, therefore, in the next place, ſuppoſe the value of x in the 
foregoing equation to be equal to 0.83, and ſubſtitute 0.83 inſtead of x in the 
compound quantity 

— 0,001,550 X X + 0.034,479 Xx * + 0,000,772 X x* 
+ 0,008,678 X x* + 0.000,198 x * + 0.004,330 X x* 


+ 0.000,097 Xx x + 0.002,704 Xx , (which forms the firſt, or left- 
hand, fide of the equation) in order to diſcover how nearly the value of the ſaid 
compound quantity reſulting from that ſubſtitution will approach to the true 
value of the ſaid compound quantity, or of its equal, the abſolute term 
0.029,844 of the ſaid equation, This may be done in the manner following. 


If we ſuppoſe x to be equal to 0.83, we ſhall have 


* (= 0.83? = 0.6889 

And & (= 0.688,900 x 0.83) = 0.571,787 

x* (= 0.571,787 x 0.83) = 0.474,583 

* (= 0.474,583 Xx 0.83) = o. 393, 904 

* (= o. 393, 904 X 0.83) = 0.326,940 

x7 (= o. 326, 940 x 0.83) o. 271,361 

* (= o. 271,361 x 0.83) = o. 226, 229 
Therefore, 0.001,550 X x will be (= 0.001,550 x 0.83 ) = 0.001,286 
And 0.034,479 X * will be (= 0.034,479 X 0.6889 ) = 0.023,753 
0.900,772 X x* will be (= 0.000,772 x o. 5 1,787) = 0.000,441 
0.008,678 X * will be (= 0.008,678 x 0.474,583) = 0.004,118 
0.000,198 X & will be (= 0.000,198 X 0.393,904) = 0.000,077 


0,004,330 X a* will be (= 0.004,330 X o. 326, 940) = 0.001,416 
Vor. VI. D 


0,000,097 
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0.000,097 X x7 will be (= 0.000,097 x 0.271,361) = 0.000,026 
0.002,704 X a* will be (= 0.-002,704 Xx 0.225,229) = o. ooo, bog 


And conſequently the compound quantity 
| — 0.001,550 Xx x + 0.034,479 Xx * + 0,000,772 x * 
+ 0.008,678 X * + 0.000,198 Xx * + 0.004,330 x * 
+ 0.000,097 X x? + 0.002,704 X, will be equal to 
— 0.001,286 + 0.023,7.53 + o. o, 441 + 0.004,118 
+ 0,000,077 + 0.001,416 + 0.000,026 ＋ 0.000,609 
= — 0.001,286 + 0.030,440 = 0.029,154, which is leſs than 


— — 


0.029,844, or the abſolute term of the equation — 0,001,550 * * + 


0.034,479 & K. 
+ 0.000,772 x x* + 0.008,678 X x* + o. ooo, 198 x & 
+ 0.004,330 X * + 0.000,097 X x7 + 0.002,704 X x* + &c 
= 0.029,844. Therefore, 0.83 will be nearly equal to, but a little lets 


than, the true value of x in the ſaid equation. . 1. 


Art. 78. From the two laſt aſſumed values of x, with their correſponding ab- 
ſolute terms, and alſo the abſolute term of the foregoing equation, another near 
value of x may be found by even proportions (or by what is often called 2% 
Method of Trial and Error, or the Double Rule of Falſe Pofition, and by Baron Ma- 
ſeres the Differential Method of Approximation), as follows. 


Subtract the abſolute term 0.029,1 54, obtained from the aſſumption of » be- 
ing 0.83, from 0.030,105, the abſolute term found upon the ſuppoſition that * 
is equal to 0.84, and the remainder is 0.000,951 ; alſo, ſubtract 0.029, 154 from 
0.029,844, the abſolute term of the equation; and the remainder will be 0.000,690: 
And the difference between the two aſſumed values of x, to wit, 0.84, and 0.83, is 


ws | 0.000,600 X 0.01 __ 
= 0.01, Now EET = 0.007,255. Hence we ſhall have 0.83 + 


0.007,255 = 0.837,255, for another near value of x; which we will ſubſtitute 
in the general equation, in order to fee how near it will approach to the true 
value of x, 


If we ſuppoſe x to be equal to 0.837,255, we ſhall have 
x* (= 0.837,255 X 0.837,255) = 0,700,996 
And x* (= 0.700,996 x 0.837,255) = 0.586,912 
** (= 0.586,912 & 0.837,255) = 0.491,395 
* (= 0.491,395 & 0.837, 255) = 0,411,423 


o 
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* (= 0.411,423 X 0.837,255) = 0.344,400 
x7 (= 0.344,400 x 0.837,255) = 0.288,406 
x* (= o. 288, 406 x 0.837,255) . 242, 026 
Therefore, o. oo 1, 5 50 X x will be ( o. o01, 550 x o. 837, 255) o. 001, 297,7 
And o. 034, 479 Xx * will be (= 0.034,479 X o. 700, 996) o. o24, 169,6 
o. oo, 72 Xx x will be ( o. oo, 772 x o. 586,912) = o. ooo, 453.1 
o. O08, 678 Xx * will be (= o. 08, 678 Xx o. 491,395) o. oo4, 264,3 
o. ooo, 198 x a* will be (= o. ooo, 198 X o. 411,423) = 0.000,081,4 
o. oo, 330 X a* will be (= o. co, 330 X o. 344, 406) = 0.001,491,5 
0.000,097 X x7 will be (= 0.000,097 x o. 288, 406) = o. ooo, oꝛ8, o 
0.002,704 XA will be (= 0.002,704 X o. 242, 20) = 0.000,652,9 
And conſequently the whole compound quantity 
— ©0.001,550 X x + 0.034,479 X x* + 0.000,772 X X 
+ 0.008,078 X a + o. ooo, 198 & * + 0.004,330 X ** 
+ o. ooo, o) X x? + o. oo, oA Xx * will be = — o. 001, 297,7 
+ o. 024, 169,6 + o. oco, 453, 1 + 0.004,264,3 
+ o. ooo, oò 1,4 + o. o0 1, 491,5 + 0.000,028,0 
+ o. ooo, 652, 9 = — 0.001,29, + 0.031,140,8 
= o. o29, 843, 1, which being only o. ooo, ooo, g leſs than the abſolute term 
of the equation, to wit, 0,029,844; we may, therefore, conclude that the aſ- 
ſumed value of x, to wit, 0.837,255 is very near the truth, but a little leſs : 
Let therefore 0.837,275 be aſſumed equal to x, and we ſhall have 
x* (= 0.837,275 X 0.837,275) = 0.701,029 
And x (= o. 70, 29 x 0.837,275) = 0.586,954 
* (= o. 586,954 X o. 837, 275) = 0. 491,442 
x* (= o. 491,442 X o. 837,275) = . 411,472 
* (So. 411,472 X 0,837,275) = 0.344,515 
** (= 0.344515 X o. 837, 275) = 0.288, 454 
And x* (= 0.288,454 X 0.837,275) = 0.241,515 
Therefore 0.001,550 X * (= 0.001,550 X o. 837, 275) o. o01, 297,8 
And o. 034, 479 Xx a* (= o. 034, 479 X o. 701, 29) = o. o24, 170, 8 
0.000,772 X * (= o. ooo, 772 X o. 386, 954) o. ooo, 453,1 
0.003,678 x a* (= 0,008,678 X o. 491, 442) o. oog, 264,7 
o. oo, 198 & x* (= o. ooo, 198 X o. 411, 472) o. ooo, o8 1,4 
o. oo4, 330 X * (= o. oo, 330 X o. 344, 515) = 0.001,491,8 
o. ooo, 7 X X (= o. ooo, 97 X o. 288,454) = o. ooo, o28, o 
o. oo, 04 X * (= 0,002,704 X o. 241, 515) = o. ooo, 653,1 
D 2 And 
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And conſequently the compound quantity 


— 0.001,550 X x + 0.034,479 X x* + 0,000,772 X xX 

+ 0,008,078 X * + o. ooo, 198 & * + 0,004,330 X x® 

+ ©.000,097 X x7 + 0.c02,704 X A will be = = 0.091,297,8 

+ 0.024,170,8 + 0.000,453,1 + 0.c04,204,7 

+ 0.000,0$1,4 + 0.001,491,8 -+ 0.000,023,0 

+ 0.000,653,1 = — 0.001,297,8 + c.031,142,9 . o29, 845, 1, which 
exceeds the abſolute term of the equation, to wit, 0.029,844, by only the ſmall 


quantity 0.000,C01,I. Therefore, 0.837,275 is very near the value of x, but 
a little greater. 


Art. 79. We may now find a more exact value of x from the two laſt aſſumed 
values, and the correſponding approximated abſolute terms, together with the 
given ablolute term of the equation, by again making uſe of the Differential Me- 
thod of Approximation, in the manner following. 


The difference between the two aſſumed values of x, (to wit, 0.837,275 and 
- 0.837,255,) is 0.000,020; and that between the two correſponding approxi- 
mated abſolute terms, (to wit, 0.029, 845, 1 and 0.029,84.3,1,) is 0.000,002,0 ; 
and that between the preceeding approximated abſolute term, and the given ab- 
ſolute term, (to wit, 0.029,843,1 and 0.029,844,0,) is 0.000,000,9 ; Hence 
o. ooo, oo, o: 0.000,000,9 : : 0,000,020 : 0.000,009 ; Which added to 
0.837,255 the preceeding aſſumed value of x, gives 0.837,264, for the true va- 
lue of *. QE. I. 


Now the above- found value of x, which is the co-fine of the courſe, will be 
found to be the co- ſine of 335, 9“. Hence, fince the ſhip is ſuppoſed to have 
failed upon a direct courſe between the N. and E. that courſe will, therefore, be 
N. 33%, 9 E. or nearly N. E. by N. 


The latitude of the parallel which the ſhip has arrived at, may be found by 
adding the difference of latitude to the latitude of the place ſailed- from. Now 
the difference of latitude is equal to the diſtance muliplied by the co-fine of the 
courſe, the radius being 1; That 1s, to (60 leagues, or 180 nautical miles, or 
180 minutes of a degree of a great circle of the Earth, multiplied into 0.837, 264, 
or) 180 X 0.837, 264 = 1 500.7 = 2?, 300.7. Hence the latitude come: to is 
= 40?, 45 + 8 30˙.7 — 43®, 1507s 


The truth of the operation may be verified by computing the difference of 
longitude with the meridian difference of latitude and the above-found courſe ; 
which, if it agrees with the given difference of longitude ; the courſe, and hence 
the latitude come-to, will be truely aſcertained ; If they do not agree, it will be 
neceflary to re-examine the whole work. However, as that proceſs would be at- 
tended with a conſiderable degree of labour, the true courſe may be very eaſily 


found 


OF u. BOUGUER'S EXAMPLE TO DR, HALLEY'S PROBLEM, 21 


found by means of the given difference of longitude and the approximated me- 
ridian difference of latitude : Oc by the approximated middle latitude, and the 
oiven diltance and difference of longitude, as follows, 


Since the laticude ſailed-from is 40 45", of which the meridian parts are 
2682, and the latitude come=to is 435, 157, whole meridian parts are 2885, 
the meridian difference of latitude is 203. Hence, becauſe the difference of 
longitude is equal to the meridian difference of latitude multiplied by the tan- 
gent of the courte, we (hall have the difference of longitude = 203 Xx .0531 
= 132/,6. But the given difference of longitude is 1357, which is theretore 
2/,4 greater than that by computation : Hence, the computed courſe is leſs than 
the true courle, and the latitude come-to is greater than the truth, Now the 
40% 45 +4316! __ 


middle latitude is equal to 42 nearly; and, becauſe, ac- 


cording to the principles of middle-latitude failing, the fine of the 
courle is equal to the co-fine of the middic-latitude multiplied by the dit- 
ference of longitude and the product divided by the diſtance ; therefore 
— 2, = . = = 5737 S the line of 335, 52, the courſe 
true to leſs than a minute: and the difference of latitude = 180” X . 83034 
= 1*,49.46 = 20, 291.46. Hence, the latitude come- to is 435, 14/.46 ; which 
is leſs than 43®, 15'.7, (or the Latitude come-to, as found before,) by only 17.24, 
or leſs than 1 minute and a quarter. 


Q. E. 1. 


Arother and more eaſy Methad of finding the Value of x in the foregoing Equation. 


Before we conclude, it may be neceſſary to point-out another, and more eaſy 
method of finding the value of x in the given equation 


— O0.001,550 X x + 0.034,479 X * + 0.000,772 X x? 
+ 0.008,678 X x* + o. ooo, 198 & x* ＋ 0,004,330 X a® 
+ 0.000,097 X x” + 0.002,704 Xx 4 = 0.029,844. 


From the nature of the queſtion the courſe cannot be greater than an angle 
whole ſine is equal to the product of the multiplication of the co- ſine of the la- 
tiude ſailed- from, by the difference of longitude divided by the diſtance; that 
is, cqual to three fourths of the co- ſine of the latitude left: nor leſs than three 
fourths of the co- ſine of the ſum of the latitude ſailed- from and the diſtance: 
Hence, the extreme limits of the courſe in this example are 322, 48' and 
34, 37. 

Now 
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Now ſince the courſe is contained between the limits of 329, 48“, and 34“, * 
we may ſuppoſe it to be 33? œ, and ſubſtitute its co- ſine for x in the above 
equation. 


The co- ſine of 337 of is o. 8 38, 670, 6 
Hence * (= o. 838, 670, 6 x o. 838, 670, 6) = o. 70g, 368 
And x* (= o. 703, 368 X o. 838, 670, 6) = 0.589, 894 
* (= o. 589,894 X 0.8 38,670, 6) = 0. 494,727 
x* (= o. 494,727 X o. 838, 670, 6) o. 414,913 
x* (= 0. 414,913 X o. 838, 670, 6) = o. 347,975 
** (= o. 347,975 X o. 838, 670, 6) = 0.291, 837 
* (= o. 291,837 X o. 838, 670, 6) = o. 244, 755. 
Therefore o. oo 1, 3550 * x (= o. oo 1, 350 X o. 8 38, 670, 6) = o. oo t, 300 
And o. 034, 470 X * (= o. 034, 479 X o. 703, 368) = 0,024,251 
o. 00, 772 X * (= o. oo0, 772 X o. 5 89, 894) o. ooo, 45 5 
o. oo8, 678 X * (= o. oo8, 678 X o. 494,727) = o. oo, 293 
o. ooo, 198 X * (= o. ooo, 198 X o. 414,913) = o. ooo, og 2 
o. oo4, 330 * x* (= o. oo4, 330 X o. 347,975) = 0.001,507 
o. ooo, og X x7 (= 0,000,097 X o. 291,837) = 0.000,028 
And 0.002,704 X * (= o. oo2, 704 X o. 244, 755) = o. ooo, 662 


And conſequently the whole compound quantity 
— ©0.001,550 Xx * + 90.034,479 & * + 0.000,772 X x? 
+ 0.008,678 Xx * + 0,000,198 x * + 0.004,330 Xx * 
+ 0.000,097 x #7 + o. oo, % Xx x* will be = — 0.001,300 
+ 0.024,251 + 0.000,455 + 0.004,293 + 0.000,082 
+ 0.001,507 + 0.000,028 + 0.000,662 = = 0.0901,300 
+ 0.031,278 = 0.029,978. | 


Hence the value of x has been aſſumed too great, and the courſe too ſmall , 
Let, therefore, the courſe be ſuppoſed to be 33*, 20; whence x is = 


o. 835,487, 8. 
And x* (= o. 835, 487, 8 x o. 833, 487, 8) = o. 698, o40 
4 (= O. 698, 40 X o. 835, 487, 8) = o. 583, 204 
* (= o. 583,204 X o. 833, 487,8) = o. 487, 260 
* (= o. 487, 260 X o. 833, 487, 8) = 0,407,099 
* (= o. 407, 99 X o. 835, 487,8) = o. 340, 127 
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x? (= 0.340,127 X 0.835,437,8) = 0.284,172 
* (= 0.284,172 X 0.835,487,8) o. 237, 422. 
Therefore, 0.001,550 X x will be ( 0.001,550 X o. 835, 488) = 0.001,295 


and 0.034,479 X x* (= 0.034,479 X 0.698,040) = 0,024,068 
and 0.000,772 X * (= 0 000,772 X 0.583,204) = 0.000,450 
and 0.008,678 X x* = 0,008,678 Xx 0.487,260) = 0.004,228 
and o. ooo, 198 & x* (= o. ooo, 198 X o. 407, go) = o. oc, odo 
and o. oo4, 330 X x* (= o. oo, 330 X o. 340, 127) = 0.001,473 
and o. ooo, 7; X X (= o. ooo, 9/7 Xx o. 284, 172) = o. ooo, o28 
and o. oo, 70% X X (S 0.002,504 X o. 237, 422) = 0.020,642 


And conſequently the whole compound quantity 
— o. oo 1, 55 X * + 0.034,479 X * + 0.000,772 X x3 
+ 0.008,078 x a* + 0.000,198 X x* + 0.004,330 Xx * 
+ o 000,097 X * + 0.c02,704 X x* will be = - 9.001,295 
+ 0.024,008 + 0.000,450 + 0.004,228 
+ 0.000,080 + 0.c01,473 + 0.000,028 
+ 0,000,042 = =— 0.001,295 + 0.030,969 


= 0.029,674 ; hence x is aſſumed too ſmall, and therefore the courſe is 
too great: The true courſe may now be found by proportion, or the Dif- 
ferential Method of Approximation, in the manner following. 


The given abſolute term of the equation is 0.029,844 
The courſe being 335, o,, the abſolute term is o.o29, 978 
The courſe being 33e, 200, the abſolute term is 0.029,674 diff. 9.000304 
Difference, - - 20 


diff. 0.0001 24 


Now 304 : 134 : : 20' : (8.81, or) nearly g' ; which being added to 339, O., 
the ſum 335, / will be the courſe required, as before, 


Exd of Dr. Mackay's Examination of Baron Maſeres's Reſolution of Mr. Bouguer's 
Example to Dr, Halley's Nautical Problem: 
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AN 


INDIRECT METHOD 


OF SOLVING 


DICTOR HALLEY'S PROBLEM, 


ACCORDING TO THE 


PRINCIPLES OF MIDDLE-LATITUDE SAILING. 


— — h — 
By ANDREVS MACKAY, L. L. D. in the Univerſity of Aberdeen in Scotland. 


S the method of ſolving this problem by approximation, which we gave 1n 

the tourth volume of this work, page 285, 1s performed partly upon the 

principles of Mercator's failing; and, therefore, the courſe, and the latitude 

come-to, may be approximated to any required degree of accuracy; yet, as 

Middle-latitude failing is ſufficiently accurate in practice, eſpecially for any ſhort 

run;—and as it affords a very eaſy ſolution of this problem; e ſhall therefore 
now proceed to reiolve it according to the principles of this method of failing. 


— — 


PROBLEM. 


Given the latitude ſailed- from; the diſtance run, upon a direct courſe; and 
the difference of longitude : to find the courſe, and the latitude come-to. 


— p —7§ß,ĩr—ri — ————— 


RULXE 


When the ſhip is ſailing from the Equator, the middle latitude is contained 
between the latitude ſailed-from and the fum of that latitude and half the dif- 
tance; and when the ſhip is fing towards the Equator, the middle latitude is 
between the latitude ſailed- from and the difference between that latitude and haif 
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the diſtance. Hence, a middle latitude may be aſſumed by conjecture that will 


not be far from the truth ;—[n general, it may be taken equal to the ſum, or dif- 
ference, of the latitude failed-trom and one-fourth of the diſtance, according as 
the ſhip is recceding from, or approaching towards, the Equator ; which we will 


call the fir/t approximated middle latitude, 


Now, with this middle latitude, the given diſtance, and difference of longi- 
tude, find the firſt approximate courſe ; with which, and the diſtance, compute 
the difference of latitude; and hence a ſecond approximated middle latitude will 


be obtained. 


Again, with this ſecond middle latitude, the given diſtance, and the given 
difference of longitude, compute the courſe, and allo the difference of Jatnude z 
and in this manner continue the operation until the laſt courſcs, and conſequently 
the differences of laritude, agree; and hence the true courſe, and the latitude 


come-to, will be obtained. 


— 


— 


EXAMPLE, (page 60. Vol. IV.) 


A ſhip from latitude 40% 45 N. failed 180 miles upon a direct courſe be- 
tween the N. and E., and, by obſervation, was found to have altered her lon- 
gitude 135. It is required to find the courie ſteered, and the latitude come-to, 


Latitude ſailed- from together with one fourth of the diſtance (= 40®, 45' + 


— = = 41, 30“, is = the firſt approximated middle latitude. 


Now : As the diſtance 1807 2.25527 2.26527 
Is to the diff. of long. 135/ 2.13033 
So is co- ſine of mid. lat. 419, 30 9.87446 
To ſine of iſt appr. courſe 34% 1 974952 co-ſine 9.91772 
Firſt approx. diff. of latitude 149” 2.17299 


Hence, 40, 45” + 255 = 41, 59'z, = ſecond approximated middle lati- 


tude, 


Then, log. of ratio of dift. to diff, of long. 9.87500 


Second appr. mid, lat. 41, 59'z ; co-ſine 9.87 113 diſt, 180; log. 2.25527 
Second appr. courſe 33, 524; ſine 9.746ig co-fine 9.91921 


Second approx. diff, of latitude 149.4 2.17448 
Hence, 
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Hence, the courſe is N. 33 52/ E. or N. E. by N. nearly, and the latitude 
come- to is 40, 450 + 2 29/ = 43% 14 N; theſe quantities being aſcer- 


tained to a ſuthcient degree of accuracy for any practical purpoſe whatever. 


Ho ever, by repeating the operation, the required quantities may be obtained 
with all the accuracy of which this method 1s ſuſceptible, Thus 40?, 45“ + 


—— = 41, 59.7 = the third approximated middle latitude. 
Now, Log. of ratio of dilt, to diff. long. 9.875, 613 
Third appr. m. lat. 412, 59/.7 ; co- ſine 9.871, 1076, diſt. 180“. log, 2.255,2725 
True courſe 33",52'.35; line 9.746, 1689 co-line 9.919, 2047 
Difference of latitude 1490.44 2.174,4772 


Hence, the latitude come- to is 43*, 14“, 26”. 


According to the former ſolution of this problem given in page 285, Vol. IV. 
the courſe is 335, 51', 58; which differs only about fix-tenths of a minute from 
that found above; and the latitude come-to is 435, 14', 2% the difference be- 


ing only one ſecond. By repeating both methods a ſtill nearer agreement may 
be obtained; but this is abſolutely unneceſſary. 
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ADDITIONAL REMARES 


ON 


Mz, GLENIE'S PROBLEM, 


WHICH WAS SOLVED AND CONSTRUCTED IN VOL. IV. OF THE 


SCRIPTORES LOGARITHMICI, 


Pages 335, 336, &c to Page 412. 


By FRANCIS MASERES, Eſq. F. R. S. 
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ABT. 1. IN Number V of the Tracts contained in the 4th volume of the 
Scriptores Logarithmici, the Problem propoſed by Mr. Glenie is 


reduced to an equation of the tenth order, or degree, which is as follows, to 


wit, 16,950 4 + 12,435 4˙ — 1,304 4 — 9,162 4 — 8,748 4 — 
4,762 a = 1,848 ax? — 50 4, — 90 4 —yg x* = 12,625 4. And 
this equation is afterwards reſolved, and the value of it's leſſer root x, which is 
equal to the right line CH, (which is neceſſary to be found in order to the So- 
lution of Mr. Glenie's Problem,) is diicovered in two different methods; to 
wit, 1ſt by reducing the ſaid equation to a quadratick equation, to wit, the 


equation xx + 2ax = =, and then reſolving, and likewiſe conſtructing, the 


ſaid quadratick equation; and 2dly, by reſolving the ſaid high equation itſelf 
by Mr. Raphſon's method of approximation. 


Art. 2. This ſecond method of reſolving the ſaid high equation, (which, vpon 
the whole, I think preferable to the former, notwithſtanding the quantity of la- 
borious calculation with which it is attended,) is ſo fully explained in that tract 
that I have nothing more to ſay concerning it. But the former method of re- 
ſolving it, by reducing it to a quadratick equation, and then reſolving and con- 
ſtructing the ſaid quadratick equation, will admit of a few additional re- 
marks. | 
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Art. 3. In order to reduce the equation 16,950 a% + 12,435 a'x* — 1, 304 
ax 9. 162 a — 8. 748 ag — 4,762 4 — 1,848 ax? — 501 4. — go 
an? — 6x? = 12,625 @'* to a quadratick equation, I, firit, ſubtracted the abſolute 
term 12 625 10 from both ſides, and thereby obtained the equation — 12,62 ds a 
+ 16 95 50 4 + 12,435 , — 1 304 ars — 9, 162 4% — 8,748 4 * — 
4,762 , — 1.848 4 — 501 d*x* — go a — g = o, and then I divided 
this co Pot ind quantity, conſiſting of eleven terms. by the compound quantity 
— 3 Py 27 360 av + 1494 ge + 1640 a + 978 a + 408 oo 
+ 124 &%" + 24 ax) + 3 of, (conſiſting of nine terms, } and found that the 
quoijent was the trinomial quantity 524 — 6ax — 3xx, and that this diviſion 
was compleat, or without any remainder. And hence | concluded that, ſince 
the dividend in the foregoing diviſion was equal to o, either the divitor or the 
quotient, or both of them, muſt be equal to o likewiſe ; becauſe if they had both 
been real, or finite, quantities, their product (which i is equal to the ſaid divi- 
dend,) muſt have been equal to ſome finite quantity liłkewiſe. I therefore con- 
cluded that it was probable that the ſaid quotient 522 — bax — gxv was equal 
to ©, and conſequently that 3ux + Ga was cqual to gaa, and that xx + 24x was 


equal to , and that the root of this quadratick equation ax + 24x = 


would be a root of the original equation 16,950 a%x + 12,435 4 — 1,304 


a — 9,162 a — 8,748 ar, — 4,762 C — 1,848 2x) — gol a*s* — 90 


ax? — gx? = 12,625 4, and, perhaps, would be that root of the ſaid equation 
(tor the ſaid equation has evidenily two roots, which would anſwer the condi— 
tions of Mr. Glenie's Problem. I therefore reſolved the {aid quadratick equa- 


2 and found that it's root x was = 4 X LE. 


tion xx + 2ax = , and 


conſequently that the line CH would be = 4 * _ 2, or = FD Xx 


. And this value of CH was found to give us ſuch values of AB and 


3 | 
AC, (the two ſides of the triangle ABC upon the given baſe BC, and of the 
given height = which Mr. Glenie's Problem requires us to kind,) as will 
anſwer the conditions of the Problem. 


Art. 4. But the reader will naturally aſk on this occaſion, - * How did you 
diſcover that the firſt long compound quantity — 12 6625 4˙ + 16,950 4% 
— 12,435 ax* — 1 $304 4. — 9,162 aba“ — 8,748 a — 4,762 4“. — 
1,848 4% — 501 A — go ax? — 92˙, conſiſting of eleven terms, was divi, 
ſible without a remain: der by che ſecond long compound quantity — 2525 4 
+ 360 ax + 1404 &x* + 1640 &x* + 978 a%x* + 408 ar + 124 4˙ + 
24 ax” + 3x", conſiſting of nine terms?” To this queſtion I have already given 
an anſwer in the 4th volume of the Scriptores Logarithmici, art. 36, page 359, by 
declaring, © that I did not diicover this long compound diviſor of the ſaid long 
« dividend till I had, firit, diſcovered that the ſaid dividend was exactly diviſible 
by 


— aa. 
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« by the trinomial quantity 542 — bax — 3x, and that the Quotient of this 
« Diviſion would be the ſaid ſecond long compound quantity, conſiſting of 
ce nine terms ;” from which it followed neceflarily (from the nature of the ope- 
rations of multiplication and diviſion,) that the ſaid Dividend mult likewite be 
diviſible without a remainder by the ſaid long compound quantity, conſiſting 
of nine terms, which had been the Quotient of the firſt diviſion of it by the tri- 
nomial quantity 54242 — 6av — 3x. And I added, that this diſcovery “ that 
ce the ſaid long Dividend, confiiting of cleven terms, was exactly divifible by 
<« the ſaid trinomial quantity 54 — Ca — 3xx,” had been made only by the 
help of Mr. Glenie's conſtruction of the Problem, and that I did not yet Know 
of any method of diſcovering with certainty à priori, and without the previous 
knowledge of Mr. Glenie's conſtruction, that the ſaid long compound quantity 
— 12,625 4 + 16,950 4 + 12,435 % — 1,304 a — 9,162 4˙ — 8,748 
a — 4,762 4 — 1,848 47 — 501 a&*x* — go ar? — g“ was divihible 
without a remainder by the ſaid trinomial quantity 54 — 64x — gx. But I 
added further, that we might, however, have conjectured with a great appear- 
ance of probability, that the ſaid long compound quantity was diviſible by tome 
trinomial quantity of which the firſt term was 3a, and the laſt term was gxx, 
becauſe — 12,625 4, (or the firſt term of the ſaid long compound quantity,) 
is diviſible by 5aa, and — gx"?, (or the laſt term of the ſaid compound quan- 


tity,) is divihble by 3ux. But how to diſcover, or even to form a conjecture, 


what would be the numeral co-cflicient of ax in the middle term of the ſaid tri- 
nomial quantity (if there were really any ſuch trinomial quantity by which the 
{aid long compound quantity might be divided without a remainder,) I confeſſed 
that I knew not. 


Art. 5. But by a method of proceeding pointed-out to me by the learned 
and ingenious Mr, William Frend, (the author of the intelligible and uſefull 
treatiſe of Algebra in one volume octavo, intitled, Principles of Algebra, pub- 
liſhed in the year 1795) it is poſſible to find, by judicious and well-founded 
conjectures and trials, the ſaid numeral co- efficient of ax in the middle term of 
the ſaid trinomial quantity of which the firſt term is 5aa and the third, or laſt, 
term is 3x, This method I will now endeavour to explain. 


A Metbed, ſuggeſted by Mr. Frend, of diſcovering, by judicious Conjectures and 
Trials, the Co-efficient of ax in the middle Term of the trinomial Quantity 3a — 
bax — gax, by which the foregoing long compound Quantity conſiſting of eleven 
Terms, that is equal to o, may be divided without a Remainder. 


| Art. 6. Let the letter m be put for the unknown numeral co- efficient of ax 
in the ſaid trinomial quantity by which it is conjectured that the foregoing long 
Vor. VI, F compound 
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compound quantity is diviſible without a remainder, and of which gag is the 
firſt term, and gx is the laſt term: ſo that the ſaid trinomial quantity ſhall be 


Gag — MAX — Zxx. 


Then it is evident, in the firſt place, that, if the ſaid trinomial quantity 5a 
— max — 3xx will really divide the ſaid long compound quantity without a 
remainder, it may be concluded (for the reaſon given above in art. 3,) that it is 
equal to o, and conſequently that 5aa will be = max + 3xx. And hence it 
follows that, if we can find a tolerably near conjectural value of x, we may, by 
means of ſuch value, find a near value of the unknown co. efficient , which 


o — aa XX 2 . 
will be = — ot or to — or to E = Z, We will therefore endea- 
an ax ar * a 


vour to find a tolerably near value of x, which is the root of the quadratick 
equation gaa = max + 3xx and likewiſe is one of the roots of the original high 
equation 16,950 a + 12,435 4 — 1,304 ax — 9,162 % — 8,748 495 
— 4,762 a — 1,848 4˙ͤ — gol a — go ax? — gi? = 12,625 4. Now 
ſuch a near value of x may be derived from the contemplation of the ſaid ori- 
ginal high equation in the manner following. 


The faid original high equation may have two, but not more than two, roots, 
or, in the language of modern Algebrailts, real and affirmative roots; and each 
of theſe roots mult be leſs than the root of the quadratick equation 16,950 4% 
+ 12,435 4 = 12,625 4%, which is derived from the foregoing high equa- 
tion by omitting all thoſe terms of it which have the ſign — prefixed to them, 
or are ſubtracted from the two other terms 16,950 4 + 12,435 4“; as is 
ſhewn in pages 358, 359, 360, 361, - - - 364 of the oftavo volume, intitled, 
Tyalls on the Reſolution of afjetted Aigebraick Equations by Dr. Halley's, Mr. Raph- 
ſon's, and Sir Jaac Newton's Methods of Approximation, publiſhed in the year 
1800. We will therefore reſolve the ſaid quadratick equation 16,950 a% + 
12,435 4% = 12,625 4, in order to find a near value of x, or the lefler root 


of the ſaid original high equation. 


Art. 7. Now, in order to reſolve the quadratick equation 16,950 4 4. 12,435 
N = 12,625 4, we will, firſt, divide all the terms of it by 4“; and we ſhall 
thereby reduce it to the equation 16,950 ax + 12,435 * = 12,625 a*; and we 
will then divide this laſt as by 12,435, the co-efficient of x*, and we ſhall 
: ; 16,950 ax > a 12,025 0 
thereby obtain the equation N + * = COTS Of 1.36 X ax + xx = 
1.015 X 47, or xx + 1.36 X ax = 1.015 X aa, of which the root is nearly 
0.53 X 4, as will appear from the following reſolution of it. Since xx + 1.36 


X ax is = 1.015 Xx aa, we ſhall have xx + 1.36 x ax + LE ON 1.015 


X aa + 1-96 X aa (= 1.015 X aa + O. 08 x aa = 1.O0I5 Xx aa + 0.4624. 


X aa) = 1.4774 X aa, and conſequently (by extracting the ſquare-roots of 
both 
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both ſides,) x + 0.68 X 4 = 1.21 X 4, and * = 1.21 XK 4 — 0.68 „ 4 = 
0.53 X a, Therefore the root of the quadratick equation 16,950 4% + 12,435 
a*xx = 12,625 4 will be = 0.53 X 4. Theretore the lefler root of the long 
original equation 16,950 4 + 12,435 4%½/ — 1,304 4 — 9,162 2*x* — 
8,748 a5x* — 4,762 4%" — 1,848 * — 501 ar — 90 ax? — gx? = 12,625 a* 
will be greater than 0.53 Xx 4. We will therefore ſuppoſe that it is nearly 
— 0.6 X a; and, in order to find out whether 0.6 xa will be greater, or lefs, 
than the true value of the ſaid leiter root of the ſaid original equation, we will 
ſubſtitute 0.6 x aà inſtead of x in it's terms. 


Art. 8. Now, if 0.6 x a be ſubſtituted inſtead of * in the compound quan- 
tity 16,950 4 + 12,435 4% — 1,304 a — 9, 162 4 — 8,748 a'x* — 
4,762 4 — 1,848 4 — 50 dx" — go ax? — gs ®?, the ſaid compound 
quantity will become (= 16,950 x 4 X 0.6 X 4 + 12, 435 K * 0.36 X 4 
— 1,304 X 4 X 0.216 X 4 — 9,162 X 4 X 0.1296 x 4 — 8,748 x a 
* 0.077,76 X a5 — 4,762 X a* x 0.046,656 K 4 — 1,843 Xx 4 X 0.027, 
993,6 X 47 — 501 x 4 X 0.016,796,16 X 4 — 9o X @ X 0.019,077,696 
Xa — 9 Xx 0.006,046,617,6 x 4 = 16,950 X 0.6 x 4 + 12,435 & c. 36 
X a? — 1,204 X 0.2160 x 4 — 9,162 & 0.1296 & 4 — 8,748 Xx 0.077,76 
X a — 4,762 x 0.046,056 X 4 — 1,848 X 0.027,993,0 x 4 — 501 
Xx 0.016,796,16 x 4 — go X 0.010,077,696 * a? - 9 x 0.006,046,61 7,6 
* 4e = 10,170.0 x a + 4476.60 X 4 — 281.664 X 4 — 11873952 
X a = 680.244,48 X 4 — 222,175,872 & 4 — 51.732,172,8 Xx a 
— $8.414,876,16 X 4% — 0.906,992,040 X 4 — 0.054,419,558,4 & 4 = 
14,646.60 X 4 — 2432. 588,013, 158,4 x 4 = 12,214.011,986,841,6 
X ae; which is nearly equal to, but ſomething leſs than, 12,625 4, or the 
abſolute term of the ſaid long original equation. Therefore 0.6 x a muſt be 
nearly equal to, but ſomething lets than, the true value of x, or the lefler root 
of the ſaid equation. Therefore 0.6 Xx 4 will be nearly equal to, but ſomewhat 
leſs than, the true value of x in the quadratick equation aa = max + 3xx; and 
conſequently za will be nearly equal to ma x 0.6 Xx @ + 3 X 0.36 X aa, or 


to 0.6 Xx aa Xx m + 1.08 X aa; and 5 will be nearly = 0.6 X m + 1.08; 
and 0.6 X m will be nearly (= 5 — 1.08) = 3.92; and mn will be nearly = 


= = 6.53. Since therefore the unknown number zz (which is the co-efficient 


of ax in the ſecond, or middle term of the trinomial quantity 342 — max - 3xx,) 
is found to be nearly equal to 6.53, it ſeems reaſonable to conjecture that it is 
equal to the whole number 6, and conſequently that the trinomial quantity qa 
— max — 3xx (by which we have reaſon to think that the long compound 
quantity — 12,625 4 + 16,950 4% + 12,435 4 — 1, 304 4 — 9,162 4% 
— 8,748 a — 4,762 4 — 1,848 4% — 501 ax" — go 4 — gx? is di- 

F 2 viſible 
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viſible without a remainder,) will be 54a — 6ax — Zxx. It will therefore be 
expedient to try whether the ſaid long compound quantity can be divided by the 
ſaid trinomial quantity 5ag — 6ax — 3xx without a remainder ; and, upon trial, 
it will be found that it can be ſo divided. And, after we have thus found that 
this diviſion is practicable, we may conclude (for the reaſons mentioned above in 


art. 3,) that the ſaid trinomial quantity 5a — 6ax — rx is equal to o, or that 
54a is = bax + gar, or that xx + 2ax is = L; which will lead us to a geo- 
metrical conſtruction of this quadratick equation, or a conſtruction performed by 
means of right lines and circles only, ſuch as that of Mr, Glenie, or that of art. 
37 of the tract on this ſubject in the 4th Volume of the Scriptores Logarithmici, 


page 360. : 


Art. 9. By this method of proceeding, (which has been ſuggeſted by Mr. 
Frend,) it would have been poſſible, after reducing Mr. Glenie's Problem to the 
above-mentioned high equation of the tenth order, to find the trinomial Diviſor 
5 — Gr — 3xx by which the ſaid high equation (after it's abſolute term 
12,62 5% a? ſhould have been brought by ſubtraction to the firſt, or left-hand, 
fide of the mark = of equality, and the aggregate of all it's terms bave been 
made equal to o,) might have been converted into the quadratick equation 34a 


— Gax — gxx = o, Or xx + 2ax = = which involves the lefler of the two 


roots of the ſaid high original equation, or that root which is fitted for the ſolu- 
tion of Mr. Glenie's Problem, and which leads to a Geometrical conſtruction of 
it, But this, Mr. Frend obſerves, will not often be practicable when ſuch high 
equations as this of the tenth power are derived from the conditions of Geome- 
trical Problems, becauſe ſuch equations, for the molt part, will not admit of ſuch 
reductions by Diviſion : and, when they do admit of ſuch reductions, he thinks 
that it will, in general, be eaſier and more convenient to reſol ve them at once in 
their natural ſtate by the Methods of Approximation than to go through the 
various conjectures and trials that are neceſſary to be made in order to obtain 
the trinomial, or quadratick, quantities by which they may be divided without 
a remainder, and brought down to quadratick equations that are capable of a 
Geometrical conſtruction, | 


Art. 10. And we may obſerve further, that, when a Geometrical Problem 
naturally produces an equation of a high order, and, after a ſubtle and laborious 
Inquiry (ſimilar to that by which we found above that the foregoing equation of 
the tenth power might be reduced by diviſion to the quadratick equation 30 


aa 
— bar — Zæxx = o, or xx + 24x = =) we have found that the long com- 


pound quantity which is equal to o, (arifing from the ſubtraction of the known 
quantity, or abſolute term of the equation trom both ſides of it,) is diviſible w ith- 
out a remainder by a certain quadratick, or trinomial, quantity, of which we know 
all the terms, it does not always follow that the ſaid quadratick, or trinomial, 
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quantity will alſo be equal to o, and will cherefore afford us 4 quadeitick £qu1%- 
tion, by the reſolution of which we may hope to obtain the val..- of the nanown 
quantity x vhich will enable us to ſolve the Problem propoſcd 19 us; and, 
even, if the ſaid quadratick, or trinomial, quantity, (by which the fad mln» 
mial quantity that is equal to o may be divided without a remainder,) vil, allo 
be equal to o, and conſequently will produce a quadratick equation, ids not 
follow that the root of that equation will be f root of the original high equuion 
which will enable us to ſolve the propoſed equation; for it may be another root 
of the ſaid original high equation, which relates to a different Problem from that 
which we were required to ſolve, And of this the foregoing high equation 
16,950 4 + 12,435 a'x* — 1,304 4% — 9,162 4% — 8,748 4˙ — 4,762 
a — 1,848 ax? = 501 4 — 90 ax? — gi? = 12,625 a? will afford us a 
notable example, 


Art. 11. For let us ſuppoſe that the Geometrical Problem which we had been 
required to ſolve, had been a little different from Mr. Glenie's Problem, and had 
been as follows. 


A PROBLEM. 


In the Palace of one of the Kings of Perſia, it is ſaid, there was a triangular 
area of ſuch a ſhape and fize that the Difference of the Cubes of two of it's ſides 
was equal to three times the Cube on the third fide, or Baſe, of the triangle, 
(which was 200 feet in length,) and that it's area contained 10,000 ſquare fect. 


Suppoſing this to.have been really the caſe, it is required to determine the 


lengths of the two fides of the laid triangle. 


Now, if ab, or the perpendicular altitude of this triangle, which is equal to 
100 feet, or half the baſe BC, (in fig. 4, in the 4th volume of the Scriptores 
Logarithmici, page 396,) be denoted by the letter a, and Ch, or the external 
line intercepted between C, (the nearer extremity of the Baſe BC,) and the line 
ab, (which is drawn from a, the vertex of the triangle aBC, at right angles to 
the Baſe BC, produced,) be denoted by the letter x, it is ſhewn in art. 63 of the 
tract on Mr. Glenie's Problem in the ſaid 4th volume of the Scriptores Legarith- 
nici, page 397, that the equation for determining the magnitude of the line x, 
or Ch, (upon which the potition of the point a, or the vertex of the triangle 
aBC which we are required to detcribe, and the magnitudes of the two fides aB 
and aC, depend,) will be the very ſame equation of the tenth order which was 
tained before for the ſolution of Mr, Glenie's Problem, to wit, the * 

16,950 
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16,950 4 + 12,435 4 — 1,304 4 — 9, 162 4 — 8,748 44 — 4,762 
ae — 1,848 ax! — 50 a — go aa — gx? = 12,625 4 and the greater 
root of this equation will give us the magnitude of the ſaid external line Ch, 
(which is neceſſary to the ſolution of this Problem) juſt as the leſſer root of it 
gave us the magnitude of the external line CH, which was necetlary to the ſo— 
lution of Mr. Glenie's Problem. 


Art. 12. When we have thus reduced this ſecond Problem to the foregoing 
equation of the tenth order, we might proceed to inquire, whether, if we were 
to ſubtract the abſolute term 12,625 4 from both ſides of the equation, the 
long compound quantity reſulting from ſuch ſubtraction might not be divided 
without a remainder by ſome trinomial, quadratick, quantity, and we might 
find, by the method above-deſcribed, that it might be fo divided by the trino- 
mial quantity 5aa — 6ax — 3xx, which diviſor might be made equal to o, and 
thereby might furniſh us with the quadratick equation ga = Car + 3xx, or 


xx + 2 = =, But this quadratick equation would give us the value of the 


line CH, (which is equal to the lefler of the two roots of the ſaid high equation, 
and is fitted for the ſolution of Mr, Glenie's Problem,) and would not give us the 
value of the line Ch, which is equal to the greater root of the faid equation, 
and is fitted to the ſolution of the preſent Problem; and therefore it would not 
enable us to ſolve the preſent Problem either by the reſolution of it in numbers, or 
by a Geometrical conſtruction of it. And the only way in which the diſcovery of 
the ſaid trinomial quantity 5424 — 6ax — 3xy (after all the pains we had taken 
to find it,) could be of uſe to us in enabling us to find the value of the line Ch, 
or of the greater of the two roots of the ſaid high equation, would be by furniſh» 
ing us with the Quotient of the diviſion of the ſaid long compound quantity, 
conſiſting of eleven terms, that was equal to o, by the ſaid trinomial Diviſor 598 
— bax — 3xx; which Quotient would be a quantity conſiſting of nine terms, 
to wit, the quantity — 2525 4˙ + 360 x + 1404 d + 1640 4 + 978 a 
+ 408 aK + 124 a*x* + 24 ax? + 3x*, and would be equal to o, as well as 
the trinomial diviſor ga — Ga = 3xx, and would therefore afford us the equa- 
tion — 2525 4˙ + 360 4 + 1404 a*x* + 1640 a*x* + 978 a%s* + 408 a s 
+ 124 a&*x* + 24 ax! + zu = o, or the equation gx* + 24 ax? + 124 4 
+ 408 4 + 978 a + 1640 a*x* + 1404 c + 360 ae = 2525 4%. This 
Equation can evidently have but one root; and this root will give us the value 
of the external line Ch, which is neceſſary to the ſolution of the preſent Problem, 
as has been ſhewn in the 4th volume of the Scriptores Logorithmici, pages, 396, 
397, and 398; fo that the only advantage we ſhall have obtained by dil- 
covering the trinomial Diviſor gag — Gar — 3xx, with reſpect to the ſolution 
of the preſent Problem, or the inveſtigation of the magnitude of the external 
line Ch, is that we ſhall now have an equation of the eighth power, inſtead 


of the original equation of the tenth power, to reſolve in order to obtain the 
ſaid 
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ſaid magnitude of Ch, which is neceflary to the ſolution of the preſent Problem. 
And this advantage will not be great, becauſe this equation of the eighth power 
would be almoſt as difficult to reſolve in the common and natural way, or by 
Mr. Raphſon's, or ſome other method, of approximation, as the original equa- 
tion of the tenth power, 


Art. 13, But, perhaps, it may be thought that this equation of the eighth 
power, to wit, 3x* + 24 4 + 124 o+ 408 &'x* + 978 0 + 1640 4 
+ 1404 4 + 360 al = 2525 4“, may, in like manner as the original equation 
of the tenth power, be reduced to a quadratick equation by finding, in the man- 
ner above-deſcribed, a trinomial, quadratick, quantity, by which the compound 
quantity — 2525 a + 3604s + 1404 4"x* + 1640 &r* + 978 a*x* + 408 a 
+ 124 @x* + 24 ax" + zul, (arifing from the ſubtraction of 2525 4, the abſo- 
lute term of the ſaid equation, from both ſides of it,) may be divided without a 
remainder, I ſhall therefore now endeavour to find ſuch a quadratick, trinomial, 
quantity. 


Art. 14. In the firſt place, then, we may reaſonably conjecture that the nu- 
mera] co- efficient of aa in the firſt term of ſuch a trinomial quantity (if ſuch a 
trinomial quantity can exiſt,) will be the number 5, becaule 5 is the ſmalleſt di- 
viſor, except 1, of 2525, the co-efficient of “ in the firſt term, — 2525 4, of 
the ſaid Dividend; the other diviſors of the laid co- efficient being 1,25,101,505, 
and 2525. And for a like reaſon we may conclude that the numeral co-efficient 
of xx in the third, or laſt, term of ſuch trinomial quantity muſt be either x, or 
3, becaule they are the only numbers that are diviſors of the number 3, which 
1s the co- efficient of x* in the laſt term, 3x*, of the faid Dividend; and of theſe 
two numbers, 1 and 3, it ſeems reaſonable to ſuppole that the ſmaller, to wit, 
1, will be the ſaid co-efficient of xx in the ſaid trinomial quantity. We will 
therefore ſuppoſe ; to be the co- efficient of aa, and i to be the co- efficient of xx, 
in the ſaid trinomial quantity, and we will put m for the unknown co-efficient of 
ax in the ſecond, or middle, term of the ſaid trinomial quantity: and, further, 
we will ſuppoſe that the two latter terms of the ſaid quantity are ſubtracted from 
it's firſt term, and are, together, exactly equal to it, ſo as to make the whole tri- 
nomial quantity be equal to o. And then the ſaid trinomial quantity will be 
5aa — Max — x, and the quadratick equation by which we may hope to diſ- 
cover the value of x in the aforeſaid equation of the eighth power, or the magni- 
tude of the line Ch, by means of which the preſent Problem is to be ſolved, will be 
the equation a4 — max — xx = o, or xx + max = 5aa, We muſt therefore, 
in the next place, endeavour to find the value of the unknown number 1. 


Art. 15. Now, in order to find the value of n, it will be neceſſary to find a 
tolerably near value of x, or one that ſhall agree with it's true value to one place 
of decimal figures; which may be done in the manner following, 
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We already know that the leſſer value of x in the foregoing original big. 
equation of the tenth power, (which reſults equally from the conditions of Mr. 
Glenie's Problem and from thoſe of the preſent Problem,) or the lefler root of 
the ſaid high equation is = 0.632,993,15 &c X 4. Therefore the greater root 
of the {aid high equation of the tenth power, or the only root of the foregoing 
equation of the eighth power, which we are now endeavouring to reduce to a 
quadratick equation, to wit, the equation 360 a7x + 1404 a + 1640 45x + 
978 a*x* + 408 a%x* + 124 4 + 24 ar! ＋ za = 2525 a, muſt be greater 
than 0.632,993,15 &c x 4. And the ſaid root mult be leis than a; becauſe, 
if it were to be equal to 2, the octinomial quantity 360 a + 1404 &*x* + 
1640 a + 978 A + 408 4˙ο + 124 4 + 24 ax? + gx* (which forms 
the firſt, or left-hand, fide of the ſaid equation, and is equal to 2525 4˙ would 
be (= 360 &* + 1404 & + 1640 #& + 978 + 408 4 + 124 & + 24 4 
+ 3 4% = 4941 4, which is almoſt double of 2525 4, or the abſolute term of 
the ſaid equation; and conſequently a muſt be conſiderably greater than the true 
value of x in the ſaid equation. Therefore, ſince x is greater than 0.642 &c 


X a, but leſs than a, or 1 X a, we will ſuppole it to be nearly equal to an 
; ; 1.632 
arithmetical mean between 0.032 &c X à and 1 X a, or to xa, or o. 816 


&c Xx a; and will ſubſtitute 0.8 x @ inſtead of it in the quadratick equation 


xx + max = gad. And then we ſhall have o. S x a2 + ma X 0.8 X @ = 
54a, or 0.64 X aa + m X 0.8 X aa = zaa, and conlequently 0.64 + m X 0.8 
= 5, and m x 0.8 (= 5 — 0.64) = 4.36, and n = ES = $5.45. Therefore 2 
(which muſt be a whole number, if the propoſed diviſion of the foregoing long com- 
pound quantity, conſiſting of nine terms, can take place,) muſt be either the num- 
ber 5, or the number 6, which are the neareſt whole numbers to 5.45 ; and conle- 
quently the quadratick equation ſought, to wit, the equation xx + max = 54a, 
muſt be either xx + 5ax = 5aa, or xx + Gar = 5aa, But neither of theſe 
quadratick equations will give us a value of x equal to that which we are ſeek- 


ing, or to that of the foregoing equation of the eighth power. For, if we ſup- 
poſe xx + 5ax to be = 5aa, we ſhall have xx + 52x + 7 X aa (= 5aa + 7 


KT, WM — . ===; and conſequently x + 2 will be = LE 


X a, and x will be (= LH — L* 4 = — „2 — Gran, 
X a. And, if we ſuppoſe xx + 6axto be = 5aa, we ſhall have xx + 6ax + ga 
= 5aa + gaa) = 14aa; and conſequently x + 34 will be = / 14 Xx a, 
and x will be = 14 Xx & 34 = 3.72 X 4 — 34 = 0.72 Xx 4. But nei- 
ther of theſe values of x is equal to the root of the foregoing equation of the eighth 
power, which has been found in the Scriptores Logarithmici, Vol. 4, pages 386, 
387, &C - - - 395, io be = 0.791,626,8, &c x a, which is leſs than 0.85 x a, 
or the root of the quadratick equation xy + 5ax = 5aa, and greater than 0.72 X 9, 
6 or 
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or the root of the quadratick equation xx + 62x = 5aa. And moreover, nei- 
ther of the two trinomial quantities 54 — Fax — xx and 544 — Ce — xx 
will divide the long compound quantity — 25253 + 36048%x + 1404a%* + 
16404%? + 9784%* + 4089 + 124% + 24% + 3x* without a remain- 
der. For, if we attempt to divide this quantity by the trinomial quantity 5a 


: 152 
— 50x — xx, we ſhall find the Quotient to be — 5054 — — a*x &c; and, 


if we attempt to divide it by the trinomial quantity 5aa — bax — xx, we ſhall 
find the Quotient to be — 5054 — 5344%x — 4614%* — 3324%* — 29 5 K 


5 . . . . 
ww &c; both which Quotients contain ſome terms that have fractional 


coefficients, and therefore will not compleatly exhauſt the Dividend, or leave 


it without a remainder, This endeavour to reduce the ſaid equation of the 
eighth power to a quadratick equation by means either of the trinomial quantity 
5aa — 5ax — xx, or the trinomial quantity 5a@4 — Gar — xx, is therefore 
wholly unſucceſsful. 


Art. 16. We will now ſuppoſe the co-efficient of xx in the ſaid trinomial 
quantity by which we hope to divide the foregoing long compound quantity, 
conſiſting of nine terms, without a remainder, to be 3, inſtead of 1, and will 
try the effect of that ſuppoſition, 


Now, if 5 is, as before, the co-efficient of aa, and 3 is the co-efficient of x, 
and m be put, as before, for the unknown coefficient of ax, the ſaid trinomial 
quantity will be 5% — max + 3xx. And this trinomial quantity, in order to 
be uſeful to us in our prefent purſuit, muſt be ſuppoſed to be equal to o; and 
conſequently Sas will be = max + gx. Therefore max will be equal to gag 


— 3xx, and m will be = — — Now we know that x is nearly = 0.8 X 6. 
Therefore xx will be nearly = 0.64 X aa, and ax will be nearly (= a x 0.8 


a= 0.8 Xx aa, and m, 4 will be nearly (= — 3.x 0.64 Xx ax 
O. 8 Xx aa 


2 — _ _ = — = 3.85. Therefore muſt be the whole 
number that is neareſt to 3.85, which is 4, Therefore the trinomial quantity 
fought will be 5a@ — 4a — 3xx, and the value of x which we are leeking 
malt be the root of the quadratick equation 34a — 4ar — zur = ©, or of the 


equation 5aa = 4ax + Zax, or of the equation xx + — = 755 Now, if «x 
1 . 4a 4gaa 5 2 4a 1544 4a 
+ — is = =, we ſhall have xx + — = (== TSL = 4X42 
3 "Ys + 1 g ( 5 9 * 2 
2. and conſequently x + = will be = —2 2 en X a, and x 
Vol. VI. G will 
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will be = L X @ — TEE Xa=0o.78Xxa, But this value of x is 


3 
leſs than the root of the equation of the eighth power which we are ſeeking, 
which bas been ſhewn to be = 0.791,626,8 X 4. Therefore this trinomial 


quantity 52 — 44x — 3xx fails us as well as the two former trinomial quanti- 
Lies 3 — 5ax — xx and gaa — bax — xx. And moreover, this new trino- 
mial quantity 22 — 4a — 3xx will not divide the long compound quantity 
— 2525a* + ga + 1404 + 1640» + 9784a*%x* + 4089%x* + 1244*x* 
+ 244 + za without a remainder, any more than either of the two former 
trinomial quantities 343 — 5a — xx and gaa — Fax — xx, For, if we at- 
tempt to divide this long compound quantity by the trinomial quantity 544 — 
1217a%z3 
5 


* . . I21 
f, contains the fractional number — 


4ax — 3xx, we ſhall find the Quotient to be — 5054 — 3324˙ — 


&c, of which the third term, — : 


or 243 + : , and which therefore will not compleatly exhauſt the Dividend, or 
leave it without a remainder, 


Art. 17. From the failure of all theſe endeavours to find a quadratick, trino- 
mial, quantity that ſhall divide the ſaid long Dividend, (conſiſting of nine terms,) 
without a remainder, it ſeems highly probable that no ſuch Diviſor can exiſt, 
or, at leaſt, can be found by this method of Inveſtigation ; though, to make this 
quite certain, it would be neceſſary to try all the following trinomial quantities, 
to Wit, 1 X 4 — Max — Ax, I X 44 — max — JXxYX, 2540 — max — XX, 
2504 — MAX — JXX, 10144 — max — xx, 10144 — MAY — JZ&*, 50 ga — max 
— XX, $0544 — Max — gæx, 252544 — max — Xx, and 252504 — Max — Zxx, 
in which all the poſſible diviſors of the number 2525, except the number 5, 
(which has been already tried,) are ſucceſſively taken for the co-efficient of aa 
in the firſt term of the ſaid trinomial quantity; which trials muſt be made by 
ſuppoſing each of the ſaid trinomial quantities ſucceſſively to be equal to o, and 
ſubſtituting 0.8 X à inſtead of x in each of the ſeveral equations thence reſult- 
ing, to wit, in the equations 1 X aa = may ++ xx, I X aa = max + Zxx, 

254 = max + xx, 2504 = max + Jxx, 1014 = max ＋ xx, 10148 = max 
+ 3xx, so = max + xx, o = max + Jax, 252504 = max ＋ ax, 
and 232 54 = max + 3xx, and then reſolving the ſaid equations, ſo as thereby 
to obtain near values of the unknown co. efficient m, and then ſubſtituting for m 
in each of the ſaid equations the neareit whole number to the value of ſo ob- 
rained, But this would be a tedious taſk, and would give us more trouble than 
to find the root of the long equation 360 + 14044%* + 16404%x? + 978a*x* 
+ 408a˙ + 124 + 244 + 3x" = 252 54 io ſeven, or eight, places of 
decimal figures in the natural and common way, by Mr. Raphſon's, or ſome 
other, method of Approximation, as has been done in the 4th volume of the 
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Scriptores Logarithmici, in pages 386, 387, 388, 3$9, - - - 395; and we may 
be almoſt certain that it would be unſucceſsful, and only ferve to ſhew that fuch 
reduction of the ſaid equation of the eighth power to a quadratick equation by 
means of ſuch a trinomial Diviſor of the ſaid compound quantity, confiſling of 
nine terms, is impoſſible. I am therefore inclined to acceed to Mr, Frend's 
opinion, that theſe attempts ta reduce high equations to quadratick equations 
by means of ſuch quadratick, trinomial, Diviſors, are, for the molt part, but of 
little uſe, and that the belt way of reſolving thoſe equations, and conſequently 
of ſolving the Problems from which they have been derived, is the moſt obvi- 
ous and natural way of doing 1t, to wit, to begin our reſolution of the ſud 
equations by making judicious conjectures and trials concerning thoſe roots of 
them which are neceſſary to the Solution of the Problem that gave riſe to them, 
ſo as to obtain tolerably good firſt near values of the ſaid roots, and then to ap- 
proach nearer and nearer to the true values of the ſaid roots by two, or three, 
proceſſes of Mr. Raphſon's, or ſome other, method of Approximation, till we 
have obtained the values of the ſaid roots to the degree of exactneſs that we 
think neceſſary. 
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Anitum, by which the Law of Continuation of it's Terms is ſhewn to 


extend to all it's Terms as well as to thoſe which have 


been actually inveſtigated. 
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Ma. MANNING'S INVESTIGATION 


OF THE 


DIFFERENTIAL SERIES 


bx Dix Dis D Drrrs Ds D'1,7 
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finitum, by which the Law of Continuation of it's Terms is ſhewn to 
extend to all it's Terms as well as to thoſe which have 


been actually inveſtigated, 


Article 1. N the 3d volume of this Collection of Mathematical Tracts, 

| intitled, Scriptores Logarithmici, there is a very uſeful Tract on 

the Summation of infinite Serieſes that converge too ſlowly to be ſummed in the 
common way, or by the mere computation of a moderate number of their firſt 
terms, and the addition of them together, or the addition of ſome of them to- 
gether and the ſubtract ion of others of them from the former; in which it is 
ſhewn that, if the ſlowly-converging Series be of the following form, to wit, 
a — by + ff — d& + et — ff + g — buy + ix — ki? + &c ad inſni- 


tum, the ſaid Series will be equal to the Differential Series a — 17 . 
Dis Digs D. Das D 2 &c ad infinit hich ll x 

— — — ue — —— — - — — 17 nl um w IC WI a 2 
I +x)3 I + * 1 +15 1 +25 11 7 : 4 


ways converge with a conſiderable degree of ſwiftneſs. The ſuppoſitions upon 
which the equality of theſe two ſerieſes to each other is founded are as follows. 


In the firſt place the letter x (which enters into all the terms of the flowly- 
converging ſeries a — bx + x* — d + ex — V + gx* — bx? + ix — bi 


—— 


| 
| 
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+ &c, except the firſt term a,) muſt be either leſs than 1, or equal to 1, fo 

that the ſeries of it's powers, x, x*, *, *, a5, *, x7, *, , &c, ſhall either form 

a ſeries of equal quantities, to wit, 1, I, I, 1, I, I, I, 1, 1, &c, or a ſeries of 
2 


% * 7 '$ 
2 py , | 9 3 ©) 4 . Gt 6 ( ; | 
decreaſing quantities, ſuch as the ſeries r, 4 2 i 2 : 2 : — 2.2 
10 10 0 10 10 10 10 10 


9 : In Ys 4 5 6 7: anal 99P 
. we, or the Series 2, EP, , . . . , , . ge 


100, 100 100. 100 100 


In the ſecond place, the ſeveral numbers 2, 5, c, d, e, ,, g, b, i, k, &c muſt 
be a ſet of numbers that continually decreaſe, or of which every one is leſs than 
that which immediately preceeds it; to wit, & than a, c than &, d than c, e than 
d, and ſo on. | 


And in the 3d place, the ſeveral differences of theſe numbers, beginning from 
the ſecond number 5, to wit, the differences b — c, c — , d — e, e — f, 
F , g - , 2 — i, 1 k, &c, allo form a decreaſing progreſſion, as well 
as the numbers , c, d, e, , g, b, i, &, &c, of which they are the differences. 


And, athly, the differences of theſe differences, to wit, the quantities 5 — c 
sc d. = =. e, d -e , e, - =. -, 
g - i, and - - i — E, &c, or the trinomial quantities 4 — 2c 
＋ d, c — 2d ＋ e, 4 — 20 +f, e — 2 ＋ e, — 29 T 5, 9 — 25 + i, and 
h — 2i + k, &c, or the ſecond differences of the numbers 6, c, 4, e, f, g, C, i, 
E, &c, allo form a decreaſing progreſſion ; and the differences of theſe tecond 
differences, to wit, the quantities 5 — 20 + 4 — , — 24 Te, c =24 + e 
% — 20 T7, d — 20 1 — , — 2 ＋ g, e fe —f — 2g = b, 
f — 29 + h —(g — 20 +1, and g — 25 + 1 — — 2i + , &c, or the 
quadrinomial quantities þ — ge + 34 — e, c— 3d + 3e —f, d — ze + 3f 
, e 36 — , , — 3g + 3% — 1, and g — 3b + 3i — k, &c, or 
the third differences of the numbers 5, c, d, e, f, g, b, i, #, &c alſo form a de- 
creaſing progreſſion; and the differences of theſe third differences, to wit, the 


quantities þ = 3c + 3d — e — c — 34 + ze — f, c— 3d + 3e — f 


Sd —3e + 3f —2,d—3e+3f=g=le—z3f+3g—h,e—3f + 37 
* —3+39—1, andf—3g + 35 —i—(g— 39 + 3i — 4, &c, 
or the quinquinomial quantities b — 46 + 64 — 42 - F. c — 44 + Of cw 47 
＋ g, d — 4e + 6f — ag . % — 4½ + bg — 4 +2, and f — 4g + 6b 
— 4i + k, &c, or the feurih differences of the numbers 6, c, d. e, /, g, h, i, k, &c, 
alſo form a decreaſing progreſſion; and, in like manner, the filth differences, 
and the ſixth differences, and the ſeventh differences, and all the other following 
differences, of the {aid numbers 5, c, d, e, % g, b, i, &, &c of other higher orders, 
continued to any number whatloever, allo form decicaling progreſſions, 


4 ; And 
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And further, the firſt term, 3 -c, of the firſt ſeries of differences of the {id 
numbers 5, c, d, e, /. g, b, i, &, &c, is denoted by D*, or the capi-al letter B 
with the Roman nume ral figure 1 placed above it; and the firſt term, þ — 2c + d, 
of the ſecond ſeries of differences of the ſaid numbers is denoted by Dun, or the 
ſame capital letter 1) with the Roman numeral figure 11 placed above it; and 
the fiſt term, þ — 2c + 34 — e, of the third ſeries of differences of the {id 
nvmbers is denoted by D'“, or the ſame capital letter D with the Roman nu- 
mera! figure 111 placed above it; and the firit term, 3 — 4c + 64 + 4e — 5 
of the fourth ſeries of differences of the ſaid numbers is denoted by D*, or the 
ſame capital letter D with the Roman numeral figure * placed above it; and the 
firſt terms of the filth, fixth, ſeventh, eighth, ninch, and tenth, and other follow- 
ing, ſerieſes of differences of the ſaid numbers ate in like manner denoted by Dy, 
Di, Lin, Det, D*, D*, &c, or by the ſame capital letter D with the Roman 
numeral figures that expreſs the orders of differences to which they reſpectively 
belong, placed over it. 


With this notation of the firſt terms of theſe ſeveral ſerieſes of differences, 
and upon the ſuppoſitions above-mentioned concerning thoſe ſerieſes of differ- 
ences, to wit, that each of them is a progreſſion of decreafing quantities, it will 
be true that the flowly-converging ſeries 4 — bu + e — % + ex — ff + 
ga® = bx) + af — bx? + &c ad infinilum will be equal to the Differential Series 
by D'a® Ditz Due“ Durs Des Dla R 

— —— —— —— — — - &c ad inf 
I+x IT 1s Tah 1+x5 1-+x\* 1+x)/ 
witizm, in which Series all the terms after the firſt term @ are marked with the 
ſign =, or the ſign of Subtraction, or are to be ſubtracted from the ſaid firſt 
term a, The truth of this Propoſition is demonſtrated in the faid Tract in the 
3d volume of this Coll-ction of Tracts, intitled Scriptores Logarithmici, which is 
in med, A Method of finding the Value of a flowly-converging infinite Series of de- 
cen Quan'ities of a certain Ferm, c, and begins in page 219 and ends in 
page 252 ut the ſaid volume. And ſeveral very notable and curious examples 
are given in the [41d Tract of the great uſefulneſs of the latter Series (which, 
from it's involving in it's terms the ſeveral Differences D', Du, Du, D®, D', 
Li, &c of the co-efficients 5, c, 4, e, f, g, h, &c of the ſeveral powers of x in 
the original Series @ — by + c — da + en — f + gif — bx? + &c, is 
called The Differential Series,) in finding the value of the original Series 4 — bx 
+ Ct = 13 + en — 35 + g — bs? + &c, when it's terms decreaſe with 
ſoch exceſſive ſlownels as to make it incapable of being ſummed in the common 
waz, or by the mere computation of a moderate number ot it's initial terms, 
and a {ubtra%i.n of the ſum of thoſe which are marked with the fign — from 
the ſum of the firſt term a and the following terms cx*, ex*, g, ix*, &c, which 
are marked with the fign +, or are to be added to the ſaid firſt term. But the 
method of inveſtigating this Differential Series was but ſlightly touched upon in 

Vor. VI, H that 


4 — 


— — — —k4q2 ——— — 


50 MR. MANNING's INVESTIGATION OF THE DIFFERENTIAL SERIES 


that paper, to avoid making it too long: and I likewiſe thought, at the time of 
writing it, that I had made it ſufficiently intelligible. But in this opinion I was 
miſtaken; and I came afterwards to think that this omiſſion of a more ample ex- 
planation of the method of inveſtigating thisSeries was a defect of ſufficient import- 
ance to deſerve to be ſupplied in the beſt manner | was able. For a learned and in- 
telligent friend of mine, who had a very clear head and a good capacity and turn for 
mathematical inquiries (though the buſineſs of his Profeſſion prevented him from 
employing much time and labour in the purſuit of chem, ) the late Henry Boult Cay, 
Eſquire, a Barriſter at Law of the Society of the Middle Temple, (who was alter- 
wards made Sollicitor to the Excile in the year 1783,) upon reading that Tract, 
though he was greatly pleaſed with the Differential Series deicribed in it, on account 
of it's great utility in finding the values of flowly-converging Serieſes that fall un- 


der the form of the general Series 4 — by c — dx? + ex* — * + g — by" 


+ &c ad infinitum, yet complained at the ſame time that the manner ot obtain- 
ing it had not been therein ſufficiently explained for him to un«lerſtand it tho. 
roughly. This made me reſolve to give a further explanation of it in as full and 
clear a manner as I could, and was the occaſion of my drawing-up a ſecond 
Tract upon that Series, which is alſo printed in the 3d volume of this Collec- 
tion immediately after the former Tract, in pages 255, 256, 257, &c, - = - - 312, 
under the Title of The Inveſtigation of the foregoing Differential Series, in which 
the ſubject is treated with very great care and exactneſs. In this ſecond Tract 
I have, in the firſt place, given a very full deſcription and demonſtration of the 
Principles by means of which I had inveſtigated the ſaid Differential Series, 
which are ſet forth in four Lemmas, or preliminary Propoſitions to the Inveſti- 
gation itſelf of the ſaid Series; and I have there exhibited the ſaid Inveſtigation 
in a very diſtin and particular manner, ſo far as to determine the firſt five terms 


of the ſaid Differential Series, which are found to be a — 5 — — „ 


12 Is yy | * br 

— — ö — —— aw — — — Or N NEE 
= % 2c +4\ X Is . Ce — 
22 a 1 of which all the terms after the firſt term @ have the 


Tn ia IT 
ſign — prefixed to them, or are ſubtracted from the ſaid firſt term. And J added, 
(in art. 46, page 282, ) that I had, for my own ſatisfaction, inveſtigated in the 
ſame manner the ſixth, ſeventh, and eighth, terms of the ſame Differential Series, 


and found them to be equal to 4 — 46 + bd — ge + f x — and 


- 6 
b—5c+10d — 10e+5f— N — and 4— 6c+15d — 20 + 157 — 6g+b) 


7 . Dx 7 
, or to-, , and =——, and that they alſo, as well as the four 
> IT 1+) Tae I Tn 7 6 


preceeding 
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preceeding terms, were to be ſubtracted from the firſt term a, and conſequently 
to have the fign — prefixed to them. And I then obſerved, that it ſeemed rea- 
ſonable to conjecture, from the analogy of thoſe ſeveral terms to each other, 
that the fame Law of Continuation would take place in the following terms of 


, D*1x7 , 
the Series after the eighth term - —, and that thoſe terms would conſequently 


Ir 

Dres D170 at el Dx. Dn 
ez“ TT? T That TT 
prefixed to them, or be ſubtracted from the firſt term 4, like the other ſeven 
terms, immediately following the ſaid firſt term, which I had already inveſti- 
ated. But I confeſſed at the ſame time that I was not able to ſee clearly and 
diſtinctly in my own mind, and much leſs to demonſtrate to others, that theſe 
things muſt of neceſſity be ſo. T his therefore was a defect which ſtill remained 
in the Inveſtigation, and which J was ſorry to be forced to leave in it, and 
which the readers of it muſt, I thought, have wiſhed to fee ſupplied, in order to 
make their knowledge of the ſaid very uſeful Differential Series quite compleat, 
and to enable them to uſe with perfect confidence as many of it's terms as they 
might at any time have occaſion for. Now this detect 1 was, about two years 
ago, enabled to ſupply by the aſſiſtance of my learned and ingenious friend Mr. 
John Hellins, Vicar of Potter's Pury in Northamptonſhire, who communicated 
to me another method of inveſtigating the values of the ſecond, third, fourth, 


? . Qr Nr 8x3 
h, and other following terms of the aſſu ſeries ; — 
fifth, 2 aſſumed Te = = 
Tal. Vas Ws Xr 


— =p 5” ==7 &c ad 1ifinitum, (which is equal to the original Se- 
ries a — bx + c = dx? + ex* — * + ga — bx? + &c ad iiſinitum,) and of 
ſhewing that the fame ſign — mult be prefixed to all of them, which was differ- 
ent from that which had been ſet forth in the ſaid ſecond tract of Vol. 3 of this 
Collection, and which had the additional merit of being of ſuch a nature as to 
enable us to perceive that the Law of Continuation, or generation, of the terms 
of the ſaid aſſumed Series one from another, which is found to take place in 
thoſe terms of it that are actually inveſtigated, muſt likewiſe take place in all the 
following terms, which have not been inveſtigated, to whatever number the ſaid 
terms may be continued. And this method of inveſtigating the terms of the 
laid aſſumed Series, and the ſigns that were to be prefixed to them, which had 
been invented by Mr. Hellins, I afterwards ſet forth and explained at great 
lengih in the IXth tract of the fourth volume of the Scriptores Logarithmict, in 
pages 571, $72, 573, &c, - = - 614, intitled “ An Appendix to the Tract on 
the Summation of infinite Serieſes contained in the 3d volume of this Col- 
* lection ot tracts, called Scriptores Logarithmici, pages 255, 256, 257, &c, 
* -+- - 312, in which an Inveſtigation is given of the Differential Series 4 

H 2 _ 


, &c, and would all have the ſign — 
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be D742 Dis Dres Dias Dae N RE 
** — = — - —- = - &c_ a! . 
I +x l+x * 17198 1 +a) 1+x58 1+x)® 1+x1\7 WE 


& foi um; containing an improvement on the faid Inveſtigation, that has lately 
« been made by the Reverend Mr. John Hellins, B. D. Vicar of Potter's Pury 
in Northamptonſllite; in pages 571, 572, 5/3, &C, 614.“ 


This Inveſtigation of the ſaid Differential Series, communicated to me by 
Mr. Hellins, is very ſatisfactory, (when fully underitood,) as io the proof that 
the Law of continuation of the terms which takes place in the terms that have 
been actually inveſtigated mult likewiſe take place in all the following terms of 
the ſaid Series, to whatever number of terms the ſaid Series may be continued. 
But it is rather long, and requires a great deal of attention to underſtand it tho. 
roughly. And therefore | have been very much pleas'd wich the peruſal of 
another Inveſtigation of this Differential Series, which (though it bears a conſi- 
derable reſemblance to that of Mr. Hellins, and is founded on the ſame prin- 
Ciples,) ſeems to be ſomewhat ſhorter and eaſier than the other, and equally ſa- 
tisfactory with it as to the proof that the Law of continuation of the terms miſt 
extend to all the terms of the Series as well as to thoſe which have been actually 
inveſtigated. This Inveſtigation was communicated to me very lately, in De- 
cember, 1801, by Mr. Thomas Manning, a young Gentleman of great kill in 
the Mathematicks, who was ſome years ago a ſtudent of Caius College, Came 
bridge, and who, in the year 1796, publiſhed a learned work in one volume 
octavo, intitled, ** An I troduction to Arithmetick and Algebra.” This Inveſtiga- 
tion I will therefore now proceed to deicribe and explain in as full and clear a 
manner as I can, 


Art. 2. It is evident that, if it be true that the Series a — bx + cx WO 
+ x%* — fif + g — bi) + is? — kx? + &c ad inſinitum is equal to the Dif- 
ferential Series a ba Diaz Dres Die Ds D'. 5 Diez 
Eren . I+X I +a 1+ * 3 1+ x! + I + at5 1+x® 1＋ 27 

111 111 „0 - Ne . . p 

D - "ED = 5 — &c ad injinitum, it will alſo be true that the Serics by — c 

I+x: I 4 
+ d& — en + „ — g + bx) = ix + ki? — &c ad infinitim will be equal 

: : : bx Dez Dire D114 Das Dae 
ries —— + == — + —— þ+ —— 
to the Nifferential Series —— + . rr rr 


& "rr ..$ 11159 . . . 4 g 5 
rc infinitum; and vice verſd. And therefore, if 


I+x) 1443 1 +X 
we can prove the latter propoſition, the former propoſition, to wit, that the Se— 
rics a — bx + * — dx? o+ ex* — e + ga — by? + &c ad infimtum is equal 


4 i E h D* 2 | Dir 3 4 tv v.6 
to the Differential Series a =» —— — == x 1 ö 
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Ee —C — &c od ir fiaitum will alſo neceſſarily be true. Now the latter pro- 
i +x'7 | 
poſition, to wit, that the Series by c + A — c + fort = g ＋ bu — 
D* 43 
6 D Des D * 
J1 1117 1 1s * 1 7 "It 111 0 : 
. — T - + &c ad infi- 


3 . a F p is 
ir? + ka? — &c ad inſſvi um is equal to the Differential Series —— + 


— — 
— — — 


1+#)3 Io ava 1+" i467 14a ava 
nitum, is proved by Mr, Manning in the following manner. 


Art. 3. Let the ſeveral Differences of the co-efficients, 5, c, d, e, f, g. h, i, K, 
&c, of the powers of x in the Series bv — c + dxf — e“ r — ga + bat 
— ix* + kx? — &c ad inſuitum, to wit, the Differences b =, c d, d - e, 
em /-, g — 5, hb —1, i — , &c, be dendted by the letter D with the 
Roman numeral figure 1 placed above it and the Arabian numeral figures 1, 2, 
3» 4» 5» 6, 7, 8, 9, &c, denoting their ſeveral places in the ſaid Series of Dif- 
ferences of the firſt order, placed under the Roman numeral figure 1 that is 
placed above the ſaid letter; fo that the faid Differences ſhall be denoted by the 
ſeveral expreſſions D . = Da, D,, D,, mn D;, D/, and Dy, &c, reſpectively. 

And let the ſecond Differences of the ſaid co-efficients, or their Differences 
of the ſecond order, to wit, the trinomial quantities þ — 2c + 4, 4 — 24 + e, 
d — 20 ＋ J, e — 2 1 g, — 24 ＋ 5, g — 25 +1, and h — 21 + &, &c, 
be denoted in like manner by the marked letters * © rg D., D., D5, D;, 
and 5, &c, reſpectively. And let their third Differences, or Differences of 
the third order, to wit, the quadrinomial quantities þ == 36 + 34 — e, c — 34 
+ ze -, d—3e + 3 — , e — 1 33 — , , — 3 + 3% — 5 and 
g — 36 + 3i — k, &c, be, in like manner, denoted by the marked letters 
=; D D> 4. D':, and DG. &c reſpectively. And let their fourth 


D flerences, or Differences of the fourth order, to wit, the quinquinomial quan- 
tities O — 46 + 6d — 4e + f, c — 40 + be — 4, ＋ , 4 — 4e + bf — 4g 
＋ b, e — 4 6g - 4% ＋ i, and /f — 4g +66 — 47 + E, &c, be, in like 


manner, denoted by the marked letters D” , = D5, D', and D, &c, 
reſpectively. And let their Differences of the fifth, ſixth, ſeventh, eighth, and 
other following orders, be, in like manner, denoted by the Serieſes D. 92. 


OR OE. o vit avi 
D., D., D., &c, and Dr D, Da, D.» 3. MC 20087”. Da; D 


Vil 


v 5 ; 3 5 1 3” 
D * D 5, &c, and * = D'; D'., D'., &c, ad infinitum. 
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This notation being premiſed, we may proceed to lay down and demonſtrate 
the following Lemma, or preliminary Propoſition, which is the foundation of 


Mr. Manning's inveſtigation of the Differential Series = + _—_ Lad 
Dur Dres Des 
p 


re 140 © 493 


Dre 5 ; 
— & c ad infnitum. 
+ == + fi 


_—_—_—_—_——_———_—_—C— 


A LEMMA. 


Art. 4. The ſeries by — c + dif — ex! + fif — g + bu) — 1 + ki 
— &c is equal to the compound quantity 1 5 + the fraction 172 X the Series 


T I 


3 5 
Fnitum, conſiſting of two parts, of which the firſt part is the fraction _— or the 


firſt term bx of the firſt Series by — a? + dx? = ex! + i — gx + by) — ix 
+ kx? — &c divided by 1 + x, and the ſecond part is the product of the mul- 


tiplication of the fraction 772 into the Series Die — D, x- + D, 


+ D,x* — Dgx* + Dx — Dgæ + &c ad infinitum ; in which Series the ſame 
powers of x occur as in the original Series bx — cx + dx — ex* ＋ A — gx 
+ bx" — ix + &c, and the terms have the fame figns — and + prefixed to 

them reſpectively as in the ſaid original Series, but the co-efficients of the ſeveral 
powers of x, to wit, D. , 97 D,, D,, D., D;, &c are equal to the Differ- 


ences of the co-efficients , c, d, e, f, g, b, i, &c of the ſeveral powers of x in 
the ſaid original Series. 


* — D 42. 4 Der- + Da- — Dg + &c ad in- 


X3 — D, xt 


DEMONSTRATION, 


Let the value of the whole original Series bx — cx. + d — ex* + A — ge 
+ bx" — i + &c be denoted by the capital letter 8S. And let both fides of 
the equation bx — c + dif — e + fi g' + buy — ix! + &c = S be 
multiplied into the binomial quantity x + x. And we ſhall then have the mul- 

6 tinomial 
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3 a bx — c + df — ex + ff — ge +I -n ＋&c 1 
tinomial quantity + b& — af + dre + g +ix* & © 


119 X 8. 


But the ſaid multinomial quantity is = bx T - X — , —2 x nm 
— — —ͥͤ( — — 
＋ T=, — e X , = HN EXT =I 


— &c = (by the notation deſcribed in art. 3,) bx + Dx a D. X 4 b. 


1 1 I 
Vat 2 Dl + D 5s — Dex + D. — &c. 


Therefore bx + DI = DIA + Dt — D,x* + Da- — Dor 5 D, x 
- &c will be = 1 + * X 8. 


Now let both ſides of this equation be divided by x + x. And we ſhall then 


I 1 1 1 
bi Di 5% Duro Df D Dat 


bs IN OE 
have — ＋ 1+x I+x T 1 +x 1+x * 1+x 1+x —— — Kc 


Dias D, a? Da- D, x3 1 D. x? v 

But bx 2 4 3 2 4 + * 0 + 4 
2 1＋ * I +x I +x I+x I+x I+x I+x 1+x 

SL nds . * 1 1 I r 

is = f + the fraction ox X the Series Dix — Da + Dx 4 D,x* hs 


— & 


D,x* DE + D,x" — &c. 


bx 8 * 0 r "2M ' 
Therefore 7 + the fraction 25 X the Series Dix D 4 De PLL 


D. +D go — D* + Dax, — &c will be = 8, or = the original Series 
by == c ＋ di — e + r — gx* + bx? — is® + &c ad infinitum. Qs k. D. 


From this Lemma Mr. Manning's Inveſtigation of the Differential Series 


bx D*a® Durs Dir D"*x5 D D'*x7 3 
yo > wm" —_ + __ = _ ——_— + &c ad infinitum 
(which is equal to the original Series by = c + dx? - ex + r g ＋ bs? 
— ix" + ks? &c ad infinitum) may be derived in the following manner. 


The 
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: bx D*z2 Dres Dr, Dres 

i 7 ral Series 2 — — — — 

The Inveſtigation of the Differential Series —— + 17. + 1 + = + = 
Das D'? 

11a I1+x7 

Series by — C + d — e + . — g + b — is" + &c ad infinitum. 


+ Oc ad infinitum, which is equal to the Slow!y=converging 


Art. 5. The Series Dix — D + D. — D * + D.. — Do 4 DJ” 
— &c, which is obtained in the foregoing Lemma, and which, being multiplied 
into the fraction 22 makes the ſecond part of the compound quantity which 


is there ſhewn to be equal to the original Series bx — cx + dx — er + fs 
— gx* + ba” — ix* + &c, is a Series of exactly the ſame form with the ſaid 
original Series. For, in the iſt place, it involves in it's terms the ſame powers 
of x, to wit, x, *, *, *, *, ve, x7, &c in their natural order; and, ſecondly, 
it's ſecond, and third, and other following terms are marked with the figns — and 
+ alternately, juſt as the ſecond, and third, and other following terms of the 


{aid original Series are; and, thirdly, the co-efficients, 9. = D,, D * D., 


DS. D. , &c, of the ſeveral powers of x in it's terms form a Series of decreaſing 


quantities, as well as the co-efficients, &, c, d, e, f, g, b, i, &c, of the ſame powers 
of x in the ſaid original Series. Therefore, ſince it has been ſhewn in the tore- 
going Lemma that the ſaid original Series bv — c + dx? — e + for — gab 
+ bx? — ix* + &c is equal to the compound quantity 1 ＋ the fraction 1— 
x the Series Dix —D, x + Ds — D,x* TY Ds 1 Dgx* + Dx? — &c, 
in which Series the ſeveral co-efficients D,, D, D,, D Jo D,, D 5 D. &c, 
of the powers of x are the Differences of the co-efficients, 6, c, d. e, f, g. b, i, &c, 
of the powers of x in the original Series bx — cx + 4 — ex* + ff — ga 


+ bx? — ix" o+ Ke, it follows that the faid Series Dj D. + PI D.. 


+ D 5* — DG + Dx" — &c muſt, in like manner, be equal to the com- 
I 
D.x 
7 Di —D,' x « 


pound quantity —— + the fraction —— x the Series 
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O D') x * — D X * — D, — D. ** + 0, — % 


3 
X * — D;g — D. x * + &c, or (according to the notation deſcribed in 


— 
— 


1 
D. „ 
art. 3,) to the compound quantity — the fraction - == * the Series D's 
—D,x + 53 — D412. + Diers _ Do- + &c, in which Series the co- 


efficients, DI. Da, Ds D. De, Dg, &c, of the ſeveral powers of x are 
the Differences of the co-efficients, Di, Da, D., D., D5, D;, De, &c, of 


the powers of x in the preceeding Series. 


* 


_— x the 


Therefore, if in the compound quantity —_ + the fraction 


Series Di Pz + Dau DA. + D- DG + Dx" — &c, (which 
has been ſhewn in the foregoing Lemma to be equal to the original Series bx — 


cr + dif — e + , — g' + hr — ix + &c,) we ſubſtitute, inſtead of 


the Series Djx Pau + Dau? P + Ds? — De + Ke, it's value, 


1 
D.x 
ity 5 I — - 11 n 
the compound quantity = + the fraction _ Xx the Series Di s D! * 


+ DJ — D,x* — Dias — Dex + &c, we ſhall have the ſaid compound 


quantity —=— + the fraction 7 — x the Series Dix — Da 1 D525 — D,x* 


+ D's Due D! 3 bx "TY OY} x Ds 
8 87 * C = 7575 eien TN 
. x . * . 11 n , a 11 
fraction vv he the fraction 1 the Series D 11 — D . D 3¹ — D 4* 
1 
+ Dx DL e don x ha 
9 0 I + x 1 + x\* Tr 


D* 25 Dax ” DJ" — D, x* * Der- — Dex* + &c; and conſequently 


i 37 Da 
this laſt compound quantity 2 =_ = + the fraction 
f 1 * 


X 
— X the Se- 
1 + x;* 
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hs D's 2 Da- TE D\s* 8 D,x* + Dx — DG + &c will be equal to 
the original Series bx — c + dx? — ex* + f — gx + bs) — i + &c ad 
infinitum ; ſo that the two firſt terms of the compound quantity which is equal to 


bi 


bx 
the ſaid original Series will be rr a. Ro 1. 


Art. 6. And, in like manner, by transforming the laſt Series D's — Dy 


— 


— Ds? — D* ++ D.x* _ DG + &c, by means of the foregoing Lemma, 
Dx 
into the compound quantity —— + the fraction, 


: 111 
* the Series D yn 


D + D — 4 ＋ D D + &c, we ſhall have the 
original Series by — cx + di — ex* + fi — g + by) — i + &c (= 


D 
by I R 4 * . 11 1 I 
r the fraction — * the Series D, x — D, & + D3 * 
Dr 
4 * + D. DE + &c = norte + PR 4. the fraction = 
1 2 f 5 
- + the fraction 1 x the fraction —_ w = * the Series D 8 1 
£ Tas ret” ele” ane 3 


D x3 
I 5 3 
wh 1 ＋ 2\ + the fraction — 


D', * W D's = D's * + &c; ſo that the three firſt terms of the com- 
555 quantity that is equal to the ſaid original Series will be —— 


| 1 111 111 111 
X the Series D. X — DX ＋ DAK 
3 


D Da? | 
＋ FNF N * 


Art. 7. And, in like manner, by transforming the laſt Series D's — Dx 


* D ws D',* + D .'a* — D' + &c, by means of the foregoing 
5 | Lemma, 
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11 
0 D x 


. . [ . * 
Lemma, into the compound quantity — the fraction 


th ; 
_—_— Series 


Die — Ds" + _— oy D. 3 Dx 8. Dos + &c, we ſhall have the ori- 
bs 


48 ) * — 7 . 22 7 3 — . 7 ! 3 ä 5 * y 8 * — — — 
ginal Series 6x — cx —— GN 6X" I Fa EX wm bx — / \ — &C (= 2 2 
* v 2 
1 1 111 2 


5 # 9 111 
— ——— the fraction — the Series D. x - D, 4 
23 * : == *% 2 


* 


111 111 111 HI... | 
So 13 abs 13 lem £3 » 7 ho 
111 

* 


Ne. D. D x3 
EIA 


a3 1 : a3 x 
the fraction =— x —— + the fraction . X the fraction 
I 4 


17 2 1 + x)3 L + x * the 


Series Dir — D. x + D, — D,x* + D x- — Dea + &c) = 


1 It 
Daa D x3 23 2 


I ** 


| Ty 17 
— — — ate * 3 1 1 — 
o fraction — x the Series Dix — D 


3 Dgx* + &c; fo that the four firſt terms of the 


5 


F 1 * ” 
D. D. + D 


compound quantity that is equal to the ſaid original Series will be + 


I +xX 
it 


I Til 
13 
D x? D + D , * 
Tir T FF N a. F. . 


P . 0 . 17 te 
Art. 8. And, in like manner, by transforming the laſt Series Dix — Dx 


17 =” "© 1 
4 yy — D,x* + Da — Dea + &c, by means of the foregoing Lemma, | 


x7 


D's 


N . Xx K v 
＋ the ſraction X the Series Dx * 


11 * I + x 


D,x* I D358 — D,x* + Dx — D7x* + &c, we ſhall have the original Se- 


1 + dx = ex* + . — g + bil = 1 ＋ &c (= 


into the compound quantity 


{x 


I - Xx F 


D* Dx D , x 44 
6 OO. IV a iv 4 
x; + =; + = + the fraction 1 X the Series DX — D,, « 


I 2 * 
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1 11 
D a? D #3 
+ 5 3 5 4 ' + wad 8 B 6 &c 3 bx + 3 1 + 14 40 
1111 
D : . D wy 4 
712 the fraction = 3 the fraction ==z Xx the fraction 
I +x\ ” 


. N * | V V o 
1 ＋ X the Series Di — D. * Dx _ Dx P D xt * Dya* ＋ & * 


= 11 a 111 17 
D +* D x3 D. x* D. 
5 = + ==; + =; e fraftion = x the 8 
in tir Tree Fires N > Sogn 
ries Dix Di + DJ = DA. + D DG + &c; ſo that the five 


* 


3 5 
firſt terms of the compound quantity that is equal to the ſaid original Series will 
x 3 . i 
rr Q: E. I. 


Art. 9. And by thus continually transforming the Series contained in the laſt 
compound quantity that has been ſhewn to be equal to the original Series & — 
er + dx — ex + fif g + br — ix + ki? — &c, into the compound 
quantity conſiſting of two parts, of which the firſt is a fraction having the firſt 
term of the ſaid Series for it's numerator and 1 + x for it's denominator, and 


=— into the 


the ſecond part is the product of the multiplication of the fraction 


I * 


ſeries of terms involving the ſeveral ſucceſſive powers of x, and marked with the 
ſign — and the fign + alternately, in which the co-etticients of the ſeveral 
powers of x in it's terms are the Differences of the co-efficients of the powers of 
x in the Series laſt obtained l ſay, by thus continually transforming the {aid 
Series by means of the foregoing Lemma, it is eaſy to perceive that we (hall ob- 
tain ſucceſſive compound quantities that will be equal to the ſaid original ſeries, 
and of which the ſixth, ſeventh, eighth, and ninth, and other following terms, 
to whatever number of terms we may chule to continue the ſaid compound 


D. 45 Dr D 725 D y 40 ; 

© | FP 
quantities, will be = == = F &c, and that all theſe terms 
muſt be marked with the ſign +, or muſt be added to the five firſt terms 


Y D= Da Pi D's 
++ 5; + 97+ Tp andconſcquentlythatthefaidorigina 
Series bx — c ＋ dx3 — ex* + fx = g + bi) — ix ＋ ks? = &c will be equal . 

7 to 
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x 11 x * * 
D +x* D x3 D 4 D 45 D. 26 
4 6 0 * 3 3 — 1 
to the Differential Series —— + TT AT F Fe F = 


11 1111 111 
D 1* D . a* D @? 


I [ 


+ Sn + + 


- + &c ad inſiuitum. Q, RI 


Art. 10. That this law of continuation, or generation of the terms one from 
another, will take place in all the terms of this Differential Series, to whatever 
number of terms the ſaid Series may be continued, may be further made evident 
by denoting the order of Differences of ihe original co-efficients 6, c, d, e, f, g, l, 
i, A, &c which conſtitute the co- efficicnts of the powers of x in the Series laſt ob- 
rained, by the letter ꝝ inſtcad of one of the Roman numeral figures 1, 11, 111, tv, 


v, VI, VII, VIII, IX, x, &c, ſo that the ſaid Series ſhall be D's — Dx 25 


x 


D 3* LESS * 4 D 3 6* + &c. Then, by the foregoing Lemma, this 


* 
Diæ 


Series will be = 
D* 512. — * + * * — D"E"z* + &c. Now the laſt compound 
quantity that will have been already ſhewn to be equal to the original Series bx 
bs 

+ 


I + x 


. * . n+1 n+1 
the fraction — the Series DI x —D 3 x + 


-* + 0 — 6x* + ff — gs + bx!) — ix* + ki — &c will be 
D, x? D, x D 125 D 5 D* 85 Z * 5 
3 + +3 hers» Sar = Way &c continued to — + the frac- 


a" . „ 83 2 TO © n pu 
tion 3 x the Series DI - DX + Dx — D = D.u* — D3# + 


&c. Therefore, if in this equation we ſubſtitute, inſtead of the Series D's 


TE D* + Dx — Dx — D 5s — Dx + &c, it's equal, the compound 


3 

Dir | 
quantity —_ + the fraction - — x the Series D* — D* Fs * 
* "$f cn 3 "x* + DT7 of © JR, ; 1 "x + &c, we ſhall have the ſaid 


original Series by — c + d — er“ + fas — gif? + bx) — ix + kx? — & 
; Dx Dr D Da 
0 . Xx — — 
ad infinitum (= - = + ns + —_—— + &c continued 
(4) 


' 
l 
i 
{ 
Z | 
| 
i 


——— ' ere OW oe ‚˖⏑§«⏑, ws  - — - — —— — --- — 


__ = OO — 
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1 8 | 
to 1 + the fraction x the Series D'x D. + D 3 D* 
11 11 I 2 3 4 

1 11 11 1 
D * D 43 D 125 Ds 


n ns 117 2 1 1 . 
rr rere 
Dl, £ Dr 


1 . * 1 . x” 
the fraction X the fraction 
1 + ** 25 8 t + ol? +» + I +=): 


—— X the Series Df E D“ i + Du 
D 5 a D 1 Ph ng” 
111 3 7116 * 3 5 1 
— T3 fr HT Ms 3 


Iv 1 — 1 1 
DX i P : 1 
* + &c continued to + the fraction 


— — 
11 I ＋ JE 1+x2+1 11 


X the Series * * — D*T i, + of * — Wy * + cb of 


34 1% + &c; in which compound quantity (that is equal to the ſaid ori- 


Dr r r 


ginal Series,) the new term - . is generated from the preceeding term 
1 ＋ 


& c continued to 


x the fraction 


1 — x 


in the ſame manner, or according to the ſame Law of Continuation, 


* 

D* 
as every preceeding term, after the ſecond term ==—, is generated from the 

1 + x}? 
term that immediately preceeds it. And therefore the ſame Law of Continua— 
tion uſt take place in all the following new terms of the ſaid Differential Series 
that would be obtained by any further applications of the foregoing Lemma to 
the transformations of the Serieſes laſt-obtained, to whatever number the ſaid 
new applications of the ſaid Lemma may be continued. We may therefore now 
ſafely conclude that the ſaid original Series bx c + du — ex. + fa* — g 


+ bx" — ia + ks? — &c ad infiritum will be equal to the Differential Serics 


EK DD. Do 540 v vir 
bx > 1 + I + + ws FR Dx D. x7 D 2 
—= 1+ + rYopa ere RY ITS 9% 
vin | 
x? . 
I 
&c ad infinitum. E. D. 
+ — + ft Q. k. 5 
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LOGARIT HMI S. 


LEMMA I. 


cc UZVIS ratio AB ad BC componi poteſt ex rationibus inter ſe iiſdem, 
cc quarum numerus major fit numero quovis dato.“ 


Inter AB et BC inveniatur media proportionalis BD; et rurſùs inter AB, BD, 
et inter BD, BC, inveniantur mediæ EB, FB, te AE D F C B 
ita deinceps; numerus rationum in quovis caſu du- "FORT ROT We 
plus erit numeri earum in præcedente; atque ita major fieri poteſt quovis nu» 
mero dato, Q. E. D. 


LEMMA II. 


O—— — 


e Si fuerint duæ rationes, utraque majoris ad minorem ; una autem earum 
* compoſita {it ex rationibus que inter ſe ſunt eædem, et reliqua etiam ex n{dem 
e componatur ; erit ea quæ compoſita eſt ex majore numero rationum, major ra- 
* tione quæ componitur ex minore numero earundem. Et vice versa, major ratio 
* componetur ex majore numero earundem rationum. Quæ quidem manifeſta 
** ſunt, 

Bas Contrarium autem eveniet fi utraque ratio fuerit minoris ad majorem, ut 
patet, 


Vor. VI. K LEMMA 


CS = \ \ = — — 
r 


4 2 —— * 
Coe bonnet ND fo £- bo 


— — 


3 * 3 
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LEMMA III. 


& Si una ratio major fit alterà, utraque verd fit majoris ad mino rem, et utraque 
0 compoſita fit ex eodem numero rationum inter ſe earundem; erit una ex ra- 
* tionibus ex quibus major ratio compoſita eſt, major una ex 1is ex quibus com- 
« poſita eſt reliqua ratio. Nam fi eadem eſſet huic vel minor ipsa, major ratio 
« eadem eſſet minori, vel ipsà minor; quod fieri non poteſt.“ 


LEMMA IV. 


— I m__—_—_ 


Sint duz magnitudines, quarum AB minor et AC major; poteſt ſeries 
4 deinceps proportionalium, quarum prima eſt AB, et ſecunda AC, continuart 
* 1ta ut earum ultima major fic quavis magnitudine data AD.” ? 

Sumatur BE multiplex ipſius BC quæ major fit BD; et ipſis AB, AC, tertia 
proportionalis inveniatur AF; et ipfis AC, AF inveniatur tertia proportionalis, 
5 ita deinceps, donec tot ſumantur rationes, quarum prima eſt AB ad AC, quor 
unt partes in BE æquales ipſi BC; sitque AG 
3 e Et quoniam CF (exceſſus A BCF DEG 
tertiæ ſuper ſecundam proportionalem) major eſt BC, © 
(exceſſu ſecundæ ſuper primam,) et ita deinceps; erit magnitudo BG, que 
continet tot harum proportionalium differentias quot BE continet partes zquales 


ipſi BC, major quam BE, et multo quam BD major. . E. 5. 


| 


LEMMA V. 


« Quzvis ratio AB ad BC componi poteſt ex rationibus inter ſe 1{dem, qua- 
ie rum una minor fit quàvis ratione data DB ad BC.” 
Fiat ſeries deinceps proportionalium, quarum prima eſt BC, et ſecunda BD, 


et continuetur ita ut ultima earum BE major fit quam BA; quod fieri poteſt per 
33 Lemma 
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Lemma 4. et componatur (quod fieri poteſt per Lemma 1.) ratio AB ad BC ex 


rationibus inter ſe n{dem, quarum nu- 
merus major fit numero rationum, quæ E A F 1 G 0 B 


ezzdem ſunt rationi DB ad BC, ex qui- 
bus compoſita eſt ratio EB ad BC. Sit ratio AB ad BF una ex lis ex quibus 
compoſita eſt ratio AB ad BC; ſit autem ratio AB ad BG ea, ex hiſce compoſita, 
quarum numerus idem eſt cum numero rationum ex quibus compotita eſt ratio 
EB ad BC. 7 

Quoniam igitùr ratio AB ad BC compoſita eſt ex majori numero earundem 
rationum quim ratio AB ad BG; erit ratio AB ad BC major ratione AB ad BG, 
per Lemma 2; eſt igitùr BC minor quam BG, [ 10, 5.] Er eft EB major quam 
AB. Igitùr ratio EB ad BC major eſt ratione AB ad BG. Er compoſitæ funt hæ 
rationes ex codem numero rationum; quare | per Lem. 3. ] ratio DB ad BC, una 
ex lis ex quibus compoſita eſt ratio EB ad BC, major eſt ratione AB ad BF, que 
una eſt ex 1is ex quibus compoſita eſt ratio AB ad BG. Ratio autem AB ad BC 
com poſita eſt ex hiſce, hoc eſt, ex rationibus quæ minores ſunt ratione data DB 


ad BC. Q. E. D. 


— 
W 


DEFINITIO I. 


Sit data ratio AB ad BC, et data magnitudo DE; com ponatur autem ratio AB 
ad BC ex quocunque numero rationum quæ exdem ſunt inter ſe; non autem 
ſint rationes æqualis ad æqualem; ex. gr. ex AB ad BF, FB ad BG, &c. Et 
ſecetur DE in tot partes æquales PH, HK, &c. quot ſunt rationes ex quibus 
compoſita eſt ratio AB ad BC. Vel, fi ratio AB 


ad BC componatur ex rationibus quarum nu- AL FMG C B 
merus major vel minor eſt quam in præce- — WAY . 

dente exemplo, (ut ex rationibus AB ad BL, N 

LB ad BF, &c.;) ſecetur ſemper DE in tot in ' 75 ry S 2 


partes æquales DN, NH, HO, OK, &c. 

quot ſunt rationes [ex quibus.compoſita eſt ratio AB ad BC. ] Hoc facto, ratio 
AB ad BF, vel ratio AB ad BL, &c. una ſcil. ex 11s ex quibus, in quovis caſu, 
componitur ratio AB ad BC, dicatur ratio radicalis ; et pars DH, vel DN, &c. 
in eodem caſu, dicatur pars radicalis. Ratio autem data AB ad BC dicatur ratis 


«//umpta, et data magnitudo DE dicatur magnitude aſſumpta. 


K 2 DEF, 
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DEF. II. 


Quid fit L. Si ratio aliqua FG ad GH componatur ex rationibus radicalibus, hoc eft, ex 
e ne iiſdem ex quibus compoſita eſt ratio AB ad BC; sitque magnicudo KL, que con- 
quantitatum binet tot partes æquales lis in quas diviſa eſt magnitudo DE, quot ſunt rationes 
mequaliun ex quibus compotita eſt ratio FG ad GH; magnitudo KL dicatur Logari/bmus 
inter ſe. rationis FG ad GH; quoniam, ſcilicet, KL continet tot partes radicales quot ſunt 
rationes radicales ex quibus compotita eſt ratio FG ad GH, 
Quoniam vero ratio HG ad GF, quæ reciproca 
eſt rationis FG ad GH, componitur ex eodem nu- F H G 
mero rationum ex quibus ratio FG ad GH compo- 
ſita eſt, idem erit utriuſque rationis Logarithmus. 
Ut vero cognoſcatur quando Logarithmus KL elt 
rationis minoris ad majorem, convenit notam ali- P | E 
quam ei prefigere, ut poltea oſtendetur. 


Cor. Et manifeſtum eſt DE Logarithmum efle rationis AB ad BC. 


| 
Fs 


D E F. III. 


Quid fit Lo- Si autem ratio aliqua FG ad GH, quæ primo fit majoris ad minorem, non 


garithmus ra- ration: 41: : 5 
ee componatur ex rationibus radicalibus, fit ratio FG ad GM ea que, ex 1liſdem 


quantitatum, compoſita, proxime minor eſt ratione FG ad GH, et fit ratio FG ad GN, ex iiſdem 
quando hæc Compoſita, proxime major ra- 


ratio eſt ra- tjone FG ad GH; fit autem F M HN G 
. magnitudo KO Logarithmus —— 
ter lnkam AB rationis FG ad GM, et KP we OL P 


et lineam BC Logarithmus rationis FG ad 
> paged GN; magnitudo KL, que 
Ta - . LY * * 

— ſemper major eſt quam KO et minor quam KP, quicunque fuerit numerus ra- 


tionum radicalium ex quibus aſſumpta ratio AB ad BC compoſita eſt, dicatur 
Logarithmus rationis FG ad GH, 


Si 
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Si verò ſit ratio HG ad GF minoris ad majorem, ſumatur ratio MG ad GF, 
que, ex rationibus radicalibus compoſita, proxime major c{t ratione HG ad GF; 
et ratio NG ad GF, que, ex 


{dem compolita, proximè mi- P M HN . 
nor eſt cadem ratione; et tint 1 3 
NO, KP. Logarithan harum K 8 
rationum, qui lidem ſunt cum . 


Logarithmis rationum FG ad 

GM, et FG ad GN; et magnitudo KL, que ſemper major eſt KD et minor 
quam KP, dicatur Logarichmus rations IG ad Gl, qui, ut patet, idem ett 
cum Logarithmo rations FG ad GH. 

Cor, 1. Hinc Logarithmus rationis æqualis ad æqualem eft nullius magnitu- 
dinis, five elt nihil. 

Sit enim ratio AB ad BA, æqualis ad æqualem; et, ſi ejus Logarithmus ha- 
bent ullam magnitudinem, ſit ea magnitudo DNF, et componatur aſlumpta ratio 
AB ad BC ex rationibus, quarum numerus major fit numero partium ipſi DF 
#qualium quæ in aſſumptà magnitudine DE conti— 


nentur. Igitùr, quoniam numerus partium radica- A 8 n 
lium major clt numero partium in DE æqualium a : 

ip DF, una ex partibus radicalibus minor erit quam DH F 
LF. Sit ratio AB ad BG prima raitonum radicalium, —— 


que propterca eſt prima quæ major eſt ratione AB 

ad BA, et fit DH prima partium radicalium ; erit igitùr DH minor DF. Ex 
Definitione vero 3. DH, Logarithmus fc. rationis AB ad BG, major eſt quam 
Logarithmus rationis AB ad BA, hoc elit, quam DF; quod fieri non poteſt. 
Logarithmus igitùr rationis AB ad BA, equals ſc. ad zqualem, nihil eſt. 

Cox. 2. Fjuſdem rationis unicus eſt Logarithmus. 

Si ratio propoſita componatur ex rationibus radicalibus, hoc manifeſtum eſt. 
Si autem ratio aliqua FG ad GH non ex iiſdem componatur, fit KL ejus Loga- 
rithmus ſecundùm Def. 3. et, fi alius poteſt eſſe ejuſdem Logarithmus, fit is KQ, 
que primo major fit quam KL; ct componatur aſſumpta ratio AB ad BC ex 
rationibus, quarum numerus major eſt numero partium ipſi LQ equalium, que 
in atiumpta magnitudine DE continentur; fit autem ratio FG ad GM ea quæ, 
ex rationibus illis compoſita, proxime minor eſt ratione FG ad GH, et fit ratio 
FG GN, ex iiſdem compuſita, ea 


que proxime major eſt ratione FG F M HN G 
ad GH; siaque KO, KP harum — 
rationum Logarithmi. Et, quoniam R K 


ratio FG ad GN componitur ex 
rationibus radicalibus quarum nu- 
merus unitate major eſt numero earundem ex quibus compoſita eſt ratio FG ad 
GM, numerus partium radicalium in KP unitate major erit numero earundem 


in KO; eſt igitùr OP una harum partium. Et, quoniam numerus rationum ex 
quibus 


De Logarith- 
mo rationis 
quam habet 
quantitas ali- 
„ ad al iam 
qvantitatem 
fe 1a majo- 
rem, quando 
iſta ratio eſt 
ratloni af- 
ſumptæ inter 


lineas AL et 


PC income 


menturabllis. 


wh, 
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quibus ratio AB ad BC compoſita eſt, hoc eſt, numerus partium radicahum in 
DE, major, ex conſtructione, eſt numero partium ipfi LQ zqualium quæ in DE 
continentur, erit OP minor quam LQ; quare multd minor eſt LP ipia LQ; 
minor igitùr eſt KP quim K. Quoniam vero KP Logarithmus eſt rations 
que, ex radicalibus compoſita, proxime major eſt ratione FG ad GH, exit KP 
[ Def. 3.] major KQ, que Logarithmus ponitur rationis “O ad GH; quod fieri 


non poteſt. Nullus igitùr eſt Logarithmus rationis FG ad GH preter KL. Si 
verò ponatur KQ minorem eſſe quam KL, idem eodem modo oſtendetur. 


C— —_____—_JD—_—_— —.—— 


or. £5 


« Sj duæ rationes ſint inter ſe exdem, et una earum componatur ex rationibus 
ce radicalibus ; Logarithmi harum rationum erunt inter ſe æquales.“ 

Quoniam enim rationes ſunt inter ſe exdem, compoſitæ erunt ex eodem ny. 
mero earundem rationum, ut patet ; quare, per Def. 2. earum Logarithmi 
continebunt eundem numerum partium radicalium; et proptereà erunt inter ſe 
æquales. Q E. D. 


qa. em———_—_——_—_———_——_———————————_———g 


PROP. II. 


&« Sit ratio FG ad GH eadem rationi KL ad LM, sitque alia ratio A ad B; 
& non autem compoſita fit ratio FG ad GH ex rationibus quarum unaquæ * 
« eadem eſt rationi A ad B; unde neque ratio KL ad LM ex liſdem Devine na. 
« Sit autem ratio FG ad GN, ea quæ, ex rationibus A ad B compoſita proximè 
& major eſt ratione FG ad GH ; sitque ratio KL ad LO ea quæ, ex 1 com- 
& poſita, proxime major eſt ratione KL ad LM ; erit ratio FG ad GN eadem 
* rationi KL ad LO. Et fimiliter, fi ſumantur rationes ex prædictis compoſitæ 
e quæ proximè minores ſunt FG ad GH, et KL ad LM, erunt rationcs ills 
< jnter ſe eædem.“ | 


Si 
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Si enim rationes FG ad GN, KL ad LO, non ſunt inter ſe eædem, una 
earum erit major alteri, Sit ratio FG ad GN major; et ut KL ad LO, ita fir 
FG ad GP. Igitùr [Cor. 13. 5.] ratio FG ad 


GN major eſt ratione FG ad GP. Et, quonam p Ho 
ratio FG ad GN ea eſt, ex rationibus A ad B — 
compoſita, quæ proxime major ett ratione FG ad No L 
GH, erit ratio FG ad GH major ratione FG ad 3 


GP, quæ minor eſt ratione FG ad GN. Ignur, 
quoniam ratio KL ad LM eadem eſt ratiom FG 
ad GH, que major eſt ratione FG ad GF, erit 
[ 13. 5.] ratio KL ad LM major (ratione FG ad — 

G, hoc eſt) ratione KL ad LO. Sed et minor; 

quod fieri non poteſt. Igitùr ratio FG ad GN cadem eſt rationi KL ad LO. 
Similitèr altera pars Propotitionis oſtendetur. 


* | > . 


| 


PROP. III. 


“Si duæ rationes FG ad GH, et KL ad LM, utraque majoris ad minorem, 


ce ſint inter ſe exdem, non autem compoſite fint ex rationibus radicalibus ex 
quibus, ſcilicet, compoſita eſt ratio aſſumpta AB ad BC; erit Logarithmus ra- 
« tionis FG ad GH idem cum Logarithmo rationis KL ad LM.“ 


Sit enim ratio FG ad GN ea quæ, ex radicalibus compoſita, proxime major eſt 


ratione FG ad GH; sitque ratio KL ad LO ea que, ex 1tdem compoſita, proxime 
major eſt ratione KL ad LM; et fit ratio FG ad GP, ex radicalibus compoſita, 
proxime minor ratione FG ad GH ; et ratio KL ad 


LQ ea quæ, ex i{dem compoſita, proximè minor eſt F P Hi G 
ratione KL ad LM. Sit autem RS Logarithmus ra- — 
tionis FG ad GN, et RT Logarithmus rations FG K AMO 
ad GP; fit vero RV Logarithmus rationis FG ad GH, — 

qui ſcilicet, per Def. 3. ſemper major eſt quam RT, R TVS 

et minor quam RS, Erit etiam RV Logarithmus — = 


rationis KL ad LM, 


Quoniam enim ratio FG ad GH eadem eſt rationi KL ad LM, et eſt ratio FG 


ad GN, ex radicalibus compoſita, proximè major ratione FG ad GH, ratio vero 
KL ad LO, ex 1i{dem compoſita, proxime major eſt ratione KL ad LM; erit, 
per Prop. 2. ratio FG ad GN, eadem rationi KL ad LO. Igitùr, per Prop. 1. 
Logarithmi harum rationum ſunt inter ſe æquales. Eſt autem RS Logarithmus 


rationis FG ad GN; quare et RS Logarithmus eſt rationis KL ad LO. Similier 


oſtendetur 
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oſtendetur RT, Logarithmum, ſcilicet, rationis FG ad GP, eſſe etiam Logarith- 
mum rationis KL ad LQ. Quoniam igitùr RV ſemper major eſt quam RT Lo- 
garichmus rationis KL ad LQ, et minor quam RS Logarithmus rationis KL ad 


LO, erit per Def. 3.) RV Logarithmus rationis KL ad LM. © Q. E. D. 


PROF. I 


— .. ... — 


Logarithmus majoris rationis major eſt logarithmo minoris; utraque autem 
& ratio fit majoris ad minorem.“ 

Cas. 1. Si utraque ratio compoſita fit ex rationibus radicalibus, numerus ra- 

tionum ex quibus compoſita eſt major ratio, major eſt [per Lem. 2.] numero 
earundem, ex quibus minor ratio compoſita eſt ; et propterca Logarithmus 
majoris rationis major eſt Logarithmo minoris, ut patet ex Det. 2. 
Cas. 2. Si una ratio, viz. ratio KL ad LM, compoſita fit ex rationibus 
radicalibus, reliqua autem ratio FG ad GH ex iiſdem non fit compoſita ; | ſit 
vero ratio KL ad EM major ratione FG ad GH.) Sit ratio FG ad GN 
eadem rationi KL ad LM; et primo, fit ratio KL ad LM, hoc eſt 
ratio FG ad GN, que ex rationibus ra- 


dicalibus eſt compoſita, vel ea que F N HN 8 
proximè major eſt ratione FG ad GH, "yy 
vel major ea quæ proximè major eſt; R M I. 
et in primo Caſu, per Def. 3. in altero, — a 5 


per Caſ. 1. et Def. 3. Logarithmus rationis 
FG ad GN, hoc eſt rationis KL ad LM per Prop. 1. ] major erit Logarithmo 
rationis FG ad GH. Si vero ratio KL ad LM minor fit ratione FG ad GH, 
ſimilitèr oſtendetur Logarithmus rationis KL ad LM efle minor Logarithmo ra- 
tionis FG ad GH. 

Cas. 3. Si vero neutra rationum fit compoſita ex rationibus radicalibus, fit 
FG ad GH minor ratio, et KL ad LM major; et rationi KL ad LM eadem 
fit ratio FG ad GN. Igitùr ratio 


FG ad GN major eſt ratione FG F O H 
ad GH, et propterea GN minor — : T ws 
eſt quam GH. [ 10. 5.43 Com- K M L 


* 


ponatur vero ratio aſſumpta AB _ 5 we 

ad BC ex rationibus inter ſe 

idem, quarum una quævis minor eſt ratione HG ad GN, quod fieri poteſt 

Lper Lem. 5. ]; et fit ratio FG ad GO ea quæ, ex hiſce compoſita, proximè mi- 

nor eſt ratione FG ad GH. Igitùr ratio OG ad GP una eſt ex hilce rationibus, 
quæ 
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quæ propterea minor eſt ratione HG ad GN; quare multo magis ratio HG ad 
GP minor eſt ratione HG ad GN, et erit GP major GN, {[10. 5.] Ratio igi- 
tir FG ad GN major eſt ratione 


FG ad GP. Et, quoniam ratio F 0 mw 2 8 
FG ad GP compoſita eſt ex ra- . — — 
tionibus radicalibus, Logarithmus M L 

rationis FG ad GN major erit eo ' 


rationis FG ad GP [per Cal. 2. 
et per eundem, Logarithmus rationis FG ad GP major eſt Logarithmo rationis 


FG ad GH. Multo i igicùr Logarithmus rationis KL ad LM major eſt Logarith- 
mo rationis FG ad GH. 

Cor. 1. Et ſi utraque ratio fuerit minoris ad majorem, erit Logarithmus ra- 
tionis, cujus reciproca major eſt alterius reciproci, major Logarithmo alterius 
rationis. 

Con. 2. Et ſi una ratio fuerit majoris ad minorem, et reliqua minoris ad ma- 
jorem, erit Logarithmus rationis quæ, vel cujus reciproca, ſi fuerit minoris ad 
majorem, major eſt reliqua vel ejuſdem reciproca, fi fuerit reliqua minoris ad 
majorem, major Logarithmo reliquæ; idem enim eſt Logarithmus rationis et 
ejus reciprocæ, per Def. 3. 

Con. 3. Hine Logarithmus major eſt majoris, et minor eſt Logarithmus mino- 
ris rationis, ſi, ſcilicet, utraque ratio fit majoris ad minorem; vel, in aliis caſibus, 
ſumendo rationes que ſunt reciprocæ rationum minoris ad majorem. 


—————— 
PROF: 


« $1 utraque duarum rationum compoſita fit ex rationibus radicalibus, utra- 
que autem ſit vel majoris ad minorem, vel minoris ad majorem; Logarithmus 
« rationis ex duabus hiſce compoſitæ æqualis eſt ſummæ Logarithmorum ra- 


« tionum ex quibus eſt compoſita.“ 


Sint rationes FG ad GH, et HG ad GK ex quibus compoſita eſt ratio FG 


ad GK. Numerus igitur rationum radicalium, ex quibus compoſita eſt ratio 


FG ad GK, æqvalis eſt numero earundem ex 1 K 8 
quibus componitur ratio FG ad GH una cum numero 
carundem ex quibus componitur ratio HG ad GK; K HH F G 


gitar, per Def. 2. Logarithmus rationis FG ad GK 
£qualis eſt ſummæ Logarithmorum rationum FG ad GH, et HG ad GK. d. k. D. 


Cox. Si vero una ex rationibus fuerit majoris ad minorem, reliqua vero mi- 
noris ad majorem, erit Logarithmus rationis ex hiſce compoſitæ æqualis exceſſui 
ſeu differentiz] Logarithmorum rationum ex quibus eſt compoſita. 

Vol. VI. L. Cas. 
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Cs. 1. Quando ratio FG ad GH, majoris, ſcilicet, ad minorem, major eſt 


: reciproca rations reliquæ HG ad GK; vel quando F K H G 
ratio FG ad GH ett minoris ad majorem, et reci- — 
proca ejus HG ad GF major eſt reliqua- ratione H K F G 
HG ad GK. | a 


Quoniam enim ratio FG ad GH compoſita eſt ex rationibus FG ad GK, et KG 
ad GH, quarum utraque vel eſt majoris ad minorem, vel minoris ad majorem; 
erit Logarithmus rationis FG ad GH æqualis ſummæ Logarithmorum rationum 
FG ad GK, et KG ad GH, per hanc, ſcilicet, Propoũtionem. Igitur exceſſus 
Logarithmi rationis FG ad GH ſupra Logarithmum rationis KG ad GH, qui 
idem eſt cum Logarithmo rationis HG ad GK [ Def. 2. ] æqualis ett Logarithmo 
rationis FG ad GK. | 

Cas. 2. Quando ratio FG ad GK compoſita eſt ex ratione FG ad GH, mi- 
noris ad majorem, et ex ratione HG ad GK, maforis ad minorem, quæ major 
eſt reciproca primæ, major, ſcilicet, ipſa HG ad GF; 
dem ſequetur. Nam, quoniam ratio HG ad GK com- H F K Go 
poſita eſt ex ratione HG ad GF, et FG ad GK, qua- 
rum utraque eſt majoris ad minorem, Logarithmus rationis HG ad GK. equalis 
erit ſummæ Logarithmorum rationum HG ad GF, et FG ad GK. Igitùr ex- 
ceſſus Logarithmi rationis HG ad GK ſuprà Logarithmum rationis HG ad GF, 
gui idem eſt cum Logarithmo rationis FG ad GH, æqualis eſt Logarithmo rationis 
G ad GK. 

Cas. 3. Quando ratio FG ad GH majoris ad minorem, minor eſt reciproci 
reliquæ rationis HG ad GK. | 

Quoniam utraque ratio HG ad GF, et FG ad GK eſt minoris ad majorem, exit 
per Prop. 5. ] Logarithmus rationis HG ad GK zqualis | 
ſummæ Logarithmorum rationum HG ad GF, et F K F. 8 
ad GK. Igitùr exceſſus Logarithmi rationis HG ad a : 
GK ſupra Logarithmum rationis HG ad GF, qui idem eſt cum Logarithmo 
rations FG ad GH, æqualis eſt Logarithmo rationis FG ad GK. 


PROP, VI. 


4% Si ſint duæ rationes FG ad GH, et GH ad GK, utraque majoris ad mino- 
« rem, quarum altera FG ad GH compoſita eſt ex rationibus radicalibus, reliqua 
« yerd HG ad GK ex 11s non eſt compoſita ; erit Logarithmus rationis FG ad GK 
« que ex duabus illis eſt compoſita, æqualis ſummæ Logarithmorum rationum 
« FG ad GH, et HG ad GK.“ 


Si 
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Si enim magnitudines ha non ſint æquales, altera earum major erit; et prims, 
fit LM, ſumma, ſcilicet, Logarithmorum rationum FG ad GH, et HG ad GK, 
major LN Logarithmo rations 


FG ad GK, sitque NM ipfarum F 1 EQ G 
exceſſus. Et componatur ratio md 4 
aſſumpta AB ad BC ex rationi= L NP MA C B 
bus radicalibus, quarum nume- — 1 ' 

rus major fit numero partium D =. 


ipñ NM equalium, quæ in da- 
ta magnitudine DE continentur; et ſecetur DE in partes æquales, quarum n- 
merus æqualis eſt numero rationum ex quibus compoſita eſt ratio AB ad BC; 
39ithr una ex hĩſce partibus minor eſt ipſa NM. Sit ratio FG ad GO ea, que, 
ex rationibus radicalibus compoſita, proximè major eſt ratione FG ad GK; et tit 
LP Logarithmus rationis FG ad GO. Et quoniam [ Def. 3.] LN, Logarithmus 
rationis FG ad GK, cadit inter Logarithmum' LP rationis FG ad GO, quæ 
proximè major eſt ratione FG ad GK, et Logarithmum rationis que, ex radica- 
libus compoſita, proxime minor eſt ratione FG ad GK, erit NP minor exceſſu 
horum Logarithmorum qui eſt una partium radicalium, et propterea minor eſt 
NM; multo igitùr NP minor eſt quam NM. Igitur LP, Logarithmus, ſcilicet, ra- 
tionis FGad GO, minor eſt quam LM, ſumma, ſcilicet, Logarithmorum rationum 
FG ad GH, et HG ad GK. Quoniam vero ratio FG ad GO, quz eſt com- 
poſita ex rationibus radicalibus, eadem eſt rationi compoſite ex rationibus FG 
ad GH et HG ad GO,.quarum ratio FG ad GH compoſita eſt ex rationibus 
radicalibus, reliqua ratio HG ad GO compoſita erit ex iiſdem. Igitùr, per 
Prop. 5. hujus, Logarithmus LP rationis FG ad GO eſt zqualis ſummæ 
Logarithmorum rationum FG ad GH, et HG ad GO, Eſt autem LM ſumma 
Logarithmorum rationum FG ad GH, et HG ad GK. Et quoniam LP minor 
eſt LM, erit prima ſumma minor reliqui, et, ablato communi Logarithmo 
rationis FG ad GH, erit reliquus Logarithmus rationis HG ad GO minor 
reliquo Logarithmo rationis HG ad GK, Igitùr [Cor. 3. Prop. 4.] ratio HG 
ad GO minor eſt ratione HG ad GK, Sed et major; quod fieri non poteſt. Non 
igitůr eſt LM major LN. 

Sed ſi dicatur LM minor quam LN, ſumptà ratione FG ad GO que, ex ra- 
dicalibus compoſita, proxime minor 
eſt ratione FG ad GK; ſimiliter H O K G 
oltendetur non poſſe LM minorem Te 2 
elle quam LN. Aqualis igitùr eſt L M P N 
LN, Logarithmus rationis FG ad Ws: — 
GK, ipſi LM, ſummæ, ſcilicet, Logarithmorum rationum FG ad GH, et HK 
xd GK, Q. E. D. 


La PROP. 
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PROP. VII. 


& Sint rationes FG ad GH, et HG ad GK, quarum neutra compoſita eſt ex 
* rationibus radicalibus; fit autem ratio FG ad GK, quæ ex illis compoſita eſt, 
ce ex rationibus radicalibus compoſita ; erit Logarithmus rationis FG ad GK 
&« zqualis ſummæ Logarithmorum rationum FG ad GH, et HG ad GK.” 


* 


Si enim non fit æqualis ſummæ huic, erit vel major, vel minor. Prim, 
fit Logarithmus LM rationis FG ad GK major ſumma Logarithmorum rationum 
FG ad GH, et HG ad GK; et fit | 
LN Logarithmus rationis FG ad F H P K 13 


GH. Jgitir NM major eſt Loga- 


rithmo rationis HG ad GK. Sit hu- L N Q O M 
jus rationis Logarithmus OM, minor, — — 
{cilicet, quam NM ; et componatur ra- A E B 
tio aſſumpta AB ad BC ex rationibus = 8 


radicalibus, quarum numerus major ſit 
numero partium ipſi NO æqualium, 
quæ in data magnitudine DE continentur; et ſecetur DE in partes æquales, 
quarum numerus æqualis eſt numero rationum ex quibus ratio AB ad BC eſt 
compoſita; igitùr una harum partium minor eſt ipsz NO. Sit ratio FG ad G 
ea quæ, ex rationibus radicalibus compoſita, proximè major eſt ratione FG ad 
GH, sitque LQ Logarithmus rationis FG ad GP; erit igitir NQ minor quam 
una partium radicalium, quod, ut ſimile in præcedente Propoſitione, oftendetur : 
multò igitur NQ minor eſt quam NO; quarè QM major eſt quam Ol. Et, ut 
ſimile in præcedente, oſtendetur Logarithmus rationis FG ad GK æqualis ſummæ 
Logarithmorum rationum FG ad GP, et PG ad GK. Igitùr, quoniam LM eſt 
Logarithmus rationis FG ad GK, et LQ Logarithmus eſt rationis FG ad GP, 
erit reliqua QM Logarithmus rationis HG ad GK. Quoniam igitùr oftenſa eſt 
QM major OM, erit Logarithmus rationis PG ad GK major Logarithmo 
rationis HG ad GK; quare ratio PG ad GK: major eſt ratione HG ad GK. Sed 


et minor, quoniam PC minor eſt HG; quod fieri non poteſt. 


— 


Sed, fi LM, Logarithmus rationis FG ad GK, dicatur minor quàm ſumma 


Logarithmorum rationum FG ad GH, et HG ad GK; fit LM Logarithmus 
rationis FG ad GH. Igitùr NM miner eſt Logarithmo rationis HG ad GK, Sit 
OM, Logarithmus hujus rationis, mayor, ſcilicet, quam NM ; et, ſumptä ratione 

; FG 
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FG ad GP, quæ, ex radicalibus compoſita, proxime minor eſt ratione FG ad GH, 


reliquiſque ut in præcedente caſu 


conſtructis, oflendetur QN minor F Pp H K G 
eſſe quam ON; quare et QM, Loga- _y 
rithmus rationis PG ad GK, minor L O Q N M 


erit quam OM, Logarithmus ra- 
tionis HG ad GK. Ratio igitur PG ad GK minor eſt ratione HG ad GK; quod fieri 


von poteſt. Igitir LM non eſt minor ſumma Logarithmorum rationum FG ad 
GH, et HG ad GK: et oſtenſa eſt non major eadem ſumma ; igitùr eſt eidem 


æqualis. 
—— — — ͤhMA———— 


PROP. VIII. 


__— 


te Sint rationes FG ad GH, et HG ad GK, quarum neutra eſt compoſita ex 
te rationibus radicalibus ; erit ſumma Logarithmorum rationum FG ad GH, et 
« HG ad GK æqualis Logarithmo rationis FG ad GK, que eſt ex illis com- 
4 poſita.“ 

Si enim non fit; primò, ſit LM, ſumma Logarithmorum rationum FG ad 
GH, et HG ad GK, major quam LN, Logarithmus rationis FG ad GK. Et 
componatur ratio aſſumpta AB ad BC ex rationibus, quarum numerus major ſit 
numero partium ipſi NM æqualium, que in magnitudine aſſumptà DE conti- 
nentur. Secetur DE in partes æquales, quarum numerus idem ſit cum numero 
rationum ex quibus compoſita eſt ratio AB ad BC; igitùr una harum partium 
minor erit quam MN. Sit ratio FG ad GO ea quæ, ex rationibus radicalibus 


compoſita, proximè major eſt ra- 


tione FG ad GK; sitque LP Lo- F H K O G 
garithmus 1ationis FG ad GO, qui 5 3 

propterea æqualis erit ſummæ Lo- L ex M 
garithmorum rationum FG ad GH, Er A 
et HG ad GO. Erit igiiir NP A C 


minor quam una partium radica- 
lium, ut in Prop. 6. oſtenſum, 92 i 
propterea multo quam NM minor; 

quare LP minor eſt LM. Eſt autem LP, per Prop. 7. æqualis ſumma Loga- 
rhmorum rationum FG ad GH, et HG ad GK. Prima igitùr ſumma minor 
eſt reliquà; et, ablato communi Logaritamo rationis FG ad GH, erit reliquus, 
Logarithmus rationis, ſcilicet, HG ad GO, minor reliquo Logarithmo rationis HG 
ad GK. Igitùr ratio HG ad GO minor «lt ratione HG ad GK. Sed et major 
eſt, quoniam GO minor eſt GK; quod. fieri non poteſt. 1 LM non eſt 
major quam LN. 


Sed 
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Sed, fi ponatur LM minor quam LN, ſumatur ratio FG ad GO, quæ, ex ra- 
dicalibus compoſita, proximè minor eſt ratione FG ad GK; sitque LP Logarith- 
mus rationis FG ad GO; reliquiſque 


ut ante conſtructis, oſtendetur LP | H O * | G 
major quam LM, hoc eft, ſumma © as > 
Logarithmorum rationum FG ad * M P N 


GH, et HG ad GO, major ſumma 
Logarithmorum rationum FG ad GH, et HG ad GK; igituͤr, ablato communi, 


Logarithmus rationis HG ad GO major eſt Logarithmo rationis HG ad GK; 
quare et ratio HG ad GO major eſt ratione HG ad GK; quod fieri non poteſt. 
Igitur LM non minor eſt quam LN; et oftenſa fuit non major; æqualis igitür 


«if LYPiph LN. 
„ Cor, Idem Corollarium hinc ſequitur, quod ex Prop. 5. oſtenſum eſt. 
.. 


n 


* Si una ratio fuerit multiplex quæcunque alterius rationis, quam multiplex 
< eſt prima ratio ſecundæ, tam multiplex erit Logarithinus prime-rationis Lo- 


„ garithmi ſecundæ.“ 


Sint enim AB, BC, BD, BE, &c. deinceps proportionales. Erunt igitùr ra- 
tiones primæ ad ſecundam, ſecundæ ad tertiam, &c. inter ſe eœdem; quare et 
Logarithmi earum ſunt inter ſe æquales, Prop. 2. vel 3.] Sit FG Logarithmus 


rationis AB ad BC, et GH Lo- 
garithmus rationis BC ad BD. AC D E B 


Quoniam igitùr ratio AB ad BD, —T<- . 
duplicata, ſcilicet, rationis AB ad F 8 H K 


BC, crompoſita eſt ex rationibus . = | 
AB ad BC, et BC ad BD, erit Logarithmus rationis AB ad BD zqualis ipſi FH 


lummæ Logarithmorum rationum AB ad BC, et BC ad BD, Prop. 5, aut 6, 
7, 8.] hoc eſt, duplo Logarithmi FG rationis AB ad BC. Similitèr, quoniam 
ratio AB ad BE, triplicata, ſcilicet, rationis AB ad BC, compoſita eſt ex ratione 
AB ad BD, et ratione BD ad BE, erit Logarithmus rationis AB ad BE æqualis 
ſumme Logarithmorum rationum AB ad BD, et BD ad BE. Logarithmus 
autem FH rationis AB ad BD, duplus oftenſus eſt Logarithmi FG rationis AB \ 
ad BC, et HK Logarithmus rationis BD ad BE æqualis eſt iph FG; igittir FR . 
Logarithmus rationis AB ad BE triplus eſt ipſius FG Logarithmi rationis AB ad 


BOC; et ita deinceps. | 
| DEF, 
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DER 


_—_— 


Logarithmi omnium rationum ex aſſumptà ratione AB ad BC, et aſſumpis 


magnitudine DE provenientes, ſecundum Def. 2. et Def. 3. dicuntur eſſe eu/- 
dem ſpecici. Sed fi ſumatur eadem ratio AB ad BC, et ſumatur alia magaitudo 
DE, Logarithmi ex biſce, ſecundùm Det. 2. et 3. provenientes dicuntur eſſe 
di beſæ ſpecies a praecedente, 


PROF: Aa 


— — — 

[0 Logarithmi duarum rationum unius ſpeciei eadem inter ſe habent rationem 
« quam Logarithmi earundem rationum cujuſlibet aliùs ſpeciei. 

« Sint duæ rationes AB ad BC, et AD ad DE, et fiat FP, G earum Logarith- 
« mi unius ſpeciei, et H, K earundem Logarithmi alterius fpeciet ; erit F ad G 
«ut H ad K.“ : 

Sumantur ipſarum F, H æquemultiplices utcunque L, M; et ipſarum G, K 
aliæ utcunque æquemultiplices N, O. Quam multiplex autem eſt L ipfius F 
vel M ipfius H, tam multiplicata fir ratio AP ad PC, rationis AB ad BC et 
tam multiplicata fit ratio AQ ad QE rationis AD ad DE quam multiplex ct N 
ipſius G, vel O ipfius K. 


Quoniam igitur F eſt Loga- EL N 

rithmus rationis AB ad BC, 58 — 

ct eſt L tam multiplex ĩpſius F x 

F, quam ratio AP ad PC eſt "I 
ma rationis AB ad A A * 3 B — P 
BC, erit L Logarithmus ra- H 35 K * 
tionis AP ad PC [Prop. 9.]; 

tadem ratione erit N Loga- _ M O 


rithmus rationis AQ ad QE, _—_ 
uterqie, ſcilicet, in altera | pecie. Si igitùr Logarithmus L major fit Logarithmo 
N, erit ratio AP ad PC major ratione AQ ad QE [ Cor. 3. Prop, 4. ]; et quo- 
aiam ratio AP ad PC major eſt ratione AQ. ad QE, erit [Prop. 4. ] Logarith- 
mus M maior Logarithmo O in altera ſpecie; 1gitdr, ſi L major fic N, eric et 

MM 


380 ROBERTI SIMSON TRACTATUS DE LOGARITHMIS, 


M major O; eadem ratione, fi L zqualis fuerit ipſi N, vel eadem minor, erit 
M qualis ipſi O, vel minor 5 
quam ea. Quoniam igitur L N 

quatuor ſunt magnitudines 


F, G, H, K, et ſumptæ ſunt E G WY 
ipſarum F, H utcunque | 

ies L, Mz a 2 1 
ipſarum G, K, aliæ utcunque H K 
æquemultiplices N, O; et 

oſtenſum eſt fi L major fit M 4 O I 


N, et M majorem eſſe quam 
O; et ſi æqualis æqualem; et fi minor minorem eſſe; erit | 5. Def. 5. ] F ad G, 


ut Had K. 


D E F. V. 


Logarithmus rationis cujuſvis numeri ad unitatem dicitur etiam Logarithmus 


illius numeri. 5 

Cor. Quoniam Logarithmus rationis æqualis ad æqualem eſt nihil [Cor. 1, 
Def. 3.] igitùr Logarithmus unitatis eſt nihil. 

Ad ſequentia meliùs explicanda, ſit recta linea AB ad utraſque partes indefi- 
nita, et concipiantur omnes numeri, tum unitate majores, tum ea minores, lo- 
catos eſſe ad puncta in hac rectà; unitatem, ſcilicet, locatam eſſe ad punctum A, 


et numeros unitate majores 


locatgs eſſe ad puncta ad D A C B 
dextram ipſius A, ut ad B, . ; | TY 
C, &c, eos vero qui ſunt H E 6 


U 4 — 


unitate minores ad puncta a ' 4 


quæ ſunt ad contrarias partes 3 | 
pun&ti A, ut ad D, &c. Sit alia recta indefinita EF, in qua fit punctum E, 


reſpondens puncto A, hoc eſt, ut Logarithmus unitatis fit ad punctum E, Lo- 
garithmus vero cujuſvis alis numeri, ut <us qui eſt ad punctum B, ſumatur a 
puncto E, ad eas partes ejus ad quas eſt B reſpectu puncti A, ut EF, quæ ſem- 
per æqualis fit ipſi AB; et ita EG æqualis iph AC, fit Logarithmus numeri ad 
punctum C, et EH æqualis ipſi AD fit Logarithmus numer ad D, et ita dein- 
ceps. 


PROP. 
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ec Si ſumantur a puncto E Logarithmi duorum quorumvis numerorum, ut 
e eorum qui locati ſunt ad puncta B, C, (qui, brevitatis gratia, in ſequentibus 
« yocentur numeri B. C,) qui Logarithmi fint EF, EG; diſtantia GF inter 
« jpſorum terminos erit Logarithmus rationis numeri B ad numerum C.“ 


Cas, 1. Quando uterque numerus eſt major unitate. 

Sint numeri B, C, et ipſorum Logarithmi EF, EG; et quoniam ratio nu- 
meri B ad numerum C compoſita eſt ex ratione B ad numerum A, five unitatem, 
et ratione A ad C, quarum prima eſt ratio 


majoris ad minorem, reliqua verò eſt ratio A C B 
minoris ad majorem ; erit Logarithmus ra- 
tionis B ad C, per Cor. Prop. 5. vel Cor. E G F 


Prop. 8. æqualis exceſſui Logarithmi ra- 
tionis B ad A, hoc eſt, Logarithmi numeri B, ſupra Logarithmum rationis A ad 
C, hoc eſt, ſuprà Logarithmum numeri C. Eſt autem EF Logarithmus numeri 
B, et EG Logarithmus ipſius C; GF verò eſt horum exceſſus, qui propterea 
eſt Logarithmus rationis B ad C. Q. E. D. 


Cas. 2. Quando alter numerus major eſt unitate, reliquus verò minor, 

Sit numerus B major unitate, numerus vero D ad contrarias partes ipſius A, 
minor fit unĩtate; et quoniam ratio numeri B ad ipſum D compotita eſt ex ra- 
tione B ad A, five unitatem, et ratione A ad D, quarum utraque eſt majoris ad 
minorem, erit, per Prop. 5, aut 6, 7, 8. 


Logarithmus rationis B ad D æqualis ſum- D A B 
me Logarithmorum rationum B ad A, et = 8 
A ad D; eſt autem EF Logarithmus ra- E F 


tionis B ad A, five numeri B; et ſimilitèr 
EH eſt Logarithmus numeri D, five rationis D ad A; igitur HF ipſorum ſum- 
ma eſt Logarithmus rationis B ad D. Q. R. b. 


Cas. 3. Quando uterque numerus minor eſt unitate. 
Sint numeri D, K, et ipſarum Logarithmi EH, EL; et quoniam ratio nu- 
meri D ad ipſum K compoſita eſt ex ratione D ad A, quæ eſt minoris ad majo- 
rem, et ratione A ad K, majoris ad minorem, 


quæ major eſt reciproca rationis D ad A, hoc K D A 
eſt, major ratione A ad D; erit, per Cal. 2. 1 
Cor. Prop. 5. Logarithmus rationis D ad K L H f 


æqualis exceſſui arithmi rationis A ad K 
a M five 


4 
. 
| 
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five Logarithmi ipſius K, ſuprꝭ Logarithmum rationis D ad A, five Logarithmum 
ipſius DB. Eft autem EL Logarithmus ipſius K, et EH Logarithmus ipſius D, 
quorum excefius eſt HL; qui propterea eſt Logarithmus rationis Dad K. 

. Q. E. b. 


Cor. Si Logarithmis rationum minoris ad majorem, vel numerorum qui ſunt 
unitate minor es, apporatur ſignum ſubtractionis —, Logarithmus rationis numeri 
cujuſvis ad numerum minorem, invenietur auferendo, ſecundùm regulas in Al- 
gebra traditas, Logarithmum minoris numeri a Logarithmo majoris. In ſecundo 
enim caſu precedente, ſi à Logarithmo EF numeri B auferatur — EH, Loga- 
rithmus numeri I) unitate minoris, appoſito ſigno ſubtractionis, reliquum erit 
EF + EH, hoc eſt HF, prorſùs ut in eo caſu oſtenſum fuit. Et in caſu tertio, 
ſi Logarithmi numerorum D, K unitate minorum fiant — EH — EL, et à Lo- 
garithmo — EH majoris numeri D auferatur — EL Logarithmus minoris nu- 
meri K, reliquum erit EL — EH, hoc eſt LH, ut in Cal. 3. oſtenſum fuit. 
Utile igithr eſt apponere fignum — Logarithaus numerorum qui unitate minores 
ſunt, tum ut diſtinguantur a Logarithmis numerorum qui ſunt eorum reciproci, 
et qui iidem ſunt magaitudine cum illis, tum ut regulæ pro operationibus arith- 
meticis de Logarithmis generaliores fiant, ut in ſequentibus pleniùs apparebit. 


PROP. XII. PRO B. 


Invenire Logarithmum facti, five producti, a duobus numeris. 


Cas. 1. Quando uterque numerus major eſt unitate. 

Sint duo numeri B, C, ct EF, EG ipſorum Logarithmi; erit ſumma Loga- 
rithmorum EF, EG æqualis Logarithmo facti a numeris B, C. Sit enim M 
numerus factus ab ipſis B, C, et Logarithmus ejus fit 
EN; et, quoniam ut unitas, ſeu A, ad alterum ex 11-4 NI 
numeris C, ita reliquus B ad numerum M ab ipſis 
factum; hoc eſt, quoniam ratio C ad A eadem ett E 
rationi M ad B, erunt f per Prop. 1. aut 3.] Logaricthmi © : 
harum rationum inter le æquales. Eſt autem EG Logarithmus numeri C, five 
rationis Cad A; et, per Prop. 11. eſt FN Logarithmus rationis numeri M ad 
iplum B. Æqualis igitar eſt EG ipſi FN, quare EG, uni cum EF, equalis eſt 


ip EN Logarithmo facti ME ab ipſis B, C numeris, 


Cas. 2, Quando alter numerus eſt major, reliquus autem minor unitate, 


Sit 


6 


inter ſe æquales. Sit EF Logarithmus ra- D f 


ROBERTI SIMSON TRACTATUS DE LOGAKITINVLS, 83 


Sit numerus B major, D vero ame unitate; et primo, ſit B major reciproco 


numero ipſius D, hoc eſt major quam ; erit igitùr faftus ab iptis B, D major 


5 
unitate. Sit factus numerus M. Cadit igi— 
tür M ad dextram unitatis quæ eſt in D A MI B 
A. Et, quoniam unitas, ſeu A, eſt ad B, 7 1 * 
ur D ad factum M, erit ratio B ad A ea- E, ? 


dem rationi M ad D; igitùr Logarithmi 
barum rationum etunt inter fe æquales. Sit EF Logarithmus rationis Dad A, EN 
verd Logarithmus rationis M ad A; unde, per Prop. 11, crit HN Logarithmus 
rationis Mad D. Igitùr EF æqu 4 ; eſt ipſi HN; et, ablato communi HE, 
erit exceſſus EF ſupra HE æqualis ipſi EN, hoc eft, erit exceſſus Logarithmi 
numeri B fupra Logarithmum numer! D, æqualis Logarithmo facti ab ipſis M. 
Si verò iph EH Logarithmo numeri D unitate minoris apponatur fignum — 
ſive ſubtractionis, erit ſumma Logarithmorum numerorum B, D, quæ cit EF — 
EH æqualis ipſi EN Logarithmo facti M, ut in Caſu 1. 


1 . | 
Secundo, fit numerus B minor quam — 5; erit igitùr factus a B, D minor 


unitate, Sit factus M; cadit igitùr Mad levam ipſius A. Et, quoniam unitas, 
ſeu A, eſt ad B, ut D ad factum M, crit ratio B ad A eadem rationi Mad D; 


igitur Logarithmi barum rationum funt 
NA B 


tions Bad A, ct EH Logarithmus rationis | 
D ad A, EN vero Logarithmus rationis M H N I, F 
ad A; igitùr, per Prop. 11. ent HN Lo- 


garithmus rat ionis M ad D; et propterca EF eſt æqualis ipſi HN, quibus ex 


HE ablatis, erit reliquum, exceſſus ic. iphus EH ſuprà EF, æquale reliquo 
EN; hoc eſt, exceſſus Logarithmi ipfius D ſuprà Logarnhmum numeri B 
zqualis eſt Logarithmo facti M. 

Et, fi EH notetur ſigno —, ut in præcedente Caſu, erit ſumma Logarithmo- 
rum numerorum B, D, ſcilicet, EF — EH, æqualis ip. — EN Logarithmo facti 
M. Et quoniam Logarithmi in tabulis æquè retpondent numeris unitate majo- 
ribus quibus in tabulis apponuntur, ac eorum reciprocis; igitùr ad inveniendum 
numerum M, qui unitate minor eſt, ope tabularum, ſumendus eft reciprocus 
numerus ejus cui convenit Logarithmus numeri M in tabulis; quod in omni 


caſu obſervandum. 


Cas. 3. Quando uterque numerus minor eſt unitate. 
Sit otergue numerus D, K, minor unitate; et fit M factus ab iiſdem, qui * 
tereà minor etiam erit unitate; quarè M n ad eaſdem partes unitatis A ad 


quas ſunt D, K. Sint vero EH, EL, EN Logarithmi numerorum D, K, 


erit EN æqualis ſummæ pfarum EH, EL. 
M2 | Quoniam 
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Quoniam enim eſt unitas, ſeu A, ad D, ut K ad M, erit ratio A ad D eadem 
rationi K ad M, et rationum harum æquales erunt Logarithmi ; rationis vero A 
ad D, five numeri D, Logarithmus eſt EH; 


et, per Prop. 11, rationis K ad M Logarith- M K D A 
mus eſt NE. Eft igitùr NL æqualis ipſi HE, a — 
et propterea NE æqualis eſt ſummæ ipſarum N 15 H E 


EH, EL; hoc eſt, Logarithmus facti M zqua- | 
lis eſt ſummæ Logarithmorum numerorum D, K, à quibus factus eſt. 

Et, ſi ipſis EH, EL apponatur ſignum —, erit = EH — EL ͤæqualis ipfi 
— EN Logarithmo facti. In omnibus igitùr caſibus Logarithmus facti æqualis 
eſt ſummæ Logarithmorum numerorum a quibus factus eſt, dummodò Loga- 
rithmis numerorum qui unitate ſunt minores, apponatur fignum — ſub— 
tractionis. C E. D. 


——jũꝗãàͥͤm̃(L Mü(œH([——ͤ—e — ̃ ——k—T—— — —ſ' ̃— — —— ͤ̃ 


PROP. XIII. PRO B. 


Invenire Logarithmum quotientis, qui oritur dividendo unum numerun 
per alium. 


Cas. 1. Quando uterque numerus major eſt unitate. 
Sit numerus dividendus B, et fit diviſor C, qui, primo, minor fit quam B; igi- 


tur quotiens major erit unitate; ſit M quotiens. A M C B 
Erit Logarithmus ipſius M æqualis exceſſui a 5 * 
Logarithmi numeri B ſupra Logarithmum HF N G F 
ipſius C. | . 0 ̃ 2 


Sint EF, EG, EN Logarithmi numerorum B, C, M; et quoniam unitag, 
ſeu A, eſt ad quotientem M, ut diviſor C ad dividendum B, erit ratio M ad 
A eadem rationi B ad C. Igitùr Logarithmus rationis M ad A, hoc eſt ipſius 
M, æqualis erit, per Prop. 1. aut 3. Logarithmo rationis B ad C, hoc eſt, 
[per Prop. 11. ] ipſi GF. Eſt autem GF exceſſus ipſius EF, hoc eſt, Logarithmi 
dividendi B, ſupra EG Logarithmum diviſoris C. a 

Sit autem diviſor C major dividendo B; igitùr quotiens M minor erit unitate, 
et cadet M ad contrarias partes A ad quas eſt B; erit autem EN, Logarithmus 
ipſius M, æqualis FG, exceſſui EG, Logarithmi diviſoris C, ſuprà E, Logarithmum 
dividendi B. Quoniam enim eſt unitas, ſeu 


A, ad quotientem M, ut diviſor C ad divi- M A B C 
dendum B, erit ratio M ad A eadem rationi | 
B ad C; igithr Logarithmus rationis Mad A, N E. F 7 


hoc eſt, numeri M, æqualis erit [| per Prop. i. 


aut 
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aut 3.] Logarithmo rationis B ad C, hoc eſt [Prop. 11. ] ipſi FG, Quoniam 
verò M eſt minor unitate, Logarithmi vero in tabulis aptantur numeris qui ſunt 
majores unitate; igithr, in hoc et nmilibus caſibus, numerus M erit reciprocus 
numeri cujus Logarithmus in tabulis eſt FG. Idem enim eſt Logarithmus cujuſ- 
vis numeri et ejus reciproci. 

Et ſi à Logarithmo EF dividendi B auferatur EG Logarithmus diviſoris C, 
reliquus erit — FG, qui, ſigno — notatus, indicat numerum, cujus eſt Loga- 
rithmus, minorem eſſe unitate; atque ita regula præcedentis Caius huic etiam 
inſervit. 

Cas. 2. Quando numerus dividendus B major eſt unitate, diviſor vero D 
minor eſt unitate, et proptereà quotiens M unitate major eſt. Logarithmus vero 
ipſius M equalis erit ſummæ Logarithmorum dividendi B et diviſoris D. 

Sint enim ipſorum B, D, M Logarichmi EF, EH, EN; et quoniam eſt A 
ad M, ut D ad B, erit Logarithmus rationis 


Mad A, hoc eſt ipſius M Logarithmus, D A B M 
æqualis Logarithmo rationis D ad B. Eſt 
igithr EN, Logarithmus ſc. ipſius M, H F, F N 


æqualis HF Logarithmo lc. rationis D ad 
B, [Prop. 11. ] hoc eſt ſummæ Logarithmorum EF, EH dividendi B et divi- 
ſoris D. 

Et ſi EH Logarithmus diviſoris D habeat prefixum ſibi ſignum , et aufera- 
tur ab EF Logarithmo dividendi B, reliquus erit HE + EF, hoc eſt HF; at- 
que ita regula Caf. 1. buic etiam inſervit. 

Cas. 3. Quando uterque numerus minor eſt unitate. 

Sit numerus dividendus D, et diviſor fit K, qui primo minor fit quam D. 


igitùr quotiens M major eſt unitate. Eric 

Logarithmus ipſius Mæqualis exceſſui Lo- 2 5 * 
garithmi diviſoris K ſupra Logarithmum IL. H E N 
dividendi D. : : 


Sint EH, EL, EN Logarithmi numerorum D, K, M; et quoniam eſt ut 
A ad M, ita K ad D, eric Logarithmus rationis M ad A, hoc eft numeri M 
Logarithmus, æqvalis Logarithmo rationis D ad K, hoc eſt ipſi LH [ Prop. 1 3. 
eſt igitur EN æqualis ipſi LH, hoc eſt, exceſſui Logarithmi EL diviſoris 
ſuprà EH Logarithmum dividendi D. 

Et, fi ipfis EH, EL præfigatur fignum —, et auferatur — EL ab = EH, 
8 erit EL, — EH, hoc eſt LH; igitùr regula pro Caſ. 1. huic etiam 
inſervit. 

Sit autem diviſor K major dividendo D; igitùr quotiens M minor eſt unitate. 
Erit autem EN Logarithmus ipſius M æqualis ex- 


ceſſui HL Logarithmi dividendi EH ſuprà EL Lo- D M K A 
garithmum diviſoris K. Quoniam enim eſt A ad M, © 
ut K ad D, erit Logarithmus rationis M ad A, hoc H N I. E 


eſt numeri M, æqualis Logarithmo rationis D ad K, 
hoc 
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hoc eſt [Prop. 11.] ipſi HL, qui eſt exceſſus Logarithmi EH, dividendi, ſupra 
EL Logarithmum diviſoris. 
Si autem ipſis EH, EL prefigatur ſignum —, et — EL avuferatur à - EH, 
reliquum erit — HL, Logarithmus, ſcilicet, ipſius M. Quoniam vero M minor 
eſt unitate, ſumendus eſt numerus reciprocus ejus qui habet Logarithmum HL 
in tabulis, ut antea dictum, 
In omnibus igitùr caſibus Logarithmus quotientis eſt exceſſus Logarithmi di- 
videndi ſuprà Logarithmum diviſoris, dummodo Logarithmis numerorum, qui 
unitate ſunt minores, apponatur ſignum — ſubtractionis. 


PROP. III. PR OZ. 


Invenire Logarithmum numeri qui eſt quartus proportionalis tribus 
numeris datis. 


Quoniam quartus proportionalis eſt quotiens qui oritur dividendo numerum 
factum à ſecundo et tertio per primum proportionalem, invenietur Logarithmus 
quarti auferendo Logarithmum primi a Logarithmo facti a ſecundo et tertio, 
prefixo ſigno — Logarithmis numerorum qui unitate ſunt minores, ut conſtat ex 
Prop. 13. Logarithmus vero facti eſt ſumma Logarithmorum ſecundi et tertii, 
præfixo ſigno - Logarithmis numerorum qui: unitate ſunt minores | per Prop. 12. ]; 
gitar, præfixo ſigno —, ut dictum fuit, fi a ſumma Logarithmorum ſecundi et 
tertii auferatur Logarithmus primi, reliquus erit Logarithmus quarti proportionalis 
qui inveniendus fuit. 
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DEFINITIONES. 


. UANTITAS cenſtant, ſeu invariabilis, eſt quæ ſemper ejuſdem magni- Quantitas 
tudinis eſt: ut diameter ejuſdem Circuli, ipſiũſque dimidium, &c. ; coultans, 
ſumma rectatum a quovis puncto in eadem Ellipſi ad focos ipſius ductarum, et 
ejuſmodi: et patet omnem quantitatem datam conſtantem eſſe; non autem, 
contra, omnem conſtantem datam eſſe.“ 
II. Quantitas mutabilis eſt quæ augeri vel diminui poteſt. Harum quanti- Quantitas 
tatum variæ ſpecies in Prop. 31, 32, 33, 34, Pappi enumerantur “. mutabilis. 
III. Si quantitas mutabilis ſemper minor fuerit quantitate data, ſed ita augeri Limes quan- 
poterit, ut major fiat quacunque quantitate data quæ minor eſt prima quantitate titatis muta» 
data; vel fi quantitas mutabilis ſemper major fuerit quantitate datà, ſed ita minui bilis. 
poterit, ut minor fiat quacunque quantitate data quæ major eſt prima quantitate 
data; in utroque caſu quantitas prima data dicatur Limes quantitatis mutabilis f. 
IV. Si ratio mutabilis ſemper minor fuerit quam ratio data, fed ita augeri po- Limes ratio- 
terit, ut major fiat ratione quicunque data quæ minor eſt ratione prima data; nis mutabilis. 


vel ſi ratio mutabilis ſemper major fuerit quam ratio data, ſed ita minui poterit 
ut 

* Eodem modo definiuntur ratio canſtans, et ratio mutabilis. 

+ Exempla horum Limitum ad quos continuò accedunt quantitates mutabiles, ſeu variabiles, 
ſed quos nunquam omnind attingunt ſeu æquant, ex lineis quibuſdam circa circulum ductis deri- 
rar! poſſunt hoc modo. 

Exemplum Primum. 
Si ſuper data quadam rea linea AB deſcribatur ſemicirculus AMBC, cujus centrum fit 


punctum C; et a quovis puncto M in arcu AMB, inter ejus puncta extrema A et B ſito, ducatur 


recta linea MV ad rectos angulos diametro AB occurrens in puncto V, eamque dividens in duas 
N partes 
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ut minor fiat ratione quacunque data quæ major eſt ratione prima data: in 
utroque caſu dicatur ratio prima data Limes rationis mutabilis; in primo, ſcilicet, 
caſu dicatur Limes creſcentis rationis, in altero, Limes decrgſeeutis rations, 


partes AV et VB; notum eft; quod recta AV vocatur apud ſcriptores Trigonometriæ Sinus verſus 
ercis eircularis A M. 
M 


A * 18 

Ponamus jam ſemicircumferentiam AMB deſcribi per motum continuum puncti M a primo ejus 
puncto A ad extremum ejus punctum B, et rectam MV, ſeu finum rectum arcs AM, ſfimal ferri 
ab A verſus B motu ita ordinato ut fit ſemper ſibi ipfi parallela, et occurrat ſemper diametro AB 
ad rectos angulos. Et manifeſtum erit qudd, dum arcus AM continuo creſcit a nihilo uſque ad 
AMB, ſeu arcum ſemicirculi, finus verſus AV ejuſdem arctis fimdl creſect a nihilo donec fiat quam 
proxime æqualis diametro AB; ſed nunquam eidem fiet omnind æqualis, quia, per præcedentem 
dcfivitionem ſinũs verſi alicujus arciis, neceſſe eſt ut puntum M (A quo ducitur recta MV quz 
finum verſum AV determinat,) ſitum fit inter puncta A et B in arcu AM, et non omnino co-inci- 
dat cum puncto ejus extremo B; nam, fi hoc fieret, non poſſemus ducere rectam lineam MV a 
puncto M ad diametrum AB. Poteſt tamen ſinus verſus AV ita augeri, dum arcus AM creſcit, ut 
fiat major quicunque linea data que fit minor Diametro AB. Ergo Diameter AB (quæ elt quan- 
titas conſtans,) erit Limes, ſeu Limes magnitudinis, ſins verfi AV, qui eſt quantitas mutabilis, ſeu 
variabilis, que continuo creſcit. Hoc igithr eſt exemplum quantitatis conſtantis quz eſt Limes ad 
quem continuò accedit quantitas mutabilis, ſeu variabilis, quæ contiauo creſcit, 


Exemplum Secundum. 


Exemplum quantitatis conſtantis quæ fit Limes ad quem continuo accedit quantitas mutabilis, ſeu 
variabilis, quæ continuò decreſcit, a radio dati circuli et ſecante arciis ejuſdem qui fit minor arcu 
quadrantis, derivari poteſt. Centro enim C, et data-quavis linea rectà CA, deſeribatur arcus quivis 
circularis AP, qui fit arcu quadrantis ejuſdem circuli minor. Et per primum hujus arciis punctum 
A ducatur recta linea AT contingens circulum in A, et per extremum «<juſdem arciis puuctum P 
ducatur a centro C recta CP, que, producta, occurrat tangenti AT in puncto T. Hac linea CPT, 
ſeu CT, vocatur apud Scriptores Trigonometriæ S-cans arcis circularis AP. 

Porro, fit M punctum quodvis in arcu AP, fitum inter puncta A et P; et per hoc punctum M 
ducatur a centro C re&ta CM, que, producta, occurrat tangeuti AT in puncto t. Hæc recta CMt, 
ſeu Ct, erit ſecans arciis circularis AM. | 

Ponamus jam arcum AM primo coincidere cum arcu AP, A 4 T 
ſed poſlea decreſcere A prima magnitudine AP ad nihilum 
motu continuo puncti M A puncto Pad punttum A. Et M 
manifeſtum erit quod recta Ct, ſeu Secans arciis circularis 
AM, decreſcet in eodem tempore A prima ejus magnitudine 
CT ad magnitudinem quæ erit quam proxime æqualis radio P 
CA. ſed eodem ſemper aliquanto major, tam did quan arcus 
AM aliquam retinet magnitudinem, quantumvis parvam, 
Poteſt tamen ita minui Secans Ct, decreſcente arcu MA, ut fiat & 
minor quacunque re&A linea data quz fit major radio CA, * 
Ergo radius CA (quz elt quanticas conſtans) erit Limes, ſeu Limes magnitudinis, Secantis Ct, quæ eſt 
quantitas mutabilis, vel variabilis, que continuo decreſcit. 

Nota Editoris F. M. 


3 - PROP. 
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PROP. I. 


ce Sit AB recta data, AC autem ſemper minor fit ipſa AB, ſed que auger: 
cc poterit ita ut exceſſus AB tupra iplam minor poterit fieri quavis rectà data, 
ec hoc eſt, tit AB limes creſcentis rectæ AC. Oſtendendum eſt, rationem #qua- 
« litatis limitem eſſe rationis AC ad AB; hoc eſt, rationem AC ad AB, potle 
& majorem fiect quavis ratione data que minor elt ratione 2quaJuatis.” 


CY 


Demonſtratio. 
Sit enim ratio data ea quam habet AD ad AB. Eft igitdr, ex hypotheſi, AD 


minor AB. Et, quon:am data eſt 

AB et ratio quam ad ipſam ha- A C 8 
bet AD, dabitur AD; quare et ES. 
DB; po exit igt AC augeri ita ut exceſſus AB ſupra ipſam minor fiat rea 
DB: augeatur et fiat A E. Fit igitùr AE major AD, quare et ratio AE ad AB 
major eſt radone data AD ad AB.“ Q. E. D 


PROP. II. 


e Sit AB recta data, AC autem ſemper minor fit ipſa AB, ſed quæ augeri 
« poterit ita ut ratio ejus ad AB major poterit fieri quavis ratione datà minoris 
* ad majorem; hoc elit, fit ratio æqualitatis limes rationis AC ad AB. Often- 
e dendum elt poſſe exceſſum AB iupra AC minorem fieri quavis rectà data,” 


Demenſtratio. 


Sit DB recta data. Quoniam igitòr ratio AD ad AB eſt minoris ad majorem, 
poterit, ex hy potheſi, AC au- 
geri ita ut ratio ejus ad AB — 
major fit ratione AD ad AB. 1 
Augratur, et fiat AC æqualis ipſi AE. Eſt igitùr (per El. 5. 10.) AE major 
AD ect propterea EB minor DB. Q. E. D. 

Oltendatur etiam utraque harum propoſitionum in caſu quando AC ſemper 
major eſt AB, fed quæ ita diminui poterit, &c. 


* Propoſitiones he, quatuor priores, materiem tractatũs hujus ſpectantes, hie, in principio, com- 
nodifhue locantur, 


N 2 PROP, 
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PROP. III. 


« Jn quàcunque curvã, vel parte curve, quæ verſus eaſdem partes tota eſt con- 
« cava; limes rationis quam habet arcus curve ad ipſius chordam, (decreſcen- 
« tibus, ſcilicet, utriſque,) eſt ratio æqualis ad æquale. | 


Demonſtratio. 
Sit recta linea AB chorda curve AB. Patet AB rectam ſemper minorem eſſe 
curvi AB, ut Archimedes aſſumpſit. Oſtendendum vero eſt, decreſcente curva 
et rectà, manente,autem puncto A, pole rationem rectæ ad curvam majorem fieri 


FL 
0 


| K 
quacunque ratione data minoris ad majorem. 


Sit ratio data ea quam habet recta CD ad ipſam EF; et, bifariàm ſecta 
EF in E, conſtituatur ſuper rectam CD triangulum ifoſceles habens latera 
CH, HD æqualia re&is EG, GF; quod fieri poſſe ex 22. 1. manifeſtum 
eſt. Contingat recta AK curvam in puncto A; ad quod fiat angulus KAL, 
qui major fit angulo CHD *; occurratque recta AL curvæ in B. Contin- 
gat recta MN, ipſi AB parallela, curvam in M; quod fieri potle patet, {i 
concipiatur recta AB moveri ſemper ſibi parallela donec curve in unico puncto 
M occurrat. Jungatur AM; et ſuper rectam CD conſtituatur triangulum 
COD æquiangulum triangulo MNA. Eſt igitùr angulus COD zqualis ipfi 
MNA, hoc eſt, angulo KAL, qui, ex conſtructione, major eſt angulo CHD ; 
major igitùr eſt angulus COD angulo CHD. Si autem circa triangulum CHD 
deſcribatur circulus, rectæ CH, HD, que inter ſe ſunt æquales, ſimùl majores 
erunt duabus quibulvis rectis, ad circumferentiam in qua eft punctum H 
{ſuper CD deſcriptam, inflexis,-per Prop. 47. libri Sereni Antiſſenſis de conoz et 
quomam punctum O cadit intra hanc circumferentiam, quia angulus COD major 
eſt angulo CHD, multo erunt CH, HD, majores ipſis CO, OD; recta igitùr CD 


Hoe autem fieri poſſe manifeſtum eſt ex eo quod arcus BA ita minui poteſt, per motum puncti 
B verſis punctum A, ut chorda AB quantumvis prope accedat ad tangentem AN, ſeu ut faciat 
angulum acutum BAN cum tangente AK, productà ultra punctum A, qui. fir quovis angulo acuto 
mor, et pro-inde ut faciat angulum BAK cum ejuſdem tangentis parte AK quovis angulo obtuſo 
majorem, ide6que angulo obtuſo CHD. Nota Editoris F. M. 


(per 
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(per El. 5. 8.) majorem habet rationem ad ipſas CO, OD ſimdl, quam ad ipſis 
CH, HD. Eft verò recta AM ad ipſas MN, NA timil, ut recta CD ad iptas 
CO, OD, ſimdl, quoniam umilia ſunt MNA, COD triangula. Igirhr recta AM 
majorem habet rationem ad rectas MN, NA fimnl; quam CD habet ad ipfas 
CH, HD fima!, hoc eſt, ad rectam EF: recta igutir AM ad iplas MN, NA, 
et multo magis ad curvam AM; (quæ, per aliam Archimedis aſſumptionem, 
ipſis minor eſt,) majorem habet rationem, ratione CD ad EF, hoc eſt, ratione 
data; et propterea ratio æqualis ad æquale elt limes rationis rectæ AM ad 


curvam AM, Q. E. D. 


PR 


& Sit curva, vel pars curvæ, (ut in præcedente,) AB, quam contingat recta AC 
tc jn puncto A; et à dato puncto D in recta que perpendicularis eſt ad AC in A, 
« ad partes concavas curve AB ducatur recta DC, que curve in puncto B oc- 
&« currat, rectæ verò AC in C, et ducatur recta AB. His poſitis, fi recti DC con- 
e cipiatur movert circa punctum D verſùs punctum A, erit ratio zqualis ad 
* quale limes rationis chordæ AB ad ſegmentum AC contingentis.“ 


Caſus Primus. 


Primo fit chorda AB ſemper minor ſegmento AC contingentis, quando DC 
appropinquat punctum A; quod quidem temper. fiet in calu quo ſemicirculus 
ſuper diametrum AD cadit totus intra 
curvam, q oniam in hoc caſu angulus , K 1 _ 
ABC ſcmper erit major recto. Oſten- = ; 
dendum vero eſt ratiinem AB ad AC 
majorem fieri poſſe quacunque ratione 
data minoris ad majorem. 


Demenſtratiz, 


Sit ratio data ca quam habet AE ad 
AC; et, firatio AB ad AC non major 
fuerit ratione AE ad AC, ſumatur quod- 
vis punctum F inter E et C. Et, quoniam 
AB minor eſt AF, (nam vel ezqualis 
eſt ipſi AE, vel ipla minor, quia ratio 
AB ad AC ponitur non major rati- H 
one AK ad AC,) circulus deſcriptus 
centio A, in ervallo AF, neceſſariò rectæ BC occurret; occurrat ipſi BC in G, 
et jungatur AG, que necefſai1d occurret curve *; occurrat in , et ju cta 


* Ponitur enim à quovis cutvæ puncto unicam tantùm rectam duei poſſe que curvain in eo puncto 
contingat, 


et 
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et producta DH rectæ AC occurrat in K, et ducatur ad AC recta HL. parallela 
iph GC. Minor igitùr eſt AK reaa AL, et proptereà ratio AH ad AK major 
eſt ratione AH ad AL, hoc eli, ratione AG, five AF, ad AC; ratio igitùr AH ad 


AK, muito erit major ratione data AE ad AC. k.. 
Caſus Secundus. | 
Sit autem, quando DC appropinquat punctum A, chorda AB ſemper major 


ratione data. Q. L. D. 
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ſeemento AC contingentis. Oſtendendum eſt in hoc caſu rationem AB ad AC 
minorem fieri poſſe ratione quacunque data majors ad A LK = 


minorem. JR | 
Demonſtratio, / 
0 
A 


Sit ratio data ea quam habet AE ad AC; etcentro A, 
intervallo AF, circulus de'crilatur cvus circumferen- 
tiæ occurrat rea CF, iph AD parallicla in F; et in cir- 
cumferentth FF fm ur quordvis punctlum G inter 
curvam AB « contingenten AC, jungantur AG, GC, 
quarum AG ncceſſa id cuive occurret in quodam 
puncto H,; ducatur DH que ipſi AC occurrat iu K, et 
rectæ GC patallela ducatur HL. Eft iguùi AK major 
AL, et propte reà ratio AH ad AK minor cit ratione AH 
ad AL, hoc eſt, rationc AG, tive AE, ad AC, hoc eſt, 


« Tn quacunque curvà, vel parte cvrvz, a cujvs quovis puncto duci poterit 
tc unica tantùm recta curvam in eo pus co contingens, Limes rationis quam ha- 
& bet differentia abſciſſarum à quavis αametto, ad diſterentiam ſectatum quæ 
te diametro ordinatim applicantur, eadem elt ration! quam habet fermentum dis 
te ametri inter ordinatam et rectam quæ curvam in termino ordinate contingit, 
ad iplam ordinatam; hoc eſt, rationi quam habet {ubtang-ns ad ordinatam.“ 


Demos ratio. 
Cas. 1. Quando curva concava eſt versùs axem. 


Sit enim cutva AB; et a puncto in ipsà B ducatur ordinatim applicata BC ad 
diametrum 
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diametrum AC, ſumatur verò quodvis aliud in curvã punctum E; et, primo, fit 
E inter punctu.n B et diametri verticem A, ducatirque 
ordinata EF ad diamerrum, et compleatur parali-lo- 
grammum EFCG; contingat vero BD curvam in B, oc- 
curratque diametro AC (producte ultra verticem A,) 
in 10; contingenti autem occurrat GE in H. Eſt 
igitur EG minor GH; quare ratio EG ad GB minor 
erit ratione GH ad GB, hoc eſt, ra tone DC ad CB. 
Et eſt EG differentia ablc flarum AC, AF; GB verg 
differentia eſt ordinatarum BC, EF: oſtenſum igitùr eſt 
in hoc cali, (ſcilicet, quando punctum E eſt inter B et 
A puncta,) differentiam abſciflarum minorem habere ra- 
tionem ad differentam ordinatarum quam habet CD ad 
CB. Sit ja n ratio quævis minor ratione CD ad CB, si que 
iſta ra io eadem rationi CK a CB. Minor igitur eſt CK 
quam CD Junga ur KB, quæ curve neceſſariò occurret; 
occurrat ei in L, et ſumatur in curva punctum quodvis M 
inter B et L, ducalũrque ad diametrum ordinata MN, et 1 EO 
ad BC ducatur MO parallela pn NC; occurrat vero MO 

rectæ BK in P. Eſt igitùr MO major ipla PO, quoniam, ſcilicet, BL eſt intrà 
curvam BVL; quare ratio MO ad OB major erit ratione PO ad OB, hoc eſt, 
ratione KC ad CB. Eſt vero MO differentia abſciſſarum AC, AN; OB vero eſt 
differentia ordinatarum BC, MN. Quoniam igi ar oſtenſum eſt rationem dif- 
ferentiæ abſciſſarum ad differentiam ordinatarum in omni caſu minorem eſſe ra- 
tione CD ad CB, ſed tamen poſſe fieri majorem quacunque ratione CK ad CB, 
que minor fit ratione CD ad CB; erit, per Def. 4, ratio CD ad CB limes 
rationis quam habet differentia abicitſarum ad differentiam ordinatarum. 

Si tumatur punctum E ad alteras partes puncti B ad quas ſumptum fuit in 
præcedente calu, ſimilitèr oſtendi poteſt rationem differenuarum prædictarum in 
omni caſu majorem eſſe ratione CD ad CB; ted poſſe fieri ut minor fit quicun- 
que ratione quæ major ſit ratione CD ad CB; unde et in hoc caſu ratio CD ad 
CB erit Limes rationis differentiarum. Q. E. D. 


Cas. 2. Fiat alia figura in qua curva ad axem convexa ſit: et, fi pro major 
= UP J 
legatur minor, et vice versa; oſtendetur hic caſus ſecundus iiſdem verbis ac 


primus. Q. E. D. 


Cox. Si curva fuerit Parabola, Limes rationis differentiarum, ſeu ratio CD ad 
CB, eadem eſt rationi AC bis ad CB. 


D 


4 ) > Þ 


PROF. vh 


“Si quadratum ABDC et rectangulum AEFC habeant latus commune AC, 
* alterum vero rectanguli latus AE vel CF datum fit; augeatur vero, vel minu- 
atux⸗ 


—— ͤ 


— — — ũꝗ q— —— ͤ ͤ́wFu— ́ñꝗ : — 22 — TP RP 


— — — — — — = 
* —— 


un — 


| 
{ 
j 


i = ͤ—E— <a F 2 1 a - 
S ———— 2 . v = * 


96 DE LIMIT IBUS QUANTITATUM BT RATIONUM, 


& atur, quomodocunque ipſorum latus commune AC, et ſimùl augeantur, vel mi- 
& nuantur, ipſæ figure : ratio quam latus quadrati bis, habet ad datum rectan— 
6e ouli latus, Limes erit rationis incrementi, vel decrementi, quadrati ad incre- 
% mentum, vel decrementum, rectanguli.“ 


Demonftralio, 
Augeatur latus AC et fiat AG; er, deſcripto ſuper AG quadrato AGHK, 


compleatur etiam rectangulum AE. G; oc- 
currant verò GH, EK, ipſis BD, CD, in M, v 
N. Igitùr gnomon BNG incrementum eſt | | 
quadrati ACDB, et ſpatium CL incrementum 
eſt rectanguli AF. Fiat autem CO @equalis * = 
ipſi CD, et compleatur rectangulum COPG, ' 
Quoniam igitùr rectangulum OH æqualc eſt 
gnomoni BNG, ratio BNG ad rectangulum 
CL eadem erit rationi OH ad CL, hoc eſt, F 
rationi rectæ ON ad ipſam FC. Eft autem 
ON major OD, hoc eſt, CD bis; quaie ratio 
BNG, incrementi quadrati, ad CL,incremen- 
tum rectanguli, (in omni caſu quo latus com- 
mune augetur) major eſt ratione lateris qua- 
drati bis ad FC datum rectanguli latus, Q. E. D. 
Oſtendendum reſtat, rationem incrementorum quadrati et rectanguli poſſe 
minorem fieri quavis ratione que major eſt ratione CD bis ad FC. Sit enim 
quzvis ratio OD ad FC mayor ratione CD bis, ſeu OD, ad FC; igitůr eſt QD 
major Guam OD. Producatur autem OD ad N, ut ON minor fit ipsà OD; et 
per N ducatur NK parallela ipſi AC; ſuper AK deſcribatur quadratum AKH, 
et compleatur rectangulum ON HP. Quoniam igittr incrementum quadrati, ſeu 
gnomon BNG, æquale eſt tectangulo OH, erit BNG ad CL ut OH ad CL, hoc 
eſt, vt ON ad FC; ex conſtructione vero eſt ON minor QD; quatre ratio CH ad 
CL, hoc eſt, ratio inerementi quadrati ad incrementum rect nguli, minor eſt rati- 
one data QD 2d FC. Ergo, pci Def. 4. ratio OD, hoc eſt, CD bis, ad CF, Limes 
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cſt rations ditorum incremen orum. 


Eadem ve1id ratio Limes erit rationis decrementorum, ut patet. Q. E. D. 


Cor. Hinc, fi rectangulum ARSE, datum habens latus AE, æquale fuerit qua- 
drato AD, et augeancur vel diminuantur latera ita ut rectangulum et quadratum 
ſemper wer ſe æqualia ſint; ratio lateris quadrati CD bis ad datum rectanguli 
latus CF Limes erit rationis incrementi lateris rectanguli ad incrementum lateris 
quadrati. | 

Nam augeatur ſatus quadrati AC et ipſum quadratum AD, et fiat latus AG 
et quadratum AH; fir autem AV equale ipſi At; quare et RV æquale erit 
gnomoni CMK, Eft autem, per hanc propofitionem, ratio CD bis ad CF Li- 
mes rationis CMK ad CL, hoc eſt, rationis RV al CL, hoc eit, tationis RT ad 
CG, hoc eſt, rationis increment! lateris rectanguli AR ad incrementum lateris 


quadrati AC. Q. E. D. 
PROP. 
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PROP VII. 


—— . — 


tc Sint duo rectangula ABCD, AEF D, quibus commune latus eſt AD; latus 
« yerd AE datum fit ; et augeantur latera DA, DC rectis AG, CH, et comple- 
« antur rectangula GDHKR, LBMK, AENG : ſunt igitur AG, CH incrementa 
« laterum DA, DC; et ſpatia ALH, AN incrementa rectangulorum AC, AF, 
« Decreſcant jam GA, HC; et vel fit ratio iplarum ſemper eadem rationi da'& 
« rectæ O ad datam P, vel Limes rationis ipſarum fit ratio rectæ O ad rectam P. 
« His poſitis, erit ratio quam habet rectangulum, O, AB una cum rectangulo 
« P, BC ad rectangulum O, AE, Limes rationis decreſcentium inciementorum 
« ALH, AN.“ 
| Demonſtratio. 
Pars 1. Sit ratio incrementorum AG, CH, ſev BL, BM, ſemper eadem rationi 


O ad P; erit ratio incrementi ALH ad incrementum AN ſemper major ratione 
quam ſumma rectanguli O, AB et ipſius P, BC habet ad rectangulum O, AE; ſed 
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minor poteſt fieri ratione quicunque quæ major eſt ratione rectanguli O, AB uni 


cum rectangulo P, BC ad rectangulum O, AE. Fiat enim ut O ad P ita BC ad AQ. 


Et, quoniam, ex hy potheſi, eſt BL ad BM ut O ad P, erit BL, five AG, ad BM ut 
BC ad AQ; igithr rectangulum Q zquale eſt ipſi BH; et pro- inde (addito uttin- 
que rectangulo AK)) erit rectangulum Q æquale ſpatio ALH : ratio igitùr (| patii 
AL H ad rectangulum AN eadem eſt rationi rectanguli QK ad ipſum AN, hoc 


eſt, rationi rectæ QM ad ipſam EA. Quoniam vero eſt O ad P ut BC ad AQ, 


erit rectangulum O, AQ, æquale rectangulo P, BC; additõque communi 
rectangulo O, AB, erit rectangulum O, QB æquale rectangulo O, AB fimal cum 
rectangulo P, BC; igitùr rectangulum O, AB fimul cum ipſo P, BC eſt ad ipſum 
O, EA ut O, QB ad O, EA, hoc eſt, ut recta QB ad ipſam EA. Ratio autem 
rectæ QM ad ipſam EA major eſt ratione rectæ QB ad EA; igitùr ratio ſpatii 


ALH ad AN major eſt ratione rectanguli O, AB ſimòlcum ipſo P, BC ad 


ipſum O, EA. 

Oſtendendum reſtat, rationem ALH ad AN poſſe fieri minorem ratione qua- 
cunque que major eſt ratione rectanguli O, AB ſimùl cum ipſo P, BC ad ipſum 
O, EA, hoc eſt, ratione rectæ QB ad ipſam EA. Sit ratio data ea quam habet 

Vor. VI. O recta 
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recta 3 ad ipſam EA; eſt igitùr recta QB minor ipſa QV. Sumatur quod- 
vis punctum M inter B et V, et per M ducatur recta K MH parallela ipti AD; 
et ut AQ ad BC, hoc eſt, ut P ad O, ita fiat BM ad MK, et compleantur pa- 
rallelogramma DK, AN. Eft igitùr ſpatium ALH æquale rectangulo QK, 
ut oſtenſum fuit; quarè ALH eſt ad rectangulum AN ut recta QM ad iplam 
EA, hoc eſt, ratio ſpatii ALH ad rectangulum AN minor eſt ratione rectæ 
Q ad ipſam EA, hoc eſt, ratione data. Ratio igitur quam habet rectangulum 
O, AB una cum rectangulo P, BC ad rectangulum O, EA eſt Limes rationis 
incrementi ALH ad incrementum AN. Q. E. D. 

Pars 2. Sint duo rectangula ABCD, AEF D, quibus commune latus eſt 
AD; latus verò AE datum ſit: et augeantur latera DA, DC, rectis AG, CH, 
et compleantur rectangula GDHK, LBMK, AENG. Sunt igutr AG, CH 

incrementa laterum DA, DC, et ſpatia AL H, AN, incrementa rectangulorum 
AC, AF. Decreſcant jam GA, CH, et Limes rationis ipſarum ſit ratio rectæ O 
ad rectam P. His poſitis, erit ratio quam habet ſumma rectanguli O, AB et rect- 
anguli P, BC ad rectangulum O, AE Limes rationis decreſcentium incremen- 
torum ALTH, AN. | 

Primo. Sit ratio incrementorum AG, CH, ſeu BL, BM, ſemper minor ra- 
tione O ad P, ſed quæ poterit major fieri ratione quivis data quæ minor eſt 
ratione O ad P; erit ratio incrementi ALH ad incrementum AN ſemper 
major ratione quam ſumma rectanguli O, AB et rectanguli P, BC habet ad rect- 
angulum O, AE; ſed minor fieri poteſt ratione quãcunque data, que major 
eſt ratione prædictæ ſummæ ad rectangulum O, AE. 
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Fiat enim ut O ad Pita BC ad AQ, quæ ponatur in rectà BA productã. Eſt 
igitür rectangulum P, BC zquale ipſi O, AQ, et proptereà ſumma rectanguli O, AB 
et rectanguli P, BC, æquale eſt rectangulo O, QB. Eft autem rectangulumO, QBad 
rectangulumO, EA ut recta QB ad rectam EA. Sint autem AG, BM incremènta 
fimdl facta rectarum AD, AB; et ut AG ad BM ita fiat BC ad AR. Quoniam 
igitür, ex hypotheſi, ratio AG ad BM minor eſt ratione O ad P, hoc eſt, ra- 
tione BC ad AQ, erit ratio BC ad AR minor ratione BC ad AQ; eſt igitùr 
recta AR major ipla AQ. Ducatur RS, parallela ipſi AG. Et, quoniam ut AG 
ad BM ita eſt BC ad AR, erit rectangulum AS æquale rectangulo BH ; adcir6que 

R a commun 


: 
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communi AK, erit rectangulum RK æquale ſpatio ALH : igttùr ratio quam 
habet AL H ad AN eadem eſt rationi RK ad AN, hoc ef, rationi redæ RM 
ad ipſam EA. Eit autem RM major rectà QB; quare ratio RM ad EA major 
eſt ratione QB ad EA, hoc elt, ratio incrementi ALH ad incrementum AN 
major eſt ratione quam habet ſumma rectanguli O, AB et ipſius P, BC ad 
ipſum O, AE. 

Oſtendendum reſtat, rationem incrementi ALH ad ipſum AN poſſe mino- 
rem fieri ratione quacunque data que mayor elt raone rectangult O, AB 
ſimul cum ipſo P, BC ad ipſum O, AE, hoc elt, ratione rectæ QB ad ipſam 
EA. Sit ratio data ea quam habet recta TB ad ipſam EA: eſt igitùr TB major 

uam QB. Sumatur punctum quodvis R inter T et Q; producatur RB, et 
. BV recta, (incrementum, ſcilicet, ipſius AB,) minor quam TR. Et, i 
ratio incrementi quod fimul fit ĩpſius AD ad BV non eadem fuerit rationi BC ad 


AR, vel major ipſa, decreſcant incrementa ita ut ratio incrementi ipſius AD ad 


incrementum fimul factum ipfius AB eadem fit rationi BC ad AR, vel fit hac 
ratione major; quod ex hy potheſi fiert poteſt, quoniam ratio BC ad AR minor 
eſt ratione BC ad AQ, hoc eſt, ratione O ad P. Sint hæc incrementa AG, BM, 
et compleantur rectangula, ut dictum fuit. Si igitùr ratio AG, hoc eſt, ipſius 
BL, ad BM eadem fit rationi BC ad AR, erit, ut priùs oftenſum eſt in Parte 1. 
ratio ſpatii ALH, hoc eſt, incrementi ipſius AC, ad AN, incrementum ipfius 
AF, eadem rationi rectæ RM ad ipſam EA: eſt autem RM minor ipſa RV 
(decrevit enim BV in BM) quæ ex conſtructione minor eſt quam TB: ratio 
igitùr incrementi ALH ad ipſum AN, five ratio RM ad EA, minor eſt rati- 
one TB ad EA, hoc eſt, ratione data. Si vero ratio BL ad BM major fit ratione 
BC ad AR, multo magls eadem ſequetur concluſio; erit enim BL ad BM ut 
BC ad rectam minorem quam AR; unde (ut in ultimò præcedentibus) ſequetur 
concluſio fortiùs. 

Secundo. Sit ratio incrementorum BL, BM ſemper major ratione O ad P, 
hoc eſt, ratione BC ad AQ, ſed quz minor poterit fieri ratione quacunque 
data quæ major eſt ratione BC ad AQ, In hoc caſu ratio incrementi rectan- 
guli AC ad incrementum quod ſimùl fit ipfius AF, poteſt vel eadem eſſe rati- 
oni rectæ QB ad ipſam EA, vel major poteſt eſſe hac ratione, vel eadem 
minor. | 

Sint enim LB, BM incrementa laterum CB, AB fimal facta; et ut LB ad 
BM, ita fiat BC ad AR. Et, quoniam, ex 
hypotheſi, ratio LB ad BM, hoc eſt, BC ad 1 K 
AR, major eſt ratione BC ad AQ, erit Wi 
AR minor quam AQ. Primo, fit BM R 
qualis ipſi QR. Igitùr, addita communi 
RB, erit RM æqualis QB, et ratio RM 5 
ad EA eadem erit rationi QB ad EA, hoc | 
eſt, ratio ſpatii ALH, quod incrementum 1 
eſt ipſius AC, ad AN, incrementum ipſius tb 1 


O2 AF, 
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AF, eadem erit rationi QB ad EA, hoc eſt, rationi rectanguli O, AB una cum 
ipſo P, BC ad rectangulum O, AF. Secundo, fi BM major fuerit quam QR, 
ſimilnèr oitendetur ratio RM ad EA major ratione QB ad AE. Tertiò, ii 
BM minor fuerit quam QR, fimiliter oftendetur ratio RM ad EA minor ra- 
tione QB ad EA. 

O endendum vero eſt in ſecundo caſu (in quo, ſcilicet, ratio RM ad EA, boc 
eſt, ratio quam habet incrementum ALH rectanguli AC ad AN, inert mentum rect- 
anguli AF, major «ſt ratione QB ad AE,) poſſe rationem ALH ad ipſum AN mi- 
noi em fieri quacunque ratione dara quæ major eſt ratione QB ad EA. Sit hæc 
ra io data ea quam habet recta QM ad ipſam EA. Eſt igitùr QM major quam QB; 
quando vero BM <fſt incrementum ipſius AB, fit LB incrementum ipſius CP; 
et ut LB ad BM ita fiat CB ad AR. Eft igithr AR minor quam AQ, ut prids 
eſt oſtenſum: erit autem ratio ſpati ALH ad ipſum AN eadem rationt rectæ 
RM ad ipſam EA, que minor eſt ratione rectæ QM ad E, hoc eſt, ratione 
dai, 

In tertio caſu (in quo, ſcilicet, ratio RM ad EA minor eſt ratione QB ad EA,) 
oſtendendum eſt poſſe rationem ſpatii ALH, quod incrementum ett ipſius AC, 
ad ipſum AN, majorem fieri qua 
cunque ratione data quæ minor ett * 8 , X 
ratione Q3 ad EA. Sit hæc ratio 1 
data ea q am habet RB ad EA. Eſt gr 7 F * BI * 
igitùr RB minor quam QB; quare 
et RA minor eſt quam QA,et props 
terea ratio BC ad RA major eſt rati- 
one BC ad AQ. Ex hy potheſi autem * 
poteſt ratio wcrementi rectæ AD 
ad inciementum rectæ AB minor 
fieri quacunque ratione que major D CH 
eſt ratione BC ad AQ: tint igitùr 
AG, five LB, et BM, carum incrementa, quæ minorem habent rationem quàm 
BC ad RA; et ut LB ad BM, ita fiat BC ad TA: igitùr ratio BC ad TA minor 
eſt ratione BC ad RA, et pro-inde erit TA major quam RA, et TB major quam 
RB; quare IM multo mayor eſt quam RB. Eft igithr ratio TM ad AE, hoc 
elt, ratio incrementi ALH redtanguli AC ad AN incrementum reQanguli AF, 
major ratione RB ad AE, hoc eſt, ratione data *. QE. D. 


Et patet eandem ratiouem limitem eſſe rationis decrementorum, quando latera diminuuntur: 


Huic propoſitioni, in priori traQtaths hujus exemplari MS. addita fuit alia etiam de rectangulo, 
quz caſum in quo latus unum augetur, alterum vero diminuitur, complectebatur. Hæc vero propo- 
ſitio, caſuum multorum diſtinctione, admoddm prolixa deveniebat, et in exemplari noviſſimo (ad cujus 
normam editio hzc impreſſa eſt,) omninò omiſſa tuit, Eodem vero prorꝭꝭs ratiocinii modo hæc pro- 
poſitio oſtendetur ac pracedens, cui enunciatio propoſitioni convenicns cit prefixas 


PROP. 
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PR OP. VIII. 


« $j duæ rationes variabiles ſint ſemper inter fe eædem, erunt rationes que 
te jipſarum ſunt Limites inter ſe cædem.“ 


Rationis AB ad BC limes fit ratio AB ad BD, hoc eſt, fit ratio AB ad BC 
ſemper minor rattone AB ad BD, ſed que poterit fieri major quavis ratione 
que minor eſt ratione AB ad BD; vel, 

è conti fit ratio AB ad BC ſemper ma- A B Rec 
jor ratione AB ad BD, ſed quæ minor N — 
fieri poterit quavis ratione quæ major n * 
eſt ratione AB ad BD. Et eodem modo - « og 
rationis ab ad be (que ration AB ad is 
BC eadem eſt, ) lines fit ratio a> ad 64, Erit ratio AB ad BD eadem rationi ab 
ad bd, 


Demonſtratio, 


Prim, fit ratio AB ad BC minor ratione AB ad BD, hoc eſt, appropinquet ad 
limitem ſuum ratio AB ad BC augendo. Igntir quoniam ratio 4b ad bc ſemper 
eadem eſt rationi AB ad BC, necefle eſt ut etiam ratio ab ad be appropinquet 
ad limitem ſuum augendo, hoc eſt, ut ratio 49 ad bc minor fit ratione ab 
ad bd, Si autem eadem non fint inter ſe rationes AB ad BD, a+ ad 4d, 
una ipſarum erit alterà major. Sit ratio AB ad BD major ratione ab ad 34; 
fi que ratio AB ad BE eadem rationi ab ad bd. Qoniam igitdy ratio AB ad 
BE minor eſt ratione AB ad BD; poterit ratio AB ad BC major fieri ratione AB 
ad B E. Fiat ita major: et ratio ab ad bc (quæ ſemper eſt eadem rationi AB ad BC,) 
ſimùl major fiet ratione AB ad BE, hoc eſt, ratione ab ad 3d, Sed ratio ab ad &c 
ſemper minor eſt ratione ab ad 2d, ut oſtenſim fuit ; quod ahſurdum eft. Eſt 
ig ür ratio BA ad AD eadem rationi ab ad bd. Q. E. D. 

Eodem modo in altero caſu, viz. quando ratio AB ad BC major eſt ratione 
Ah ad BD, quæ ipſius eſt limes, et ad ipſum minuendo appropinquat, oſten- 
detur, rationem AB ad BD eandem eſſe rationi ab ad id. Q. E. D. 


PROP. 
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PROP. IX. 


« Sint A et B quantitates variabiles uteunque ex aliis quantitatibus com- 
ce poſitæ; ſint autem in omni caſu æquales: et fit C quantitas quævis alia varia- 
« bi'js : et ratio a ad y limes it rationis quam incrementum ipſius A habet ad 
* incrementum quantitatis C; ratio verd g ad y limes fit rations incrementorum 
* jplarum B, C; erit à æqualis ipfi g.“ | 


Demonſtratto. 


Nam quoniam inter ſe æquales ſunt quantitates A, B, æqualia erunt in 
omni caſu ipſarum incrementa. Igitur incrementum ipfius A eſt ad incrementum 
ipfius C, ut incrementum quantitatis B ad idem ipſius C incrementum. Rati- 
ones verò quæ earundum rationum ſunt Limites inter ſe ſunt eædem, per Prop. 8. 
et eſt ratio @ ad y Limes rationis incrementi ipſius A ad incrementum ipſius 
C, et ratio Þ ad y Limes rationis incrementi ipſius B ad incrementum ipſius C; 
ergo eſt a ad y ut g ad , ideõque « æqualis eſt ipſi g;. Q. E. D. 


Exemp. 1. Sit rectangulum A, B zquale rectangulo C, D; sintque latera A, 
B, C, quantitates variabiles ; latus vero D fit invariabilis. Et fit A, E aliud rect- 
angulum cujus latus E eſt quantitas invariabilis : ratio vero « ad g fit Limes ra- 
tionis incrementorum laterum A, B, et ratio a ad y Limes rationis incrementorum 
Jaterum A, C. Erit (per Prop. 7. ] ratio A, 8; B, à ſimul, ad E, a Limes ra- 
tionis incrementi rectanguli A, B ad incrementum rectanguli A, E. Eſt autem 
D, y ad E, « Limes rationis incgementorum rectangulorum C, D, et A, E. 
Ergo, per hanc Prop, eſt A, G unà cum B, « æquale ipſi D, y. | 

Ex. 2. Sit rectangulum A, B æquale quadrato ex C; sintque A, B, C, quan- 
titates variabiles, et rationis incrementorum ipſarum A, B Limes fit ratio a ad g, 
rationis verò incrementorum ipſarum A, C Limes fit ratio a ad y. Aliud autem 
rectangulum fit D, E, cujus latus D eſt quantitas invariabilis, E verò variabilis; 
£1:que ratio à ad « Limes rationis incrementorum ipſarum A, E. Erit per 
Prop. 7. ratio Ag ＋ Ba ad De Limes rationis incrementorum ipſorum A, B, D, 
E: et, per Prop. 6. ratio 2Cy ad Ds Limes rationis incrementorum quadrati ex 


C ct ipſius D, E; crgo, per hanc, erit AB+Ba=2Cy. 


PROP, 
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PROP. X. 


te Sint rectæ quotcunque A, B, C, D, E, F, deinceps proportionales, qua- 
« rum prima A data fit; auctà verò ſecunda B, augeantur ſimùl relique ita ut 
« proportionales ſemper fint ; et ratio quz Limes eſt rations incrementorum 
« penultimæ E et ſecundæ B eadem fit rationi quam habet G, (multiplex, ſci- 
« licet, antepenultimæ D,) ad ipſam A; siique H eadem multiplex ipſius E at- 
« que G ipſius D. Erit ratio que Limes eſt rationis incrementorum ultimæ 
« Þ et ſecundæ B eadem ration quam H et E ſimùl habent ad primam A.“ 


Demonſtratio. 

Sit ratio quam habet K ad A Limes rationis quam habet incrementum ipſius 
F ad incrementum ipſius B; et, ex hypotheſi, ratio G ad A Limes eſt rationis 
incrementorum ipſarum E, B. Erit H una cum E æqualis ipſi K. 

Quoniam enim ut E ad B ita eſt D ad A, et ſunt H, G ipſarum E, D æque 
multiplices. erit Cor. 4.5.] Had B ut G ad A, et rect- | 
angulum B, G æquale erit rectangulo A, H: eſt autem ratio 
K ad A, hoc eſt, ratio reAanguli A, K ad quadratum ex 
A, Limes rationis incrementorum ipſarum F, B, hoc eſt, 
rationis incrementorum rectangulorum A, F et A, B. Et 
quoniam rectangula E, B; A, B habent latus commune 
B; et eſt recta A data; et, ex hypotheſi, ratio G ad A 
Limes eſt rationis incrementorum ipſarum E, B; et, in- A B 6 
vertendo, ratio A ad G eſt Limes rationis incrementorum 
ipſarum B, E.“ Igitùr, per Crop. 7. ratio rectanguli A, E GHK 
una cum rectangulo G, B ad quadratum ex A Limes eſt | 
rationis incrementi rectanguli E, B ad incrementum ipſius 
A, B. Quoniam igitùr duo funt rectangula A, F; E, B 
Inter ſe æqualia, ratio autem que Limes eſt rationis in- 
crementi ipſius A, F ad incrementum tertii rectanguli A, * 
B oſtenſa eſt eadem rationi rectanguli A, K ad quadra- 
tum ex A; et ratio que Limes eſt rationis incremen- 
torum rectangulorum E, B; A, B oſtenſa eſt eadem ration | 
rectanguli A, E una cum ipſo G, B ad idem quadratum | 
ex A; erit per Prop. g. rectangulum A, K æquale rect- | 
angulo A, E una cum ipſo G, B, hoc eſt, ut oſten- 
ſum eſt, una cum ipſo A, H. Eſt igitar recta K æqualis 
Iph E una cum H. Q. E. D. 


Per Prop. ſequentem que non ab hac pendet. 
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Cor. 1. inc in ſerie deinceps proportionalium, A, B. C, D, E, &c. fi 
latio c ad þ Lives fit raticnis incrementorum ipſarum C, B, ct ratio d ad 5 
Limes fit rationis it crementorum ipfarum D, B, et ita deinceps, poſiuis, 'cilicer, 
c, d, e, f, antecedentibus rationum limitum ad communcm conſequentem 6, sit. 
que # numerus exponens locum cyuſvis termini E, ſeu ejuſdem difiantiam 2 
primo A incluſivè, adeõque  #—1 numerus exponens locum termini antece- 


dentis E; erit fad but Ai Xx E ad A. 

noniam enim rectangulum A, C æquale eſt quadrato ex B, et data eſt recta 
A, erit (per Cor. Prop. 6.) ratio c ad b (quæ eſt Limes rationis incrementorum 
ipſarum C, B) eadem rationi 2B ad A: igitdr, per hanc propoſitionem, erit 4 
ad þ ut 2C+C, hoc eſt, 3C, ad A; et ſimilitèr eritead & ut 4D ad A; et ita 
deinceps : ſcilicet, fi n fit numerus exponens locum | cujuſvis termini F, ſeu ejul- 


dem diſtantiam à primo A incluſivè, erit F ad þ ut I x E ad A. 


4 „ 2 
Co. 2. Et ſi a, FX, pony, 72 & 


» &c. fit ſeries deinceps proportionalium, qua- 


. K* * . * & * . 
rum ultima fit .; quoniam z+1 eft numerus termini A, erit # numerus 
4 —1 65 —1 


. * * . K * — . f * . o * 
termini penultimi —, et proptereà ratio z Xx — ad à erit Limes rationis in- 
4 — | 


x* 


ad incrementum quantitatis . 


crementi quantitatis 


Et fi 1, x, &, x, &c. ſint deinceps proportionales, quarum ultima fit &; erit 
ratio 1%" ad 1 latio que Limes eſt rationis incrementorum ipſarum &, x. Et 
fi x, vel dx, dicatur antecedens rationis incrementorum ipſarum &, &; erit nx*—x 
vel nw—dx conſequens ejuſdem rationis. Et hæc xx & vel meds eſt illud 
quod, parùm accurato loquendi modo, vocatur ux ia, vel differentia, ipſius &. 


PROP. XI. 
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« Si ratio AB ad BC Limes fit rationis variabilis DE ad EF; invertendo, 
« exit ratio CB ad BA Limes rationis FE ad ED.” 


Demonſtratic. 


Primd. Sit ratio variabilis DE ad EF ſemper minor ratione AB ad BC, ſed 
quæ poterit fieri major quavis ratione que minor eſt ratione AB ad BC. Inver- 
tendo igitùr erit ratio FE ad ED ſemper major ratione CB ad BA: 3 

ver 


> 


: 
7 
; 
. 
1 


DR LIMITIBUS QUANTITATUM ET RATIONUM. 105 


verd oſtendendum eſt poſſe rationem FE ad ED minorem fieri quavis rati- 
one, quæ major eſt ratione CB ad BA. Sit ratio 


GB ad BA major ipla CB ad BA; et, invertendo, A B CG 
erit ratio AB ad BG minor ratione AB ad BC: i r 

ex hy potheſi autem poterit ratio DE ad EF ma- E. 
jor fieri quavis ratione quæ minor eſt ipſa ratione RE — 


AB ad BC; poterit igitùr ratio DE ad EF ma- 

jor fieri ratione AB ad BG. Fiat ita major ratione AB ad BG; et fit iſta 
major ratio ea quam habet De ad ef; ergo, invertendo, ratio fe ad D minor 
erit ratione GB ad BA. Sed, ut oſtenſum fuit, eſt ratio fe ad eD ſemper ma- 
jor ratione CB ad BA, Quare [per Definitionem ꝗtam, ſcilicet, limitis ratio- 


nis.] ratio CB ad BA Limes eſt rationis fe ad eD, ſeu FE ad ED. Q. E. D. 


Similiter, fi ratio DE ad EF ſemper major fuerit ratione AB ad BC, fed 
quæ minor poterit fieri quavis ratione, que ratione AB ad BC major eſt; oſten- 
detur rationem CB ad BA limitem efle rationis FE ad ED. 


PROP. XII. 


« Si rationis AB ad BC Limes fit ratio ab ad br, hoc eſt, fi ratio AB ad 
BC ſemper minor fit ratione a5 ad bc, ſed quæ poteſt major fieri ratione 
* quacunque data quæ minor eſt ratione ab ad bc; vel, fi ratio AB ad BC 
e lemper major fit ratione ab ad bc, ſed quæ minor fieri poteſt quicunque 
* ratione data quæ major eſt ratione 46 ad &c : erit, convertendo, ratio ab ad ac 
* Limes rationis AB ad AC,” 


| Demonſtratio. 

Nam in primo caſu, quoniam ratio AB ad BC ſemper minor eſt ratione 
ab ad bc; convertendo, erit ratio AB ad AC ſemper major ratione ab ad ac: 
oſtendendum verò reſtat, poſſe rationem AB ad AC, 


minorem fieri quicungque ratione dati, quz major eſt A CC BB 
ratione ab ad ac, Sit ratio ab ad ad major ratione ab ad _—_ 
ac: et, convertendo, erit ratio ab ad bd minor ratione ab | 4c 3 

ad bc; ex hypotheſi autem ratio AB ad BC poteſt fieri ; 


major quacunque ratione ab ad hd quæ minor eſt rati- 
Vol. VI. P one 
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one ab ad tc ; fiat, et fit ratio AB ad BC; igitùr, convertendo, ratio AB ad 
AC minor erit ratione ab ad ad. Quoniam igitùr ratio AB ad AC ſemper 
major eft ratione ab ad ac, ſed minor fieri poteſt quacunque ratione data, 
quæ major eſt ratione ab ad ac; erit ratio 26 ad ac Limes rationis AB ad AC. 
Similiter oſtendetur propoſitio in caſu reliquo. Q. E. D. 


PROP. XIII. 


cc Si rationis AB ad BC Limes fit ratio ab ad bc, hoc eſt, fi ratio AB ad 
« BC ſemper minor fit ratione ab ad bc, fed quæ mayor fieri poteſt qua- 
* cunque ratione data, que minor eſt ratione ab ad bc; vel, fi ratio AB ad 
« BC ſemper major fit, &c. Componendo, rationis AC ad CB Limes erit 
© ratio ac ad cb,” 


Demonſtratio. 


Nam, quoniam ratio AB ad BC ſemper minor eſt ratione ab ad h, com- 
ponendo, ratio AC ad CB ſemper minor erit ratione ac ad ch oſtenden- 
dum verd reſtat, rationem AC ad CB majorem 


fieri poſſe quacunque ratione data, quæ minor A 3 CEC 
elt ratione ac ad ch. Sit ratio data ac ad cd 1 79 . 
0 


minor ratione ac ad ch; et, dividendo ratio ad 
! , a | d b 
ad de minor erit ratione ab ad bc; igitùr ratio Le 3 
AB ad BC major fieri poteſt ratione ad ad de. 
Fiat ita major ratione a4 ad de, et deveniat ratio AB ad BC; igitùr, compo- 
nendo, ratio AC ad CB major erit ratione ac ad cd, hoc eſt, ratione data ; et 
proptereà rationis AC ad CB Limes eſt ratio ac ad ch. Et ſimilitèr in reliquo 
caſu. Q. E. D. 
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PROP. XIV. 


ce Si rationis AB ad BC Limes fit ratio ab ad bc, hoc eſt, fi ratio AB ad 
« BC ſemper minor fit ratione ab ad c, &c. Dividendo, rationis AC ad 
« CB Limes elt ratio ac ad ch.“. 


Demonſiratio. 


Nam, quoniam ratio AB ad BC ſemper minor eſt ratione ab ad bc, divi- 
dendo, erit ratio AC ad CB ſemper minor ratione ac ad ch: oſtendendum 
reſtat, rationem AC ad CB majorem fieri poſſe 


quicunque ratione data, que minor eſt rati- A C0 B B 
one ac ad b. Sit ratio data ad ad db minor ra- | — ; 
tione ac ad ch: et, componendo, ratio ab ad d _, 4-2 3 
minor erit ratione ab ad bc: ex hypotheſi autem WW 


ratio AB ad BC major fieri poteſt ratione | 

quacunque data ab ad bd, quæ minor eſt ratione ab ad bc. Fiat ita major ratione 
ab ad bd, et deveniat ratio ABad BC; et dividendo, ratio AC ad CB major erit 
ratione ad ad db, hoc eſt, ratione data. Quoniam igitùr ratio AC ad CB temper 
minor eſt ratione ac ad ch, ſed major fieri poteſt ratione quicunque data ad ad 45 
que minor eſt ratione ac ad ch, erit rationis AC ad CB Limes ratio ac ad ch. Et 
ſimilitèr in reliquo caſu. Q. E. D. 


SBB ——— ——8—8—888— % % ꝗ¶ ——8— 8 ——8——8——ä———— 


PROP, . 


« Si ratio A ad B ſemper eadem fuerit rationi à ad 5; rationis autem B 
* ad C Limes fit ratio 5 ad c; erit ratio a ad c Limes rationis A ad C.“ 


Demonſtratio. 

Sit ratio B ad C ſemper minor, vel ſemper major, ratione 5 ad c; puta, ſemper 
minor. Quoniam igitùr eſt A ad B ut @ ad 6, ratio verd B ad C minor ratione 3 
ad c; erit, ex æquo, ratio A ad C minor ratione à ad c. Oſtendendum verd 
preterea eſt, rationem A ad C majorem fieri poſſe quàvis ratione, quæ minor 
eſt ipla @ ad c. Sit igithr ratio @ ad 4 minor ratione à ad c; unde erit 4 


2 major 
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major quam c; quare ratio & ad d minor erit ratione & ad c, que, ſcilicet, Limes 
eſt rationis B ad C; ergo, per definitionem quartam, poterit ratio Bad C major 
fieri ratione þ ad d. Fiat itaque: et, quoniam ratio A ad B fit ſimùl eadem rati- 
oni à ad &; erit, ex quo, ratio A ad C major ratione à ad 4, hoc eſt, ratione 
propoſiti. Quoniam igitur ratio A ad C ſemper eſt minor ratione @ ad c, 
poterit autem fieri major quavis ratione @ ad d quz minor eſt ratione @ ad c; 


erit (per definitionem) ratio à ad c Limes rationis A ad C. Q. E. D. 


Cor. Sint AC, BD rectangula quæ data habent latera A, B; Limes autem 
rationis incrementorum laterum variabilium C, D, fit ratio y ad 9; erit Limes 
rationis incrementorum ipſorum AC, BD, eadem rationi quæ componitur ex 
rationibus A ad B et y ad d. Denotentur enim incrementa quævis fimnl facta 
laterum C, D, rectis c, d; et ſumatur rectangulum BC. Iplorum igitùr AC, 
BC incrementa erunt Ac, Be, quorum ratio ſemper eadem eſt rationi A ad B. 
Incrementa verò ipſorum BC, BD, ſunt Br Bd; quorum ratio eſt eadem ipſi 
cad d; quare et Limes rationis Bc ad Bd eadem eſt Limni ipſius c ad 4, 
hoc eſt, rationi y ad 8, cui eadem fiat ratio Bad E; et, per hanc Propoſitionem, 
erit Limes rationis Ac ad Bd eadem rationi A ad E, hoc eſt, ei quæ compoſita 
eſt ex rationibus A ad B, et (B ad E, hoc eſt) y ad 9. | 


CCC — — — — ——— 


PROP. XVI. 


« S8i rationis AB ad BC Limes fit ratio EF ad FG, et rationis BC ad 
* CD Limes fit ratio FG ad GH, utraque vero ratio augeatur vel minuatur, 
Exit ratio EF ad GH Limes rationis AB ad CD.” 


Demonſtratio. 


Utraque enim ratio minuatur. Et, ex definitione Limitis rationis, erit ratio 
AB ad BC ſemper major ratione EF ad FG, et ratio BC ad CD ſemper ma- 
jor ratione FG ad GH. Igitùr, ex 


æquali, ratio AB ad CD ſemper major A4 B C D 
erit ratione EF ad GH. Oftendendum - J 

verò reſtat, rationem AB ad CD mi- E F 1 Kʒ H 
norem fieri poſſe ratione quacunque a 1 
data, quæ major eſt ratione EF ad GH, M 


Sit ratio EF ad GK major ratione EF 


ad GH : eſt igitùr GH major GK: fiat ut FG ad GH ita quædem FL ad 
GK; 


bh 
75 
f 
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GK; et, quoniam GH major eſt GK, erit FG major FL (14. 5.) Sumatur 
FM, quæ minor fit quam FG, major autem quam FL; erit igitùr ratio EF 
ad FM major ratione EF ad FG, ratio autem FM ad GK major erit ratione 
FL ad GK. Quoniam ve!0 rations decreſcentis AB ad BC Limes eſt ratio 
EF ad FG, poterit ratio AB ad BC minor fhieri quacunque ratione data, que 
major eſt ratione EF ad FG. Decreſcat igitùr ratio AB ad BC ita ut minor 
fiat ratione EF ad FM: et, quoniam rationis decreſcentis BC ad CD Limes eſt 
ratio FG ad GH, poteſt ratio BC ad CD minor fieri ratione quacunque data, 
quæ major eſt ratione FG ad GH, hoe eſt, ratione FL ad GK : fiat igitdr 
ratio BC ad CD minor ratione FM ad GK. Quoniam igitùr ratio AB ad 
BC minor facta «ft ritione EF ad FM, ratio autem BC ad CD minor facta 
eſt ratione FM ad GK, eric ratio AB ad CD, ex quali, minor ratione EF ad 
GK, hoc eſt, ratione data, Similuer oſtendetur caſus reliquus quando ratio 


utraque augetur, invertendo. Q. E. D. 


PROP, ET. 


« Sint duz magnitudines AB, CD, sintque aliæ magnitudines AE, AF, &c. 


= minores quidem ipla AB, led quæ mayores poſſunt fieri quavis magnitudine, 


« quz ipla AB fit minor; et ſint magnitudines CG, CH, &c. minores qui- 
« dem ipſa CD, ſed quæ majores poſſunt fieri quavis magnitudine quæ minor 
« fit ipſa CD; fit autem ratio ipſius AE ad CG vel AF ad CH, &c. ſemper 
ec eadem rationi datæ; huic date rationi eadem erit ratio AB ad CD.” 


Demonſtratio. 

Si enim non fit ut AE ad CG ita AB ad CD; erit AE ad CG ut AB vel ad 
magnitudinem minorem ipſà CD, vel ad majorem. Sit, primo, ut AB ad minorem 
ipſaCD; sitque AE ad CG ut AB ad CK. Quoniam iguùr CK minor eſt ipſa 
CD, poteſt quædam ipſarum CG, CH, &c. major fieri ĩpſa CK. Sit hæc CL; 
sitque AM ea ipſarum AE, AF, &c. magnitudinum, quæ ad CL datam 
habet rationem quam habet AE ad CG. Ut autem AE ad CG, ita eſt 
AB ad CK; ergo ut AB ad CK, ita eſt AM ad CL, Ex hypotheſi au- 


A E F MB 


C 6 K L DN 


* Propoſitio hæc utiliſima, etiam de Limitibus quantitatum, præcedenti ſeriei adjungitur. 
tem 


_— — 
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tem AB. major eſt AM; major igitur eſt CK quam CL. [14. 5.] fed et minor, 
quod fieri non potett. Non igitùr eſt AE ad CG ut AB ad aliquam magnitu- 
dinem que minor eft ipla CD. Eadem ratione oſtendetur neque eſſe CG ad 
AE, ut CD ad aliquam magnitudinem minorem ipla AB. Oltendendum reſtat 
neque eſſe ut AE ad CG, ita AB ad aliquam magnitudinem que major eſt 
ipſa CD. Si enim fieri poteſt, fit AE ad CG ut AB ad CN majorem ipla CD. 
| Invertendo, igitùr, erit CG ad AE ut CN ad AB. Quoniam vero eſt CN 
major CD, erit CN ad AB, ut CD ad magnitudinem 1pſla AB minorem 
(14. 5.] Ergò ut CG eſt ad AE, ita CD ad magnitudinem minorem ipla AB; 
quod fieri non poſſe oſtenſum eſt. Non igitùr ut AE ad CG 1ta eſt AB ad 
magnitudinem aliquam ipſa CD majorem : oſtenſum autem eſt neque ad mi- 
norem : quare ut AE ad CG ita eſt AB ad CD. Q. E. D. 


Hzc eſt propoſitio generalis quæ adhibetur in Propoſitionibus 2, 5, 11, 12, 
18, Lib. 12. Euclidis, et in aliis multis propoſitionibus in operibus aliorum 
Geometriz Scriptorum ; eſt autem propoſitio maximæ utilitatis, quia, cum ſeme] 
demonſtrata eſt, (ut jam factum eſt,) iſtas omnes propoſitiones breviores poteſt 


reddere. | 


Finis Tratlatis RoBtrTtI SiMsoN de Limitibus Quantitatum et Rationum, 


EXCERPTUM BKEVE 


EX OPERIBUS DOCTISSIMI VIRI, 


PETRI FERMATII, GALLI, 


(Galliæ Regis illuſtriſſimi, Ludovici decimi quarti, in Curia Parliamenti 
ſui apud Toloſam Conſiliarii,) 


IN QUO DESCRIBITUR METHO DUS AB EO INVENTA, AD INVESTIGANDAM 


MAXIMAM ET MINIMAM 


Magnitudinem quam Quantitas aliqua variabilis (quz non ad infinitum 
creſcit vel decreſcit,) habere poſſit. 


Vide FERMAT11 opera Toloſæ impreſſa Anno Domini 1679, pag. 63. 


MNIS de inventione Maximz et Minimæ doctrina duabus poſitionibus 
ignotis innititur, et bac unica præceptione. 

Statuatur quilibet quæſtionis terminus eſſe A, five planum, five ſolidum, 
aut longitudo, pro- ùt propoſito fatisfieri par eſt; et inventa maxima aut minima in 
terminis ſub A gradu utlibet involutis. Ponatur rursùs idem qui priùs effe 
terminus AE; iterũmque inveniatur maxima aut minima in termints ſub 
A et E, gradibus utlibet co. efficientibus. 

Adæquentur (ut loquitur Diophantus,) duo homogenea maximæ aut mi- 
nme equalia : et, demptis communibus, (quo peracto homogenea omnia ex 
parte alterutra ab E, vel ipſius gradibus, afficĩiuntur,) applicentur omnia ad 
E, vel ad elatiorem ipſius gradum, donec aliquod ex homogeneis ex parte 
utravis affectione ſub E omninò liberetur. 
lidantur deinde utrinque homogenea ſub E, aut ipſius gradibus, quomodo 
libet involuta; et reliqua æquentur. Aut, fi ex una parte nihil ſupereſt, 
æquentur fine (quod eodem recidit,) negata adfirmatis. Reſolutio ultimæ 
tus æqualitatis dabit valorem A; qui cognitd Maxima aut Minima ex repe- 
ts prioris reſolutionis veſtigiis innoteſcet. b 


Exemplum 
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Exemplum Subjicimus. 


Sit recta AC ita dividenda in E, ut rectangulum AEC fit Maximum. 
A E 


N 


Recta AC dicatur B. Ponatur pars altera B efſe A. Ergo [pars] reliqua 
erit BA, et rectangulum ſub ſegmentis erit B A - A?, quod debet inve- 
niri maximum. | 

Ponatur rurſùs pars altera ipfius B eſſe A E. Ergo reliqua erit B=A—E, 
et rectangulum ſub ſegmentis erit Bin AA ＋ B in E- 2E in A- E=; quod 
debet adæquari ſuperiori rectangulo B in A — A. Demptis communibus, 
B in E adæquabitur 2E in A + E*; et, omnibus per E diviſis, B adequa- 
bitur 2 ATE. Elidatur E. [et jam] B æqvuabitur 2A. Igitùr B [ſive data 


linea recta AC] bifariam eſt dividenda, ad ſolutionem Propoſiti. 
Nec poteſt Generalior dari Methodus. 


Nola in hoc excerptum ex operibus Fermatii. 


Hæc Enunciatio Regulæ Fermatianz de quantitate maxima vel minim4 in- 
venienda, ab ipſo Fermatio tradita, valde obſcura et intellectu difficilis mihi 
videtur, et demonſtratione omninò caret. Sed per ſequentem Diatriben cele- 
berrimi Hugenii (qui omnes Scientiz partes quas aggreditur, perſpicuè ſemper 
tractare ſolet,) interpretatio ſimul ipſius regulæ et ejuſdem demonſtratio fatis 
flent manifeſtæ. | - 

. M. 


- DIATRIBE, 


ILLUSTRISSIMI VIRI, 
CHRISTIANI HUGENTII, 
CONTINENS 
DEMONSTRATIONEM PRIACEDENTIS REGULA: 


A PETRO FERMATIO 


INVENTEA, DE DETERMINATIONE QUANTITATUM 


MAXIMARUM ET MINIMARUM. 


Olim edita Lugduni Batavorum Anno Domini 1724, in ſecundo Volumine Operum 
HuGEtxN11, paginis 490, 491, 492, &c. - - - 498. 


— — 


* inveſtiganda Maxima & Minima in Geometricis quæſtionibus, regulam * vide Fer- 
certam primus, quod ſciam, Fermatius * adhibuit : cujus originem, ab matii opera, 
ipſo non traditam, cum exquirerem, inveni ſimùl quo pacto ca ipſa regula ad 1 
mirabilem brevitatem perduci poſſet, ũtque inde eadem illa exiſteret quam — 63, 
poſtea vir ampliſſimus, Johannes Huddenius, dederat, tanquam partem regulæ et ſeq. ad 
ſuæ generalioris atque elegantiſſimæ, quæ ab alio prorſùs principio pendet. P- 74 
Hæc à Franciſco Schotenio edita eſt una cum Carteſianis de Geometria libris. 
Fermatianæ autem regulæ examen quod inſtitui, eſt hujuſmodi. 

Quoties Maximum, aut Minimum, in proble- Examen re- 
mate aliquo determinandum proponitur, certum #- & CF . gue Fer. 
eſt utrinque æqualitatis caſum exiſtere: ut, ſi data 
ſit poſitione recta ED & puncta A, B, oportet- 
que invenire in ED punctum C, unde ductis CA, FP 

| 


1 mimatio in- 
| , | 
/ * n \ vente, 


CB, quadrata earum, ſimùl ſumpta, ſint minima / 7 NJ 
quz eſſe poſſint; neceſſe eſt ab utraque parte TE VJ 
puncti C, eſſe puncta G & F, à quibus ducendo . x 


57 


LV/ 


rectas GA, GB et FA, FB, oriatur ſumma qua- 
dratorum GA, GB æqualis ſummæ quadratorum 
FA, FB, & utraque ſumma major quadratis CA, A 
CB ſimùl ſumptis. 


Vo. VI. 0 Ut 


— 
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| 
F 
| 
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Ut igitür inveniam punctum C, unde ductis CA, CB fiat ſumma quadra- 
torum ab ipſis omnium minima ; quctis AE, BD perpendicularibus in rectam 
ED, quarum AE, dicatur a; BD, b; intervallum vero E D. c. fingo primùm 


GF, differentiam duarum EG, EF, æqualem datæ line que vocetur e; et 


quzro quanta futura fit EG, quam appello x, ut quadrata GA, GB fimul ſumpta 
æ uentur quadratis FA, FB. 

Itaque, quia AE Sa, et EG = x, erit quadratum AG=aa +xx, Et 
quia GD = c— x, et DB = 5, erit quadratum GB = Y + cc 
—2cx + xt, Unde quadrata AG, GB ſimul tumpta fient = aa + 
bb + ce — 2cx + 2x, qui dicantur termini priores; idque fimili- 
ter in quovis alio problemate intelligendum, ubi maximum aut mini- 
mum inquiritur. Rurſàs autem, quia EF = x + e, {1 ubique ia ſumma qua- 
dratorum inventa ſubſtituam x + e pro x, et quadratum ab x.+ e pro xx, 
atque ita deinceps, fi altior poteſtas ipſius x reperiatur, certum eſt exorituram 
ſummam quadratorum FA, FB; quæ quidem erit a8 +bb + cc — 2 
— 2Ce + 2X x + 4tex + zee, zquanda ſummæ quadratorum AG, GB; dicantur 
autem hi termini poſteriores. 

Itaque erit aa + b6 + cc — 2c + 2 * aa +bb + cc — cr — 2c 
+ 2xx + 4ex + 2ee, Ex qua æquatione prodibit valor EG five x, quando 
GF, five e, certæ magnitudinis lineam refert. 

Ponendo autem e infinitè parvam, apparebit ex eadem æquatione quanta 
futura fit EG, cum ipſi EF æqualis eſt; ade6que habebitur determinatio 
quzſia puncti C, unde ductæ CA, CB ficiant ſummam quadratorum mini- 
mam; nempe, ſublatis primum, fi que ſunt, fractionibus, (quæ in hoc ex- 
emplo nulle ſunt) delentur termini qui utrinque 1dem habentur, quales ſunt 
neceſſariò omnes quibus litera e admixta non eit; idque facile eſt intelligere, 
cum dixerimus poſteriores terminos ex prioribus defcribi, ponendo x + e, vel 
poteſtatem ejus, quoties invenitur x, vel poteſtas ejus aliqua, in prioribus. 
Deinde omnes termini per e dividuntur ; quibuſque poſt eam diviſionem ad- 
huc unum e aut plura ineſſe inveniuntur, ii delentur, quippe cum quantitates 
infinite parvas contineant reſpectu cæterorum terminorum quibus nullum am- 
pliùs ineſt e. Ex quibus denique ſolis invenitur quantitas & quæſita in catu 
determinationis propoſito; & hæc eſt ratio methodi Fermatianz, qua in 
compendium redactà hanc aliam inveni, cujus partes duz funt, Nam 
primo, 


Quando termini, quos maximum aut minimum deſignare volumus, nul- 
lam tractionem habent, in cujus denominatore quantitas incognita quæſita 
** continetur ; multiplicandus eſt terminus quiſque per numerum dimenſi- 
* onum, quem in illo habet quantitas incognita, omiſſis terminis 1s in quis 
* bus incognita quantitas non reperitur; omniaque illa producta ſunt æquanda 
cc 3» 

nihilo. 

la in exemplo propoſito, ubi termini priores inventi ſunt a + þ6þ6 + c& 
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* 


— 2c + 2, fummam duorum quadratorum continentes, quam volo eſſe 
minimam; tantummodò hujuſmodi inſtituenda erit multiplicatio, 


aa + bb ＋ cc - 20x + 2x8 


I 2 
Ex qua orientur termini æquandi nihilo — 2x + 4xx = 0; 
Unde fit 4 
1 i Kr | | 2hbba* g 
ta quoque, ſi priores termini fint 34* — 4. — pets + at*, 
by, 
multiplicatio erit hujuſmodi 3 3 I 
— 3 20a 
Unde termini æquandi nihilo gax3 — 30x — = 0 
* 
A | TT 
Et (dividendo terminos per x,) 9 — 3bxx — _ = 0 


Hujus compendii ratio ut intelligatur, ſciendum primo, quoniam termin! gyplicatio 
poſteriores ex prioribus deſcribuntur, ponendo tantum ubique # + e Pro x, ne- hujus primas 
ceſſarid omnes terminos priores etiam in poſterioribus reperiri; 1deoque illos nihu} TI regulae 

k N 5 JW. ab Hugemo 
opus eſſe deſcribi, (cum | fi deſcriberentur] utrobique mox delendi forent,) atque ;,,.,..” 
adceò illos tantùm | eſſe] ſcribendos in quibus unum e vel plura inſunt, ut in exem- 
plo noſtro — ace + 4ex + 2ce; eoique æquandos Ceſſe] nihilo. Sed etiam illos 
quibus plura quam unum e inerunt, ſcribi fruſt rà apparet, cum, diviſione factã per 
e, delendos [ etle | poſteà conſtet, ur paulo ante diximus. Itaque nulli prætereà ab 
initio deſcribendiſ ſunt) inter terminos poſteriores quam 11 quibus inerit e ſimplex. 

Hi autem termini [ quibus inerit e fimplex] ex terminis prioribus facile 
deducuntur, cum conftet [eos] nihil aliud eſſe quam ſecundos terminos 
poteſtatum ab x + e, quia cæteri omnes ¶termini iſtarum poteſtatum] plura 
quam unum e vel nullum habent. Adeò ut, ubicunque in prioribus terminis 
habetur x, ſcribendum fit in poſterioribus e; et ubi habetur xx in prioribus, 
ponendum 2ex in poſterioribus; & ubi x3 in prioribus, in poſterioribus gexx, 
atque ita deinceps. Dicti autem termini fecundi cujuſque poteſtatis x + e ex 
if ſa poteſtate x facile deſcribuntur mutando unum x in e, et præponendo nu- 
merum dimenſionum ipſius x: ita enim ab xx fit 2ex, et ab x3, zen; atque in 
cæteris pari modo. Itaque ex terminis prioribus in quibus x, (quos ſolos con- 
ſiderandos eſſe patuit,) facile etiàm termini poſteriores, (ii quos nibilo adæquan- 
dos diximus, ) deſcribuntur multiplicando tantùm ſingulos in numerum dimen- 
ſionum quas in ipſis habet x. Nam mutare unum x in e ne quidem opus eſt, 
cum eodem redeat, five omnes poſtea per e, ſive per x, dividantur. Et ex his 
quidem aperta eſt ratio compendii ad primam partem regulæ pertinentis. Nunc 
ad alteram veniamus, quæ eſt hujuſmodi. 


* $1 termini quos maximum, aut minimum, deſignare volumus, fractiones ha- — 
. 0 . . * . hs Ins 
* beant in quarum denominatoribus occurrat quantitas incognita, delendæ pri- n Pars fe. 
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* mim ſunt quantitates cognitz, fi quæ adfint ; deinde, fi reliquz quantitates 
* non habeant eundem denominatorem, <0 reducendæ ſunt. Tunc termini 
te ſinguli numeratorem fractionis conſtituentes, ducendi ſunt in terminos ſingulos 
e denominatoris, productaque ſingula multipla ſumenda ſunt ſecundùm numerum 
* quo dimenſiones quantitatis incognitæ in termino numeratoris differunt a di- 
& menſionibus ejuſdem incognitæ quam itatis in termino denominatoris. Signa 
autem affectionis [nempe + et — productis ſingulis preponenda | i. ry 
e qualia lex multiplications exigit, quoties dimenſiones quantitatis incognitæ 
6s plures ſunt in termino numeratoi is quam in termino denominatoris; at quotics 
& contra evenit, contraria quoque ſigna productis unt] preponenda ; quæ 
& denique omnia [ ſunt] æquanda ninilo,” 

Sint, exempli gratia, inventi termini priores, quos maximum deſignare 

A. fas == ccxx — 2 hecx 
velimus, iſti 

bc + a3 

ſecundum regulam, multiplico terminos omnes numeratoris primùm per bc; 
prioriſque producti ex 4s in Lec, icribo triplum, quia & habet tres dimenſi- 
ones quantitatis incognitæ *, bee vero nullam. Secundi producti ex = ccxx in 
bee ſcribo duplum, propterea quod in — cc duæ ſunt dimenſiones x, et in 


„ ubi nulla eſt quantitas cognita. Hic ergo, 


| bee nulla. Tertium veiov productum ex — 29e in bee ſcribo ſimplex, quia 


in — 2bccx et bee: differentia dimenſionum x eſt unitas. Tribus autem hiſce 
productis vera ſigna affectionis adſcribo, quoniam dimenſiones x in terminis 
numeratoris excedunt eas quæ in termino sc, quippe quæ nulle ſunt; ita 
ut tria hæc producta ſint 


30% CC — 2 — 2c. 


Jam porrò terminos omnes eoſdem numeratoris duco in *, terminum alte- 
rum denominatoris, primimque productum ex e in 43 ſeribere omitto, five per 
o multiplico, quonim exem dimenfiones uirobique ſunt ipſius x, ideoque dif- 
ferentia nulla. Secundum autem productum ex — c-xx in s ſcribo timplex, 
quia in his terminis diffcreatia dimenfionum x elt unitas. Ar tertium pro- 
ductum ex — 24ccx in as icribo duplum, quia differcntia dimenſionum x in 
his eſt 2. Signa vero aflectionis procuctis hi ce duobus adſcribo contraria iis 
quæ requireret lex multiplicationis, eo quod daimenſiones x pauciores ſunt utro- 
bique in terminis numeratoris quam in a, termino denominatoris, 


Itaque producta bina erunt hæc + x3 + A, que, addita tribus Prace- 
dentibus productis 
+ 3bbeern® — 2bOxx — 29, 
faciunt ſummam æquandam nihilo 
cx + Ac + ge — 2bi*xy = 2bbe*'xn o; 
qua æquatione diviſd per ccbx + ccxx, fit x* + 3oxx — acc = 9, 


Quomodo 
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Quomodo antem ad hc perventum fir, uno exemplo rurſus explicabimus ; Explicatio 
ex quo candem in omnibus ceteris rationem eſſe intelligetur. Videamus igi- hyjus fecurdee 
ba* cexx — 2x pores FO 


thr priores terminos quos modò propoſueram, nempe g > EX = TAY 
quibus fi alios, quibuſcum eos comparem, (ut initio factum eſt,) deſerihere velim, 

ponendo ubique x e ubi eſt x; video quidem primo omnes tos in polteri- 

oribus terminis polle negligi in quibus plura quam unum e inerit, quia ſemper 

ex iis quantitates orientur in quibus plura uno e inerunt, quacque proinde de- 

lend tandem erunt, ob caulam in ſuperioribus traditam. 


Itaque erunt termini priores æquandi poſterioribus 
| bx? — ccxx — 20s, 

| bi — ccxx — 2c r L qlexx — 2ccex — 2bcee, 
bee + a _ bee + * + 3exx 


qui nempe ex prior.bus hac lege deſcripti ſunt, ut ubicunque eſt x, vel aliqua 
poteſtas ejus, in prioribus, ibi ponatur x + e, vel ejuſdem poteſtatis x + e duo 
priores termini; quoniam {cimus in czteris plura quam unum e contineri. 

Jam vero porro, quia termini in quibus nullum e in numeratore ac deno- 
minatore priorum ac poſteriorum terminorum, iidem plane reperiuntur, patet 
multiplicationes alternas eorum terminorum denominatoris in terminos numera- 
toris partis alterius e carentes, omitti poſſe, cum quantitates inde ortæ exdem 
utrinque effent future, idcõque delendæ *. Quare in terminis poſterioribus 11 
tantum ab initio icribendt erant in quibus unum e, omits omnibus reliquis, ut 
æquatio hic futura ſit iſta. 


„ Ponatur enim A = bx3 — ccxx = 2beex, et B = bee + . Et erit 3 


+ 2bexx - 20e = Se . | 
A 4 5 er — e AB + A x 3erx "ERS AB +B x 3bexs — 2fex = 
3 


B x (B ze B x B + Zexx 


et pro-inde AB+A Xx 3exx erit = AB +B Xx 3bexs—2cfex= 2b, et (auferendo AB utrinque,) A x 
*exx erit = B x gb. = ace — 25 ce, five (ſubſtituendo pro quantitatibus A et B eorum va- 
lures Bs — cer = 2bcex et bee + 43,) ba® — dar = 2bcev X Jexx exit = bee + 3) x 3 lc 


— 2 — Are, hoc eſt, 3bexs = zecea! - Glccexꝭ erit = 3bhecexx - 2 ex = 21e ＋ 3bexs 
— 2:*ex* — 2/ex3, Ergo (addendo utrinque 3ecex® + G, exit 2bexS = zb = a 
— abe, + 3bex* + ccex* + gbccex3, et (auferendo vtrinque zbex*) erit 0 = 3bbecewx = 2h4ex 
— 2bbcte + ccexn® + 4%ccex3?, et (terminos ordinando ſecuudùm potettates quantitatis x) erit ccex* 
+ 4bcrex®? ＋ 2bhbeceax = 2bc*ex — 2 = o, et (dividendo terminos per cce) erit x* + 4643 
+ 30baz — 2e — 2bbee = 0, et (dividendo totam quantitatem quinquinomiam a* + 4 + 
3bbvx — 2hccx = 26bcc per quantitatem binomiam x + ,) crit as + 36:3 — 266c = o, live a3 + 
r = 25ce; que eft eadem * quatio quam Hugenius exhibuit ſecundùm regulam ſuam ad finem 
22ginz ſuperioris, ſeu 116. 


F. M. 
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bsx3 — ccxx — 2bces zůbenr — 2ccox — 2bcce 


bee o+ * zer 


Hic jam multiplicationes alternæ per denominatores inſtituendæ eſſent ad 


tollendas fractiones. Verùm examinando diligentiùs quænam futura fint ha— 


rum multiplicationum producta, aliud adhuc compendium invenicmus, ect 
nec ſcribendos quidem omninò eſſe terminos poſteriores: quia enim deſcri— 
buntur ex prioribus mutato æ in e, præpoſitõque numero dimenſionum ipſius 
*, non difficile eſt colligere ex ſolis terminis prioribus quænam futura fint iſta 


omnia producta. 


Ita, quoniam propter — ccxx in prioribus, habetur — 2ccex in poſterioribus; 
et propter x3 in denominatore priorum, in poſteriorum denominatore eſt 3exx; 
facile perſpicitur utraque producta ex — cc in zexx et ex — accer in , 
quæ ſunt — 3ccex* et — 2ccex*, eaſdem literas habitura, ſed diverſos numeros 
præpoſitos 3 et 2, idque inde fieri quod in termino (xx unam dimenſionem 
minds habeat x quam in termino &. Itaque et auferendo poſteà ex utrique 
parte æquationis, — 2ccea*, apparet ſuperfuturum — ccex* a parte terminorum 
priorum. Quare ab initio hoc ſciri poteſt, multiplicando tantùm in terminis 
prioribus — ccxx numeratoris in & denominatoris, unümque x in e mutando, 
ac productum ſimplex ſcribendo; quia differentia dimenſionum x in iſtis duo- 
bus terminis eſt unitas. 

Eadem ratione producta ex — 2bcex in 3exx, et ex — 2bcce in af, que 
eaſdem literas habent, (ſunt enim — 6bcrex* et — 2bieex?,) habebunt numeros 
præpoſitos diverſos, propterea quod in — 2beccx una tantùm eſt dimenſio x, at 
in &i tres ; unde, ablato ex uvtraque parte æquationis — 2%ccex?, ſcio ſuperfutu- 
rum à parte terminorum priorum — 4bccex*: quod rurſùs ab initio cognoſci 
potuit, quia eadem quantitas oritur, multiplicando — 26ccx numeratoris ter- 
minorum priorum, in 4* denominatoris, mutandoque unum x in e, et produc- 
tum multiplicando per 2, que eſt differentia dimenſionum x in terminis — 
2becx & &. 

At quoniam in bx* et in x* eadem eſt dimenſio x, ſequetur producta ex bx3 
in 3exx, et ex 3bexx in , tum literas eaſdem, tum eoſdem numeros præpo— 
ſitos habitura, ide6que ſeſe mutuò ſublatura, ut proinde multiplicatio illa 
omitti poſſit. 

Atque hujuſmodi animadverſionibus inventum eſt quod in regula pracipi- 
tur, terminos ſingulos numeratoris in ſingulos denominatoris terminos eſſe 
ducendos, productaque quælibet multipla efle ſumenda ſecundùm differentiam 


dimenſionum quantitatis incognitz in terminis binis qui in ſe mutuò ducun— 


tur. Nam quod non præcipitur unum & in e mutandum, id hanc rationem 
habet, quòd non referat utrum poſtea per e an per x omnes termini divi- 
dantur. | 

ce Qudd ver, fi ſigna affectionis vera productis ſingulis præponenda dicun- 


tur, quoties dimenſiones x plures ſunt in numeratore quam in denominatore,” 
id 


8 
* 
N 
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id quoque ex jam dictis intelligetur; uti conſequenter etiàm hoc, quod 
contraria figna ſunt adponenda, quoties dimenſionum numerus contra fe ha- 
bet.” Velũt bic, produdt..m ex bx in Zee {cribendum eſt cum ſigno —, præ- 
poſito numero 3, ut fiat — 3b/ccx?, quia nempe, propter #z3, ſcimus in pol- 
terioribus terminis fore zv; quod ductum in bee faciet + 3bbceexx, ſed 
tranſlatum in partem priorem æquationis, fiet — 3bbceexx ; ſive, non mutato x 
in e, — cas. : 

Quod denique in regula habetur, quoties in prioribus terminis priuſquam 
ad cundem denominatorem reducantur, quantitates cognitæ occurrunt, cas 
primùm omnium delendas, id ex hoc ſequenti exemplo intelligetur rectè prœ- 
cipi. Sint enim reperti termini priores, quos maximum aut minimum de— 

a3 


ſignare oporteat, iſti - — 2vx + xx + vv; ubi vv quantitatem cog- 


nitam ſignificet: id igitùr delendum eſſe ut appareat, videamus quid futurum 


fit fi non delcatur. Nempe, ut ad eundem denominatorem cum cæteris om- 
f i 2 — . 2400 — 42 
nibus reducatur, ducendum erit vv in 24 — K; fiẽtque inde 

— X 


in terminis prioribus. Propter quos in terminis poſterioribus, ſecundùm ſu- 


e 4 10 0 p 
„ adcõque, multiplicatione alternatim utrin- 
— e 


periùs explicata, ſcribetur 


que per denominatores inſtitutà, ducendum erit hinc 22 — * in —evv; 
inde — e in 2 - wv, Ex quibus multiplicationibus eoſdem utrinque 
terminos oriri neceſſe eſt, cum utrobique eadem hec tria in fe mutuò du- 
cantur 24 —x in — e in vn, qui proinde termini ſete mutrò ſublaturi eſſent, 
ideõque fruſtrà icribereatur; ac proinde liquet tuid deleri pofle ab initio 
quantitatem vv. Idemque quod in hoc exemplo accidit, neceſſariò quoque 
in quibuſlibet aliis contingere, diligenter intuenti manifeſtum erit“. 


* Hzc explicatio ſecundæ partis regu'z ab Hugenio inventæ de determinatione quantitatum 
Maximarum et Minimarum mihi videtur eſſe mird perſpicua et intellectu facilis quam explicatio 
prime partis hujus regule in prior parte hujvs diattibes in pagina 115. Itaque, ut veritas hujus 
ſccundæ partis reguſæ ab Ruygcnio inventæ facilids et plentüs intciligi poſſit, inveſtigationem 

* * 2 » A. 
* wo COX,T wo TOC 


2 8 . 1 o . ” * . 
maxhneæ, vel minime, magnitudinis quam fractio prædicta (quam Hugenius 


a ber + x3 
SIS SEE EIS 1 OP : 
adduxit p * mplo ſuse regule in hie ſecund ejus parte, ) habere Pefiit, hie deducere conabor 
4 magno pio quod Fugen us, io mitio hujus distiibes, in paginis 113 et 114, pro fundamento 


Method! fa. doptavit. Hoc ve Principium ita enuntiart poterit. 
« . - 0 . 0 * . . * . . 
I Si ſint duo quentiiates variebiles x ct y. quarum prima x continuo creſcit, five à nihilo ad in- 
4 finitum, five u magniudine quàdam hai: à ad aliam majorem magnitudinem finitam, ſecunda verd 
J fit quantitas genita ex prima x per operationes atithmeticas, hoc eſt, per additionem et ſub- 
bxa* = cer — 2bces 
bee ＋ a q 
© ot. 


* 1 ” . . # © . , 
tractionem, et multiplicationem, et diviſionem, ut eſt fractio prædicta 


2 © a TY Io S 4.44 
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bx3 — cexx — 2beer 8 i ; 
: , non continuò creſcit dum æ creſcit, ſed 
bee + a3 


* primo creſcit ad certam quandam magnitudinem et tune ab iſtà magnitudine decreſcit ; vel, & 
< contra, primo decreſcit ad certam quandam magnitudinem, et tune ab il!a magnitudine creſcit ; 
set, ſi hæc ejus maxima, aut minima, magnitudo vocetur M; et magnitudo quam habet prima quan- 
: bx cx - 2c b F 
* titas x cum ſecunda quantitas y, ſeu , eſt æqualis M, vocetur m ;—H:s po- 
: bee + a3 
t ſitis, manifeſtum eſt quod erunt duo valores prime quantitatis x» quorum prior eit minor, et 
e alter erit major, quam quantitas m, qui, fi ſubſtitucrentur pro & in terminis fractionis 


* et ſi ſecunda quantitas y, ſeu 


%s — cxx — 2hbcex 
bee + a3 
% zxquales,” 


, <Efficerent ut duo valores iſtius fractionis inde ortæ eſſent ſibi mutuo 


Tgitur, ſi minor horum valorum quantitatis x per Litteram * deſignetur, et major per quan- 
tr — cc — 2bcitry 


bee + x3 


titatem binomiam x + c, ita ut e fit eorum differentia, erit fractio 4 qualis 


b x * 3 — 1 e — 2 5 X . . 
fractioniĩ —— > 2 — - 2 1.18 ſeu fractioni 
bcc + x +e: 0 


b Xx + 2x% + zac e — cc Xx 42 + ze + e® — 2 Ber * x Te 
bee + #3 + 3a*% + 3xe* + es . 
ſeu (ſi per notam &c deſignemus terminos qui continent e* et e3,) fractionĩ 
b X * + 3x% + &c — cc X 22 + 2xe + & — 2be XK Te 
bee + 23 + zie + &c | 


&! + 3bi%e + &e — ccar = 2rexne = & — 2bcex — 2bcee 
fractioni 7 ; 
cc + 43 + 34% + &c N 
Ergd (multiplicando utraſque partes per bcc + , denominatorem 
bers — cca® — 2hcex | 
bee + & 


Er; = ccx* — 2bcer æqualis fraftioni 
bbeex3 ＋ 3bbceax*e + &e = ax = 2bc*xe = & — 2bbx — 25 
+ bx* + 3bx5e + &c — ccx5 — 2cche =» &c — 2bcex* — 2c 
bc + #3 + 3x% + &c 
denominatorem bce + x3 + 2x% + Kc, ſecundz fraftionis,) erit quantitas multinomia h = e = 
2bbc*x + bas — ccxs — 2c + 3baSe = 3oexte — Ghecæze + &œ æqualis quantitati multinomiæ 
bbcex3 + 3hbcere + &e = bfbxx = 2b4xe = &e—2bb*x = 2bb*e + ba® + 3bxSe + &e—cers 
— 2ccae — & — 2bcex* = 2bce rhe, et (addendo utrinque betx? + a + ces ＋ 25ccnt,) erit 
quantitas multinomia b/cox3 + bx® + 3ba5e — 3eente = bbeex3e + &e equalis quantitati multino- 
miæ bbc + 3bbcear®s + Kc. — 2b*xe = Kc. — 2bbe + bas + 2baSe + Ke. — 2c — & 
— 2bccae, et (auferendo utrinque bbcex? ＋ ,) erit quantitas multinomia 35a e — zeca — 
Gbcex3e + &c = quantitati multinomiæ 3bbcex*s + &e = 2. — 2bb%e + 3bxSe + & — 
2ccafe — & = 2bocafe; in qua æquatione omnes termim hie ſeripti continent quantitatem e, et 
omnes alit termini non hic ſcripti, ted per notas + &c vel = &c deſignati, continent quantitates e* 
et es, ſeu quadratum et cubum quantitatis e. Igi:dr fi omnes termini, (tam hie ſcripti quam alii per 
notas + &c et — &c deſignati,) per quantitatem e dividantur, habebimus æquationem 36 — zeca⸗ 
— Gö cc + &c = 3bbces* + & — 2b — 20bc* + 3b + & — 25:14 = & — 20a, in 
qua termini hie ſeripti quantitatem e non continebunt, ſed termini non ſcripti, ſed per notas + &c 
| et- 


, ſeu 


prime fractionis ) erit quantitas trinomia 


et (multiplicando utrinque per 


I 
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et - Ke deſignati, eam adhue retinebunt, quia ante hene dqiviſionem continchant quantitates #* et 3. 
Ergo, fi e poteſt diminm in infinitum, ſeu fieri quis thilo, omnes 11 termini qui per notas + &c 
et — &c defignantur, et in ſe retinent quantitatem e, fient fin in ifto catu @quales nihilo, ſeu evan- 
eſcent, et pro-inde æquatio ultima 3445 — 3cext — Ge, + &e = zl bea + &c — 2 — 
2/bc* + 3las + Kc = 2cca* = Ke — 2beea3 convertetur in æquationem 3by5 — geean® — Gbeea® 
— zu becaꝛ 2. l — 254¼˙ + 2baS = 2cc1% — 2c, fine notis + &c et — Ke, ſeu ulla ra- 
tione habità terminorum qui per iſtas notas deſignabartur. Sed mquatio pradifta 3b4u5 — geen — 
6bbcexs® + & = zbbcc 23 + Ke — 2bAx 20 + 3bx5 + Ke — 2cca#* — & - 26:45 lt ſem- 
per vera, quantumvis parvam fiert ſupponamus quantitatem e, ſeu differcntiam quantitatum duarum 
xet x + e; atque idcirco erit vera etiàm quando iſta diflerentia eſt prorſùs nulla. Et pro-inde in 
iſto caſu, ſcu cum x et x + e ſunt inter fe zuales, ct 1469 æquales quantitati z (quz antea fuerat 
minor quam x + e, fed major quam x,) æquatio 3645 — gcea®* = Gers = 3bbocx® = 244 — 
2bb* + 3015 — 2c:1%* — acc; erit vera. E. gò (addendo utrinque 246+) erit 24 + 3645 — 
geex® = Ghecæ = 3bbeea® = 2b + 3935 — 2cca® — 2/cers, et (addendo utrinque 3eea® + 
6bcca?,) erit 25. + 3baS = zl cx — 20% + 3bxS + c6a%* + gbciea?, et (auferendo utrinque 
3/x5,) erit 2bbc* = gbbcra® — 2bi4x ＋ ce“ + 4c, et (dividendo omnes terminos per ce, 
erit 2bbcc = zar — 2bcex + x* + 46a3, ſeu & + 4 r + zer — zlce = 25e, ſcu 4 
+ 4ba3 + 3bbx* — 2c — ze = , et ( iviſione facta per quantitatem binomiam x + 3, 
erit #3 + 3bx* — ce = o, et (addendo utrinque z,) x3 + 3br* = 2bcc. Ergo quantitas 
m, ſeu valor prime quantitatis variabilis &, cum ſecunda quantitas variabilis y, ſeu fractio 


h y3 — & — 2 hee * A . . . . . 
Raney wu ea. (que ex prima x per operationes arithmeticas derivatur,) eſt æqualis quan- 


titati M, ſeu eſt maxima, aut minima, quz eſſe poſſit, erit radix zquationis cubicœ x3 + 36a* = 
2bce, que per reſolutionem hujus æquationis invenietur. Inventa autem quantitate , quantitas M. 


hr = (oxx — 2bces 
bee + x3 


ſeu maxima, vel minima, magnitudo fractionis erit æqualis fraction! 


In — ccmm — 2 een 


r Q. E. I. 


F. M. 


Finis Dialriler HUGE x11 de inventione Maximorum et Minimorum. 


Vol. VI, * ADDITA- 


ADDITAMENTUM AD PRA*CEDENTEM 
HUGENII DIATRIBEN 


DE INVENIENDIS 


MAXIMIS VEL MINIMIS QUANTITATIBUS, 


COINTINENS 


EXEMPLA HUJUS METHOD: IN QUANT:TATIBUS QUIBUSDAM 


BINOMIIS ET TRINOMIIS 


QUZ OCCURRUNT IN 
Reſolutione Quarundam Aquationum Quadraticarum, Cubicarum, 


Biquadraticarum, et altiorum Ordinum, 


A FRANCISCO MASERES, ANGLO, 


REGIA SOCIETATIS LONDINENSIS SOCIO., 


Exemplum Primum. 


ESIGNET p lineam aliquam datam, et x lineam aliam variabilem que 
ereſcit continuò ab o, five nihilo, donec fiat æqualis date p. Et re- 
quiratur invenire quænam fit magnitudo line x, quando quantitas binomia 


pr — xx, ſeu exceſſus rectanguli ſub p et x ſuper quadratum ex x, eſt 
Maxima. 


Solutio. 


In contemplandi hic quantitate binomia px — xx, manifeſtum eſt eam bis 
fieri æqualem nihilo, nempe, primd, cum x eſt æqualis nihilo, (et pro- inde 
P XxX — xx eſt = PP Xo—oXo=0-—0= o, ) et, ſecundo, cum x eſt 
æqualis datæ p, in quo caſu px erit = pp, et xx erit etiam = pp, et pro- inde 
[x — xx erit = pp pp = o. Necefle eſt igitùr ut, dum x creſcit continuò 
à nihilo uſque ad p, quantitas binomia px — xx primùm creſcat à nihilo ad 
certam aliquam magnitudinem, et deinde decreſcat ab iſtà magnitudine ad o, 
ive nihilum. Requiritur autem invenire magnitudinem lineæ x quando quan- 

R 2 | titas 
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titas binomia px — xx attigit banc ſuam maximam magnitudinem, ex qua in- 
cipit decreſcere, Hoc ver ita inveniri poteſt. 

Deſignetur hic valor ipſius x, quem quærimus, per Litteram M. Et ſit y 
alius valor ipſius x minor ipſo M. Erit igitùr quantitas binomia py — yy mi- 
nor quantitate: binomia ꝓ M — M M. Ergo, dum quantitas x creſcit à valore 
M uſque ad p, et quantiias binomia px — xx decreſcit à quantitate p M MM 
ad o, hæc quantitas binomia px — wx fiet in uno aliquo bujus temporis puncto 
equalis quantitati binomiæ py — yy, que eſt minor ipſa 2 MM. 
Ponatur 2 pro valore ipſius x in hoc temporis puncto. Et erit J — 4X = 
n. 

Ponatur jam e pro æ 9, ſeu exceſſu lineæ z ſuper lineam 3. Et tunc erit 
2 Se, et pro- inde 22 ( TN) = t 2j ＋ „, etpz(=PpXy+e 
= py + pe, et pz— 22 = fy + fe — 3 reh 


Sed p — 22 eſt = . 

Ergd py + pe — yy — ae — ee erit = py — yy; et (addendo utrinque 
2 + ce) erit py + fe = Jy = Py wm Dy 2ye + ee; et (auterendo utrinque 
2y — Y, ) erit pe = 2ye + ee; et (dividendo omnes terminos per e,) erit ꝓ = 
2y + e. Hoc autem verum eff, utcunque parya fuerit quantitas e. Erit igitùr 
etiam verum quando quantitas e eſt infinite parva, ſeu nullius omninò magni- 
tudinis. Sed, ubi e eſt nullius omninò magnitudinis, 2y + e erit = 2y + 


ſive 2y. Ergò p erit 29, atque ideò y erit = — ſeu dimidiæ co-efficienti 


P. : | 
Sed, ob e in hoc caſu = 0, erit z, ſeny+& (= y +0) = y. 
Ergò x erit etiam = 2 


Ergd in hoc caſu duo valores ipſius x, (cilia, y et x (quorum prior y fuerat 
minor ipſo M, _ verd z fuerat major ipſo M,) fiunt æquales inter fe, et 


uterque æqualis ipſi 2 — Ergdet valor M (qui inter illos fuerat mediæ cujuſdam 
magnitudinis,) erit etiam æqualis ipſi 2; hoc eſt, valor ipſius x in quantitate 
binomia p — xx quando iſta quantitas eſt maxima quæ elle poſſit, erit æqualis 


quantitati £ Q, E. I. 


CoroLL. 1. Ergo pM — MM, ſeu maxima magnitudo quantitatis bi- 


nomiæ px — xx, Crit P * EEX (A2 * 2 —2 = . 


Et pro- inde, fi in æquatione quadratica hujus forme, 3 9, homoge-- 
neum comparationis, ſeu quantitas cognita, ſit =qualis © „ five quadrato 1p- 


ſius £ =, ſeu dimidiæ co-efficientis p, æquatio AT 0 unam radicem, 
{cilicet, 


J 
: 
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ſcilicet, ; ſed, ſi quantitas cognita 9 (it minor ipfa Z, ſeu quadrato ipfius 


? , æquatio habebit duas radices, quarum una erit minor ipſa 2, altera vero 


erit major ipſa — ſed minor 1pla p. 


ConoLL. 2. Quantitas binomia px — xx eſt æqualis p X X x, ſeu 
rectangulo lub lineis p * et x. Ergo maxima magnitudo rectanguli fub 


lineis p — x et x, que fintil ſumptæ ſunt æqualis lineæ p, eſt 2. ſeu - * — 


ſeu quidratum dimidiæ linea p; quod Euclidis Elementorum Libri fecundt. 
Propoſitioni quintæ conſentaneum ett. 


Lxemplum Secundum. 


Deſignet 9 planam ſuperficiem aliquam datam, et * lineam quandam vari- 
abilem, que cteſcit continuo a nihilo donec quadratum ejus, xx, fiat æ quale 
date ſuperucici plaræ . Et requiratur invenire quznam ſit magnitudo lineæ 
*, qu4n.io guantiras binomia gy — , leu exceſſus ſolidi ſub datà ſuperficie plans 
q et lincà x luper cubum ipſius x, eſt Maxima. 


Solutio. 


Hec quantitas binomia gy — * erit bis æqualis nihilo, nempe, primo cum 
x ft equalts nihilo, ſeu 6, et pro-inde gx — & erit =q X ο - N O N 
2 o — ) = 0, et ſecuncò, cum xx eſt æquale ſuperficiei datæ q, et pro- 
inde x eft æqualis V, et qu eſt =qvq, et * eſt ( Xx X S V, et 
ox & eſt NVS. Ergo, dum linea x creſcit continuò a nihilo 
uique ad V, quantitas binomia gx -&“ creſcet à nihilo uſque ad certam 
quandam aagnitudinem, et deinde decreſcet ab iſtà magnitudine ad e, ſeu 
nihilum. Requiritur autem invenire magaitudinem lineæ x, quando qq anti- 
tas binomia gu — A attigit hanc ſuam maximam magnitudinem, ex qua incipit 
decrcicere, Hoc verò ita inveniri poteſt. 

Veſignetur hic valor, quem quærimus, ipſius x per Litteram M. Et fity 
alius valor ipſius x minor ipſà M. Erit igitùr quantitas binomia gy — 3* minor 


quanutate binomd qM — M'. Ergo, dum quantitas x creſcit à ru M 
uſque 


126 ADDITAMENTUM AD PRACEDENTEM HUCENTI DIATRIBEN 


uſque ad /, et quantitas binomia gy — x? decreſcit a valore M — Ms ad 
o, bac quantitas binomia 4 fiet in uno aliquo hujus temporis punto 
æqualis quantitati binomiæ gy — y*, que eſt minor ipſd 7 M — Mp, Ponatur 
z pro valore ipfius x in iſto temporis puncto. Et erit gz — 3 = gy — Y*. 


Ponatur jam e pro z — y, ſeu exceſſu linez z ſuper lineam . Et tunc erit 


«=; + e, ct ( +) =>3* + 35% + he + ©, et qz(=9 XY Te) 
＋ qy + 7 et pro- inde gz — 23 erit = gy + 1 — e — 3) — „. 
Sed x — 2 eſt = gy —5˙. 

Ed e — 35 — e erit = gy _w 4 et (addendo utrin- 
que 3Ye+ 3j Te erit E gy —* + 3 + 39 ＋ e; 
et (auferendo utrique gy - y*,) erit ge = 30% + 30% + &; et (dividendo 
omnes terminos per e, ) erit g = 3y* + 3ye +. Hoc auicm verum eſt, ut- 
cunque parva fuerit quantitas e. Erit igitur etiam verum quando quantitas e 
eſt infinite parva, ſcu nullius omninò magnitudinis. Sed, ubl e elt nullius 
omninò magnitudinis, quantitas 35 + & erit (23 +339 X0+0 
XO S 37 +0 X THE 33*%. Ergo in hoc caſu gerit = 3 , atque ideo y* 


2 1 


Sed, ob e in hoc caſu S o, erit z, ſeu y e, (=y + 0) =y 
. as 2 
= 
Ergo z erit etiàm _ 2 


Ergo in hoc caſu duo valores ipſius x, ſcilicet, yet x (quorum prior ꝙ fuerat 


- | minor ipſa M, alter vero z fuerat major ipſa M,) fiunt æquales inter fe, et 
uterque æqualis ipſi 5 Ergo et M (que inter y et 2 fuerat mediæ cu- 


juſdam magnitudinis,) erit etiam æqualis ipſi A; hoc eſt, valor ipſius x in 
quantitate binomia gy — x* quando iſta quantitas eſt maxima que efle poſſit, 
| u 2 . ” 4/79 
| erit æqualis quantitati . IE I. 
1 5 3 Q 


CoRoLL. 1. Ergo qM — Ms, ſeu maxima magnitudo quantitatis bino- 


miæ gr — x*, erit EET Lf r 
: 2 7X7; 71 * 3 1 3 v3 3 


Et pro- inde, ft in æquatione cubica hujus forme, gx — 


2 
50 aq ) = 29499 _ 


4 3 3X 3 
* Sr, homogencum comparationis, ſeu quantitas cognita, r 3 æqualis quan- 


titati 4, æquatio habebit tantùm unam radicem, ſcilicet, YL = ; ſed, ſi quan- 


398 
35 


titas cogaita 7 fit minor quantitate * æquatio habebit duas radices, qua- 


rum 
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3 / F 8 | 
rum una erit minor ipſa e, altera verò erit major ipſa v1 , fed minor 


at v3 v3 
ipla . 


CoroLt. 2. Cum quantias cognita - in æquatione cubica gr — x3 = r 


: n : 299 . r © . . . 799 
is quantitati , quantitas — erit æqualis quantitati —=, et pro- 
eſt æqualis q 95 9 - q 9 1 Pp 


ip 3 3 
inde =, ſeu quadratum prioris quantitatis, erit æquale 5 ſeu quadrato quan- 


titatis poſterioris. Atque ideò, fi in aliquà æquatione cubicà hujus forme, 
3 


qr - r, quantitas — fit æqualis quantitati 5 æquatio habebit tantùm 


. LE 2 * * * J 
unam radicem, ſcilicet, ; ſed, fi quantitas — ſit minor quantitate Ws 


æquatio habebit duas radices, quarum una erit minor ipfa LT, altera verd. 


x3 
erit major ipſa LL, ſed minor ipſa V. 


Exemplum Tertium. 


Deſignet p lineam aliquam datam, et x lineam aliam variabilem, que crei- 
cit continud- à nihilo- donec fiat æqualis date p. Et requiratur invenire 
qu ænam fit magnitudo linez x, quando quantitas binomia px* — *, ſeu ex- 
cellus ſolidi ſub data: linea p et quadrato lineæ x luper cubum line x et 
Maxima, 


Solutio. 


Quantitas binomia px* — x* eſt bis æqualis nihilo, nempe, primò, cum * 
eſt o, et iterùm cum x eſt = p. lgitor, dum x cteſcit a nihilo uſque ad p, 
quantues binomia pr. — , primùm, cretcer ad certam aliquam magnitudi- 
nein, et deinde decrel: et ab iſta vagnituvite ad nihilum. Requiritur autèm 
Inv. aire magniutioen lincæ x co tempoiis puncto quo quantitas binomia 
br — aun git tin ſuam maximam magnitudinem, ex qua incipit decceicere; 
Hoe verd ita inveniri poteſt. 


Deſignetur 


— 
— DAI —— ——— te —— — 
= — —— IR > - — 
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Deſignetur hic valor, quem querimus, Ipfius x per Litteram M. Et fit y 
alius valor ipſius x minor ipſo M. Erit igitùr quantitas binomia ty mo of mi- 


nor quantitate binomia p M# — M'. Ergo, dum quantitas x creſcit à valore - 


M ad valorem p, et quantitas binomia px* — x* decreſcit à valore p MP — MF 
ad o, bc quantitas binomia fiet in uno aliquo hujus temporis puncto æqualis 
quantitati binomiz py* —9, quæ eſt minor ipla p M* = NM. Ponatur z pro 
valore ipſius x in iſto temporis puncto. Et erit pzy 2 = pyy - 5. 


Ponatur jam e pro à — . Et erit z=y +e, et 22(=y + 4*) = 39 + 
erte) y 3% ＋ 3% , ct pzz (=D Xx 


— 


he + &) = pyy + 2e + pre; ct pro-inde « erit P22 — 23 = pry + 
2pye + pee — ) — 3% — 39% — &. 
Sed pzz — 23 eſt æqualis pyy -. 

Ergo et py + 2pye + pee — * ce, e — 3 5e —&ert = py — v3; et 
(addendo eee 3 3 56 + © ) erit pyy + * + pee p* = pyy —j* 
+35 e+ 3396 + &; et (auferendo utrinque pyy — 5?,) erit 2pye + pee = 33 e + 
Nö ct (dividendo omnes terminos per e,) erit 22 + pe = 37 + Je 
+ &. Hoc autèm verum elt, utcunque parva tacrit quantitas e. Exit 1githr 
etiam verum quando quantitas e eſt omninò nullius magnitudinis. Sed, ubl e 


eſt nullius magnitudinis, 2py + pe erit 2py, et 395 + 30e + E crit 3. 


Ergo 2py erit = 34, et pro-inde erit 2p = 3y, et y = 5 


Sed, ob e in hoc caſu = o, erit z, ſeu y ＋ e, (= y +9) = y 


Ergo z erit etiam = 2. 


3 
Ergo in hoc caſu duo valores ipſius x, ſcilicet, Ly et , (quorum prior y fuerat 
minor ipſà M, alter * z fuerat major ipſa M,) fiunt æquales inter fe, et 


uterque æqualis ipſi £ 7. Ergò et M (que inter y et z fuerat mediæ cujuſdam 


a +06 , . gies 2 . , ; 
magnitudinis,) erit etiam æqualis ipſi 7 ; hoc eſt, valor ipſius x in quantitate 
binomia px* — x3, quando iſta quantitas eſt maxima quæ eſſe poſlit, erit æqua- 
lis quantitati 4 : Q. E. I. 


Coxol I. Ergò p M* Ms, ſeu maxima magnitudo quantitatis bino- 


. . : 3 3 
miæ px — x3, erit æqualis ( K — 2 — = — 45 = E Et pro- 


inde, fi in æquatione cubica hujus forme, px* — * = r, homogeneum com- 
parationis, ſeu quanti:as hi r ſit æqualis quantitati 5 „ Z#quatio habebit 


tantum unam radicem, ſcilicet, 2 1 ; ſed fi quantitas 3 r fir minor quanti- 
tate 


1 
* 
8 
* 

1 
* 


5 
'Y 
m_ 
1 
{ * 
I 
2 
= 
4 


= q 5 
82 ˙ ne,  f8 
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* 
3 
; 
| 
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4 
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5 : 8 | 1 
tate 275 æquatio habebit duas radices, quarum una erit minor ipſà 75 altera 


verd erit major ipſa 2 ſed minor ipſa p. 
CO ———————————— CTC 


Exemplum Quartum. 


Deſignet p quantitatem aliquam datam, et x quantitatem aliam variabilem, 
quæ creſcit continuò A nihilo donec fiat æqualis date p. Et requiratur inve- 
nire quænam fit magnitudo quantitatis x quando quantitas binomia px3 — & 
eſt maxima quæ eſſe poſſit. 


Solutio. 


Quantitas binomia px — x* eſt bis æqualis nihilo, nempe, primum, cum x 
elt So, et iterùm cum x eſt = p. Igitùr, dum  creſcit 2 nihilo uſque ad 
p, neceſſe eſt ut quantitas binomia px3 — x* primam creſcat à nihilo ad certam 
aliquam magnitudinem, et deinde decreſcat ab iſtà magnitudine ad nihilum. 
Requiritur autem invenire magnitudinem quantitatis x, in eo temporis puncto 


in quo quantitas binomia px® — x* attingit hanc ſuam maximam magnitudi- 


nem, ex qua incipit decreſcere. Hoc verò ita inveniri poteſt. 

Deſignetur hic valor, quem quærimus, ipfius x per Litteram M. Et fit y 
alius valor ipfius x minor ipſo M. Erit igitùr quantitas py* — 5 minor quan- 
titate ꝓ M® — M'. Ergo, dum quantitas x creſcit a valore M uſque ad va- 
lorem p, et quantitas binomia pa * decreſcit à quantitate ꝓ M3 — M* ad o, 
hc quantitas binomia fiet in uno aliquo temporis puncto æqualis quantitati 
binomiz py? — 57, quæ eſt minor ipſa p M. M'. Ponatur z pro valore quan- 
titatis x in iſto temporis puncto. Et erit p33 — zf g — . 

Ponatur jam e pro 2 - . Et erit z=y +e, et à (=y +863 = + 
30% +330 ＋ 6, et 21 (= ＋ el) = ＋ 4% + 6ff +4398 ＋ e, & 
PP ( K + zee + 330 + &) = py) + 30e + 3 Me! + pes, et pro- 
inde erit pz3 == E. pp + 30e + 300 + pes — 5 = 4% — 6.7 — 
4% — e*; vel, (fi deſignemus quantitates 3 pye* + pe? et G + 498 + &, 
in quibus littera e bis, vel ſæpiùs quam bis, occurrit, per notas, &c, &c,) erit 


p — 2* = fy* + 30% + & - yt 4% — &c. 
Vor. VI. oy : "wa Sed 


: . * 1 R 8 _ _ 
— - = = —— — —— — 
! . 
— —— 
— * — ———— 


: 

1 
14 

| 


— —— 


ü— - — — 


miæ x3 — *, * P XxX — : 


OR EE Ce COAST EEC 
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Sed ps — 2* eſt = p53 — . 

Ergd et p) + 3py'e + &c — »* — e — &cerit 5-5 ; et (addendo 
utrinque 4% + &c,) erit 293 + 30e + & 5 = p3 — t 4ye + 
&; et (auferendo utrinque 3 — 4) erit 2py'e + & = 4%% + &c; ct 
(dividendo omnes terminos per e,) erit 390 + &c = 433 &c. Hoc autèm 
verum eſt, utcunque parva fuerit quantitas e. Exit igitùr ctiam verum quand) 
quantitas e eſt omninò nullius magnitudinis. Sed, ubi e eſt nullivs magui- 
tudinis, omnes termini in quibus e invenitur, et qui deſignantur in xquatione 
30% + & c 4 + &c per notas &c, fient etiam nullius 1 ct 
pro- inde omitti poſſunt; atque ideò iſta æquatio fiet 30 = 435% Ergo 2p crit 
= ay, et y * * 2. 

Sed, ob e in hoc . =0, erit z, ſeu y T e, (YT) = 

Ergo erit etiam = . 


Ergd in hoc caſu duo valores ipſius , ſcilicer, y et 2, (quorum prior, y, 
fuerat minor ipſa M, alter vero, z, fuerat major ipla M,) fiunt æquales inter 


ſe, et uterque æqualis ipſi 4 Ergd et M (que inter y et 2 fuerat mediæ 


cujuſdam magnitudinis,) erit etiam æqualis ipſi 3 ; hoc eſt, valor ipſius x in 
quantitate binomia px3 — x*, quando iſta quantitas eſt maxima quæ eſſe poſſit, 
erit æqualis quantitati 2 Q. E. I. 


Coxol I. Ergo p M* — M', ſeu maxima magnitudo quantitatis bino- 
28 5 = 4 * I — 8174 1055. 
64 255 266 255 


4 4 . . 
7 . Et pro- inde, fi in æquatione e hujus forme, px3 — 4 


= 5, homogeneum comparationis, five quantitas cognita, 3 ſit æqualis quanti- 


tati . æquatio habebit tantùm unam radicem, ſcilicet, 3 2 ; ſed, ſi quantitas 


256 
_ 


cognita c fit minor quantitate , æquatio habebit duas radices, quarum una 


erit minor ipla 2 =, altera verd erit major ipſa = 2 ſed minor ipla . 


Txemplun 


4 
L 
50 
* 
A 
"al 
4 
* 
Ba 
% 
4, 
. 


4 


DE INVENIENDIS MAXIMUS VEL MINIMIS QUANTITATIBUS, 131 


Exemplum Quintum. 


Deſignet r quantitatem aliquam datam, et x quantitatem aliam variabilem, 


que creſcit continuò à nihilo uſque ad & ſr. ſeu 1, ſeu donec cubus ejus 


x3 fiat æqualis datæ quantitati r. Et requiratur invenire quænam fit magni- 
tudo quaatitatis x, quando quantitas binomia rs — x* elt maxima quæ cle 


poſſit. 


Ce l:tis, 


Quantitas binomia 7x — *. erit bis æqualis nihilo, nempe, primùm, cum x 
eſt = e, et itetùm cum x eſt = 4/3 (x, et pro-inde x® eſt r. Igitùr, dum x 
creſcit à nihilo uſque ad Vr, et a® creſcit à nihilo uſque ad r, neceſſe eſt 
ut quantitas binomia rx -, primùm, creſcat à nihilo ad certam aliquam 
magnitudinem, ct deinde decreſcat ab iſtà magnitudine ad nihilum. Requiri- 
tur autem invenire magnitudinem quantitatis x in eo temporis puncto in quo 
quantitas binomia rx — x* attingit hanc ſuam maximam magnitudinem, ex qua 
incipit decreſcere, Hoc vero ita inveniri poteſt. 

Deſignetur hie valor, quem quezrimus, ipſius x per Litteram M. Et fit y 
alius valor ipſius x minor valore M. Erit 1gittir quantitas ry — y* minor quan- 
titate TM M“. Ergo, dum quantitas x creſcit à valore M uſque ad va- 
lorem x, ſeu r, et quantitas a3 creſcit a valore M' ad valorem r, et quan- 
titas binomia 7x — x* decreſcit a quantitate M — M' ad e, hæc quantitas 
binomia 7x - e fiet in uno aliquo hujus temporis puncto æqualis quantitati 
binomiæ ry — gf, quz elt minor 1pta r M — M'“. Ponatur z pro valore 
quantitatis x in iſto temporis puncto. Et erit x — 2 = ry -. 

Ponatur jam e pro 2 — 5. Et erit x y Te, et 2 (2 T4) = ＋ 
4y%e + &c, et 1x (N +e) ry + re; et pro-inde erit 72 — 272 
Ly + Te — y4 — 40% — &C. 


Sed z 2 eſt =1y = 5. 

Ergò et ry + re - — 49% — &c erit = ry -; et (addendo utrin- 
que 4% + &c,) erit ry + re —3* = i - -+ 4% + &c; et (auferendo 
utrinque ry — 5 erit re = 43% + &c; et (dividendo omnes terminos per e,) 
eric r 4) + &C, in qua æquatione omnes termini qui per notam & de- 
ſigaentur continent in fe quantitatem e. Hæc autèm æquatio vera eſt, quan- 

S 2 tumvis 


— 


— — — 
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tumvis parva fuerit quantitas e. Erit igitùr vera etiam quando quantitas e eſt 
omnind nullius magnitudinis. Sed, ubi e eft omnind nullius magnitudinis, 
omnes termini in quibus e invenitur, et qui in æquatione r = 49 + &c per 
notam &c defignantur, erunt etiam nullius magnitudinis, et pro- inde _— 


poſſunt ; atque ided iſta æquatio fiet in hoc caſu r = 45. Ergd * erit = 7 
* A 
et y erit = , feu 4? 
v eri * 


Sed, ob e in hoc caſu = o, erit z, ſeu y e, (YT) 9. 


Ergd et 2 erit = vs, ſeu Ve 


Ergò in hoc caſu duo valores ipfius x, ſcilicet, y et à (quorum prior y fuerat 
minor ipſa M, alter vero 2 fuerat majot ipla M,) fiunt æquales inter ſe, et 


uterque æqualis ipſi =, five 4? [= Ergò et M {que inter y et 2 fuerat 


EP, 
mediæ cujuſdam magnitudinis,) erit etiàm æqualis ipſi er ſeu vaſe; 
hoc eſt, valor ipſius x in quantitate binomia ry — a*, quando iſta quantitas 


eſt maxima quz eſſe poſſit, erit æqualis 9 2 IN , ſu 3 [=, ſeu ra- 


dici cubicæ fractionis —. Q. E. I. 


CoroLL, Ergd r M — M', ſeu maxima magnitudo quantitatis binomiz 
- /*[7 a3 lr 8 
Tx *, erit = Y X = 
8 N VN. 


Tf 
Ponatur Jam 6382 8 ſive . 3 Et c erit = = et 4c erit = — r, et 


ary 
it = L þ ſt, 46 erit = LATE Yr] 
40 Nc erit Y X Tg? oc eſt, 4c* eri * . et c“. erit = 57 
_ Mn 2. 2 * 
Ergd 4c — & erit r x 8 221 hoc eſt, 36 erit r X = 


3 4 . 
— 8 Ergò rM — M', ſeu maxima magnitudo quantitatis binomia ru 
4 
— x*, erit æqualis quantitati 30, in qua litera c deſignat A ſeu V/? 8 
ſeu radicem cubicam quartæ partis datæ quantitatis r, go elt co- efficiens 
quantitatis æ in quantitate binomia rx — K. 


Atque 


7 
* 
: 
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Atque hinc ſequitur quod, fi in aliqua æquatione biquadratica hujus forme, 
Ty — x* = 5, homogeneum comparauonis, five quantitas cognita, s fit æqualis 


quantitati r Xx V? L- * EU. five, (ponendo c = v/ 15 æqualis quan- 


titati 30, æquatio habebit tantùm unam radicem, ſcilicet, e, ſeu 4/? [<; ſed, 
fi quantitas cognita s fit minor quantitate 3c, æquatio habebit duas radices, 


. - . * . . . 
quarum una erit minor ipſa c, ſeu /? 5 altera verd erit major ipſa c, five 


We 1 ſed minor y* (r. 


Exemplum Sextum, 


Deſignet P quantitatem aliquam datam, et m et n duos numeros integros 


quoſcunque; et fit x quantitas vailabihis, que creſcit continuò a nihilo uſque 


ad / P, ſeu Pr, ſeu donec & fiat æqualis P, et pro- inde „flat #qualis 


Px". Et requiratur invenire quznam fit magnitudo quantitatis æ, quando 


** 


quantitas binomia Px" — eſt maxima quæ eſſe poſſit. 


Solutio. 


Quantitas binomia Px” — „ erit bis æqualis nihilo, nempe, pri- 
mum, cum x eſt = o, et iterùm cum x eſt = y/® P, ſeu P-, et à et =P, 


m ox . TI" 
et eſt = Px”. Igitùr, dum x creſcit 2 nihilo uſque ad Pa, et & cre- 
ſcit à nihilo uſque ad P, neceſſe eſt ut quantitas binomia Px — 4 Fo, pti- 
mum, creſcat a nihilo uſque ad certam aliquam magnitudinem, et deinde 
decreſcat ab iſt3 magnitudine ad nihilum. Requiritur autem invenire mag- 


nitudinem quantitatis x in eo cemporis puncto in quo quantitas binomia 
Px 


134 . ADDITAMENTUM AD PRACEDENTEM HUGENI! DIATRIBEN 


P N m ＋ h { 
Px — x attingit hanc ſuam maximam magnitudinem, ex qua incipit 
decreſcere. Hoc verò ita inveniri poteſt. 

Deſignetur hic valor, quem querimvs, ipſius x per Litteram M. Et fit y 


alius valor ipſius x minor valore M. Erit igitùr quantitas Py” — 3 
minor quantitate PM“ — We Ergo, dum quantitas x creſcit a valore 
M uſque ad valorem Pa, et quantitas x* creſcit à valore M” uſque ad valo- 
rem P, et quantitas binomia Pat — * gecreſcit à valore PM” — M“ 
ad o, hæc quantitas binomia Px" — x"*® fiet in uno aliquo hujus temporis 


puncto zqualis quantitati binomiæ Py” — 7 * „ que eſt minor ipla PM“. 
Ponatur z pro 4 quantitatis x In iſto temporis puns, Et erit PZ“ — 


2 2 P my 


Ponatur jam e=z—y, Et eritz = y + e, et pro-inde 2 = re 
= (per theorema binomium, ) ſeriei 5“ + m X 75 „en —— * 


r bc et Pa“ erit = ſeriei Py” +mPxXy Ne n P 


8 1 n — 2 X * ＋ &c ; ct 8 erit = y 7 6) ME — (per theorema 


— 


binomium, ) * + m+=) * ä Xx e + n+nx = — 


1 * e* + &c; atque ideò PZ — 2 * ext = Seriei 15 + m P 


7 Xx e + mP X — 8 * f + & — jj" +7 * 


WSS „. 


* 


Sed P: 2 eſt = P — _— 


Ergò et Series Py” + mP 8 Xe + mP X 2 
, * +7 1 2 —1 be 114221 3 
A ef x = Xx » 


x & —&cerit = y- 5 et (addendo utrinque m + » x y"F" 


Xe+ m+nXxX— * 3 Xx & + &c,) Series Py" + mP * 


2 — 2 


7 . 


N Xe+ mP ED x „* + &c —9"*" erit = Seriei Py” 


m. 


* 
2 
1 
4 
5 
>] 


e 


| 
: 
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=P" x + NN m+a3—1 * t m+n—2 
2 


* + &c; et POO? utrinque Py” — ® hens crit Series PX * 


x e+mP x = > I NK © + &c = Serieim +n) x 7 * 
+ m +#X 24 X 3 Xe + &c; ct (dividendo omnes ter- 


minos per e,) erit Series P X 5 + #P v — X „ *' x 8% ke 
1 ＋ 21 


m Tun — 1 m+n—-2 


TuT N X y X e + 
&c, in qua æquatione omnes termini qui per duas notas &c geſignantur con- 
tinent in ſe qu dratum et cubum, et alias al jores poteſtates quantitatis e. 
Hæc autem æquatio vera eſt, quantumvis parva fuerit quan itas e. Exit igi- 
tür vera chin quando quantitas e eſt omninò nus magnitudinis. Sed, ubi 
e et onniro nullius magnitu dinis, omnes iermini in quibus e invenitur erunt 
etiùm nullius magnitudinis, et 3 omitti poſſunt; 5 5 ideò hæc æqua- 


tio Ret in hoc caſu m P It i . = =» + 1 X 3 - Ergo (dividendo 


= Seriel +8 X Y» 


hos te minos be * oof, erit nuP = m+n\x 7 atque ideò y — 


— 


0 * P, et y erit = . 
wm + 1 ＋ 1 m TAI 


Sed, ob e in hoc caſu = o, erit z ſeu „e, (YT) 5. 


3 1 
Ergo et z erit = —— AJ 
m + n 
Ergd in hoc caſu duo valores ipfius *, ſcilicet, y et x (quorum prior y fuerat 


mino ipla M. auer vero 2 flerat major ipta M;) ſiunt æquales inter fe, et 
eg 


33 | " Fl 
uterque æqualis ipfi „ Ergoet M(que inter) et 2 fuerat mediæ cujuſdam 


magnitudinis,) erit ctià n æqualis quanti' ati . hoc eſt, valor ipſius x in 
m+1 
quantitate binomi Px" — *, q ando iſta 8 eſt maxima que eſſe 


m P = ( Ae PI, E I 
, (eu = Q: E. I. 


N m . . . . 
CoroLtl. Fred PM” - M“, fev maxima magnirudo quantitatis 


i =—_ m +1 
binomiæ Px — K 1, erit = P 2 og 
m ＋ 7 


poſit, erit æqualis quaatitati 


9 = XxX 


Hl 
m+i 


Mm 


1 — — — * A Gas. A _ = = 
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m J mP 2 + n | , a 1 . 8 
pk — = Et pro-inde, fi in æquatione aliqua binomiali hujus 


forme, Px" — T8 = Q, homogeneum comparationis, ſeu quantitas cog. 


x I m + 2 
: 8 6 m PY 1 P k l 
nita, Q fuerit æqualis quantitati P X | - 24 — = - 4 z , æquatio habebit 


I | 
tantdm unam radicem, ſcilicet, AT ſed, fi quantitas cognita Q fuerit 
m n q 


| m7 ix —_—_—_— 5 i 6 
minor quantitate P X [=] — 5 5 - = » Xquatio habebit duas radices, 


1 1 
. . * m 8 > * 4 © m — 
quarum una erit minor ipſa 5 I | „altera verò erit major ip 5-1", ſed 


minor ipſa Pr, ſeu Y ß. 


* 
Solutio omnium exemplorum precedentium per expreſſionem generalem — — , hie 
| 


inventam pro Solutione hujus exempli ſexti, 


Hoc exemplum ſextum comprehendit omnia exempla præcedentia de va- 
loribus quantitatis # in quantitatibus binomiis px — xx, gx — x3, Þx* — i, 
* — x*, et rx — x*, quando iſtæ quantitates binomiz ſunt maximæ quæ eſſe 
poſſint; adeò ut ſolutiones diverſe iſtorum exemplorum derivari poſſunt ex 
ſolutione hujus exempli ſexti, tanquam caſus ejuſdem particulares, ſubſtituendo in 


quantite generali binomia Px" — * pro P, (co-efficiente quantitatis x in, 
primo hujus quantitatis termino,) co-efficientes p, 9, p, P, et r, et pro m, ſeu in- 
dice poteſtatis ipſius x in hoc primo termino, indices 1, 1, 2, 3, et 1, et pro 
m + 2, indice poteſtatis ipſius x in ſecundo hujus quantitatis termino, indices 
1 ＋ 1, 1 4 2, 2 +1, 3 + 1, et 1 - 3, ſeu 2, 3, 3, 4, et 4; quod quidem 
fieri poteſt hoc modo. 


Primò 


FF . 


*© wr HIT 


N 


e 


3 
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Primdò, ſit P=p, tm=1, et n = 1. Et quaniitas binomia generalis 


pr — &"T" fiet quantitas binomia particularis ( ek — x Xx, ſeu) fx — : 


et . =). 5 ſeu valor quantitatis M, erit (= a * = Yo 2. hoc eſt, 
”m * + a 


quantitas # in quantitate binomia px xx, quando iſta quantitas a maxima 


que efle poſſit, erit — ſeu dimidium datæ quantitatis p; ut in exemplo primo 
determinatum eſt. 


N Secundò, fit P g ?, et m= 1, et u = 2, Et quantitas binomia Px® — 
. FEES f 5 0 2 1 0 7 f "ff 2 P — 7 . 

jet = ( -, 3 et I =» feu M, e (= 
| LF = i = = + [£) == ; hoc eſt, quantitas x in quantitate binomii 
: 

: 

5 gx — 4, quando iſta quantitas 4 maxima quæ eſſe poſſit, erit 5 ut ia 
? exemplo ſecundo determinatum eſt, 

; Tertio, ieP =p, et m = 2, et # =''3. Ec N binomia Pa” — 
4 n+ „55 ca , ſeu M, erit (= 

4 bet = {= "oh , (eu) pa? ATT - Gan (= 

| —— - 3 2] ) = 22; hoc eſt, quantitas x In quantitate binomii pa* — x?, 


J quando iſta quantitas 00 maxima quz eſſe poſſit, erit = = ; ut in exemplo 
tertio determinatum eſt, 


Quarto, ſit P =p, et m = 3, et #= 1- Et quantitas P — xs ** fier 


=_ — £4, „r; mP wy F 3 
(px x ſeu) px? — a*; et IE , ſeu M, erit (= 15 = 


2 = 2 3 hoc eſt, quantitas x in quantitate binomia px? — x*, quando iſta 


quantitas x" maxima que efle poſſit, erit = ut in exemplo quarto deter- 
minatum eſt. 


Vol. VI. T 


Quinto, 


* 
q 
] 
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. . . . ”= | 
Quinto, ft P r, et m = 1, et n = 3. Et quantitas binomia Px — 


L ä go 
e ga = (r* -M t, ſeu) rx -&; et q erit — — 1 2, 
m ＋ n . 4 


ſeu 12 hoc eſt, quantitas x in quantitate binomil rx — &, quando iſta 


* . * 1 . . 
quantitas eſt maxima quz eſſe poſſit, erit =] „ ſcu y/? 5 z ut in exemplo 
quinto determinatum eſt. 


Hzc ſecunda inveſtigatio valorum quantitatis M, ſeu æ, in quantitatibus binomiis 


Px — ax, qx — K, px* — 3, px? — , et rx — x*, quando iſtæ quantitates fiunt 
L 


= . . . 0 P 
maxim# que eſſe poſiint, per applicationem ſucceſſivam expreſſionis — * 
BN m 


(que deſignat valorem ipfius M, ſeu x, in quantitate binomia generali Px" — 


_ . . . . . . 
3 quando iſta quantitas fit maxima que eſſe poſſit,) ad illorum in ventionem, 


cum (ut jam oſtenſum eſt,) eoſdem omnino valores quantitatis M nobis indicet 
quos ante inveneramus in exemplis quinque præcedentibus, magnoperè confir- 
mat inveſtigationes iſtoruw valorum ſactas in iſtis exemplis, et novo argumento 
probat iſtos valores fuiſſe ibidem rectè determinatos. Et hæc exempla ſufficere 
poterunt pro quantitatibus binomiis. Itaque nunc pergimus ad quantitates tri- 
nomias. | 


| 


Exemplum Se timum, in quantita'e lrinomid qu + p — K. 


Deſignent p et q quantitates aliquas datas, et x defignet aliam quantitatem 
variabilem quæ creſcit continuò A nihilo donec æ fiat æqualis quanticati bi- 
nomiæ q + px, et pro- inde x? fiat æqualis quantitati binomiæ gx + pa“, et 
quantitas trinomia gx + px* — x? fiat æqualis nihilo. Et requiratur, primo, 
invenire quænam fit magnitudo quantitatis x, quando quantitas trinomia gx + 
p — „ eſt æqualis nihilo, et, ſecundò, invenire quænam fic magnitudo 
quantitatis x quando quantitas trinomia gx + px? — x eſt maxima quæ cſle 


oflit, 
2 Solulio. 
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Solutio. 


Quando quantitas trinomia gx + e — & eft æqualis nihilo, gx + px* exit 


æqualis x*, et q + pr = xx, et xx —px = gq. Ergo (addendo utrinque =) 


xx — px + 27 erit = q + 2 _ 2, et (extrahendo utrinque radices 


quadraticas,) x — - en = 22. —, et (addendo utrinque 2, quantitis x 
erit = E. Q. E. I. 


2 


Secundo, quoniam quando quantitas trinomia gx + px* — x* eſt æqualis 


2 . = ſequitur quod, dum x 


nihilo, quantitas x eſt æqualis quantitati 


3 + + 2 
creſcit continuò à nihilo uſque ad P * x „ quantitas trinomia g + e 
— * erit bis æqualis nihilo, nempe, primo, quando x eſt = o, et, ſecundò, 


K - EM Igitùr, dum x creſcit continud à nihilo uſque 


quando w eſt = 


ad — — neceſſe eſt ut quantitas trinomia gx + px* — x?, primùm, 


creſcat A nihilo uſque ad certam aliquam magnitudinem, et deinde decreſcat 
ab iſtà magnitudine ad nihilum. Requiritur autem invenire magnitudinem 
quantitatis x in eo temporis puncto in quo quantitas trinomia gx + v - & 
attingit hanc ſuam maximam magnitudinem, ex qua incipit decreſcere. Hoc 
vero ita inveniri poteſt. 


Deſignetur hic valor, quem quærimus, ipſius x per Litteram M. Et fit y 
alius valor ipſius x minor valore M. Erit igitùr quantitas trinomia gy + py* 
— minor quantitate g M + pM* — MF. Ergo, dum quantitas x creſcit à 


Pp + op + 47 
2 


valore M ufque ad valorem , et quantitas trinomia gr ＋ p — 


r decreſcit à quantitate g M + pM* — M ad o, hæc quantitas trinomia gx 
+ p — x* fiet in aliquo hujus temporis puncto æqualis quantitati trinomiæ 
9) + 7} — , que eſt minor ipſa M + pM* — MF, Ponatur z pro va- 
lore quantitauis x in iſto temporis puncto. Et erit gz + pz* —2* = gy + 
of —F 


T 2 Ponatur 


— 


= 
—_— _— — 


—— 


oY” e 2, - © 


— — ——_ 


Zr ee 
— 1 — 
: 


>» @ — as = 


I40 ADDITAMENTUM AD PRACEDENTEM HUGENII DIATRIBEN 


Ponatur jam eproz—y. Eteritz = y + e, et 2 ( +0) = + 
ape + e, et 2 (=) + =p" + 3% + 3j +, et 92 29 Xy +#) 
BY gy + ge, ct p (=? X 4 + 27 + e — * * 2pye + pe“; et pro- 
inde quantitas trinomia gz + pn — 2? erit = oy + ge + py* + 2pye + pe 
„ — 35 — 0, 


Sed quantitas trinomia 22 + p — 2? oft = quantitati trinomiæ 9) + 7 
m—_ 


Ergo et qua:Xitas multinomia gy + ge ＋ h + ape + pe — ) — 35e 
_ 37 enn = quantitati trinomiæ gy + 2 — 31; et (addendo utrinque 
EDT) tg ++ rear 
+ 3% e + ze + ©; et (auferendo uttinque gy ＋ py* — ) erit ge + 2pye 
+ fe = 3ye + 330 + &; et (dividendo omnes terminos per e,) erit q + 
2py + pe = 33) + 298 + ef, Hoc autem verum eſt, quantumvis parva 
fuerit quantitas e. Ef it igitùr verum etiam quando quantitas e elt nullius 
omninò magnitudinis. Sed, ubi e eſt omninò nullius magnitudinis, omnes 
termini in quibus e invenitur erunt etiàm nullius magnitudinis, et pro, inde 


omiti poſſunt. Atque ideò æquatio prædicta q + 2py + pe = 3 + 30% e + 


e* fiet in hoc caſu 2 + 2py = 305, et pro-inde - + * „ M — 


277 1 =_— 3, 3 79 +39 
— ej. i erit (= Jn ZE = 37. ,. £2) = 27 Y 
3 ＋ 9 ( T g "Wd "4 Y bk: 


— — — 


e 
3 


22 7 2 
3 359 


— 


et pro- inde y — 4 ent = 


28 , et y crit = 


Sed, ob e in hoc caſu = 9, erit z, ſeu y + e{(=y +0)= ay, 


erit 2 2 —.— . 


Ergo et 2 


Ergò in hoc caſu duo valores ipſius x, ſcilicet, y et z, (quorum prior y {erat 
minor ipſa M, alter verò z fuerat major ipſa M,) fiunt æquales inter fe, et 


2 L. 
3 


uterque æqualis ph * Ergo et M (que inter y et 2 ſuerac 


mediæ cujqſdam magnitudinis,) erit etiam æqualis ipſi £< VP +31. 
3 


gx + p — xs, 
quando 


eſt, valor ipſius x in quantitate trinomil 


hoc 
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quando iſta quantitas eſt maxima que eſſe poſſit, erit æqualis quantitati 
27 N 
. Q. E. I. 


Cokol l. Ergò qM + pM* — M, ſeu maxima magnitudo quantitatis tri. 
nomiæ & + pr — x, erit ea quæ oritur ſubſtituendo pro x in hac quantitate 


STIR" quantitatern er Et pro-inde, fi in aliqui æquatione cd 


+ 2 
hujus forme, as + 92 „ 2x, quantitas © — vocetur M, et valor 


quantitatis M + pM* — MP inde derivatæ vocetur D, et homogeneum com- 
parationis in bac æquatione, ſeu quantitas cognita, 7 fit æquaſis quantitati P, 


* . * . oh + p+ 
æquatio habebit tantùm unam radicem, ſcilicet, M, ſeu . ſed, ſi quan- 


titas cognita r fit minor quantitate D, ſeu M + pM* — NMI, I 2quatio habe- 


p+ pp +39 
3 


bit duas radices, quarum una erit minor ipla M, ſeu L, altera * 


— 


1 5 ; Ns . 
etit major ipſa M, ſeu = £37 (ed minor pſa þ+ * 4. 


F.xemplum Od at um, iu quantitate trinomid gu * == af, 


Deſignent p et 44 quantitates aliquas datas, et x deſignet aliam quantitatem 
variabilem, quæ creſcit continuo A nihilo donec quantitas binomia x + xx 
fiat æqualis quantitati date g, et pro-inde quantitas binomia px* + x? frat 
æqualis quantitati Zu, et quantitas trinomia gx — pn — & fiat æqualis nihilo. 
Et requiratur invenire, primo, quenam fit magnitudo quantitatts x quando 
quentitas trinomia r — Pat — & eſt æqualis nihilo; et, ſecundò, invenire 
qucnam fit magnitudo ejuldem quantitatis x quando quantitas trinomia gx — 
ta — & et maxima quæ efle poſſit. 


Solut ! 7 9 


— ——— — — — 


1 - - 


» 
! 
* ” 
1 
i 
* 4 0 
9 
| x 
] » 9 
4 
4 „ 
„ 
4 
* 
1 q 
\ * 
N 
44 1 
4 [2 
| 


. Pr 


n — — <4 OY 4 - — — — — 
z: W ãviRnuTeꝰF. 22:22: ::.. 
: 
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Solutio. 


Quando quantitas trinomia gx — px* — Ki eſt #qualis f qx erit ot”: 


pr + x*, et g æqualis px + xx. Ergo (addendo utrinque & 2, erit q 12 


ſeu — 2 = xx + px + 2. et (extrahendo utrinque ts CS 


r 


erit — = x + 2, ſeu x + 1 = , et (auferendo utrinque 7 


erit x = =" 3.3 E. 1 


Secundò, quoniam, quando quantitas trinomia gr — p = x* eſt æqualis 
Dp Þ+ 4 
2 


_ ſcquitur quod, dum x creſcit con- 


nihilo, quantitas x eſt æqualis 


tinuò a nihilo uſque ad 2 * A, quantitas trinomia gy — px? — x? erit 


bis æqualis nihilo, nempe, primd, quando x eſt = o, et, ſecundò, q1n1o x eſt 


V 2 —7 


— LTH =, Igitùr, dum x creſcit continuò à nihilo uſque ad 


neceſſe eſt ut quantitas trinomia qx — px? — x3, primùm, creſcat a nibilo uſque 
ad certam aliquam magnitudinem, et deinde decreſcat ab iſta magnitudine ad 
nihilum. Requiritur autem invenire magnitudine n quantitatis # in eo tem- 
poris puncto in quo quantitas trinomia gx — * — K artingit hanc fuam 
maximam magnitudinem, ex qua incipit decreſcere. Hoc autem ita inveniti 
poteſt. 


Deſignetur hic valor, quem quærimus, ipſius x per Litteram M. Et fit ty 
alius valor ipſius x minor valore M. Erit igitùr quantitas trinomia gy — p — 
minor quantitate 9 M — M — M'. Ergo, dum quantitas x creſcit a valore 


M ad valorem LEES == , et quantitas trinomia gx — px* — x3 decreſcit 2 


quantitate M — pM* — Ms ad o, bæc quantitas trinomia gu — px* — * 
fict in uno aliquo hujus temporis punto æqualis quantitati trinomiæ gy — 
29 — , que eſt minor ipſa qM — M. — M3. Ponatur 2 pro valore 
quantitatis x in iſto temporis puncto. Et erit 22 — jz* — 23 = gy — {* 


8 


Ponatur 


* 

% 
4 
x 
; 
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Ponatur jam e g x . Et erit z y A e, et ( +1) 232 + 
2 ye e, et) (=y +4? =3* + pie + pre + &, et pro- inde gz ( 9 X 


yre=q + @eaps(=pxy+.yi e = ff + 2e + e; et 
quantiias trinomia gz — z' — 2 crit = qrantitau multinomiæ (4 + ge — 


ie - 3% — 5 — . 


Sd q antitas trinomia gz — 1 — E eſt æqualis quan itati uinomie gy — 


tr. 

Ergo et quantitas multinomia gy + ge — py? — 2e — p. — „* — 9 — 
zu — & em = quantrati trinomie gy - — . Et (addeudo uringque 
2 e pe 3e + af 1 ei) erit gy + ge =p = =g—jf — 5 
+ 270 e + pe ＋ 39 ＋* 2 7e + e; c. (auterendo mringue GY — þpy* — yz”) 
ein 4 = 2fy + pe + 33e + 3ye + 6; et (Livideudo omnes terminos per 
e,) ein = 2p) pe + 37 + 3920 + &. 

Hoc auen verum ch, q antuinvis parva fuerit quantitas e. Erit igitùr 
verum ettam quando qumias e eſt omninò nulhias mag nituduns. Sed, ubi 
elt omnino nuſlius magnitudinis, omnes termini in quibus e invenitur erunt 
ctiam nullias waznydins, et pro-inde omitti poſſunt. Atque ided æquatio 
piædicta g = 27y + Je + 35 + 35 + & ſiet in hoc caſu q 25 + 39. 


Et pro- inde Leit 2 + yy, et 3» + 2 ＋ * ern (2 4 + 2. - 


3 3 9 9 
+ ? . 0 +29 . 20 — 
＋ 2 = SA, ey + r ern = LH, et y erit = 22s E. 


Sed ob e, in hoc caſu, S ce, crit z, ſeu y + e, (= y +06) =27, 


Ergo et x erit = Lens =." 


E gd in hoc caſu duo valores ipſius x, ſcilicet, y et v, (quorum prior y fuerat 
minor iptà M, alter ver z fuerat major ipſa M,) fiunt æqu ales inter fe, et 


uterque æqualis ipſi * _ 2. Ergo et M (quæ inter y et 2 eſt mediæ 


c juſdam magnitudinis,) crit etiam æqualis ipſi e hoc eſt, valor 


ipſius x in quantitate trinom3a gx — pa? — x3, quando iſta quantitas eſt maxima 


quæ eſſe poſſit, erit æqualis quantitati . E l. 


Conor, Ergo qM —pM* — Ms, ſeu maxima magnitudo quantitatis trino= 
miæ gx — p — a3, erit ea que oritur ſubſtituendo pro x in cjus terminis 
quantuatem 
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+39 — 


quantitatem ae . Et pro- inde, ſi in aliqui zquatione cubick hujus forme, 


9 


* / +99 — | . . 

ox — pax) — * r, quantitas 2 * E vocetur M, et valor quantitatis 
® * * » . 

09M — M — M' inde derivatæ vocetur D, et homogeneum comparationis, 

ſeu quantitas cognita, 7 in hic æquatione fit æqualis quantitati D, æquatio 


: a 8 [9h +20 l 
habebit tantim unam radicem, fcilicet, M, ſeu ETAL ſed, fi quantitas 
cognita 7 fit minor quantitate D, ſeu M — pM* — NM, æquatio habebit duas 
app +37 


radices, -quarum una erit minor ipſa M, ſeu =? altera vers erit major 


ipſa M, ſcu af = ſed minor ipſa N =. 


Exemplum Norum, in quantitate trinemid rx — gx* — &. 


Deſignent q et er quantitates aliquas datas, et x deſignet aliam quantitatem 
variabilem, quæ creſcit continud a nihilo donec quantitas binomia gx + 
fiat æqualis quantitati date r, et pro-inde quantitas binomia gx* + x* fiat 
æqualis quantitati 7x, et quantitas trinomia rx — gx? — x* fiat æqualis nihilo, 
Ec requiratur invenire, primo, quænam fit magnitudo quantitatis x, quando. 
quantitas trinomia * — qa» — x* eſt æqualis nihilo; et, ſecundò, invenire 
quænam fit magnitudo ejuſdem quantitatis x, quando quantitas trinomia rx — 
gx» — x* eſt maxima que eſſe poſſit. 


S:lutto. 


Quando quantitas trinomia rx — g — x* eſt æqualis nihilo, rx eſt equalis 
gx* + a+, et r æqualis gx + x, ſeu * + gx. Ergd, reſolvendo æquationem 
cubicam x* + gx = r, (que unam ſolummodò habet radicem,) invenietur 
magnitudo quantitatis x in quantitate trinomia rx — 9 — x* quando quanti- 
tas iſta eſt æqualis nihilo. Q. E. I. 


Reſolutio 


10 
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Reſolutio æquationis cubicæ x? + gx = 7 fieri poteſt vel per Cardant regu- 
lam primam, (a Scipione Ferreo, cive Bononienſi, olim inventam,) vel pet 
Raphſoni methodum reſolvendi zquationes per approximationem, et facilius 


quidem per hanc ſecundam methodum quam per Cardani regulam. Inventa 


autem radice hujus æquationis quocunque modo, deſignemus eam per Litte- 
ram 4. Erit igitùr quantitas @ magnitudo quantitatis variabilis x, quando 
quantitas trinomia ry — gx* — x* eſt equalis nihilo. Q. E. I. 


Secundd, quoniam, quando quantitas trinomia rx — gx* — x* eſt æqualis 
nihilo, quantitas x eft æqualis ipſi a, ſequitur quo}, dum x crefcit continud à 
nihilo uſque ad a, quantitas trinomia rx — 4 — x* erit bis æqualis nihilo, 
nempe, primbm, quando x at = 0, et Kerum, quando x eſt æqualis ipſi 4. 
Igitir, dum -creſcit continu à nihilo uſque ad a, neceſſe eſt ut quantitas tri- 
nomia rx — gx* — *, primdm, creſcat A nihilo uſque ad certam aliquam mag- 
nitudinem, et deinde decreſcat ab iſta magnitudine ad nibilum. Requiritur 
autem invenire magnitudinem quantitatis x in eo temporis puncto in quo quan- 
titas trinomia rx * — * attingit hanc ſuam maximam magnitudinem, ex 
qua decreſcere incipit. Hoc vero ita inveniri poteſt. 


Deſignetur hic valor, quem quærimus, ipſius x per Litteram M. Et fit y 
alius valor ipſius x minor valore M. Erit igitùr quantitas trinomia ry — gy — yt 


minor quantitate r M — 4M — M'. Ergo, dum quantitas æ creſcit a valore 


Mad valorem à, et quantitas trinomia rx — gx* — x* decreſcit à quantitate 
M- M! — M' ad o, fiet in uno aliquo hujus temporis puncto equalis 
quantitati trinomiæ ry — gy? — y*, quæ elt minor ipſa r M — M. — Ms, 
Ponatur z pro valore quantitatis æ in iſto temporis puncto. Et erit 72 — gz? 
„ 


Ponatur jam 162225. Et erit x 2 Te, et Je + a*) = 5y ＋ 
29e + ee, et 2˙ ( +4) = 7 ＋ 40% ＋ 6% +48 ＋ , et 72 — 


rXy9+0) = ry + re, et ZZ (=qXy + 2ye + ee) — D + 29e + 
gee; et pro- inde quantitas trinomia 723 — 92 — 2“ erit = quantitati multi- 
nomiæ ry + re — gy — 200 — gee — 5 — 4% — bY EO — 4e — &, 

Sed quantitas trinomia 1à — 22 — 2* eſt = quantitati trinomiæ ry - gy* 
— *. 


Ergò et quantitas multinomia y + re — gyy — 2q9ye — gee — 5 — 45 
— bf — 4) — & erit = quantitati trinomiæ ry — gy — *. Et (addendo 


utrinque 29% + gee + e + 6fe + 4% + &,) erit ry + re —gyy — 5 


Y- — y* + 2p e + gee + 45e + 69%. + 4% + e*; et (auferendo 
utrinque y — gy* — y*,) erit re = 2 e + gee + 4% + bye + 4% + 
“; et (dividendo omnes terminos per e,) erit r = 2% + ge + 4% + 6Fe 
+ ay + @, Hoc autem verum eſt, quantumvis parva fuerit quantitas e. 

Vol. VI, U Exit 
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Erit igithr verum etiam quando quantitas e eſt omnind nullius magnitudinis, 
Sed, ubi quantitas e eſt omnino nullius magnitudinis, omnes termini in quibus 
e invenitur erunt etiàm nullius magnitudinis, et pro- inde omitti poſſunt. At- 


que ideò æquatio r 29% + ge + h + 6Ye + 40% + cs fiet in hoc caſu 


r = 20% + 4%. Et pro- inde — exit = — + 5, ſeu * + , et y erit 


» * » . . . 3 q 3 Yr . | 
æqualis radici * cubicæ y* + —- 55 * eſt unica, et per 
Cardani regulam primam, ſeu (ſi magis libet,) per Raphſoni methodum reſol- 
vendi æquationes per approximationem, inveniri poteſt. Deſignetur hæc radix 
per Littcram 6. Et erit y, in hoc caſu, == 6. 

Sed, ob e in hoc caſu, S o, erit x, ſeu y Te, (=y +0) =». 

Ergo et z erit = ipſi 5. 

Ergo in hoc caſu duo valores quantitatis x, ſcilicet, y et z, (quorum prior y 
fuerat minor ipſa M, alter verò 2 fuerat major ipſa M,) fiunt æquales inter fe, 
et uterque æqvalis ipſi þ, ſeu radici æquationis cubicæ ) + ＋ * 1 A ſeu 

r . 4 7 . . . 
* + — Xx * = —. Ergo et M (quæ inter y et z fuerat media cijuſdam 


magnitudinis,) erit ctiàm æqualis ipſi 5; hoc eſt, valor quantitas x in quan» 
titate trinomia ry — 2 — 4, quando iſta quantitas eſt maxima que elle 


poſſit, erit æqualis ipſi 3, ſeu radici æquationis cubicæ & + ＋ x * = —, 


Q. E. I. 


Cool. Ergòör M- qM* — Ma, ſcu maxima magnitudo quantitatis 
trinomiæ rx — 1 — x*, erit ea quæ oritur ſubſtituendo pro x in jus ter- 


minis quantitatem 5, ſeu radicem æquationis cubicæ x* + — X x = ＋ Et 


pro- inde, fi in aliqua æquatione biquadratica hujus forme, rx — 4 — K* = 5, 


quantitas. þ (que eſt radix æquationis cubicæ x3 + - e —) vocctur 


M, et valor quantitatis trinomiæ 7M — g M* — M“ inde derivat vocetur D, 
et homogeneum comparationis, ſeu quantitas cognita, 5, in hac æquatione lit 
æqualis quantitati D, æquatio habebit tantùm unam radicem, ſcilicet, M, ſeu 5, 


ſeu radicem æquationis cubicæ x? + - X x = - fed, fi quantitas co2nita 8 

fit minor quantitate D, ſeu 7M — qM* — M, æquatio habebit dus radices, 

quarum una erit minor ipſa M, ſeu þ, ſcu radice æquationis cubicæ à + - 
| r : 3 . : 

+ * = =, altera vero erit major ipſa M, ſeu &, ſed minor ipſd a, ſeu ra- 


dice æquationis cubicæ x? + gx = r, 


Exemplium 


DE INVENIENDIS MAXITMUS VEL MINIMIS QUANTITATIEUS. 14 


Exrem plum Decimum, iu quan'ilale briuami rx + 7** — *. 


Deſignent 9 et r quantitates aliquas datas, et x deſignet quantitatem varia- 
bilem, quæ creſcit continuò A nihilo donec quantitas x3 fiat æqualis quantitati 
binomiæ r + qx, et pro- inde quantitas x* fiat æqualis quantitati binomiæ rx 
+ gx*, et quantitas trinomia rx + gx* — x* fiat æqualis nihilo. Et requira- 
tur invenire, primo, quænam fit magnitudo quantitatis x quando quantitas 
trinomia rx + ga? — x* eſt æqualis nihilo; et, ſecundò, invenire, quænam 
fit magnitudo ejuſdem quantitatis x, quando quantitas trinomia & + ga? — 
x* eſt maxima quæ eſſe poſſit. 


Sclatio. 


Quando quantitas trinomia rs + gx* — x* eſt æqualis nihilo, rx + g eſt 
equalis x*, et rx eſt æqualis x* — 9g, et r eſt æqualis x3 — gx. Ergo, reſol- 
vendo æquationem cubicam rf = &x* = gx, feu x' — gx r, (que unam ſo- 
lummodo habet radicem,) invenietur magnitudo quantitatis x in quantitate 
trinomia rx + gx? — & quando quantitas iſta eſt æqualis nihilo. 


CEL 


Reſolutio zquationis cubicæ x3 — gx = 7 obtineri poteſt per Cardani re- 


gulam ſecundam (a Tartalea olim inventam,) ſi quantitas _ fuerit major 


f 3 3 5 1 
quantitate 2 et, ſi — fuerit minor ipſa 2 obtineri poteſt, facili ſatis cal- 


culo, per Raphſoni methodum reſolvendi æquationes per approximationem. 
Addo ctiàm, quod in priore caſu, in quo Cardani regula ſecunda locum ha- 
bet, æquatio a* — gx er faciliùs reſolvetur per Raphſoni approximationes 
quam per hanc Cardani regulam. Inventa autem radice hujus æquationis 
cubicæ x — gx = r, ſive per Cardani regulam ſecundam, five per Raphſoni 
methodum approximandi, five alio quocunque modo, deſignemus eam per 
Litteram @. Erit igitur quantitas @ magnitudo quantitatis x quando quantitas 
trinomia ry + gx? — a* eſt zqualis nihilo. 

_ Secundo, quoniam, quando quantitas trinomia rx ＋ gx* — & eſt æqualis 
nihilo, quantitas x eſt æqualis ipſi a, ſeu radici æquationis cubicæ x* — gx 
= 7, ſequitur quod, dum æ creſcit continud a nihilo uſque ad a, quantitas 


trinomia rx + g — x*, erit bis æqualis nihilo, nempe, primùm, quando æ 


eſt æqualis nihilo, et iterùm, quando x eſt æqualis ipſi a, Igitùr, dum x creſ- 
cit continuò A nihilo uſque ad a, neceſſe eſt ut quantitas trinomia * + gx — 
U 2 x, 


= _ — — — RET Y:—OGO”xrnn NE ET STI — _  — — — 
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* primum, creſcat a nihilo uſque ad certam aliquam magnitudinem, et de- 
4% decreſcat ab iſtà magnitudine ad nihilum. Requiritur autem invenite 
magnitudinem quantitatis x in eo temporis puncto in quo quantitas trinomia 
rx + gx — x* attingit banc ſuam maximam magnitudinem, ex qua decreſcere 
incipit. Hoc vero ita inveniri poteſt. 


Deſignetur hic valor, quem quærimus, ipſius æ per Litteram M. Et ſit y 
alius valor ipſius x minor valore M. Exit 1gitur quantitas trinomia ry + oY — 
minor quantitate 1M + gM* — M'. Ergd, dum quantitas x creſcit à va- 
lore Mad valorem à, et quaniizas trinomia rx + gx* — * decreſcit a quantitate 
7M + qgM*' — M' ad o, fiet in uno aliquo kujus temporis. puncto 2qualis 
quantitati trinomiæ y + gy -, quæ eſt minor ipla r M + NM. — M'. 
Ponatur 2 pro valore quantitatis x in iſto temporis puncto. Et erit 72 + gz? 


— 2 2 TY —) 
Ponatur jam e = 2 -. Et erit 2 Te, A 
25e ＋ ee, et 2 (e) = t’ 4ye + 6% +450 + e, et 12 (r 


xy+e)= ry + re, et qzz ( X yy + 2e Tee,) = gyy + 299 ＋ gee; 
et pro-inde quantitas trinomia r2 + gzz — 2* erit = quantitati multinomiæ 
ry + re + % + 2992 + gee — 5 CONE voy rl — e' — . 

Sed quantitas trinomia rz + qzz — x* eſt = quantitati trinomiæ ry + 95 
* 

Ergo et quantitas multinomia y + re + gyy + 29ye + ee — * — 4 yt 
e — aye — e erit = quantitati trinomiæ ry + gyy -. Et (addendo 
utrinque 4 ye + of + 430 + „,) erit ry + re + gy + 2990 + gee — 95 
= y + gy ＋τ e + 6% + 4y& + e z e (auferendo utrinque ry + 
gy — %,) erit re + 2gye + gee = 4% + bye 5 43e + e*; et (dividendo 
omnes terminos per e.) erit + 24% + ge = 4) + 6% + 4y* + . Hoc 
autem verum eſt, quantumvis parva tuerit quantitas e. Erit igitùr verum 
etiam quando quantitas e eſt omnino nullius magnitudinis. Sed, ubi quanti- 
tas e eſt omninò nullius magnitudinis, omnes termini in quibus e invenitur 
erunt etiàm nullius magnitudinis, et pro- inde omitti poſſunt. Atque ideò 
æquatio r + 20 + ge = 45 + 6% e + 4% + e fiet in hoc caſu r + 20 


= 4. Et pro- inde 7 erit 4% — 29, et — exit =y* — = 3, ſeu 


. CES : ' _ 3 5 q 
7 — A y erit = 5 et y erit æqualis radici æquationis cubicæ  — 4 


X y = —; ſeu (quod perinde eſt, ) radici æquationis cubicæ & — = * * 


— i que radix eſt unica, et per Cardani regulam ſecundam in uno caſu, 


et per Raphſoni Methodum approximationum in omni caſu ſatis facile inve- 
niti 
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niri poteſt, Deſignetur hac radix per Litteram 5. Et erit y, in hoc caſu, 
= ipſi 6, | 
Sed, ob e in hoc caſu = o, erit x, ſeu y e, (= y +0) = 3. 
Ergd et z erit = ipſi 6. 


Ergd in hoc caſu duo valores quantitatis x, ſcilicet, y et z, (quorum prior y 
fuerat minor ipla M, alter vero x fuerat major ipla M,) fiunt æquales inter 


. . 8 . . . 3 Y EY 
ſe, et uterque æqualis ipſi &, ſeu radici æquationis Cubicz y* — && y = 
—, vel *» — — + * = — Ergd et M (quæ inter y et z fuerat mediæ 


cujuſdam magnitudinis,) erit etiam æqualis ipſi 6; hoc eſt, valor quantitatis x 
in quantitate trinomia rx + gx* — a*, quando iſta quantitas elt maxima que 


eſſe poſlit, erit æqualis ipſi 4, ſeu radici æquationis cubice x? — — X x = 


— Q. E. I. 


CoxolI. Ergo r M + qMW — My, ſeu maxima magnitudo quantitatis 
trinomiæ x + qx* — , erit ea que oritur ſubſtituendo in ejus terminis pro 


x quantitatem &, ſeu radicem æquationis cubicæ x3 — — X 2 — Et pro- 


inde, fi in aliqua æquatione biquadratici hujus forme, rx + gx? — . 4, 


- . p . N * 
quantitas 6, ſeu radix æquationis cubicæ & — — N x = my vocetur M, et 


valor quantitatis trinomiæ +7 M e M — M+ inde derivate vocetur D, et 


homogeneum comparationis, ſeu quantitas cognita, 4 in hac equatione fit 


æqualis quantitati D, æquatio habebit tantum unam radicem, ſcilicet, M, ſeu 


b, ſeu radicem æquationis cubicæ & — _ WO #-= —_ ſed, fi quantitas cog- 


nita s fit minor quantitate D, ſeu M + qM* — Ms, æquatio habebit duas 
radices, quarum una erit minor ipſa M, ſeu 6b, ſeu radice æquationis cubicæ 


* — —— NK = — altera vero erit major ipſà M, ſeu 5, ſeu radice æqua- 


8 0 7 . F . a 4 
tionis cubicæ x — — * * = — ſed minor ipſa a, ſeu radice æquationis cu- 


bice 3% — a= . 


Hæc decem exempla ſufficere poſſe videntur ad illuſtrandam Methodum ab 


Hugenio, in Diatribe ſuperiore, traditam et explicatam, inveniendi maximos 
valores quantitatum compoſitarum quæ non continud creſcunt, ſed primùm 


creſcunt à nihilo ad certas quaſdam magnitudines, et deinde ex iſtis magnitu- 
dinibus 


= 


| 
| 
| 


| 
| 
| 
| 
| 
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dinibus decreſcunt. Et limites, inter quos jacent radices æquationum fx — 
ar = , gx — 4 , fx — * =r, f — * = 5s, et aliarum omnium in 
Corollariis horum exemplorum memoratarum, et quos in jiſdem Corollariis 
determinavimus, magnæ erunt utilitatis in reſolutione æquationum iſtarum 
per Raphſoni Methodum approximationum; per quam omnes æquationes ultra 
quadraticas meliùs et faciliùs reſolvi poſſunt quam alia quàvis methodo que 
mihi nota ſit. 


ALIA 


/ 


ALIA METHODUS 


INVENIENDI 


MAXIMOS VALORES 


Quantitatum quarundam compoſitarum ex duabus, vel pluribus, 
quantitatibus ſimplicibus, quarum una, vel plures, a a reliquis 
ſubtrahuntur. 


A FRANCISCO MASERES, ANGLO, 


REGIZA SOCIETATIS LONDINENSIS SOCIOQ, 


ArTticuLvus I, 


N tractatu ſuperiore :exhibuimus Methodum à Fermatio olim inventam, et 

à ſolertifimo Hugenio explicatam et illuſtratam, inveniendi maximos va- 
lores quantitatum quæ primò creſcunt a nihilo ad finitam quandam magni- 
tudinem, et deinde ab itiaà magnitudit ie decreſcunt, dum alia quantitas vari- 
abilis, ex qua pendent et quz plerumque deſignatur per Litteram x, crefcit 
continuò a nihilo uſque ad certam quandam magnitudinem. Et, præter ex- 
empla hujus Methodi ab Hugenio allata, adduximus cjuſdem exempla de- 
cem, in quibus determinavimus valores quantitatis *, qui, ſi ſubſtituantur pro 
x in quantitatibus binomils, Px — xx, gu — x', fu — K, pr — * 79 — of, 


m +1 


et Px" — * et in quantitatibus trinomiis 9g + px? &, qu n — , 


1% — gx* — x*, et rx + gx* — , efficient ut valores iſtarum quantitatum 
binomalium et trinomialium fint maximi qui eſſe poſſint. Hi autem valores 
quantitatis x (ut in corollariis ad dicta deccm exempla obſervatum eſt,) erunt 
Limites radicum duarum quas habent æquationes binomiales 7x — xx = 9, qu 


& 2 — 1 EE , — * * 


* =Q, et W trinomiales gy + fr -* =r, * — f — * = 
, et * — qr K* 5, et 1 ＋ 9 — * g . Sed et alia eſt Methodus de- 
terminandi hos erin quantitatis in prædictis quantitatibus binomtis et 
trinomiis, que mihi videtur magis obvia et directa quam methodus in ſupe- 
riore tractatu explicata, que A Fermatio et Hugenio nobis tradita eſt; immò 
etlim videtur et brevior et facilior iſt ſuperiore Methodo, et ad det 
nandos Limites inter quos jacent radices æquationum, binomialium; trino- 

mialium, 
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mialium, quadrinomialium, et aliarum multinomialium, que duas, vel tres, 
vel quatuòr, vel plures, radices habent, magis accommodata. Hanc igititr 
Methodum, ob inſignem ejus utilitarem in determinandis his Limitibus quos 
habent radices æquationum multarum multinomiarum, deſcribere et explicate 
nunc conabor. | 


ART. II. Deſignet x quantitatem aliquam variabilem, quæ creſcir continu 
a nihilo ad infinitum. Et ſint A, B, C, D, E, &c. quamitates quotlibet dats, 
quæ multiplicentur in ſingulos terminos ſeriei x, a*, a3, x*, x5, &c. ad tot ter- 
minos continuatæ quot ſunt quantitates datæ A, B, C, D, E, &c, ita ut effici- 
ant Seriem Ax, Bx*, Cx, Dx*, Ex', &c, cujus termini omnes poſt primum 
Ax, notentur ſignis + vel —, hoc eſt, aut ipſi primo Ax addantur, aut ab ipto 
ſobtrahantur. 

Tales ſunt ſeries Ax + Px? + Cx + Dx + Ex, &c, et Ax + Br? — C 
— Dx — Ex*, &c, et Ax + BX — C + Dif + Ex, &c, et Ax — BA + 
C — Dx* + Ex, &c. 

His poſitis, manifeſtum eſt, quod, dum quantitas x creſcit continuò & nihilo 
ad infinitum, unuſquiſque terminus hujus ſeriei creſcet pariter & nib:lo in in- 
finitum ; et pro-inde, ſi omnes ejus termini inter ſe per ſignum + conjun- 
guntur, ſeu omnes termini poſt primum Ax huic primo termino adduntur, 
tota ſeries inde orta, nempe, ſeries Ax + Bi? + Cx + I's? . Ex, + &c, 
creſcet continud, eodem modo quo quantitas ipſa , a nihilo ad infinitum, 
Sed, fi aliqui bujus Seriet termini ſigno — notentur, ſeu ab aliis ſubtrahantur, 
fieri poterit ut tota Series non continuò creſcat a nihilo ad infinuum, fed ut 
primo creſcat i nihilo ad cerram quandam magnitudinem, et deinde decreſcat 
ad nihilum, aut, in quibuſdam caſibus, decreſcat, ab iſtà magnitadine ad 
quam creverat à nihilo, non omninò ad nihilum, ſed tantùm ad minoram 
quandam magnitudinem, et deinde ab ifta ſecunda et minore magnitudine 
iterùm creſcat. In prima ſuppoſitione, in qua omnes ſeriei termini poſt pri- 
mum Ax ſigno + notantur, ſeries inde orta Ax + B CY + Dx! + Ex“ + 
&c nullum habet maximum valorem, quoniam, augendo x, ſeries ifta fieri po- 
teſt major quantitate quavis data, ut cunque magna. Sed in ſecunda ſuppoſi- 
tione, In qua quidam ſeriei termini ſigno — notantur, ſeu ab aliis ſubtrahun- 
tur, fieri poterit ut Series nunquam creſcat ultra certam quandam magnitudi- 
nem finitam, quem ubi attigit, inde ftatim decreſcet ; quæ pro-inde magnitudo 


Erit Seriei maximus valor, 


Arr. III. Jam, fi ſeries fit Ax — B — CA — Dx! — Ex! — &c, in qui 
omnes termini poſt primum Ax figno — notantur, ſeu à primo Ax ſubtra- 
hantur, ponatur y pro primo termino Ax, et z prd ſumma omnium aliorum 
terminorum Bx* + Cx* + Dx* + Ea“ + &c, qui in iſta ſerie ſigno — notan- 


tur, ſeu a termino Ax ſubtrahuntur: Et, ſi ſeries Ct Ax + Bx = Cx — Dx 
— Ex 


#5 

« £ 
> 
1 
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Fx — &. ponatur y pro ſumma terminorum Axe Px", qui figro +, notan- 
tur 161 pur a ditt nem inter fe conſunguntur, et 2 bh ivnna omn mM ali- 
orum Iernouncuni (a8 + Da“! — Las &c, qui ſigno — natuntur. {er 2 wma 
tern ine run: dun run Av + Ba? fubtrahuntur, Et, fi Series fr alia d vis, 
tut Ax + B * + Ca — Da! — Ex &c, ſeu Ax — Ba* + C — Da“ + 
Ex* — &c,* in qua qu idam termini poſt primum Ax notantur ngno +, ſeu 
primo 11 mino aduuntur, ot rehiqui rotantur fingo —, ſcu a primo terming 
et aliis ei conjunctis tubtrabuntu!, ponatur y pro ſumma primi termin Ax et 
aliorum omnium qui ſigno + notantur, ſcu primo termino adduntur, et x 

ro lumma reliquorum omnium terminorun, qui figno — notantur et à pri- 
oribus ſubtrahuntur. Et erit in omnibus biſce caſibus tota fertes, ex terminis 
Ax, Ba, Cx, Dx“, Ex, & c confecta, æqualis quantitati binomiæ y = 2, 
Agitur ergò de inveniendo maximo valore quantitatis binomæ y — x, ubi 
quantitas iſta non creſcit continuò a nibilo ad intfinitum, fed creſcit a nihilo ad 
certam quandam magnitudinem, et inde decreſcit. 


Principium, ſeu Fundamenium, bujus Methodi inveniendi maximum valorem 
gquantitalis binomie y — g. 


AnT. IV. Ut autem inveniamus maximum valorem quantitatis binomiæ y 
— x, necefle erit conferre inter ſe incrementa quantitatum y et 2 ifdem tem- 
poribus acquiſita. Nam, ſi incrementa quantitatis y in temporibus utcinque 
parvis acquiſita fint ſemper majora quam incrementa quantitatis 2 ſiſdem tem- 
poribus acquiſita, manifeſtum eſt quod quantitas biromia y — 2, ſeu exceſſus 
quantitatis y ſuper quantitarem x, continuò creſcet: fed, fi incrementa y in 
temporibus utcunque parvis acquiſiia ſunt primo majora quam incrementa 
quantitatis 2 {dem temporibus acquiſita, dum quantitas x (a qui pendent et 
derivantur quantitates y et x,) creſcit continud a nihilo uſque ad Jatam quandam 
magnuudinem que vocetur a, et tunc fiunt minora increments contemporaneis 
quantitatis z, dum quantitas æ creſcit a magnitudine à ad aſliam magnitudinem 
que vocetur 4, manifeſtum eſt quod, dum x creſcit à nihilo uſyque ad primam 
magnitudinem @, quaniitas biromia y — 2 continud creſcet à nihilo ad cer- 
tam quandam magnitudinem finitam, magnitudini à quantitatis x reſponden= 
tem, et tune decreſcet ab iſtà magnitudine ad aliam minorem, dum ulteriùs 
ereſcit a prima magnitudine @ ad ſecundam mag nitudinem 5. lnquirendum 
elt igitůr, primò, an incrementa quantitatis y_unquam fiant minora increments 
contemporaneis quantitatis $3 et, ſecundò, fi aliquindo incrementa prioris 
quantitatis y fiunt minora incrementis contemporaneis quantitatis pouſterioris 2, 
quenam erit magnitudo @ quantitatis primitive x (a qua quantttates y et 2 
pendent et derivantur,) in eo temporis puncto in quo incremeutum quantitatis 

Vol. VI, X y in 


'F 
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y in tempore quantumvis parvo acquifitum fit ors age ncremento contempo- 
raneo qu antitatis 2, ſeu ceflar eſle majus, et incipit «fe m nts , hec policriore 
incremento. Fiamc omnia ſunt per ſe ſatis manifeſta er gba Somali tioge 
indigere mibi videniur. Ex lis ergo principits dere minuy porerunt valcres 
-"2 oy x in quan.itutibus binomis & = #9, gu 4, fat — 15 23 — x, 


* 7¹ 
1 — x*, „ peneraliteèr, Pæ — * M » El in li antitalihus teh. IS Jr + Px” 


* — 9 — of, et rr + gr age {vb nutione 
in dictis quantitatibus binomiis et irinon1ls itt qua gates flent maximæ 
quæ ce poſſint. Inveſtigationes autèm hort! m valorum quantitatis & in his 


quantitatibus compoeſiiis in ſequentibus excruplis nunc exhihere pergituus. 


— — —— — — — — — —— — — — — r — 


Exemplum Primum, in quanlitale bintmii f — xv. 


AR r. V. Deſignet y lineam quandam dat am, et x lineam aliam v; — que 
creſcit continud 2 nihilo donec hat @yqialts One p, Fi 7 anhatun primo, an 
quantitas binomia pr — xx ere ſ et comtmuò dum x ciecit à nit lo we a ad p, 
an creſcet continuò tantum per partem ein pt is 1n quo x creſcit ad „ leu dum 
* creſcit ad magnitudinem quandam pia p min rem, et poſtra decreſcet; ct, 
ſi inveniatur quod quantitas binomia px — xy non creſe i continued ger totum 
tem pus per quod x creſcit a hiho uique ad p, fed tan tùm per partem ihiius 
temporis, {cu dum x creſcit a nihilo que ad magnitudine 21 quandam 1;1a 7 
minorem, et deinde decreſcet, tune 1nq Hratur, Grands loco, quænam erit 
magnitudo lineæ x in eo temporis puncto in quo quantitas binomia px — vs 
Cre ſcere deſinet et decretcere INCipiet, ct pro-inde in quo valor iſtius quantitatis 
binomiæ erit maximus qui eile pothr, 


Soalutio. 


Concipiamus lineam datam P. (cui vartiabilis linea x, que creſcit à nihilo, fit 
ultimo æqualis. ) in partes valde parvas et æq ales dividi, quorum numerus fit 
permagaus, puta, decem millia miltiorum, ſe 10, ooo. o 000 ; et unaque- 
que harum paruum line p valde parvarum dclignetur nota x, ſeu litera x Cum 
puncto ſuper ipſam poſito. 

Ergo, dum quivis valor line x, deſignatus per litteram 5 creſcit ab x ad 
x + K, ſeu augetur incremeuto pat vo x, rectangulum pr creſcet à px ad p X 


x + x, ſeu ad px + px, et quadratum xx creſcet ab xx ad x + 5, ſeu ad 
xx + 2xXx + xx; adco ut incrementum rectanguli px hoc valde parvo tempore 
acquifitum erit px, et incrementum conemporaneum quadrati xx crit 2* + 

XX, 


E 
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X. Sed, ob -xtr- mam parvitatem quantitatis xX pre intitute 2xx, (ad 
Quan) eſt in ra tone QUANtitatis & 40 qua tit item 2x) ctentntum 2xXX + ax 
pote cenſeti tan æ zuile elle prime cus ter nie 2xx; e ine quanti- 
tas 2xXx erit incieme, tem qua 'r ti ax comemporaneum creme e test an- 
4 ac *. Ereo NC eMmMeEntum 


gul! px. Eft veid px ad a ur pad 2x, fen ut 8 


rectanguli 7x in tempore vaide paryo in quo quivis valor line x 4 quirit in- 


10,0 , ooo 


crementum &, 1. erit ad int remem um con emporane ln qua- 


drati a ot E ad x, Igità, dum x creſcit à nihilo uſque ad Z, incrementum 


— 
* 


rectang mw {x crit majus inc enento contemp ranco quad: at xXx 3 ſed poſtcas 


dum x crelcit a — ad p, inciementum rectanguli py erit minus incremento 


contemporaneo quadrati ax. E , dum x crelcit a nihilo ad X quantitas bi- 
2 
nomia pr — xx crcſect contin' a milo uſque ad vilorem p X * * 


, feu 2 — Z). ſcu i; et, dum x creſcit ulterins a 


7 a (cu 9 
2 — 4 
- ad p, quantitas binomia fx — x decreſcet continuò à 42 al p X - p, 


five ad nihilum. Ergo — eſt magnitudo linea variabilis x in eo temporis 


puncto in quo valor quantitatis binomie px — xx fit maximus qui efle 
polit. E 
CogsoLL. I. Ergo quantitatis binomiæ pr — xx maximus valor qui eſſe 


9 - n 33 . 
poſſit eſt wy leu quadratum ex —— ſeu dimidio lineæ dai p. 


Conor r. 2. Ergo, ſi in æquatione quatratica hujus forme, pr — vx , 


homogeneum comparationis, teu quantitas cognita, q fit æqualis E, live qua- 
| 8 þ 133 . "I . . 
drato Ipius my feu dimidie quaatitatis P, QUE eſt co-efficicus quantditatis & 


* . * . . . * Þ 
in primo termino fx, @quatis habebit tantuin yaam radicem, nempe —; led 


4 


1 2 13 . x ws 5 
h quantitas cognita q fit minor quantitate 5% lcu quadrato QUAMULHS , 
þ 2 Xq«iuizo 


bf | 

4 
| 
ö 
"TH 
5 
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æquatio habebit duas radices, quarum una erit minor ipſa 4 „ altera verò erit 
. . 5 : * . k 

ma 2— b 
yor ipſa =, ſed minor ipſa p. 


Corortr. 3. Quantitas binomia px — xx eſt æqualis p —x\ X x, ſeu 
rectangulo ſub lineis p — x ct x, Ergo maxima magnitudo reQanguli ſub 
lineis p — x et x, quæ ſimùl ſumptæ ſunt @quales lineæ Pp, eſt 2 ſeu —— * 

+, ſeu quadratum dimidiæ lineæ 2; quod Euclidis Elementorum Libri ſe- 


cundi propoſitiont quinto conſcataneum eſt. 


Exemplum Secundum, in quantitate binomid qx — &. 
— — 


Arr. VI. Deſignet q planam ſuperficiem aliquam datam, et x lineam quandam 
variabilem, que creſcit continuò à nihilo donec quadratum ejus, xx, fiat æquale 
datæ ſuperficici planæ g, et pro-inde donec <jus cubus, &, fiat æqualis ſolido 
gx. Et inquiratur, primd, an quantitas binomia gx — & creſcet continud 
dum xx creſcit à nihilo ad datam ſuperficiem , ſeu dum x creſcit à nihilo ad 
Vq, an in hoc tempore dicta quantitas binomia primùm creſcet à nihilo ad 
certam quandam magnitudinem, et deinde ab iſta magnitudine decrelcet ; et, 
fi inveniatur quod dicta quantitas binomia in hoc tempore primùm creſcet, et 
deinde decreſcer, tunc inquiratur, ſecundo loco, quænam erit magnitudo lineæ 
x in eo temporis puncto in quo dicta quantitas binomia gx — & creſcere de- 
ſinet et incipiet decreſcere, et pro-inde in quo valor iſtius quantitatis binomiæ 


erit maximus qui eſſe poſſit. 


Solutio. 


Concipiamvs lineam V, (cui variabilis linea x, que creſcit à nihilo, fit 
ultimd æqualis,) dividi in partes æquales valdè parvas, quarum numerus fit 
decem millia millionum, ſeu 10, ooo, ooo, ooo; quarum unaquæque defignetur 


per Xs i 
Pe 3 Ergo, 


3 
4 
4 
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Ergd, dum quivis valor lineæ x, deſignatus per Litteram x, creſcit ab x ad 
x + x, ſcu augetur incremento valdè parvo x, folidum gr creicet a gx ad 
X x + x, ſeu ad 9 * qu, et cubus & creſcet ah x* ad x + x?, feu ad 
45 + 3 + graft + ; ado ut incrementum full gy hoc valde parvo 
tempore acquutitum erit , et incrememtum contemporancum cabi & erit 
30 + 3 + a3, ſeu (negligendo terminos 3xx* et x3 oh extremam eorum 
par vitatem Pra primo termino 3 ,) erit 33% Eſt vero grad 3x & ut ad zu, 
ſeu ut Lad x*. Ergo incrementum ſolidi gx acquiſitum in tempore valde parvo 
3 


* 7 
10, 0, ooo, oo 


in quo linea æ acquirit incrementum x, ſeu „erit ad incremen- 


tum contemporaneum cubi & ut * ad x*, Igitùr incrementum ſolidi gx 


non erit majus incremento contemporaneo cubi a* per totum tempus in quo 
x creſcit à nihilo ad V, ſeu xx creſcit a nihilo ad , fed tantum in prima 


parte iſtius temporis, ſcilicet, dum x creſcit à nihilo ad a , ſeu xx creſcit & 
nihilo ad ＋. Et poſteà, ſcilicet, dum x creſcit ulteriùs à — ad vg, ſeu 


xx creſcit a TY ad q, incrementum parvum ſolidi qr erit minus incremento 


contemporaneo cubi as. Et pro-inde, quantitas binomia gx — , ſeu exceſſus 
Solidi qr ſuper cubum x, non creſcet continud per totum tempus in quo linea 


x creſcit à nihilo uſque ad V, ſed tantùm dum æ creſcit a nihilo ad — : 


et poſtea decreſcet, dum x creſcit a _ ad Vg, ita ut fiat ultimò æqualis 


nihilo, quando x eſt æqualis V, et xx eſt æqualis 9. Atque ided maximus 
valor quantitatis binomiæ gx — 4* erit ille quem habet quando x eſt æqualis 


49 oui an f*Y1 Neun eu 
e 3775 


Q_EL 


Cororr, 1, Ergd, fi in æquatione cubica hujus forme, r — & = x, 
homogeneum comparationis, ſeu quantitas cognita, r, fit æqualis quantitati 


4 » Zquatio habebit tantim unam radicem, ſcilicet, LT, ſed, fi quan» 


titas cognita r ſit minor quantitate 5 „ Zquatio habebit duas radices, qua- 
rum 


— — by 


— — V — 
PP ˙¹¹AA W V — * 
w * 8 
— — 2 2 — — — — — 
- — — 


— — — 
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quarum una erit minor ipla —- 
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rum una erit minor ipſa . „ et altera erit major ipſa . ſed minor ipſ3 


. 
CoroLL. 2. Quando quantitas cognita 7 in æquatione cubicd gx — 4 
= r eſt zqualis quantitati 7 „(qua major eſſe non poteſt,) quantitas — 


erit æqualis quantitati = , et pro- inde ” ſeu quadratum prioris quan- 
titatis, erit æquale 5 ſeu quadrato quantitatis poſterioris. Atque ideò, fi 


, = 7 BY 2 ” n rr 
in aliquà æquatione cubica hujus forme, 2 — 4 = 7, quantitas — ſit 


æqualis quantitate — > £6 æquatio habebit tantum unam radicem, ſcilicet 2 
Th 3 


3 * .* * 
2 æquatio habebit duas radices, 


. 
73 


ſed, fi quantitas — fit minor quantitate 


aq 


** altera erit major ipſa . „ſed minor 


ipla . 


Exemplum Tertium, in quantitate binemid px* xs. 


Arr. VII. Deſignet p lineam aliquam datam, et xlineam aliam variabilem, 
quiet creſcit continuo a nihilo, donec fiat æqualis date p. Et inquiratur, primo, 
an dum linca x cre'cit continuò a nihilo ad magnitudinem date linew p, quanit- 
tas binomia px? — A crelcet pariter continuo, an primùm creſcet continuo 
dum x creſcit ad ban magnitudinem quz fit minor data linea p, et tnc 
decreſcet dum æ creicit ulteriùs ab iſtà magnituſine ad magnitu dine n datæ 
lincæ p; et, fi dicta quantitas binomia ita creſcit et decreſcit, tunc inquatus, 
ſecun o loco, quænam erit magnitudo lineæ x in eo temporis puncto, in quo 
dicta quantitas binomia px* — x* creſcere deſinet, et decreſcere incipigt, et 
pro inde in quo valor iſtius quantitatis binomiæ px* — 4 crit maximus qui cite 
poſſit. 


Coliilio. 
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Solutio, 


Dividatur data linea p, (cut variabilis linea x fit ultimò æqualis,) in partes 
qualcs vale parvas, quarum numcerus {it decem millʒlia millionum, feu 
10.020,000,000, quarum unaquæque deſignetur per &. 

Erg0, dum * r creſcit ab x ad x + *, quantitas wy crefcet ad x , , ſen 
ww + 2xx + xx, et g * —. x + aÞ, ſen 4® + 2K K + 3x3? + 15 et 
quantitas px* creſcet ad Þ X * „ (ſeu ad p X xx + 2xx + AA, ſeu ad 
oe Þ+ 2 + pA. Ergo, 2 oe * al getur incremento val lc parvo x, quantttas 
augebſtur incremento 2 Tx + p , feu (negligendo px* ob extremam ejus 
parvitatem Pr primo termino 25 Incremet Ito 2DPXX, et quantitas 43 aug = 
bi'ur incremento za —— ROY + Fe {eu (neg * oendo duos terminos _ + a 
oh extremam eorum parvitatem P:& primo termino 3x x) incremento 2x” 
Sed incrementum 25x eft ad incrementum 3a*x ut 2px ad 3a?, ſeu ut 29 a ad 


Ld 
CY 


. » 3 8 : IS. : 
zr, ſeu ut — ad x. Ergo, tamdiu quam quantitas — erit major line x, in- 
3 N 0 


Tas 


crementum quantitatis * erit majus incremento contemporaneo quantitatis a* 3 
Vi Wes Wo” f 3 ; 
ſed, cum « fit major ipſa , licet minor ipſa p, incrementum quantitatis px* 
3 


erit minus incremento contemporaneo quantitatis a.. Ergo quantitas binomia 
fx* non creſcet continuò per totum tempus in quo linea x creſcit a nihilo 


ad p, fed tantùm per primam partem iſtius temporis, ſeu dum x creſcit ad — 


. a ; 
et tune decreſcet dum x creſcit ulteriùs à =. ad p, et tunc fiet æqualis p Xx p? 


, ſeu nihilo. Ergo valor quantitatis binomiæ px* — a® erit maximus qui 


. . 2 
eſe poſſit cum linea x eſt æqualis . Q. E. I. 
1 1 ; $43 
CoroLL, 1. Cum x eſt æqualis , xx erit = ZZ, et a® erit = — 
9 27 
5 . 843 3 3 2 p3 
et pro-inde px? — i erit = þ x > ——= (= E. ] A. 
9 27 9 27 2 
=) TROY, ) a 
0 
Ergo maximus valor quantitatis binomiæ fa — 45 qui eſſe poſſit erit 
4p 
27 


CoROLL. 
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Cororr. 2. Ergo, fi in æquatione cubica hujus forme, px* — 43 = x, 


homogeneum comparationis, ſeu quantitas cognita r, fit æqualis quantitati 5 


æquatio habebit tantùm unam radicem, ſcilicet, ＋ ; fed, fi quantitas cognita 


7 fit minor quantitate . æquatio habebit duas radices, quarum una erit 


minor ipſa 2. et altera erit major ipſa Sz, ſed minor ipla p. 


TT ee Tein i int i nin a i iis airy i i i i att ins mand 


Exemplum Quartum, in quantitate binomid px — &. 


Arr. VIII. Deſignet p quantitatem aliquam datam, et x quantitatem aliam 
variabilem, quæ creſcit continuò a nihilo donec fiat æqualis date p, Et in- 
quiratur quænam erit magnitudo quantitatis x quando quantitas binomia px? — 
x* elt maxima quæ eſſe poſſit. 


Solutio, 


Dividatur data quantitas p (cui. quantitas variabilis x fit ultimò æqualis, ) in 
partes æquales et valde parvas, quarum numerus fit 10,000,000,000 {eu decem 
millia millionum ; et unaquæque harum partium vocetur x, 


Ergd, dum  creſcit ab x ad x + x, quantitas pa® creſcet à pax? ad p * 
x Tal, (ſeu ad p x * + gifx + &c,) ſeu ad px? + 3px*x + &c, et quan- 


titas a. creſcet ab x* ad , ſcu * + 4% + &c; et pro-inde, dum & 
acquirit incrementum &, quantitas px® acquiret incrementum 3px*%x &c, et 
quantitas x* acquiret incrementum 4x%x. Eft vero incrementum yx * ad in- 


crementum 44% ut 3pa* ad 4%, feu ut 3p ad 4x, ſeu ut 2 ad x. Ergo, tam 


din quam 2 eſt major quantitate x, ſeu dum x creſcit à nihilo ad ==, inere- 
mentum quantitatis px erit majus incremento quantitas , et poſteà, cum 


3P eft minor quantitate x, ſeu dum creſcit a 2 ad p, incrementun quan- 
4 I 
titaus 
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titatis px® erit minus incremento quantitatis K*. Atque ideò, dum x creſcit I 


nihilo ad 2. quantitas binomia px* — x* continuò creſcet; et dum x creſcit 
ulteriùs a 4 ad p, quantitas iſta continuò decreſcet, et tunc fiet æqualis p X p* 
— , ſeu nihilo. Ergo valor quantitatis binomiæ pa? — x*- erit maximus qui 


eſſe poſſit cum quantitas x eſt æqualis ＋. Q. E. I. 


. $5 = 
CoroLL. 1, Cum x eſt zqualis — ert 2 et * erit = * et 
4 
Pas erit p X 2 ( = ==) = —— et pro-inde px — x* erit (= 


108þ4 8 1p WR, 2 7þ* N 275 . . . . . . 
— —7 = - Ergd Ag erit maximus valor quantitatis binomiæ 


fx* — qui eſſe poſſit. 


CokoLL. 2. Ergo, fi in æquatione biquadratica hujus forme, px? — * = 
, homogeneum comparationis, ſeu quantitas cognita, s fit æqualis quantitati 


275 . a _ , 1 35 b 

* æquatio habebit tantùm unam radicem, ſcilicet, 1 5 ſed, ſi quantitas cog- 
. . . 275. . . . 

nita s fit minor quantitate 256 2 Equatio habebit duas radices, quarum una 


erit minor ipſa , et altera erit major ipſa 2. ſed minor ipſa p. 


Exemplum Quintum, in quantitate binomid rx — &. 


ART. IX. Deſignet r quantitatem aliquam datam; et fit x quantitas alia vari- 
abilis, que creſcit continuò à nihilo donec fiat æqualis Vr, ſeu 7+, ſeu donec 
cubus ejus a* fiat æqualis datæ quantitati xv. Et inquiratur, quænam erit 
* quantitatis x quando quantitas binomia 7x — x* eſt maxima quæ 
eſſe poſſit. 


Vol. VI. Y Solutio. 


I * 
*. 
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Solutio. 


Dividatur quantitas r, ſeu 12, (cui quantitas x fit ultimò æqualis,) in 
partes æquales, quarum numerus ſit 10, ooo, ooo, ooo, ſeu decèm millia millio- 
num; et unaqueque harum partium vocetur x. 


Ergò, dum x creſcit ab x ad x + &, quantitas rx creſcet ab rr ad r X * + =; 


ſeu ad rx + rx, et quantitas & creſcet ab * ad x + x\*, ſeu ad * + 43x + 
&c ; et pro- inde, dum x acquirit incrementum Xx, quantitas rx acquiret incre- 
mentum rx, et quantitas x* acquiret incrementum 4x*x + &c, ſeu (retinendo 
tantum primum hujus incrementi terminum 4e, prez quo ſequentes termini, 
ſab nota &c com prehenſi, fere pro nihilo ſunt habendi,) 4x%x. Eſt verò incre- 


mentum rx ad incrementum 4x%x ut r ad 4, ſeu ut 2 ad *. Ergo, tam 


div quim — erit major ipſa x, ſeu 4? 2 erit major ipſa x, incrementum 
quantitatis 7x erit majus incremento contemporaneo quantitatis x*, et pro- inde, 


dum x creſcit A nihilo ad /? — quantitas binomia rx — x* continud creſcet; 


fed, cum 7 fit minor ipſa x, ſeu 4/3 4 fit minor ipſa x, incrementum quan- 


titatis rx erit minus incremento contemporaneo quantitatis x*, et pro- inde, dum 


x creſcit a /? 5 ad , quantitas binomia yx — * decreſcet con- 


tinuo, et tunc fiet æqualis T X 1 — ri, ſeu r X 75 -,) ſeu 7: — 
r5, ſeu nihilo. Ergo valor quantitatis binomiæ rx — x* erit maximus qui eſſe 


1 is SI 
poſſit cum * eſt æqualis 35 ſeu cum x eſt æqualis / 8 


Q. E. I. 
CoroLL. 1. Quando x eſt æqualis /? 5 ſeu f, am = Þ, et rs 
7 : 7 5 
=" X I. et pro- inde rx — * erit = 7 x 81 — — *. Ponatur jam c = 


5 — ſeu 2. Er & erit = 7. et 40 erit r, et 43 X c, ſeu 40, 


erit 
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it = , et & erit ( — 2 3 2 = =Þ 
erit * £ SIN D x |) -| et pro- 


inde 1 X - erit ( 46% X c — „ = 4c — &f) = 30“. Ergo 
rx — x crit in hoc caſu = 3. Ergo maximus valor quantitatis binomiæ 
rs — x* qui eſſe poſſit erit æqualis quantitati 30, in qua Littera c defignat 


* =, ſeu radicem cubicam quartz partis datæ quantitatis r, quæ eſt co- 


efficiens quantitatis x in quantitate binomia rx — x+, 


CoroLL. 2. Ergo, ſi in æquatione biquadratici hujus forme, rx * = 5s, 
homogeneum comparationis, ſeu quantitas cognita, 5, fit æqualis quantitati 


r * Al 9 , feu (ſi c ponatur = /? =; ſeu . æqualis quantitati 
ze, æquatio habebit tantùm unam radicem, ſcilicet, c, ſeu 4/3 . 1 
quantitas cognita s fit minor quantitate 30, æquatio habebit duas radices, qua- 
rum una erit minor pla c, ſeu y/ . et altera erit major ipla c, ſeu y/? U ſed 
minor ipſa Vr. 


Exemplum Sextum, in quantitate generali liromid Pr — 4 


An r. X. Deſignet P quantitatem aliquam datam, et m et # duos numeros integros 
quoſcunque. Et fit x quantitas variabilis, quæ creſcit continuò à nihilo uſque 


ad / P, ſeu P-, ſeu donec x” fiat æqualis datz P, et pro-inde x ** (ſeu * 
x x", ſeu * x u) fiat æqualis Px", Et inquiratur, quænam erit mag- 


nitudo quantitatis x, quando quantitas binomia Px" — * ſt maxima que 


eſſe poſſit. 
2 Solutio, 


42 
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Solutio. 


Dividatur quantitas P, ſeu P, (cui quantitas x fit ultimò æqualis,) in 


partes æquales valdè par vas, quarum numerus fit lo, ooo, ooo, ooo, ſeu decem 
millia millionum; et unaquæque harum partium vocetur &. 


Ergo, dum x creſcit ab x ad x + x, quantitas x" creſcet abæ ad x T, 


hoc eſt, (per Newtoni Theorema binomium,) ad * + m x «„ „* + &c, 
et quantitas & creſcet ad x TA“, hoc eſt, (per idem Theorema, ) ad 


t K e x + c, et pro- inde quantitas P x” creſcet à 


Pr“ ad PX TAN „ ＋ &cl, ſeu ad Pr” + Pm XX * + 
& c. Ergd, dum x acquirit incrementum valdè parvum x, quantitas Px" ac- 


. . 21 . . 
quiret incrementum Pm Xx x * + &c, ſeu (negligendo omnes terminos 
hujus incrementi ſub nota &c comprehenſos, ob extremam eorum parvitatem 
præ primo ejuſdem termino Pm * E,) incrementum Pm X* x, et 


m＋ 4 


n acquiret incrementum m + n)X x "+ x, Eft verd incrementum 


Pm x x ad incrementum m + n) x #"**— , ut Pm x a ad mn 


X i ſeu ut Pm xx" ad T NK x x", feu ut Pmad n 


n P 7 *\ * . . . 
* x, ſeu ut gs ad x, Ergo, tam diu quam quantitas „ erit major 
. A . P m 1 ® © . . 
quantitate x , ſeu quantitas _ erit major ipla x, incrementum parvum 


bd ® m . * .* t : 
quantitatis Px erit majus incremento contemporaneo quantitatis 1 ſed 


Pm 4 : 
Fo] fit major 


. A ” 1 1 25 | | I 
ipſa x, incrementum quantitatis Px erit minus incremento contemporaneo quan- 


ſt . P f 2 2 n ſ· . 
poſtquam quantitas —— fit major quantitate  , ſeu quantitas 


PM 2 


. . m 2 — . By * 77 . 
. A Mace 
titatis a Atque ideò, dum & creſcit à nihilo uſque ad — I7, > © pro- inde 


1 m | 
m 4 * * he d Þ ». wag m { Pm — . . 
* creſcit a nihilo uſque a I 7 » Teu ad (—=| „ quantitas bi 


nomia 
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nomia Px - creſcet continud à nihilo uſque ad P x 1 5 — 
n 
Pm EO * ſeu ad P X 2 EY — — — — |= 5 ; et, dum x crefcit ulteriùs à 
; | 
2K ad 3 quantitas binomia Px" — 5 has decreſcet continuò, et tunc 
m 
fiet æqualis P Xx r * „(ſeu P P— — P, ſeu P x P.. — 


P * P,) ſeu Px P— — P * P, hoc eſt, æqualis nihilo. Ergd 


mA 


maximus valor quantitatis binomiæ Px" — K erit ille quem habet quando 


x eſt æqualis quantitati — 1. 


. A» is . 
CoRoOLL. 1. Quando x eſt æqualis quantitati 1 75 „ quantitas binomia 


DI, 


m+1 „ ut oſtenſum eſt. 


p * CE 


m + Ty m = 
a PAN 4 3 22 Pm IAT 
Ergo hæc quantitas P x = —- * I = erit maximus valor quantitatis 


binomiæ Px"—x"*" qui eſſe poſſit. . pro- inde, fi in æquatione aliqua binomiali 
m 


erit æqualis quantitati P 2 


hujus forme, Px" — «„ — Q, homogeneum comparationis, ſeu quantitas 


| ogy P ch. ao 
—— —_ 5 75. z , ægquatio habebit 


1 
tantùm unam radicem, ſcilicet, 22 — |; ſed, fi quantitas cognita Q fuerit 


cognita Q. fuerit æqualis quantitati PX 


minor quantitate P X _ — 5 _— æquatio habebit duas radices, 


I 
quarum una erit minor ipſa bye 7 = „et altera erit major ipſa F— 2D ſed 
minor ipſa Pa, ſeu P. 


, Solution 


; | oy 
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Sclutio omnium exemplorum præcedentium per expreſſionem generalem 1 * „bie 
inventam pro Solutione hujus exempli ſexti. 


Ax r. XI. Hoc exemplum ſextum comprehendit omnia exempla præcedentia de 
valoribus quantitatis x in quantitatibus binomiis px — xx, gx — &, px* — if, 
x — x*, et rx — quando iſtæ quantitates binomiæ ſunt maximæ quæ eſſe 
poſſint ; aded ut ſolutiones diverſæ iſtorum exemplorum derivari poſſint ex 


ſolutione hujus exempli ſexti, tanquam caſus ejuſdem particulares, ſubſtituendo in 
quantitate generali binomia Px” — * pro P (co-efficiente quantitatis x" 
in primo hujus quantitatis binomiz termino, ) co-efficientes p, 9, p, P, et r, et 
pro , ſeu indice poteſtatis ipſius x in hoc primo termino Px, indices 1, 1, 2, 3, et 
1, et pro m + u, ſeu indice poteſtatis ipſius x in ſecundo hujus quantitatis binomiæ 
termino 5 indices 1 +1, 1 +2, 2 ＋ 1, 3 + 1, et 1 + 3, ſeu 2, 3, 
3, 4, et 4; quod quidem fieri poteſt hoc modo, 


Primò, fit P =p, et m=1, et n = 1. Et quantitas binomia generalis 


Px” — 67" fiet quantitas binomia particularis (px* — ” bp ſeu) px — *: 


I I 
D os > 3 © 3 2 8 - . 2 
er Ir , erit (= £2 7 2 2 ) = 25 hoc eſt, quantitas x in quantitate 
binomia px — xx, quando iſta quantitas eſt maxima quæ eſſe poſſit, erit 
2, ſeu dimidium datæ quantitatis p; ut in exemplo primo determinatum 


eſt. 


Secundò, fit P g, et m = 1, et „ = 2. Et quantitas binomia Px* 


1 I 
* get (= * = „ ) = ; et = erit (FE = 


Ay = &/ A _ . hoc eſt, quantitas x in quantitate binomia gx — 


x*, quando iſta quantitas eſt maxima que eſſe poſſit, erit , „ ut in 


. 3 
exemplo ſecundo determinatum eſt, 
Tertiò, 
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Tertiò, ft P p, et m=2, et » = 1, Et quantitas binomia Pas" — 
Pm \ = — SX3 

„*“ fiet = ( px* „ 2 —£y cy erit (= FAY 

= 550% = 22 hoc eſt, quantitas & in quantitate binomia fx* — K* 


quando iſta quantitas eſt maxima quæ eſſe poſſit, erit = =; ut in exempla 
tertio determinatum eſt, 


Quartd, ſit P =p, et n = 3, et #= 1: Et quantitas Px" — #"** fiet 


(= px ER 3 — x3 — x*; et r erit 42 2 — ny 


— 2 hoc eſt, quantitas « in quantitate binomia px* — x*, quando iſta 


quantitas eſt maxima quæ eſſe poſſit, erit 2 z ut in exemplo quarto deter- 
minatum eſt. 


Quintò, fit P=r, et n 1, et u = 3. Et quantitas binomia Px* — 


gere- = 15 #6; * = ai (= ) =, 


ſeu 1 boc eſt, quantitas x in quantitate binomia rx — x, quando iſta 


quantitas eſt maxima que efle poſlit, exit 1; ſeu y/? 2 ; ut in exemplo 
quinto determinatum eſt, 


Hæc ſecunda inveſtigatio valorum quantitatis x in quantitatibus binomiis 
px — ax, * == *, Þx* — KX px — x*, et 1x — x*, quando iſtæ quantitates ſunt 


maximæ quæ efle poſſint, per applicationem ſucceſſivam expreſſionis = . 


(que deſignat valorem ipſius x in quantitate binomia generali Px” — 


. quando iſta quantitas fit maxima quæ eſſe poſſit,) ad illorum inventi- 


onem, cum, ut jam oſtenſum eſt, eoſdem omninò valores quantitatis x in iſtis 
caſibus nobis indicet quos anteà inveneramus in exemplis quinque præceden- 


tibus, 


— —— — ᷓ -. —-—- — -— 122 
1 
— — 1 2 — ths. — SS 
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tibus, magnoperè confirmat inveſtigationes iſtorum valorum exhibitas in iſtis 
exemplis, et novo argumento probat iſtos valores fuiſſe ibidem recte determi- 
' natos. Et hæc exempla ſufficere poſſe videntur ad illuſtrandam prædictam 


Methodum inveniendi maximos valores quantitatum compoſitarum pro quan- 
8 2 FP , . 2 m 
titatibus binomiis quibuſcunque ſub hac expreſſione generali Px X 


comprehenſis. Itaque nunc pergimus ad quantitates trinomias. 


Exemplum Septimum, in quantitate trinomid qu + pa — af, 


Arr. XII. Deſignent p lineam aliquam datam, et ꝗ̃ aliquam ſuperficiem datam; 
et ſit x quantitas quædam variabilis, quæ creſcit continuo a nihilo donec x, ſeu 
ejus cubus, fiat æqualis quantitati binomiæ gx ＋ px*, ſeu ſummæ folidorum 
gx et px*; quod quidem fiet cum xx eſt æqualis quantitati binomiæ g + px, 
ſeu cum quantitas binomia xy — px eſt æqualis quantitati date , et pro-inde 


cum quantitas trinomia xx — px + 27 eſt æqualis quantitati 2 + 9, ſeu 


PH, et cum x — —— eſt æqualis AA., et x eſt æqualis EA. 


Et inquiratur, quænam erit magnitudo lineæ x quando quantitas trinomia gx 
+ px* eſt maxima quæ eſſe poſſit. 


Solutio. 


Dividatur quantitas —. —..§— (cui x fit ultimò zqualis,) in partes valdè 


parvas et æquales, quarum numerus fit 10, ooo, ooo, ooo, ſeu decèm millia milli. 
onum; et unaquæque harum partium vocetur &. 


Ergo, dum x creſcit ab x ad x + x, quantitas x creſcet ab * ad & + , 
ſeu ad x* + 2xx + &c, et quantitas a“ creſcet ab æ ad x + Vs, ſeu ad * + 


\ 
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3 + &c, et quantitas px* creſcet à pa ad p * x + a}, (ſeu ad p * 
1 ＋ 2xx + &c, ) ſeu ad px* + 27 + &c, et quantitas gx creſcet à gx ad qX 
x + al, ſeu ad qr + gx, et pro-inde quantitas binomia gx + px* creſcet ad 
quantitatem quadrinomiam qu + 9x + px? + 2pxx; aded ut, dum quantitas 
x acquirit incrementum x, quantitas binomia gx + px? acquiret incrementum 


gx ＋ Ap, et quantitas x acquiret incrementum zu x. Eft verd incremen- 


tum gx + 2pxx ad incrementum 3 ut q + 75 ad 3x*, ſeu ut Ty + 


2. ad x, Ergo, tam did quam quantitas binomia —— + —_ erit major 
3 


quantitate * 5 incrementum quantitatis binomiæ ar 4 Px A. majus incre- 


mento contemporaneo quantitatis a6; et poſtquam quantitas binomia 4 + 


= fit minor quantitate x, incrementum quantitatis binomiæ gx + px* erit 
minus incremento contemporaneo quantitatis «.: Atque ided, dum & creſcit 


à nihilo uſque ad iſtam magnitudinem (quam vocemus M,) quam habet 


. , F 20x ; 3 F . 4 
quando quantitas binomia fo ＋ —.— eſt æqualis ipſi a*, quantitas trinomia 


gx + px* — X creſcet continuò; et, dum x creſcit ulteriùs ab iſta magnitudine 


M ad £* LL 2347 quantitas iſta trinomia decreſcet continuò, et tunc fiet æqualis 


nihilo. Ergo maximus he I trinomiæ gx + oy — x* erit alle 


quem habet quando * + - — eſt #qualis *. Sed, cum <- = + EZ 


3 
zqualis ipſi x*, erit xx — * = * et * < ＋ 4 ( = 2 49 ＋ = 


E + et pro · inde — 2 * . et * = . ” ſeu 


EE — —. . Ergo M, ſeu valor quantitatis x, in eo temporis puncto in quo 


1 trinomia gx + p — a* creſcere deſinit et incipit decreſcere, et pro- 
EA. 


Q. E. 1. 


Coxol L. Ergò, fi in æquatione cubicà hujus forme, r + px* ==» x = 


inde eſt maxima quæ eſſe poſſit, erit æqualis 


„ ponatur M pro quantitate 2.4 _ 27, et ſubſtituatur M pro # in 
Vol. VI. 2 | quantitate 


— — OCD —_ 
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quantitate trinomia gy + px* — *, et quantitas og M + p M. — M', 
ſeu valor hujus quaniicatis trinomiæ ex hac ſubſtitutione ortus, fit æqua- 
lis quantitati r, ſeu homogeneo comparationis, ſeu quantitati cognitæ, 
in æquatione propoſita gu + yr — * = 7, æquatio habebit tantùm 


unam radicem, ſcilicet, M, ſeu E + 15 A; ſed, fi quantitas cognita r fit 


minor quantitate trinomia q M + p M* — Wh, æquatio habebit duas radices, 
+ 4 pp + 37 
3 


quarum una erit minor ipſa M, ſeu £ „et altera erit major ipſa 


M. fey EA, fed minor ipſa L342 +47 
3 


Exemplum Ofavum, in quantitate trinomid qx — p — &. 


—— . . .. .. — 


Ax r. XIII. Deſignet p lineam aliquam datam, et g aliquam ſuperficiem datam; 
et ſit x quantitas quædam variabilis, quæ creſcit continuo 2 nihilo donec quantitas 
binomia px* + 2* fiat æqualis quantitati r; quod quidem fiet cum quantitas 
binomia px + ax eſt æqualis datæ ſuperficiei 3, et pro-inde cum quantitas 


trinomia xx + px + 4 eſt æqualis quantitati ＋ + 9g, ſeu £24, et x + 


3 oft: =qualis LL , et x eſt æqualis A . Et inquiratur, quæ- 


nam erit magnitudo lineæ x quando W trinomia gx — -a eſt maxima 
quæ eſſe poſſit. 


Selutio: 


Dividatur quantitas e E (cui æ fit ultimd æqualis,) in partes valdè 


parvas et æquales, quarum numerus ſit 10, ooo, ooo, ooo, ſeu decem millia mil- 
tonum ; et unaquæque harum partium vocetur x. 


Ergo, dum  creſcit ab x ad » + &, quantitas a* creſcet ab a* ad x + x}, 


ſeu ad ax + 2x + &c, et quantitas a* creſcet ab * ad * + x}, ſeu ad a + 
KEE 
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3 + Kc, et quantitas 9 creſcit à gx ad 9 X x + x, ſeu ad gs + ax, et 


quantitas pa* creſcet à F (ad Þ x # + Al, ſeu ad g & in + 23x + Ke. 
ſeu) ad fa" + 2pxx + &c, et pro- inde quantitas binomia ta + a* creſcet ad 
quantitatem quadrinomiam px* + 2prx + a + ga*x; aded ut, dum à acqui- 
rit incrementum valde paryum &, quantitas gy acquiret incrementum gx, et 
quantitas binomia fa“ + a* acquiret incrementum 2pxx + za*x. Eft vero 
incrementum gx ad incrementum 2pxx + 3a*x ut g ad 2px ＋ ga*, ſeu ut * 


ad * + ax. Ergo, tam diù quam quantitas * erit major quantitate bino- 


mia L= + xx, inctementum quantitatis gy erit majus incremento contempo- 
3 


raneo quantitatis binomie pa + s; et poſtquam quantitas — fit minor 


3 
5 . 2 . 8 4 . ' 
quantitate binomià * + ar, incrementum quantitatis gy crit minus incre- 


mento contemporaneo quantitatis binomiæ pa* + . Arque ideò, dum x 
creſcit à nihilo ad iſtam magnitudinem (quam vocemus M,) quam habet 


quandò quantitas ＋ eſt æqualis quantitati binomiæ * + xx, ſeu ad magni- 
F & rad; 8 BL AY 2px — 9 
tudinem quæ eſt radix æquationis quadraticæ xr + 5 — T » quantitas tri- 


nomia gr —pa* — 4* creſcet continuò; et, dum x creſcit ulteriùs ab iſti mag- 


nitudine M ad 422 4 E, quantitas trinomia r — pa* — 4* decreſcet con- 
tinud, et tunc fiet æqualis nihilo. Ergo maximus valor quantitatis trinomiæ 


qu — Þx* - xs erit ille quem habet quando quantitas binomia — + xx eſt æqua- 
lis quantitati 2 ſeu quando quantitas x eſt radix æquationis quadraticæ xx + 
== * Sed, cum xx + — In eſt zqualis = erit xx + * 12 (= 


— 


417 ) 2, et pro-inde # ＋ eit = , et & exit = 


A4 235 . Ergd, M, ſeu valor quantitatis x, in eo temporis puncto in 


quo quantitas trinomia r — px* — creſcere deſinit, et incipit decreſcere, 


et pro-inde eſt maxima quæ eſſe poſſit, erit — =>. 
Q. E. I 


Z 2 Cokor r. 
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Coxol l. Ergd, fi in æquatione cubica hujus forme, gu — pa* — * = 


r, ponatur M pro quantitate * = A, et ſubſtituatur M pro æ in quan- 


titate trinomia gy — pn — 45, et valor quantitatis trinomiæ M — M' — 
M? ex hac ſubſtitutione ortæ fit æqualis quantitati r, ſeu homogeneo com- 
parationis, ſeu quantitati cognitæ, in d1Aa æquatione gy — pr — * = 1, 


æquatio habebit tantùm unam radicem, ſcilicet, M, ſeu ; ed, fi 


. . . . . * A 3 . 
quantitas cognita 7 ſit minor quantitate trinomia M — M' — WP, æquatio 


habebit duas radices, quarum una erit minor ipla M, ſeu PP -x CE ob 


tera erit major ipſa M, ſeu 22 _ , ſed minor ipſi 2? _ 0 


S_——————————___r____ 


Exemplum Nonum, in quantitate trinomid rx — g — x, 


Axr. XIV. Deſignent Litteræ 9 et r quantitates aliquas datas; et æ deſignet 
aliam quantitatem variabilem, quæ creſcit continud a nihilo donec quantitas 
binomia gr + a* fiat æqualis quantitati datæ 7, et pro- inde quantitas binomia 
gx* + fiat æqualis quantitati r, et quantitas trinomia * — 9 — x* fiat 
æqualis nihilo. Et inquiratur, quænam erit magnitudo quantitatis x, quandò 
quantitas trinomia 1x — gx* — x* eſt maxima quæ eſſe poſſit. 


Solutio. 


Quandd quantitas trinomia 7x — gx* — eſt æqualis nihilo, rx erit æqualis 
quantitati binomiæ gx* + &, et r erit æqualis quantitati binomiæ gr + a?, et 
x crit radix æquationis cubicæ a* + gx = r, quæ unam ſolummodò radicem 
habet. Reſolvatur jam hæc æquatio five per Cardani regulam primam, (3 
Scipione Ferreo olim inventam,) ſive per Raphſoni Methodum approxima- 
tionis, five alio quocunque modo; et deſignetur ejus radix, fic inventa, per Lit- 
teram 42. Et quantitas à erit magnitudo quantitatis variabilis z, quando quan- 
titas trinomia x — qx* — eſt æqualis nihilo. | 

Dividatur 
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Dividatur jam quantitas @ (cui quantitas æ fit ultimò æqualis, cum quantitas 
trinomia rr — 4 — a* fit æqualis nihilo,) in partes valde parvas et æquales, 
quarum numerus fir to, oc, ooo, ooo, ſeu decèm millia millionum; et unaquæ- 
que harum partium vocetur &. 


Ergv, dum x creſcit ab x ad x + x, quantitas a“ creſcet ab ** ad x + x", 
ſeu ad a* + 2xx + &c, et quantitas a* creſcet ab à ad x + Ali, ſeu ad af + 


4 * + &c, et quantitas 7x creſcet ab rx ad r x * + , ſenad rx + , et 
quantitas ga* creſcet a g ad g X * + & (teu ad Y * + 2xx + &,) 
ſeu ad * + 2gax + &c, et pro-inde quantitas binomia a + 4“ creſcet a 
qa? + a* ad quantitatem quadrinomiam 2 ＋ 2qx# + * + 4; aded ut, 
dum æ acquirit inciementum valde parvum x, quantitas rx acquiret incremen- 
tum rx, et quantitas binomia ga + a“ acquiret incrementum 2qux ＋ 4. 


Eſt vero incrementum 7x ad incrementum 294 ++ 4a ut er ad a + 4, 


7 * N 8 % . . . 
ſeu ut 2 ad — + a*, Ergo, tam diù quam quantitas 2 erit major quan- 
titate binomia — + , incrementum quantitatis ry erit majus incremento 
8 . . 3 . r 
contemporaneo quantitatis binomiæ a + a* ; et, poſtquam quantitas 2 fit 


. . . . Xx * . . . . 
minor quantitate binomià — + x, incrementum quantitatis r erit minus 


incremento quantitatis binomiæ gx* + &. Atque ideò, dum æ creſcit à nihilo 
ad iſtam magnitudinem (quam vocemus M,) quam habet quando quantitas 


TY eſt æqualis quantitati binomiz — + * ſeu ad magnitudinem quæ eſt 


radix æquationis cubicz x* + 7 = — quantitas trinomia x — * — x* 


continuò creſcet à nihilo ad valorem M= g M — M'; et, dum x creſcit 
ulteriùs ab iſta magnitudine M ad magnitudinem a, ſeu ad radicem æquationis 
cubicæ x* + gx = r, quantitas trinomia rx — gx* — decreſcet continuò A 
valore M -M — M“ ad nihilum. Ergo magnitudo quantitatis x in eo 
temporis puncto in quo quantttas trinomia * — gx? — x* creſcere definit et 
incipit decreicere, et pro- inde eſt maxima quæ eſſe poſſit, erit M, ſeu radix 


æquationis cubicæ & + — = —. Q. E. I. 


Coxol L. Ergo, fi in æquatione biquadratica trinomia hujus forme, * — 


9 — x* , Liuera M ponatur pro radice æquationis cubice * + = = 


* 
— 


4 


'F 
, 


= —_— 


Eee ty - 
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* <a RF" . . . 
5 et ſi homogeneum comparationis, ſeu quantitas cognita, 3, in hac æqua- 


tione fit æqualis quantitati trinomiæ M — g M — M, (quæ oritur ex ſub- 
ſtitutione dictæ radicis M pro x in quantitate trinomii rx — gx* — a*, ſeu 
prima parte dictæ æquationis biquadratice rx — g — 4 = ,) hec æquatio 
habebit tantum unam radicem, ſcilicet, ipſam M, ſeu radicem æquationis cu- 


. r ' . . . . . *A 
bicæ * + = ==; ſed, ſi quantitas cognita s fit minor quantitate trinomia 
35 M — 9 M* — M., æquatio habebit duas radices, quarum una erit minor 


— — — — bY Xx - . . 
ipſa M, ſeu radice æquationis cubicæ & + © = —% et altera erit major 


ipſa M, ſeu radice equations cubicæ & + — = * ſed minor quantitate 


a, ſeu radice æquationis cubicæ 4* + gr = 7. 


Exemplum Decimum, in quantitate trinomid rx + q — K.. 


— — — 


ART. XV. Deſignent Litteræ 7 et r quantitates aliquas datas, et x deſignet 
quantitatem variabilem, quæ creſcit continuò à nihilo donec quantitas * fiat 
#qualis quantitati binomiz 7 + gx, et pro-inde donec quantitas x* fiat æqualis 
quantitati binomiz rx + gx*, et quantitas trinomia rx + * — x* fiat æqualis 
nihilo. Et inquiratur, quænam erit magnitudo quantitatis æ quando quantitas 
trinomia 1x + gx* — x* eſt maxima quz eſſe poſſit. 


Solutio. 


Quando quantitas trinomia rx + q, = #* eſt æqualis nihilo, quantitas bino- 
mia 7 + 9 erit æqualis quantitati a“, et pro- inde quantitas binomia r ＋ gr erit 
æqualis quantitati &, et quantitas 7 erit æqualis quantitati binomiæ x — gy, et 
x erit radix æquationis cubicæ 1 = a* — gx, ſeu a — gr = r, quæ unam 
ſolummodò radicem habet. Reſolvatur jam hæc æquatio a* = gx = r, five 
per ſecundam Cardani regulam (a D. Nicolao Tartaleà olim inventam,) fi 
12 fit major ipſa = ſeu alio quocunque modo; et, fi _ fit minor ipſa 57 
reſolvatur 


ALYA METHODUS INVENIENDI MAXIMOS VALORES QUANTITATUM, 175 


re olvatur per Raphſoni Methodum approximationis, ſen alio quocunque modo; 


et deſignetur ejus radix fic invenra, per Litteram a. Et quantitas @ erit mag + 
nitudo quantitatis variabilis x, quando quantitas trinomia rr + gx* — af eft 
æqualis nihilo. 

Dividatur jam quantitas @ (cui quantitas x fit ultimò æqualis, cum quan- 
titas trinomia rx + gx* — x* fit æqualis nihilo,) in partes valde parvas et 
#quales, quarum numerus fit 10,000,000,000, ſeu decem millia millionum; et 
unaquæque barum partium vocetur x, 


Ergd, dum x creſcit ab x ad x + x, quantitas x* creſcet ab x* ad x T 
ſeu ad * + 2K + &c, et quantitas x* creſcet ab * ad x + x4, ſeu ad * + 

b + &c, et quantitas rx creſcet ab rradr x x + , ſen ad rs + rx, et 
quantitas 9 creſcet a gif ad q x & + *, ſeu ad g X x* + 2xx + &c, ſeu 
ad gx* + 2q9*x + &c, ct pro-inde quantitas binomia 7x + ä creſcet ab rx 
+ ad quantitatem quadrinomiam rx + rx + J + 2qxx; adeò ut, dum 
x acquirit incrementum valde parvum &, quantitas binomia rx + gx* acquiret 
incrementum * + 2g, et quantitas x* acquiret incrementum 4x%. Eft 
vero incrementum rx + 29xX ad incrementum 4% ut quantitas binomia r + 


29x ad quantitatem 4x?, ſeu ut quantitas binomia = + — ad quantitatem a®. 


* . . . . F . = 0 
Ergd, tamdid quam quantitas binomia — + — eſt major quantitate &, in- 


crementum quantitatis binomiæ rx + gx* erit majus incremento contempo- 


raneo quantitatis a*; et, poſtquam quantitas binomia TY + * fit minor 


quantitate x, incrementum quantitatis binomiæ rx + gx* erit minus incre- 
mento contemporaneo quantitatis x* Atque ideo, dum x creſcit à nihilo ad 


iſtam magnitudinem quam habet quando quantitas binomia 12 * — eſt 
æqualis quantitati æ, et pro- inde quantitas binomia x3 — — eſt æqualis quan- 


titati — ſeu ad magnitudinem (quam vocemus M,) que eſt zqualis radici 


æquationis cubicæ & — —— = 2 (quæ æquatio unam ſolummodd radicem 


habet,) quantitas trinomia rx + u — x* continud creſcet à nihilo ad quantita- 
tem 5M + qM* — M'; et, dum x creſcit ulteriùs ab M, ſeu radice æqua- 
qx 


tionis cubicæ ** —— =_ — ad a, ſeu radicem æquationis cubice x? — qx 


= 7, quantitas trinomia rx + gx* — x* decreſcet continuò à quantitate M 
+ MM — M' ad nihilum. Igitùr valor quantitatis trinomiæ rs + * 
crit 


— ' - 
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erit maximus quando x eſt æqualis ipſi M, ſeu radici æquationis cubicæ x? = 


x r k ; 8 6 : . , 
= =; et M, ſeu radix hujus æquationis cubicæ, erit magnitudo quanti- 


tatis x, quando quantitas trinomia ry + g — a* eſt maxima quæ eſſe poſſit. 


Q. E. I. 


Cokol . Ergo, fi in æquatione biquadratica hujus forme, rx + 9 — 


* 


* , ponatur Littera M pro radice æquationis cubicæ x3 — — _ „ 


{i homogeneum comparationis, ſeu quantitas cognita, , in hic æquatione bi- 
quadratic 77 + gx) -a = 5, fit æqualis quantitati trinomiæ r M + M 
M', (que oritur ex ſubſtitutione dictæ radicis M pro x in quantitate tri- 
nomia rx + gx? — x*, ſeu in prima parte dictæ æquationis biquadratice 7. 
+ gx? — af = 5, ) hæc æquatio habebit tantum unam radicem, ſcilicet, ipſam 


f erat - g ö 
M, ſeu radicem æquationis cubice 1! — — = 8 ſed, ſi quantitas cog- 


nita s fit minor quantitate trinomia 5 M + q M* — M, hæc æquatio habe- 
bit duas radices, quarum una erit minor ipſa M, ſeu radice æquationis cus 


: , - A . . a . 
bicæ 2 — {= = „ it altera erit major ipſd M, ſed minor quantitate 4, 


” 
— 


ſeu radice æquationis cubicæ x? — gy = 7. 


Scholium. 


AxrrT. XVI. Ex his exemplis ſatis, ut ſpero, manifeſtum erit hanc Methodum 
inveniendi maximos valores quantitatum compoſitarum, quarum omnia membra 
involyunt eandem quantitatem variabilem Littera quàvis, ut x, deſignatam, quan- 
dd quzdam earum membra ſigno — prefixo notantur, ſeu a reliquis ſubtrahun- 
tur, eſſe huic negotio apprime idoneam, immò et breviorem et faciliorem priore 
illi à Fermatio et Hugenio tradita, Et, ut collatio harum Methodorum in- 
ter ſe quoad inventionem maximorum valorum hujuſmodi quantitatum com- 
poſitarum (qua ad determinandos Limites radicum æquationum plurimarum 
algebraicarum ſunt neceſſariò conſiderandæ,) meliùs et clariùs inſtitui poſlit, 
iiſdem in hac Methodo illuſtrandã uſi ſumus exemplis decem que anteà ad- 
duxeramus in ſuperiore tractatu tanquam exempla prioris Methodi de inventione 
Maximorum à Fermatio et Hugenio traditæ. Nunc verd eandem applicabi- 
mus ad duas alias quantitates trinomias, nempe, quantitates gy — p + * 

et 7x — 4 + af, et ad quantitates trinomias his duabus, quoad figna + et 
E prefixa terminis, preciſe contrarias, nempe, quantitates pa“ — gx et 
n — rs — , (quæ quidem ita ſunt duabus prioribus affines et correſpon- 
dentes, ut ferè pro earundem caſibus haberi poſſint,) quarum examinatio ali- 
quanto 
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quanto ſubtilior et difficilior invenietur quàm ſolutio priorum decèm exemplo- 
rum, ſed tamen non minds certe ex principiis hujus Methodi pendet, et eorum- 


ope perfici poteſt. 


Exemplum Undecimum, in quantitatibus trinomiis 
* — px* + x ef pit — g — 3. 


Art. XVII. Defignent Litteræ p et q quantitates aliquas datas, ſcilicet, Littera p 
aliquam datam rectam lineam,etLittera g aliquam datam ſuperficiem; et x deſignet 
quantitatem, ſcilicet, lineam rectam, variabilem, quz creſcit continuò à nihilo ad 
infinitum. Et inquiratur, primo, an quantitas trinomia gx — px* + as continud 
creſcet (ſicut ipſa æ,) à nihilo ad infinitum, an, primùm, creſcet a nihilo uſque ad 
certam quandam magnitudinem, et deinde decreſcet : et, fi inveniatur quod in 
quibuſdam caſibus non creſcet continuò a nihilo ad infinitum, ſed, primam, creſ- 
cet à nihilo ad certam quandam magnitudinem, et deinde decreſcet, tunc in- 
quiratur, in ſecundo loco, quænam erit magnitudo quantitatis x quando quan- 
titas trinomia gx — px* + a* creſcere definit, et incipit decreſcere, et pro- 
inde quando valor ejus erit maximus qui eſſe poſſit per totum id tempus creſ- 
cendi et decreſcendi: et inquiratur, tertio loco, quænam erit ratio creſcendi 
et decreſcendi quantitatis trinomiæ px — gx — , quæ in fignis + et — 
(quæ ipſius terminis præfiguntur, ) eſt priori quantitati trinomiæ gx — p#x* + 
x preciſe contraria. 


Solutio. 
De quantitate trinomia gu — px#* + &. 


Si data quantitas q eſt major BY quantitas binomia gx + & erit ſemper 
major quantitate px*, quæcunque fuerit magnitudo quantitatis x. Hoc ita de- 
monſtrari poteſt. 


Quandd quantitas x eſt major quantitate p, quantitas , ſola, erit major 
quantitate px. Ergo, a fortiori, quantitas binomia gx + , erit major quan- 
titate px. 

Porrò, fi # fit æqualis p, quantitas x* erit æqualis quantitati p, et pro-inde 
quantitas binomia gx + &, erit major quantitate px*. 

Ergò, cum x eſt aut major ipſa p, aut ipſi æqualis, quantitas binomia gx -+ #* 
erit major quantitate px. 

Sed, cum quantitas x eſt minor ipſa p, quantitas x erit minor ipſa px. 


Vol. VI. 2 A Fieri 
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Fieri tamen poteſt ut quantitas binomia gx + ſit etiàm in hoc caſu perpetud 
Major ipſa pa; nempe, fi gx fit major quim quantitas binomia px* — , ſeu 
fi quantitas data q fit major quantitate binomia px — xx. Eſt vero maximus 


valor quantitatis binomiæ px — xx, ſeu p—x X x, æqualis =, Ergo, fi 


data quantitas g fit major quantitate 2 erit etiam major quantitate binomia 
vr — xx, et pro- inde quantitas binomia g + xx erit major quantitate px, et 
quanticas gx + x* erit major quantitate px*, etiam dum & eſt minor ipſa p, 
Igitùr, ſi quantitas data g fit major quantitate i, quantitas binomia gx ＋ 2 
erit ſemper major quantitate pa, quæcunque fuerit magnitudo quantita- 


tis xz et pro-inde quantitas px* poterit ſemper ſubtrahi à quantitate binomia 
gx + ?, et quantitas trinomia gx + a* — p, ſeu gu — px? ＋ 4, erit ſem- 
per poſſibilis, quæcunque fuerit magnitudo ipſius x, et quantitas contraria px. 
qu — erit ſemper impoſſibilis. 


Jam verd inquirendum eſt, an, cum eſt major ipſa 2. et pro- inde quan- 


titas trinomia gr — p + a* ſemper eſt poſſibilis quæcunque fit magnitudo 
ipfius x, hæc quantitas continuò creſcet à nihilo ad infinitum, an in quibuſdam 
caſibus ita continuò creſcet, ſed in aliis caſibus, proùt diverſe fuerint inter ſe 
magnitudines datarum quantitatum P et g, creſcet continuo A nihilo uſque ad 
certam quandam magnitudinem, et deinde decreſcet. Et ut hoc appareat, ne- 
ceſſe eric conferre inter ſe incrementa valde parva et contemporanea quanti- 
tatis ſimplicis pa* et quantitatis binomiæ gx + a®, quarum differentia conſtituit 
quantitatem trinomiam gx — Þ # + . 3 

Dividatur ergo quantitas, ſeu linea, data p, in partes valdè parvas et æquales, 
quarum numerus fit 10, ooo, ooo, ooo, ſeu decem millia millionum; et una— 
quæque harum partium vocetur &. 

Ergo, dum x acquirit incrementum valdè parvum x, gx acquiret incre- 
mentum gx, et px* acquiret incrementum 2x, et a acquiret incrementum 
ga*X, et quantitas binomia gx + &* acquiret incrementum gx + 3a*x. Eſt 
vero incrementum gx + g ad incrementum 2pxx ut g + 3xx ad 2px, ſeu 


ut + + xx ad * Ergò, tam diù quàm quantitas binomia 27 ＋ xx erit 


major quantitate ſimplice . ſeu quantitas ſimplex ＋ erit major quantitate 
binomia — — xx, incrementum quantitatis binomiæ gx + & erit majus in- 
cremento contemporaneo quantitatis ſimplicis px, et pro- inde quantitas tri- 
nomia gx * — pr, ſeu gs px + , continuò creſcet; ſed poſtquam 
quantitas binomia * + xx fit minor quantitate =, (ſi id fieri poteſt,) ſeu 
quantitas 
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g N 2b | a 
quantitas ＋ fit minor quantitate binomia I — Xx, incrementum quanti- 


tatis binomiæ gx + & erit minus incremento . quantitatis fin- 
plicis px*, et pro-inde quantitas trinomia gx — p + x* gontinuò decreſcet. 


[nquirendum eſt igitùr an quantitas binomia ＋ + xx ſit ſemper major quan- 
. * 2 % . * A A . . . % 
titate ſimplice * an fit aliquandò major iſtà quantitate ſimplice, aliquando 
ipſi æqualis, et quand6que ipſd minor. Hæc verd inquiſitio ita inſtitui 
poteſt. 


Si quantitas TY + xx eſt æqualis quantitati =, quantitas erit æqualis 


ö . . . . 2 . * 2 . . 
quantitati binomiæ — — xx, hoc eſt, quantitati TY — 0 X X, cujus maxi- 


mus valor eſt 59. (ſeu £1, ſeu 70 © ſeu . Ergo, fi quantitas 1] eſt 


major quantitate „ (ſeu fi TY eſt major A . ſi 39 eſt major pp,) 0 fi 


q eſt major £2 2 F 8 ry erit major 8 binomia = 2 — xx (quz eſt 
minor ipſa 2 ) et quantitas binomia — ＋ + xx erit major quantitate 


ſimplice ae, et pro- inde incrementum valde parvum quantitatis binomiæ gx + $i Sn 
eſt major 


x3 erit majus incremento contemporaneo quantitatis ſimplicis px*, atque ideò quantitate 
quantitas trinomia gx — p + x* continud creſcet 2 nihilo ad infinitum, dum E, quantitas 


quantitas primitiva, ſeu radicalis, x creſcit à nihilo ad infinitum, In hoc igitdr trinomia 9x 

2 -b 
„nullus erit maximus nullum habe- 

« bit maximum 


valor quantitatis trinomiæ gx f + x*, Quod erat in hic inquſitione im- valorem, ſed 
continuo ereſ- 


primis determinandum. cet à nihilo 
ad infinitum, 


caſu, ſeu cum quantitas data q eſt major quantitate — 


De caſu in quo quantitas q eſt minor quantitate 2 ſed major quantitata 7 


Sed, fi quantitas data g fit minor quantitate E, licèt major quantitate E, 


quantitas binomia _ + xx non erit ſemper major quantitate ſimplice * — 
nec pro- inde quantitas ＋ erit ſemper major quantitate binomia _ — Xx, 


Sed quantitas ＋ erit in hoc caſu bis æqualis quantitati binomiæ — — xx, 


2A ſeu, 
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ſeu, potids, quantitas — — xx, (que variabilis eſt, et, primùm, creſcit, a 
nihilo ad 4 dum x creſcit à nihilo ad 4 et deinde decreſcit à 2 ad ni- 


hilum dum x creſcit ulteriùs a + ad yy fiet bis æqualis quantitati eidem 


— nempe, primùm, cum æ fit æqualis quantitati 4 5 —37_ et iterùm cum 
x fit æqualis quantitati X. Quoniam enim, dum creſcit a nihilo 
uſque ad 2. quantitas binomia — xx creſcit primùm a nihilo ad F. 
(cui zqualis eſt cum x eſt æqualis ipfi <) et deinde decreſcit a 2 ad nihi- 
lum (cui fit æqualis quandd x eſt zqualis ipſi =) manifeſtum eſt quod dicta 
quantitas binomia —_ — xx fiet bis æqualis cuilibet quantitati que fit minor 
- quantitate . Sed quantitas 11 eſt in hoc caſu minor quantitate 4, Ergo, 
dum x creſcit à nihilo ad =, quantitas binomia 2 — xx fiet bis æqualis 
quantitati 12 ſcilicèt, primùm, cum x eſt minor ipſa TY et quantitas bino- 


3 
, ſeu . et iterùm cum x eſt major ipſa =, ſed minor ipſa 2 et quan- 


mia = — xx eſt minor quantitate — x £- — * 2 (ſeu 2 — 


titas binomia — — xx eſt minor ipſa =, ſed major nihilo, cui fit æqualis, 
ſecundà vice, cum x eſt =qualis ip6 2. Valores autem quantitatis * quandò 
quantitas 2 — xx eſt æqualis * invenientur reſolvendo æquationem qua- 
draticam 2 — xx = ＋ quod ita fieri poterit. Subtrahantur utræque 


partes hujus æquationis 2 quantitate A, quz eſt 115 major. Et erit refiduum 


2 3 AA 
— + xx æquale reſiduo 4. (ſeu - 1 ſeu 
Ergd, (extrahendo radices quadraticas harum quantitatum æqualium, ) erit 

N | 2 


3 
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| 

D 

I. 
f 

2 

— 


4 — * N, et etiam x — £ Wo, Et pro-inde minor 


Þ+ vÞp—30_ 


Q. E. 1. 


valor ipſius * erit ==, et major ejus valor erit 


I2icur, dum x creſcit a nihilo ad 2 A wn quantitas binomia — — 


xx erit minor ipla beg et, cum x eſt æqualis ipſi £- _ AA, quantitas 


binomia * — xx erit æqualis ipſi + ; et, dum & creſcit a LL = 


ad I quintitas 22 — xx erit major ipſa — 2 , ſed minor ipſa ; et, 


dum x creſcit ulteriùs A rY ad 2 + — , quantitas * — Xx erit 


minor quidem ipſa i, ſed tamen major ipſa . et, cum x eſt 


æqualis i pſi Du quantitas —_- — xx erit iterùm æqualis ipſi 71 


* 


et, dum x creſcit 1 X= aq . quantitas * — xx decreſcet à 
d 2 —=x PP —39 
3 


＋ ad nihilum, Et pro-inde, dum x creſcit à nihilo a » quan 


. . . . . . 2D: . * *% 
titas binomia ＋ + xx erit major quantitate =; et, dum x creſcit ulterins 


a £ * d 2 = — „ quantitas binomia - ＋ + xx erit minor quan- 


titate =; et, dum » creſcit 2 a 2 — W ad —-, quantitas binomia 1 + 


xx erit iterùm major quantitate =, Ergo, dum x creſcit à nihilo ad 


2-32. „ quantitas trinomia gu — px* + creſcet continud à nihilo ad 


3 
magnitudinem que oritur ex ſuhſtitutione quantitatis = LED — 


pro x in 


ejus terminis, id eſt, ad quantitatem i 3 25 + 2 pp —6q 5 5 37 


dum x creſcit ulterids a 2 . — ad =, quantitas trinomia gx — px} + 
x? decreſcet 


et, 


182 ALIA METHODUS INVENIENDI MAXIMOS VALORES QUANTITATUM, 


, * R 3 | =o he It — 
x3 decreſcet continud a quantitate I — + 22 = A ad quan- 


titatem TY —7 * =. ON (ſeu ad quantitatem £ 1 — 4 55 
2 
ſeu ad quantitatem . — 272 — 7 ſeu ad quantitatem — * 2 — — ; 


dum x creſcit ulterins a — - P. ad 1 5 quantitas trinomia gx n + x 


decreſcet ulterids à quantitate Az — = ad quantitatem que oritur ex ſub- 


ſtitutione quantitatis © ELLE ＋ prd x in ejus terminis, id eſt, ad quantitatem - 


2p? _Ib=3r Xx —=&.. et, dum x creſcit ulteriùs a quantitate 


— ojE 


3 27 27 
pry — ad quantitatem K. quantitas trinomia gx — pa* + a* iterùm 
creſcet 2 quantitate nr} "Es. of Ln 2 —.— i ad quantitatem & * 
— p Xx — * 2 + 2 , (ſeu ad quantitatem * 5 —— + * ſeu ad quan- 
titatem EN | - : + 5 ) ſeu ad quantitatem * — — et, dum x cre- 


ſcit Hip A * ad infinitum, quantitas xx, ſola, erit major quantitate =, 


et, à fortiori, quantitas binomia 7 1 + xx erit major quantitate —= et pro- 


inde incrementum valdè parvum quantitatis binomiæ gx + x erit majus in- 
cremento contemporaneo quantitatis Px*, et idcircò quantitas trinomia qu = 


6 My * 5 2 3 a : 
px* — * creſcet continud a quantitate * — 2 ad infinitum. Itaque quan- 


titas 2=%22=2? erit valor quantitatis variabilis x, quandò quantitas trinomia 


qu — px* + fit maxima que eſſe poſſit antequàm incipit decreſcere; et 
Maximus Pro-inde iſte maximus valor quantitatis trinomiæ gx — px* + a erit quantitas 


valor quanti- : 60 
tatis trino- £2. — 2 4 2 D. Et quantitas £ — O30 ＋Jcerit valor quan- 


miz qx— px 3 TIT 4 06 7 


+23, titatis x, quando quantitas trinomia gx — px + 4 fir minima b que eſſe poſſit 
3 = mo 22. . 28 , 28*-6 + /PP=31 32 
poſtquam A priore valore maximo : 77 5 decreſcere 


incipit; 
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incipit; et pro-inde minimus ifte valor quantitatis trinomiæ gx - p ++ & Minimus 


243 Har —- . 89 8 . 
2. — 2. AMP HCL. Et ab hoc valore minimo quantitas 


crit 3 27 27 

5 0 3 % 7 > * . 259 453 
trinomia gr — px? + s iterum creſcet continud ad quantitatem —— — 
dum x creſcit a quantitate —.— ad quantitatem =, et poſteà perget 


. % 4 . 2 
creſcere continuò a quantitate ** — 
ad infinitum. E.. 


-— ad infinitum, dum x creſcit à * 


De quantitate trinomid q — px* + A. quandd quantitas q eft minor 
quanittate 2 


Art. XVIII. Hactenùs poſuimus datam quantitatem ꝗ eſſe aut majorem quantitate 


, aut iſtà quantitate minorem, ſed tamèn majorem quantitate E. Nunc verd 


ponamus quantitatem a eſſe etiam minorem quantitate 2 et inquiramus quo 


modo quantitas trinomia q — px* + & creſcet et decreſcet, et quæ erunt 
magnitudines quantitatis x quandò iſta quantitas trinomia fit maxima quz eſſe 
poſſit, in hac hy potheſi; et inquiramus etiam quonam modo quantitas trino- 
mia px* = gx — &, (que, quoad figna + et — præfixa ejus terminis, priori 
quantitati * — p + a eſt præciſè contraria,) creſcet et decreſcet, et que. 
nam erit magnitudo quantitatis x quandò hæc quantitas trinomia px? — gx —= 
ef eſt maxima que eſſe poſſit. Hæc autem omnia ita indagari et determi- 
nari poterunt. 


De quantitate trinomid qu = px* + x et quantitate trinomid px* — qx & eidem 
( quoda figna + et — ſingulis terminis prefixa, ) preciſe conrarid, 


Maximus valor quantitatis binomiæ px — xx eſt . Ergò, quandò quan- 


titas data 9 eſt minor ipſa E. (ut nunc ponitur,) poterit etiam eſſe minor 
quantitate binomia px — xx, et pro-inde quantitas binomia g + xx poterit 
eſſe minor quantitate ſimplice px, et quantitas binomia gx + & poterit eſſe 
| minor 


valor ejuſdem 
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minor quantitate ſimplice px. Et in hoc caſu differentia quantitatum gx + «* 
et px non erit quantitas trinomia gx * — px, ſeu gx — p + , ut 
antea, ſed quantitas trinomia px* — gx — . Hoc verd non accidere poteſt 
etiam in hac hypotheſi quamdit x eſt parve cujuſvis magnitudinis, ſed tantum 
poſtquam x crevit à nihilo ad certam quandam magnitudinem, et eſt major 
iſta magnitudine, ſed minor alia quadam magnitudine que iſtam priorem mag- 
nitudinem non multùm excedit. Nam, cum x creſcere incipit a nihilo, quan- 
titas g eſt major quantitate px, et pro-inde quantitas gx eſt major quantitate 
Px?, et, à fortiori, quantitas binomia gr + x3 eſt major quantitate px*. Sed 
poſteà, creſcente x, quantitas pa* fir primum æqualis quantitati gx, et mox 
æqualis quantitati binomiæ gx + , in quo caſu quantitas trinomia gx — p 
+ * fit zqualis nihilo, et quantitas px* — gr — #* incipit eſſe poſſibilis. Hoc 
autèm temporis puncto e eſt = g + ax, et px — ax eſt = q, et pro- inde 2 
eſt æqualis minori ex duabus radicibus æquationis quadratice py — xx = 7.5 


id eſt, quantitati N PP=47, Poſtea verò, creſcente x à quantitate L N 


ad majorem ex e radicibus ejuſdem æquationis quadraticæ, quæ eſt 


L A, quantitas binomia py — xx erit major quantitate 9, et pro- inde 


quantitas px erit major quantitate binomia q + aa, et quantitas pa“ erit major 
quantitate binomia gx + , et quantitas pu — gy 4 erit poſſibilis; et, 


cum x fit æqualis quantitati —— und; LE , quantitas binomia px = xx fit, ſe- 


cunda vice, æqualis ipſi , et * quantitas Px fit æqualis quantitati bi. 
nomiæ q + xx, et quantitas px* fit æqualis quantitati binomiæ gx + x, et 
quantitas p — qu — a* fit æqualis nihilo. Unde manifeſtum eſt quantita- 
tem p — 1 x* non eſſe poſſibilem niſi cum quantitas » lit major quanti- 


tate EA 4 Let minor quantitate 2 2222 . Q. E. . 


Art. XIX. Ex iis que ay oſtenſa ſunt ER" eſt, quod, dum x creſcit a nihilo 


ad quantitatem 2=vPP nnd. —.— 27, quantitas trinomia gy — px* + 45, primùm, creſcar 


à nihilo ad certam 8 magnitudinem, et deinde ab iſta magnitudine de- 
creſcet ad nihilum, et quod tunc quantitas trinomia px? — qu — x* (priori, 


quoad ſigna terminis præfixa, preciſe contraria, ) fit poſſibilis ; et, dum x creſ- 
cit 
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cit ulterids a £ LY . ad N =, hc quantitas trinomia px* — 9 = 


a® primium creſcet a nihilo (cui eſt æqualis quand x eſt æqualis quantitati 


=* = ) ad certam quandam magnitudinem, et deinde decreſcet ab iſta 


magnitudine ad nihilum, cui fit iterum æqualis quandd x eſt æqualis quantitati 


[Dp 8 . 83 0 . . 
on, Nunc igitùr inquiremus, primo, quænam erit magnitudo quan- 


titatis x quando quantitas trinomia gx f + a fit maxima quæ eſſe poſſit 


z et, ſecundò, quænam erit mag- 


dum x non fit major quantitate ä 


nitudo ejuſdem quantitatis variabilis x, quandò quantitas trinomia px* — gx — 


a* fit maxima quæ eſſe poſſit, dum x eſt major quantitate 2 * —=2 et minor 
quantitate — —. Hzc inquiſitio fierĩi poteſt hoc modo. 


Si x deſignet, ut ſupra, partem 10, ooo, ooo, ooo, um quantitatis datæ p, ſeu 
unam ex permultis iſtius quantitatis partibus æqualibus et valde parvis, quarum 
numerus fit decèm millia millionum, et x acquirat, in quovis valdè parvo tem- 
pore incrementum x, incrementum contemporaneum quantitatis gx erit 9 X &, 
ſeu g et incrementum contemporaneum quantitatis px* erit 2pxx, et incrementum 
contemporaneum quantitatis x? erit 3x*x, et incrementum contemporaneum 
quantitatis binomiæ gx + a3 erit quantitas binomia d + 3x*x, Eſt vero in- 
crementum qx + 3x*x ad incrementum 2pxx ut quantitas binonua q ++ 3x* ad 


. . . . . 20x 
quantitatem 2px, feu ut quantitas binomia ＋ + xx ad quantitatem x5 Ergo, 


 % 8 . . A q « - . 20 
tam diù quam quantitas binomia —— + xx erit major quantitate — ſeu 
2 


. . . . 25 . . . . 
quantitas * erit major quantitate * — xx, incrementum quantitatis bi- 


nomiæ gx + x* erit majus incremento contemporaneo quantitatis pa, et pro- 
inde quantitis trinomia gx f + 4* continud creſcet; ſed poſtquam quan- 


. . . . . 2 . . 
titas binomia ＋ + xx fit minor quantitate =, ſeu quantitas ſit minor 
2 


. 20x . . . 2 . . . 
quantitate _— — Xx, incrementum quantitatis 9x + &* crit minus incremento 


contemporaneo quantitatis pa?, et pro- inde quantitas trinomia gy — px + x 
Vor, VI, 2 continuò 
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continuò decreſcet, donec fiat æqualis nihilo, quando x eſt æqualis quantitati 


. Ergo maximus valor hujus quantitatis trinomiæ qr — px* + K 


2 | 
erit ille quem habet quando quantitas ＋ eſt æqualis quantitati binomiæ 5 


— ax, ſeu cum x eſt æqualis minori ex duabus radicibus æquationis quadra- 


ticæ * — x Tt. hoc eſt, quantitati P . . Ergò hæc quanti- 


tas ——. eſt magnitudo quantitatis æ quando quantitas trinomia gx p 


EAI. 


+ * fit maxima quæ eſſe poſſit dum x non eſt major quantitate : 
Q. E. I. 


Secundo loco invenienda eſt magnitudo quantitatis x quando quantitas tri- 
nomia p — gu — x* fit maxima quæ eſſe poſſit, dum x eſt major quantitate 


+.//pÞ —49_ 3 BRITT 
2 = L. Hzxc verd ita determinari 


pv Poa et minor quantitate 


poteſt. 


Incrementum valde parvum quantitatis px* eſt 2pxx, et incrementum con- 
temporaneum quantitatis binomiæ gr + & eſt gx ＋ gafx. Eft verò incre- 
mentum 2pxx ad incrementum gx + gx*X ut 2px ad quantitatem binomiam 


g + 3x7, ſeu ut * ad i + xx. Ergo, tam diù quam quantitas 22 = erit 
. . 2 . . . . 
major quantitate ＋ + xx, ſeu — — xx erit major quantitate ＋. incre- 


mentum quantitatis ſimplicis px erit majus incremento contemporaneo quanti- 
tatis binomiæ gx + i, et pro- inde quantitas trinomia px* — gy — x* continud 


creſcet ; ſed, poſtquam = fit minor quantitate —— + xx, ſeu quantitas bi- 


- 2 . | . . . . _— 
nomia 2 xx fit minor quantitate * incrementum quantitatis ſimplicis 


2x* erit minus incremento contemporaneo quantitatis binomiæ gx + a?, et 
pro- inde quantitas trinomia px — gx — x* continuo decreſcet, et fiet æqualis 


5 4-47 
2 


nihilo quando x eſt æqualis quantitati . Ergo maximus valor hujus 


quantitatis trinomiæ Px* — gx — x? erit ille quem habet quandò quantitas bi- 
nomia 
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nomia = — xx eſt æqualis quantitati T, ſeu cum x eſt æqualis majori ex 
" 3 a bt 


. * * . . 2 1X 
duabus radicibus æquationis quadraticœ 2 — xx = , hoc eſt, quantitati 
3 


Z. Ergo hc quantitas 2 eſt mag nitudo quantitatis x 
3 


quandò quantitas trinomia px? — 4% — & eſt maxima quæ eſſe poſſit, dum 


| ata. Pp et minor quantitate baht, Cai, 
Q. E. I. 


eſt major quantitate 


Et, quoniam oftenſum eſt quod quantitas 2 — = eſt magnitudo ipſius 


x quando quantitas trinomia gy — px* + x* eſt maxima qua efle poſſit dum 


x non eſt major quantitate 2 22 , valor iſte maximus dictæ quantitatis 
trinomiz erit ille qui oritur ex ama quantitatis 2 22 - — prod x in 
diti quantitate trinomia, Ille vero erit quantitas 2s — — 
27 

1 8 : ; — a 

LEED, Ergo hxc quantitas 8 —— ＋ 2 69 — LD. 
7 
eſt maximus valor quantitatis trinomiæ gx — px* + V, dum x non eſt major 
quantitate £ — 
2 
Er, quoniam oſtenſum eſt quod quantitas £ — eſt magnitudo ipſius 


x quando quantitas trinomia px* — gx — A eſt maxima quæ eſſe poſſit, valor 
iſte maximus dictæ de quantitatis trinomiæ erit ille qui oritur ex ſubſtitutiouc 


quantitatis *=Y — L pro x in dictà quantitate trinomiä. Ille verd erit 


4 —6 | "_ < . 2 
quantitas 17 = 2 * DEA. Ergò hæc quantitas — 2 


3 27 27 3 


6 X — . o — — — 
— ——.— W erit maximus valor quantitatis trinomiæ pa — gy — , in 


a Ao. 8 ; lbs 
2 Lt ., et minor quantitate £Xx as = 


qua æ eſt major quantitate 


pt 2 2 


Poſtquam quantitas x facta eſt æqualis quantiati et quantitas bi- 


28-1 nomia 
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nomia qx x eſt, ſecunda vice, æqualis quantitati ſimplici px*, et x creſcit a 


quantitate 2 — —＋ ad infinitum, quantitas binomia r + x exit perpetuò 
major quantitate ſimplice px?, et incrementum valde parvum quantitatis bino- 
miæ gr + *, nempe, gx + 3 x, crit perpetuò majus incremento contempo- 
raneo quantitatis ſimplicis ti, ſcilicet, 2pxx, ut demonſtrari poteſt hoc 
modo. 
N .* . oy * —— 2 | . 2 * 

Dum quantitas x crefcit a quantitate RE 4d ＋. quantitas - — 
xx decreſcit a * ad nihilum, et pro- inde erit ſemper minor ipſa 2 Ergo 
** Z erit minor quantitate binomia * + xx, et 2px erit minor 1 1 bi- 
OS g + 3xx, et pro-inde incrementum gx + gx*X erit majus incrementa 
2px. Porro, cum x eſt major =, xx erit major A, et 2x*X erit major 
'2þxx, et ided, à fortiori, incrementum gx 4 3 crit majus incremento 2/xX, 
Ergo, dum x creſcit a quantitate 24 7 =37. ad =, et deinde à ＋ ad aliam 


quamvis majorem magnitudinem, ſeu, ut plerumque loquimur, ad inſinitum, 
incrementum gx ＋ 3x*X erit majus incremento 2pxx. 


Sed quantitas 2 —4 pie eſt major quantitate 2 p+vPÞP=37 -37 


＋ * fe” = 
p 2 49 eſt = 2 U . 2 * 90036 A, et quan- 


Nam quantitas — 


2 Yay A 3 = . Ergo quantitas 


Þ+ ET 


=2 , fi quantitas 35 + v gpp— 309 
eſt major quantitate 2p + v/ — 129, ſeu fi quantitas p + opp — 359 


eſt major quantitate 4p — 129, ſeu fi quantitas pp + gpp — 369 + 29 


X V 9gp— 369, ſeu quantitas 10 pp — 364 + 2þ X V g9pp — 30, eſt major 
quantitate 4pp — 12g, ſeu (addendo utrinque 364q,) fi quantitas 10% + 29 


22 DP P=2 erit major quantitate 


Xx * 9pp — 36 eſt major quantitate 4p + 249, ſeu (auferendo utrinque 


4p.) ſi quantitas 6pp + 2p X 9 — 369 eſt mayor quantitate 249, ſeu fi 
quantitas 
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quantitas 3% + N Wgpp — 367 eſt major quantitate 129, ſeu fi quantitas 


35% + Vp — 3 4 4 eſt major quantitite 129, feu f ſi quantitas pp + vV p'— — 4þ 7 7 
eſt major quantitate 49. Sed, quoniam in hoc caſu 2 eſt minor quanti- 


tate £-, pp erit major quam 49, er pro- inde, A fortiori, 3 binomia pp 
4 


Aer 
+ M= 4p'q erit major quantitate 49, Ergo quantitas * None erit ma- 


jor quantitate 2 = A. Q. E. D. 


pt 2 237 


Sed oſtenſum eſt, quòd, dumæ creſcit à quantitate ——- ad aliam quamvis 


majorem magnitudinem, incrementum valdè parvum * 1 zu quantitatis bi- 
nomiæ 2 +43 erit ſempèt majus inccemento contemporaneo 2pxx quantitatis px*, 


Ergo, dum x creſcit à quantitate 2 TL - ＋ (que eſt major quantitate 


BY _ — ,) ad aliam quamvis majorem magnitudinem, incrementum gx + 


3xx valde parvum quantitatis binomiæ gx + x erit ſemper majus incremento 
contemporanco 2prx quantitatis ſimplicis px, et pro-inde earum differentia, 
ſeu quantitas trinomia gx — px* + , continuo creſcet ad infinitum, 


De aquatione culicd qr F ＋ A = r, ſeu as — px? + gx =r. 


ConorL. 1. Ergo, fi in æquatione cubica hujus forme gu — pa? + A 


= r, ſeu à˙ — f + gr = 7, quantitas , (ſeu co-efficiens quantitatis ignotæ 
x,) fit major quantitate i „ (feu tertia parte quadrati quantitatis p, quz eſt 


co-efficiens quadrati ex quantitate ignota x,) æquatio habebit tantum unam 


radicem, quæcunque fuerit magnitudo quantitatis cognitæ r. Et hec radix 


unica erit ed major, quo major eſt quantitas cognita r. 


CokoLL. 2. Sed, fi in dia zquatione cubica gx — px* + af = x 


quantitas q fit minor quantitate 2 ſed major quantitate — 2 et quantitas cog- 


= MEA D DM 
nita r fit æqualis quantitati xy 3 + ., 


orit 
27 = que oritur ex 


ſubſtitutione 


| | 
| 

| | 

Bw 
| 
| 


— — 
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ſubſtitutione quntitatis © — . pro x in quantitate binomia r — pa* 4 


x3,). æquatio habebit duas radices, quarum prima, ſeu minor, erit quantitas 
Pr -39 | 
3 


2 , et ſecunda, ſeu major, erit major quantitate ex cujus 


3 
ſubſtitutione pro. x in quantitate trinomia qr — px? + x* oritur quantitas 


7 __ 2 „ x 2þp= 2. 
3 27 27 


Cokol L. 3. Et, fi in digi æquatione cubica gx — pa* + & 1 quan- 


titas q fit minor quantitate = ſed major quantitate = et quantitas cognita 


_ 2p? 77 67 X J : th. 
oy + 5 , (quz oritur ex {ub 


r ſit minor quantitate — 


ſlitutione quantitatis £ = 5 = pid x in quanticate trinomia gu = px* + A. 


3 — 
2 — 7 — A2 A, (quæ oritur ex ſub- 


ſed major quantitate 
7 27 


ſtitute quantitatis £ _ P=37 pro x in quantitate trinomii gx — px* + 4 


æquatio habebit tres radices ; quarum prima, ſeu minima, erit minor quan- 
pÞ—-+PP=37 
3 3 


titate -=; et ſecunda ſeu media, erit major quantitate 


. . + 
ſed minor quantitate 2 LET A, et tertia, ſeu maxima, erit major quantitate 


2+ VPP— 39 : 
3 


CoroLL, 4. Et, fi in dictà æquatione cubici gx — px? + * = r quan- 


titas 9 fit minor quantitate 22 ſed major quantitate E. et quantitas cognita 


. 3 3 — — . 
r fit æqualis quantitati i nl oh — LF = A, que oritur ex ſub- 


is . 33 bp — . . . *A 
ſtitutione quantitatis £ 2 * 27 prd.x in quantitate trinomià gu — p + &*,) 


æquatio habebit duas radices, quarum prima, ſeu minor, erit minor quanti- 
274 


v= SpÞ=37 | 
tate 1 22, et ſecunda, ſeu major, erit quantitas | 
CoROLL. 
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CoroLL. 5. Et, fi in dictà æquatione Cubica gy — px* + * = 7 quan- 


. . 0 DD . 
titas 3 fit minor quantitate iz, ſed major quantitate — et quantitas cog- 


. 2513 lp = 29 X 250 : 
nita r ſit minor quantitate 25 — BILE — , PL (que oritur ex 
4 
ſubſtitutione quantitatis —— COL DET — ＋prò * in quantitate trinomià gx — “ + 
*,) æquatio habebit warden unam radicem, que crit minor quantitate 
== 
3 


CoxoLL. 6. Et, fi in data æquatione cubici 9 — px* + * r quan- 


titas g fit minor quantitate . ſed major quantitate 2, et quantitas cognita 


i ; 2 275 57 r= 
7 ſit major quantitate — — 2 4 LS 2 „(quæ oritur ex ſub- 


1 27 


ſtitutione quantitatis— = —.— pro x in quantitate trinomià qr - px* + 


*,) æquatio habebit 8 unam radicem, quæ erit major quantitate 


2 
3 


CoroLL. 7. Et, fi in dia æquatione cubici gx — px* + * = r quan- 


titas q fit minor quantitate 2 . —, et quantitas cognita # fit minor quantitate 


he 2p3 7 2pp—bq X 8 
3 27 27 


(quæ oritur ex ſubſtitutione quantitatis 


5 * pro x in quantitate trinomia gx — Px*+ &*,) #quatio habebit tres ra- 


. : Lo. 3 . 29 3 
dices; quarum prima, ſeu minima, erit minor quantitate 2 : Z ; et ſe- 
cunda, ſeu media, erit major quantitate N, ſed minor quantitate 


. 4. 


DA ; et tertia, ſeu maxima, erit major quantitate —— 
Coror.t. 8. Ft, fi in dictà æquatione cubica gx — pa* + sf = x, 
quantitas 7 fit minor quantitate 2 et quantitas cognita r fit æqualis quan- 


titati 


- X _ — —— 
— 22 * — — — 
8 — ” — — — 
- — . D 
= _ — 
= > - es — * 


20 
n 
4 
N * 
0 . 
1 
1 » 
83 
. b& 
4 
j y 
* 
þ 4 
| 
| 
* by 


3 


—— —— — — — — 
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titati 2 — —— 3 . (quz oritur ex ſubſtitutione 


quantitatis 2 Tt L pro x in quantitate trinomia qu — px* + ,) æquatio 


habebit duas radices ; quarum prima, ſcu minor, erit quantitas 2 —— 8 
. . . 5 + /ÞÞ -3 
et ſecunda, ſeu major, erit major quantitate DELL L . 


CoroLL. 9. Et, fi in dictà æquatione cubicà gy — px* + a® = 7 quan- 


titas q ſit minor quantitate * et quantitas cognita r ſit major quant itate A — 


27 27 
pro x in quantitate trinomia gy — px* + *,) æquatio habebit tantùm unam 


=. 


7 — — . | | . . . . — — 
rr » (que oritur ex ſubſtitutione quantitatis 2 2 2 


radicem; quz erit major quantitate 


CoRoLL. 10. Et, fi in dictà æquatione cubica & — px* + x* = 7, quan- 


titas g fit minor quantitate . et quantitas cognita r fit aut æqualis quan- 


2 i z 2— — 2 . . 8 
titati 522 13 > A, (que oritur ex ſubſtitutione quantitatis 


5 prò æ in quantitate trinomià px* — g , que eſt priori quan- 
titati trinomiæ gx — p + *, quoad figna + et — ejus terminis prefixa, 


preciſe contraria,) aut iſta quantitate minor, æquatio & — gy — & = x 
(que eſt dictæ zquationi qu — px* + x* = r, quoad ſigna + et — terminis gr, 
px, et x præfixa, preciſe contraria, ) erit etiam poſſibilis, non mints quam prior 


3 2 3 — 7 I — 5 
æquatio gy — px? + * 1. Sed, i ji 7 non fit minor quantitate —w 
aut, ſi quantitas 9 fit minor quantitate AA , fed quantitas cognita r fit major 


quantitate 25 e r + — -37 


, Zquatio0 px — gx 4 = r non 
3 3 — 9 


erit poſſibilis. 
Et, 
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It, cum 3 eſt minor quantitate 2. et quantitas cognita r eſt aut æqualis 


C9 


. 3 2 657 X pp —=3? 1 : a 
æquatio px* — gx — A eſt poſſibilis; in primo horum caſuum, ſcilicet, cum 


; , a 5 2h -O X SPÞ —- 39 
quantitas cognita r eſt æqualis quantitati = _ * + 5 — 


diga æquatio f — gx — 43 = r habebit tamtùm unam radicem, nempe, 


. / — 3 . * . 
quantitatem Lang et in ſecundo caſu, ſeu cum quantitas cognita r eſt 


2pþ—=6q Xx pp 37 x»: i 
=, dicta æquatio px* — gx 


— x = r habebit duas radices; quarum minor erit major quantitate 


. . 2413 
minor quantitate * FE * * 


— ST — R : — . 5 . g 
Gans. — , ſed minor quantitate —2 L; et major erit major quantitate 


A, ſed minor quantitate 


p+ LE 
2 


Exemplum Duodecimum, in quantitatibus trinomiis rx — qx* + A ef qi? - — 47. 


Art. XX. Deſignent Litter 9 et r quantitates aliquas datas ; et & deſignet 
quantitatem variabilem, quæ creſcit continud à nihilo ad infinitum. Et 
inquiratur, primo, an quantitas trinomia rx — gx* + x* continud creſcet 
(ficut ipſa x) a nihilo ad infotum, an, primùm, creicet a nihilo uſque ad 
certam quandam magnitudinem, et deinde decreſcet : et, fi inveniatur quod, in 
quibuſdam caſibus, non crefcet continuo à nihilo ad infinitum, ſed, primam, ereſ- 
cet à nihilo ad certam quandam magnitudinem, et deinde decreſcet, tunc in- 
quiratur, in ſecundo loco, quænam erit magnitudo quantitatis x, quandd quan- 
titas trinomia rx — gx* + a“ creſcere definit, et 1ncipit decreſcere, et pro- 
inde quando valor ejus erit maximus qui eſſe poſſit per totum id tempus creſ- 


cendi et decreſcendi: et inquiratur, tertio loco, quænam erit ratio creſcendi 
Vol. VI. 2 C et 


=” Os n 


- 
- 
7 N — * Ha * 


— 


LT 


* 


il 
1 
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et decreſcendi quantitatis trinomiæ gx? — rx — af, que in ſignis + et — 


(que ipſius terminis prefiguntur,) eſt priori quantitati trinomiæ rx — g + 
* p1zcile contraria, 


Suti). 


Si r + W eſt = qr, et pro-inde r eſt = gr — &, quantitas binomia yx + 
a* erit = 9, et quantitas trinomia r* — gx? + a* erit = o. Sed, dum x 
Creſcit continuo à nihilo ad V, quantitas binomia gr — , primùm, creſcet 
a nihilo uſque ad certam quandam magnitudinem, et deinde decreſcet ab iſti 
magnitudine ad nihilum, cui fit æqualis quando xx eſt = , etxeſt = Vg. 
=, Prout 


Hæc vero maxima magnitudo quantitatis binomiæ gx — x* eſt 


ſuperiùs, in Exemplo ſecundo, eſt oſlenſum. Ergo, fi r fit major quantitate 
29v9 

373 
major quantitate binomia gx* — , et quantitas binomia 7x + a* erit major 
quantitate ſimplice ga. In hoc igitùr caſu quantitas trinomia gx? — 7x — * 
crit impoſſibilis, et quantitas rx — gx? + x* erit ſemper poſſibilis, quæcunque 
fuerit magnitudo quantitatis x. 


erit, à fortiori, major quantitate binomia gx — , et pro-inde xx erit 


Tt 3 2 | . 2 2944/4 : 

Jam vero inquirendum eſt, an, cum reſt major quantitate _—— pro-inde quan- 
titas trinomia rxy—ga* + x* ſemper eſt poſſibilis, quæcunque fit magnitudoquantitatis 
x, bc quantitas trinomia continuo creſcet a nihilo ad infinitum, an in quibuſdam 
caſibus ita continuò creſcer, ſed in aliis cafibus, proùt diverſe fuerint inter fe 
magnitudines datarum quantitatum g et r, creſcet continuò à nihilo uſque ad 
certam quandam magnitudinem, et deinde decreſcet. Et ut hoc appareat, ne- 
ceſſe erit conferre inter ſe incrementa valde parva et contemporanea quanti- 
tatis fimplicis gz? et quantitatis binomiæ rx + , quarum differentia conſtituit 
quantitatem trinomiam 7x — a + af. 


. o py 1 . 
Dividatur ergo quantitas data g*, feu /, in partes valde parvas et #quales, 
quarum numerus fit 10,000,000,000, ſeu decem millia millionum ; et una— 


quæque harum partium vocetur x, 


Ergo, dum æ acquirit incrementum valde parvum x, rw acquiret incre- 
mentum rx, et , acquiret incrementum 2gqxx, et a* acquiret incrementum 
4, et quantitas binomia rx + a* acquiret incrementum rx + 4a%. Eſt 
vero incrementum rx + 44x ad incrementum 2qux ut r + 4 ad 29x, ſeu 
ut 
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— *% * . . . r . 
at 4 +. of ad yh tam dit quam quantitas binomia 5 x* erit 
4 2 


major quaatitate fi * ＋ erit major quantitate 


1 > 6 2 . . . . . 4 . . 
binomia — — 4a*, incrementum quantitatts binomiz rx + x* erit majus in- 


cremento contemporaneo quantitatis ſimplicis 3, et pro-inde quantitas tri- 
nomia rx * — n, ſeu rs - qgx* + x*, continud crelcet ; ſed, poſtquàm 


quantitas binomia 25 + a fit minor quantitate , (ſi id fieri poteſt, ) feu 


p r . . . 24 * a : 
quantitas -— fit minor quantitate binomia a — a, incrementum quanti- 


tatis binomiæ 7x + x* erit minus incremento contemporaneo quantitatis ſim- 
plicis gx*, et pro inde quantitas trinomia rx — gx* + x* continud decreſcet. 


Inquirendum eſt igitùr an quantitas binomia 7 + x* fit ſemper major quan- 


titate fimplice , an fit aliquandò major iſtà quantitate ſimplice, aliquando 


autem ipſi æqualis, et quand6que ipla minor, ſeu, (quod eodem recidit,) 


. * * . * * * A 
an quantitas fimplex _ fit ſemper major quantitate binomia — — , an 


fit aliquandd major 1ſta quantitate binomia, aliquandò autem ipſi zqualis, 
et quandõque ip!a minor, Hæc vero inquiſitio ita inſtitui poteſt. 


Ponatur & = __ et quantitas binomia = — x* fiet = quantitati & x — &“. 


Sed oſtenſum eſt ſupra, in exemplo ſecundo, quod, dum x creſcit à nihilo 


uſque ad V/, quantitas binomia kx — 4?, primum, creſcet à nihilo uſque ad 
2k ft % 244 


et deinde decreſcet à 
373 39/3 


V, ſeu xx eſt æqualis ipſi x. Sed, quoniam & eſt = —, quantitas & X VK erit 


wk L 2 þ — {X47 @ cx% — 27. \- £2 
X u et 2 Vt erit _— — erit (= HL) oo, 


63 dum x creſcit à nihilo ad , ſeu xx creſcit à nihilo ad . quan- 


ad nihilum, cui fit æqualis quando x eſt zqualis 


titas binomia — X x — *, primum, creſcet à nihilo ad 25 z et deinde de- 


creſcet i 4 ad nihilum; et pro-inde 4 erit maximus valor quantitatis 


2C 2 binomiæ 


376 
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binomiæ —— X x — . Ergo, fi quantitas + ſit major quantitate 7 Li, ſen 


ſi quantitas data v fit major quantitate 2 4, leu fi quantitas rr fit major 


| q eq? 2q \3 . 7 , . . X 
quantitate , ſeu 277 ſeu | » quantitas —= erit major quantitate bino- 
mia L x x — 2 (quæ eſt minor ipſa 24 ) et quantitas binomia —— + & 

2 | Pia 34/6? + 


erit major quantitate fimplice — Xx, et pro-inde incrementum valdè 


parvum quantitatis binomiæ rx + x* erit majus incremento contemporanco 
quantitatis ſimplicis gx*; atque ideò quantitas trinomia ry — ga* + a* con- 
tinuò creſcet à nihilo ad infinitum, dum quantitas primitiva x creſcit à nihilo 
ad infinitum. In hoc igitar caſu, ſeu cum quantitas data r eſt major quan- 


3 40/ 5 843 27 ] 
titate , ſeu cum quantitas rr eſt major quantitate N ſeu N nul- 


jus erit maximus valor quantitatis trinomiæ rx — gx? + x*, Quod erat in bac 
inquiſitione imprimis determinandum. 


Sed, fi quantitas data r fit minor quantitate 24 6 licèt major e 


5 . Q 413 
=, ſeu ſi quantitas rr fit minor quantitate 272 licët major quantitate 
4 „ quantitas binomia Y + x* non erit ſemper major quantitate ſimplice 


— | 7 
2 » nec pro- inde quantitas = erit ſemper major quantitate binomiaà * 


2 x*, Sed quantitas = erit in hoc caſu bis æqualis quantitati binomiæ 
— X x — a3; ſeu, potitis, quantitas binomia —— X x — (quæ variabilis 


eſt, et, primum, creſcit, a nihilo ad —= 27, dum à creſcit à nihilo ad 9 


3»/0? 
feu ad % + et deinde decreſcit à a DT, ad nihilum, dum x creſcit ulterids 
a 3 —— „ fiet bis æqualis quantitati eidem => nempe, primum, cum 


x fit 3 minori ex duabus radicibus æquationis cubicæ — N 292 


* 


— — 


&7 
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et ite:ù en, cum * fir eq —_ 3 ex iſtis radicibus. Q oniam enim, 
7 * 
2 


_—— 


þ 


dum x creſcit 2 nihilo uſque ad ——, quantitas binomia X x — , pri- 
v 


mm, creſcit, à nihilo uſque ad _ (cui æqualis eſt cum x eit æqualis 
* 
7 . 3 % 
,) et deinde decreſcit a 2 ad nihilum, (cui fit æqualis quando x eit 


a/ © , 34/0 
æqualis — manifeſtum eſt quod dicta quantitas binomia — — * bet bis 


æqualis cuilibet WN quæ fit minor quantitate 2255 Ergo, dum x cre- 


5 
{cit a nihilo ad — ＋, quantitas binomia * — * fiet bis æqualis quantitaci 
2 


* 


5 
—, (quæ eſt minor quantitate — 27 30 ſcilicet, primum, cum x eſt minor pla 
4 3 


*. A 4 3 q . 
: et quantitas binomia *** eſt minor quantitate — X I 


11 399 _ 44. 2449 2 ne” 3 
6,/0 b (ſe SS "64/06? ſeu 576 ] ſeu 3 0/0? et iterum cum x eſt Majo! 


3 5 3 = 
ipla , fed minor ipſa , et quantitas binomia — * u eſt iterùm minor 


ipſa _ ſed major nihilo, cui fit æqualis, ſecunda vice, cum x eſt æqua- 


* » * 7 i \ 2 © \ r 7 — —_— 
lis phi . Valores autèm quantitatis æ quandòè quantitas — & * A eſt 


. * . "OR. . . 
æqualis — lavenir} poterunt reſolvendo æquationem cubicam — XxX = a3 


* quod commodiſſimè fieri poteſt per Raphſoni Methodum Approxi- 


mationum. Reſolvatur igitùr hæc æquatio cubica, et prima, ſen minor, ex 
ejus radicibus vocetur a, et ſecunda, ſeu major, vocetur 5. 


Igitùr, dum „ creſcit i nihilo ad a, (ſeu minorem ex radicibus æquationis 
1 0 . . . . 
cubicæ * x * 2 = 25 quantitas binomia — X x — x* erit minor 


, r * . * . . 
wa et, cum & eſt zqualis ipſi a, quantitas binomia — Xx = KC 


æqualis ipſt 2 ; et, dum x creſcit à magnitudine a ad —— — +2, quantitas bino- 


mia — X x — erit major ipſa _ ſed minor ipſa * -3 et, dum x creſcit 
| A 


LES - * 


2 — 


* 
P — 1 — 
- — 


2 : 
r 


U 


* « "ow * 
— — 


TIS. - 8 — — 
* — — 
A I RY 
* — 
* > - "2 — — 
P 7 — 33 9 * n * « | 
mh l _ 4 1 ot 
þ 
i LS 
> 
. 


2 — * 7 — - — 
* — => 4 * 8 5 = 
n 
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a . - ad magnitudinem 5, (ſeu majorem ex radicibus dictæ æquationis cubicz,) 


quantitas binomia _ X x — a? etit etiamnùm major ip — * quantitas 


= * . . 8 10 * 8 © Fr 
x eſt zqualis ipſfi b, quantitas binomia — X x — a3 erit iterùm æqualis ipſi _y 


* 


* , quantitas binomia — X x — * decreſcet à 


* 
quantitate 27 ad nihilum. Et pro- inde, dum x creſcit a nihilo ad magnitu- 


et, dum x creſcit a4 a 


dinem a, quantitas binomia MY + +* erit major quantitate ſimplice —— * 
x; et, dum x creſcit ulterids a magnitudine à ad magnitudine 3, quantitas 
binomia gy + x* erit minor quantitate fimplice — X x; et, dum x creſcit 


à magnitudine & ad . quantitas binomia —_ + x* erit iterùm major 


a2 
quantitate ſimplice — X x. Ergo, dum x crelcit à nihilo ad magnitudinem a, 


quantitas trinomia ry — gx* + a. creſcet continuò a nihilo ad magnitudinem 


. 
d * 


tas trinomia rx — gx* + x* decreſcet continuò ab ra — ga? + 4 ad 


ra — ga* + 44; et, dum x creſcit ulterids a magnitudine a a quami- 


3 
70 
— 4 45 . — 6oq J 99 ) rx/q__ 51M 

- (ſeu ad - + 36 ſeu ad —— - , 

dum x 3 ulterins a = 2 5 ad magnitudinem , quantitas trinomia rx — qu 
X 4/4 EBT . @ 
_: 36 
rb — 9 + ; et, dum x creſcit ulterius a magnitudine & ad magnitudinem 


— , Quantitas trinomia * — gx* + x* iterùm creſcet a magnitudine 715 — 


+ x* etiamnum 9% 5s a magnitudine — — ad magnitudinem 


X 4/1 


2 + ad magnitudinem — — £ + * „ſeu ad magnitudinem = * 


1 


; et, dum x creſcit ulterius a 5 


ad POEM quantitas a“, ſola, erit 


major quantitate __ X x, et, a e quantitas binomia — + s erit ma- 
zor iſta quantitate, et pro-inde incrementum valde parvum quantitatis Fe 


rx + x* exit majus incremento contemporaneo quantitatis ſimplicis , 
Fired 


ALTA METHODUS INVENIENDL MAXINOS VALORES QUANTITATUM, 199 


\ 


idcire d quantitas trinomia rx — gx* + x* creſcet continud à magnitudine 


1 * iq 
a/2 


— * ad infinitum. Itaque quantitas a, ſeu minor ex duabus radict- 


- . . * 1 
bus æquationis cubicæ —— Xx — 2 . erit valor quantitatis variahilis x, 


quandò quantitas trinomia rx — gx* + a* fit maxima quz eſſe poſſit ante- 
quam incipit decreſcere ; et pro-inde iſte maximus valor quantitatis trinomiæ Aſaxinus vas 


2 1 3 2 4 : . lor quantitas 

— antitas ra — 92a a: «oz ery 

rx — g + a*erit quantitas v qa” + et quantitas &, ſeu major ex duabus ,- OE 
q 


8 . * 2 3 KEE FURY NS : 0 - r= qxt+a® 
radicibus æquationis cubicæ * 2 : erit valor quantitatis a, 3 nn 
\ . . . 2 4 "0 non ett ma- 
quando quantitas trinomia rx — gz + * fit minima que elle poſſit poſtquam 1 
a priore valore maximo ra — g + a* decreſcere cœpit; et pro inde mini- 4/7 
mus iſte valor quantitatis trinomiæ 7x — 9 + a erit 25 — 4 + : Et v* 
ab hoc valore minimo quantitas trinomia rx — ga* + a* iterùm creſcet con- Mfαii va- 


5 I lor ejuſdem 
Te 4 XXL 9X9 77 1X quantitatis 
tinud ad quantitatem = - + _—_ ſeu ad quantitatem ———— 


A, gum x creſcit à magnitudine 5 ad 
4 


.; et poſteà bac quantitas tri- 


2 7 N . di EIC iq 
nomia perget creſcere continuo a magnitudine ——— 


— ad infinitum. Q. E. L 


— Wad infinitum dum 


x creſcet cont inuò a 


De quantitate trinomid qx* — rx — N. 


Art. XXI. Hactenùs poſuimus quantitatem in quantitate trinomià rx * 


. . 2 "V4 by . . . 3 
eſſe majorem quantitate , I. leu quantitatem vr eſſe majorem quantitate a— 
7 


. rr . . 3 pa . . 
ſeu quantitatem _ eſſe majorem quantitate * in quo caſu quantitas bi- 
nomia 7x + a* erit ſemper major quantitate ſimplice 3, et pro- inde quan- 
titas trinomia gx* — 7x — x* non eſt poſſibilis, Nunc vero ponemus quan- 
. ff . . 27 N . © 
titarem r eſſe minorem quantitate r, ſeu quantitatem vr eſſe minorem 

5 4g? ( a rr ff . N q3 X 
quantitate i ſeu quantitatem eſſe minorem quantitate 2 in quo 


caſu quantitas trinomia gx* — rx — * eſt poſſibilis. Et in hac hypotheſi in- 
quiremus, primo, quænam erit ratio creſcendi et decreſcendi quantitatis tri- 
nomiæ r* — g + x*, et, fecundo, quænam erit ratio creſcendi et decre- 


ſcendi 
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ſcendi quantitatis trinomiæ * — 7x — af, quz eſt priori quantitati trinomiæ 
rx — 9x7 + a, quoad ſigna + et — terminis rx, qi? et a+, præſixa, præciſe 
contraiia, He vero inquiſitiones inſtitui poſſunt hoc modo. 

| Quantitas trinomia rx — 7 + x* fiet æqualis nihilo cum quantitas fim- 
plex gx* fit æqualis quantitati binomiæ rx + x*, ſeu cum quantitas ſimplex 
gx fit æqualis quantitati binomiæ r + , ſeu cum quantitas binomia gr — 
a* fit æqualis quantitati ſimplici r. Hoc autèm fit bis dum x creſcit A nihilo 
ad Sg, ſeu xx creſcit a nihilo ad ; ſcilicet, primùm, cum x fit æqualis 
minori ex duabus radicibus zquationis cubice qr — a* , atque itcitim, 
cum x fit æqualis majori ex iſtis duabus radicibus. Deſignetur minor harum 
radicum per litteram e, et major per litteram F. Ergo, dum x creſcit à ni- 
hilo ad magnitudinem e, quantitas binomia gy — x* erit minor quantitate - 


et pro-inde quantitas binomia ** — 4 erit minor quantitate rx, et quantitas 


qx* erit minor quantitate binomil 24 + a, ct quantitas trinomia ry — gx" 
+ x* erit poſſibilis, et quantitas trinomia gx? = & — a* erit impoſſibilis; et, 
dum x creſcit ulteritis à magnitudine e, (ſeu minore ex duabus radicibus 
equationis cubicæ gx =- A = 7,) ad magnitudinem , (ſeu majorem ex iſtis 
radicibus,) quantitas binomia d — 486 erit major quantitate 7, et pro. inde 
quantitas binomia gx* — 4. erit major quantitate 7, et quantitas 2“ erit 
major quantitate binomia 7x + &, et quantitas trinomia ga* — rx — &. flet 
poſſibilis, et quantitas trinomia x — qa? + a* erit impoſſibilis; et cum x 
creſcit ulterius a magnitudine 7, (ſeu majore ex duabus ralicibus æquationis 
cubice gy - * = 7,) ad magnitudinem V, quantitas binomia gr — a® fiet 
iteruùm minor quantitate r; et pro-inde quantitas binomia gx* - *. fiet iterùm 
minor quantitate rx, et quantitas 3 erit iterùm minor quantitate binomia 7x 
+ a*, atque ideò quantitas trinomia ru + at — , feu rw — gx? + x, fict 
iterùm poſſibilis, ct ita perpetuò manebit, dum x creſcit ulteriùs a magnitudine 
Y ad infinitum. 

Quoniam ergo, dum x creſcit a nihilo ad magnitudinem e, ſeu minorem 
ex radicibus æquationis cubicæ gx — * = 7, quantitas trinomia 7 — gy + 
*eſt ſemper poſſibilis et creſcit primum a nihilo ad certam quandam mag- 
nitudinem, et deinde decreſcit ab iſta magnitudine ad nihilum, (cui fit æqua— 
lis cum x eſt æqualis magnitudini e,) inquirendum nunc venit quænam erit 
magnitudo quantitatis x in eo temporis puncto in quo quantitas trinomia 7% 


— gx* + x* creſcere deſinit et incipit decreſcere, et pro-inde eſt maxima 
quæ 


ALIA METHODUS INVENIENDI MAXIMOS VALORES QUANTITATUM, 201 


que eſſe poſſit dum x non fit major quam e, ſeu minor duarum radicum 
_ #quationis cubicæ r — x3 = r. Hoc vero ita invenirt poteſt. 

Quantitas trinomia 7x — g#? + x* creſcet continud tam diu quam inere— 
mentum valde parvum quantitatis binomiæ rx + x* eſt majus incremento con- 
temporaneo quantitatis 2, que ab ipſa ſubtrahitur ; hoc ef, tam di quam 
quantitas binomia rx + 4a* eſt major quantitate ſimplice , feu quan- 


* . * .* * * a * 
titas binomia r + 4x} eſt major quantitate 29, ſeu quantitas binomia * + 
x* e(t major quantitate —, ſeu quantitas ſimplex 13 eſt major quantitate bi- 


*A * . . . . . . . 
roma — — ]; et cum incrementum quantitatis binomiæ ry + * fit minus 


. . . . r . 
incremento contemporaneo quantitatis gx?, feu cum quantitas r fit minor 


0 . * A Xx . . . . "3 
quantitate binomia = — as, quantitas trinomia rx — gi? + x incipiet de- 


creſcere. Ergo hæc quantitas trinomia creſcere deſinet et incipiet decreſcere 
. . . A . . . 
cum quantitas binomia _ — * fit æqualis quantitati 2 ſeu cum x fir 


æqualis minori ex duabus radicibus æquationis cubice — _ x = * De- 


ſignetur jam hæc minor radix hujus æquationis cubicæ per litteram a, et de- 
ſignetur altera, ſeu major, radix ejuſdem æquationis per literam , ut ſupra 


eſt factum, Et a, ſeu minor ex duabus radicibus hujus æquationis cubicæ 


qx 3 * . * . . . *,* . . 
—— - 4* = —, erit magnitudo quantitatis variabilis x in eo temporis puncto 
- 4 


in quo quantitas trinomia rx — g + x* fit maxima quæ eſſe poſſit dum x 
creſcit a nihilo ad magnitudinem e, ſeu minorem ex duabus radicibus æquationis 
cubicæ gx — = r. AE 


Porrò, quoniam, dum x creſcit a magnitudine e, ſeu minore ex duabus ra- 
dicibus æquationis cubicæ gr — x3 = r, ad magnitudinem , ſeu majorem ex 
duabus radicibus ejuſdem æquationis, quantitas * — rs — x* fit poſſibilis, 
et primum creſci: a nihilo ad certam quandam magnitudinem, et deinde de- 


creſcit ab iſta magnitudine ad nihilum, (cui fir iterùm æqualis cum * elt 


æqualis magnitudini f, ſeu majori ex duabus radicibus æ quationis cubice qr 
— = r,) inquirendum nobis reſtat, quænam erit magnitudo quaniitatis x in 
eo temporis puncto in quo quantitas trinomia gx? — 7x — x* creſccte definit 

Vol. VI. 2 DD et 
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et incipit decreſcere, et pro-inde eſt maxima quæ eſſe poſſit. Hoc autem ita 
inveniri poteſt. 


Quantitas trinomia gx? — rx — x* creſcet continuò tim dit quàm incre- 
mentum valde parvum quantitatis ſimplicis q erit majus incremento contem- 
poraneo quantitatis binomiæ rx + a*, que ab ipſa ſubtrahitur ; hoc eſt, tim 
diù quam quantitas ſimplex 2qxx erit major quantitate binomià rx + 4x, 


ſeu quantitas 297 erit major quantitate r + 4?, ſeu quantitas i eric major 
. r 3 { . . . gx . . . 

quantitate ＋ A=, ſeu quantitas binomia —— — 4 erit major quantitate 
. o * * . * . 

ſimplice z et cum incrementum quantitatis qx* fit minus incremento quan- 


titatis binomize ry + x, ſeu quantitas binomia —— — * fit minor quantitate 


2 . . . . 1 
ſimplice , quantitas trinomia * — rx — creſcere deſinet, et incipiet 
decreſcere. Ergò hæc quantitas trinomia gx* — r — x* creſcere deſinet, et 


. .* +» . . . 4 „ 3 . . . 

incipiet decreſcere cum quantitas binomia —- — x* fit æqualis quantitati ſim- 
plici * ſeu cum x fit æqualis majori ex duabus radicibus æquationis cubicæ 
E — * = = quam per Litteram 3 deſignavimus. Hzc igithr quantitas 


. ES . . . & * 
b, ſeu major ex duabus radicibus æquationis cubice - = —, erit 


magnitudo quantitatis variabilis x in eo temporis puncto in quo quantitas tri- 
nomia gx* — ry — x* creſcere deſinet et incipiet decreſcere, et pro-inde erit 


1 maxima quæ eſſe poſſit. E. I. 


| Aue vas Et hinc manifeſtum eſt quod maximus valor quantitatis trinomiæ gx? — re 
| | for quatifae . erit 95 — 75 — , in quia Littera & deſignat majorem ex duabus radici- 
s trimmiae | 


| . . . X r 
[ 9.* . bus æquationis cubicæ = — = > he 


* | Denique, dum x crefcit a magnitudine f, ſen majore ex duabus radicibus 
" #quationis cubic gx — 4 = r, ad magnitudinem 4, quantitas binomia 
| gx — a* fiet, ſecunda vice, minor quantitate x, et pro-inde quantitas gx fiet 
| minor quantitate binomia r o , atque ideò quantitas ſimplex g erit minor 
quantitate binomia re ＋ x*, et differentia harum quantitatum erit iterum 
quantitas trinomia ry — gx* + af; et, dum creſcit ulterids à magnitudine 


v1 
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% ad infinitum, quantitas x* ſola erit major quantitate 9, et, à fortiori, 
quantitas binomia ry + a* erit major eadem quantitate. Ergo, dum x cre- 
ſcit à magnitudine /, ſeu majore ex duabus radicibus æquationis gr — a = , 
ad infinitum, quantitas binomia Fx + a“ crit perpetud major quantitate 9, et 
pro-inde differentia harum quantitatum erit quantitas trinomia 1 — giÞ + »*, 

Porro, dum creſcit a magnitudine 7, ſeu majore ex duabus radicibus 
IIS cubice gx — x* x, ad infinitum, incrementum valdè parvum, 
rx + 4e, quantitatis binomiæ rx + * erit ſemper majus incremento con- 
temporaneo, 2, quantitatis gx*, et pro-inde quantitas rx — ** + x* con- 
tinud creſcet a nihilo (cui eſt æqualis quandd x elt æqualis quanticati f, feu 
majori ex duabus radicibus æquationis cubice gy - = 7,) ad inflaitum, 
Hoe vero ita demonſtrari poteſt. 


| Incrementum 7x + 4x erit majus incremento 29 quandò quantitas bi- 


nomia r + 44? eſt major quantitate ſimplice 29, ſeu quantitas binomia ** 
as eſt major quantitate ſimplice , ſeu quandò quantitas ſimplex 7 eſt ma- 


jor quantitate binomil — — 45. Sed, dum x creſcit à nihilo ad magnitu- 


» . . . . 1 * a. 
dinem , ſeu =, quantitas binomia 4 creſcet continuò à nihilo 


2X x3 * 
aſe 7 9 2. 39/9 __ X 2494/1 
ad magnitudinem & * 6976? (ſeu =—— RX" ſeu — 97; 25 ſeu 


_ et, dum x creſcit ulterits à magnitudine = ad magnitudinem 


0 . . FT . "RET © . . . 
quantitas binomia — — * decreſcet continuò a ER? LoL. ad ni- 


4 5 
a2 


34/0 
hilum, cui fit æqualis quando x eſt zqualis magnitcdini = . Ergo, fi quan- 
F * . . q \q . . . gx 3 . « 5 
titas 2 5 eſt minor quantitate 7776 ? quantitas binomia - — a* erit bis æqualis 


quantitati — dum x crefcit a nihilo ad magnitudinem * 3 nempe, pri- 


* . * / © * * . 
mum, cum eſt minor quantitate 2 et iterum cum x eſt major quantitate 


ſed minor quantitate = A; et hec quantitas binomia —— a* erit pri- 


1 v6? x2 
* . * . * . . * . 
mum minor quantitate ——» dum wx creſcit a nihilo ad magnicudinem a, ſeu 


2 D 2 minorem 


ä 
I 7 
— << 


pay 


—— m - _ 
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minorem ex duabus radicibus æquationis cubicæ — — © = 2 z et tunc 


. . A . * . a . . _ 
erit major cadem quantitate —_— dum x creſcit a magnitudine a, ſcu minore 


+ =. . . LY . 0 
ex duabus radicibus æquationis cubicæ A — * = — ad magnitudinem 5, 


ſeu majorem ex iſtis radicibus ; et poſtremò fiet iterùm minor dictà quantitate 
7 » * . . . * A * s 6 . 
. dum æ creſcit a magnitudine 5, ſeu majore ex iſtis radicibus, ad magnitu- 


aq 
a/ 2 
qx 


radicibus æquationis cubicæ Int * = wk. ad magnitudinem CES quan- 


dinem - Ergo, dum x creſcit a magnitudine 3, five majore ex duabus 


1 17 6 . » . *A gr 3 . 0 5 A 
titas 2 erit major quantitate binomiaà ond pro-inde quantitas binomia 


—_ + a* erit major quantitate ſimplice , et incrementum 7x + 4K erit 
majus incremento contemporaneo 2qxx, atque ided quantitas trinomia ry — 
qx* + x* continud creſcet. 


Sed quantitas &, ſeu major ex duabus radicibus æquationis cubice — — 


x? = oy eſt minor quantitate /, ſeu majore ex duabus radicibus æquationis 


cubicæ gr - = r, ut mox demonſtrabimus. Ergd, dum w& creſcit à mag- 
nitudine f, five majore ex duabus radicibus æquationis cubicæ * - & 2 x, 
(cui æqualis eſt quando quantitas binomia rx + a* fit ſecunda vice æqualis 
quantitati ſimplice a, et pro-inde quantitas trinomia rx — qu* + & fit iterti a 


æqualis nihilo,) DN — lt 
2, ſeu 

HA. 

v2 + 

Porro, quando x eſt æqualis quantitati . quantitas — erit æqualis 
29 . . 3 1 *a . . : . . 79 . 
, Et QUANntT i J — 
½ et quantitas x* erit etiam æqualis eidem quant:tati 27% et pro inde 

. 9 . 

guantitas —_— x erit = 6. Er cum quantitas x eſt major quantitate 4— 2 


V 
quantitas 


quantitas X * erit major quantitate — ct pro- inde quamitas a*®, ſeu 4'x X x, 


. . _ . . . . . F . 
erit major quantitate ——, et, à fortiori, quantitas binomia —_ + x erit ma- 


jor quantitate —— et incrementum rx + 4a erit majus incremento cen- 


tem poraneo 2qrx, Ergo, dum x creſcit a magnitudine va ad infinitum, 
LY 
quantitas trinomia ry — ga“ + a* creſcet continuò ad infinitum. 


Sed jam antea demonſtratum eſt, quòd, 6 quantitas 5, ſeu major ex du» 
abus radicibus æquationis cubicæ — — 25 Ws fit minor quantitate 7, ſeu 


majore ex duabus radicibus æquationis cubice r — a* = r, dicta quantitas 
trinomia 2x — gx* + a“ creſcet continuo a nihilo ad magnitudinem r X 


v1 * . 5 . l er” * 
„ r dum quantitas x creſcit a magnitudine F ad magnitudinem 3 


Ergò, dum quantitas x creſcit continuo A magnitudine F ad infinitum, quan- 
titas trinomia x — 4 + a* creſcet etiam continuò ad infinitum. 


Q E. D. 
Supereſt jam ut demonſtremus id quod in hic demonſtratione hagends af- 


ſumptum eſt, nempe, quòd quantitas &, ſeu major ex duabus radicibus æꝗq a- 


. . . BY r . . . 
tionis Cubice — — ** = 2 eſt minor quantitate 7, ſeu majore ex duabus 


radicibus æquationis cubicæ gr — x? = . Hoc autem ita demonſtrari poteſt 
ex abſurdo. 


Si non eſt minor ipſa / erit vel ipſi æq ulis, vel ipſi major. 
Primo ponamus, illam effe æqualem ipſi F. Et inde ſequetur quantitatem 
binomiam gb — s effe æqualem quantitati binomiæ gf -, et pro- inde eſſe 


æqualem quantitati r. Sed, quoniam quantitas binomia A eſt ===, 
| 2 


erit quantitas binomia 296 — 4 = r. Ergo 29) — 43 erit = 9b — 3, et 
(addendo utrinque 45, quantitas 294 erir = gb + 3, et (auferendo uirin- 


que 95,) quantitas 33 erit = 369, et pro-inde q erit = 344, et bb erit = -£ 


fe 4 
a3 


Sy 


et berit = Sed quantitas f eſt = 5. Ergo quantitas Ferit etiam 


qualis 
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2 


. . . A 7 ” . 3 5 
æqualis quantitati ===. Sed in æquatione cubicà gx — a* = 7, major ex 


a q 


duabus <jus radicibus ſcilicet /, eric ſemper neceſſariò major quantitate 7% 


/ 5 . . R 
Ergo J erit ſimil æqualis ipfi —_ „et Ipla major; quod eſt impoſſibile. 


9 


Ergò b non poteſt eſſe æqualis ipſi . 


Jim verò ponamus hanc quantitatem þ efſe majorem quantitate F Et 
ſ-quetur quantitatem binomiam 5 — s effe minorem quantitate binomia gf 
. Valor enim quantitatis cujuſvis binomiæ gx - , decreſcit continuò à 
maximo cjus valore ad nihilum, dum x creſcit a valore medio quem habet ubi 
quantitas binomia gy — A eſt maxima quæ eſſe poſſit, ad maximum ſui ipſius 
valorem, ſeu quantitatem . Sed gf -' eſt = r. Ergo 0 - erit minor 


ipſa r. Sed —— —  eft = , et pro-inde 295 — 44 erit = r. Ergd 


4 s erit minor quantitate 225 — 44; et pro-inde (addendo utrinque 405, 


9 + 38 erit minor ipla 296, et (auferendo utrinque gb,) 35 erit minor 
quantitate 25, et 30 erit minor ipla 9, et 4% eric minor iptà 75 „et 3 elit 


1 


1 . Sed f ponitur eſſe minor ipſa 3. Ergo, a fortiori, erit 
a 


minor 1 pſa 


minor ctiàm ipſa 


7 - . T - 
- * Sed in æquatione cubica gy — x* = 7 major ex du- 
* 


. Rs hs . 1 15 . , 4 
bus ejus radicibus, ſcilicet f, erit ſemper neceffariv major quantitate * 


8 : n , 1 4 a . 
Ergò quantitas F erit ſimul minor ipſa . et eadem major; quod fieri non 
poteſt. Ergò quantitas þ non poteſt eſſe major ipſa 7. 


Sed ante eſt oſtenſum eam non poſſe æqualem eſſe ipſi f. 
Ergo neccile eſt ut quantitas & fit minor ipſa y. Q. E. D. 


Ergò nunc certò concludi poteſt, quod, dum æ creſcit a magnitudine 7, ſeu 
majore ex duabus radicibus æquationis cubice qr - A = r, ad infinitum, 
quantitas trinomia * — gx* + a“ creſcet etiam continu) A nihilo (cui eſt 
zqualis quando x eſt æqualis quantitati /,) ad infinitum. 

Q. E. D. 


Art. 
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Art, XXII. Ex præmiſſis deduci poſſunt Corollaria ſequentia, quæ in 
reſolutione æquationis biquadratice trinomialis hujus forme, ſcilicet, rx — 
4 + * = 4, ſeu a* — if + rw = 5, et in reſolutione æquationis 
biquadratice trinomialis hujus forme, ſcilicet, * — 7x — x* = 5, (que 
priori eſt, quoad figna terminis 1gnotis rx, gx*, et af, præfixa, præciſè 
contraria,) per Raphſoni Methodum Approximationis erunt plerumque 


magne utilitatis, 


CoroLL. 1. Quoniam oftenſum eſt in præmiſſis, quod, fi in quantitate 


trinomia rx — gx* + , ſeu *“ — % + rs, quantitas data r (que eſt co- 


5 83 I k | . 47 5 
eſficiens quantitatis ſimplicis x,) ſit major quantitate 77/6 ſcu ſi quantitas 


r fit major quantitate 5 , ſeu _ ſeu =", quantitas binomia * + rx 
erit ſemper major quantitate ſimplice , et pro-inde quantitas trinomia * — 
. ＋ af, ſeu x* — g + rx, erit ſemper poſſibilis, et quantitas contraria qx* 
— rx — erit ſemper impoſſibilis, quæcunque fuerit magnitudo quantitatis 
; manifeſtum eſt quòd in hoc caſu æquatio biquadratica trinomialis rx — ga? 
＋ = s, ſeu x — 4g + rx = 5, erit ſemper poſſibilis, et æquatio contraria 


4 — rxy — x* = 5 erit ſemper impoſſibilis, quæcunque fit magnitudo quan- 


titatis cognitæ, ſeu homogenei comparationis, 5. 


Et, quoniam oſtenſum eſt etiam in præmiſſis, quod in hoc caſu, ſeu fi 
. 


4 


. . 0 47 X : - 
quantitas data r fit major quantitate "=>, ſeu quantitas rr fit major quanti- 


895 . : Ei Io . 
tate * quantitas trinomia rx — gx* + x* creſcet continud a nihilo ad infi- 


* 


nitum dum quantitas ſimplex x creſcit à nihilo ad infinitum, fequitur quod 
in hoc caſu dicta æquatio biquadratica trinomialis rx — 4 + &* = , ſeu 
* = * + rs = , habebit tamùm unam radicem, et hæc radix unica 
erit eo major quo major eſt quantitas cognita, ſeu homogeneum compara- 
tionis, 3. 


' CoROLL. 


— == 
—ů— 


g by _ - A * S 4 n 
— a A - — — : 4 
es a 
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CoroLL, 2, Et, fi quantitas data v fit æqualis quantitati —.— „ ſcu 
a 3 


A | f 3 R . 5 R : . 
quantitas rr fit æqualis quantitati 2 dicta æquatio biquadratica trinomi- 
alis rx — ga + af , ſeu x! — g + rx = s, habebit pariter tant am unam 
radicem ; et hc radix unica erit eo major quo major eſt quantitas cognita, 
leu homogencum compalationis, 3. 


CoRoOLL Et, ſi quantitas data r fit minor quantitate .. 6.4 fed mas 
tr. 3. „n qua 9 OY 


- : 279 . . . 847 > 5 
Jor quantitate 3, ſeu ſi quantitas rr fit minor quantitate * ſed major 
35 


R 7 . 6" 88 9 
quantitate —_ et ſi minor ex duabus radicibus æqationis Cubice 2 — * 


= — vocetur a, et major ex iiſdem radicibus vocetur 6, et fi quantitas cognita s 
4 
æquationis biquadraticæ ry — gx* + * = $ ſit major quantitate trinomia ra — 
ga* + a*, æquatio iſta biquadratica habebit tantum unam radicem ; et hc 
radix unica erit major quantitate þ, ſeu majore ex duabus radicibus æquationis 
. X F 
ciibice i= — * = —. 
2 4 
Si vero quantitas cognita q æquationis biquadratice r — gx* + xf = 5s fit 
æqualis quantitati trinomiæ re — ga? ＋ a., æquatio iſta biquadratica habebit 
duas radices ; quarum prima, ſeu minor, erit quantitas a, ſeu minor ex dua- 


= 3 . 2 5 
bus radicibus æquationis cubice — — K = ; et ſecunda, ſeu major, 
erit major quantitate 2, ſeu majore ex duabus radicibus ejuſdem æquationis 


cubicæ. 


Et, fi quantitas cognita 5 æquationis biquadratice rs — gx? + af = F fit 


minor quantitate trinomia ra — g + &*, ſed major quantitate trinomia »/ 


— 9 + , xquatio iſta biquadratica habebit tres radices ; quarum prima, 
ſeu minima, erit minor quantitate a, ſeu minore ex duabus radicibus equati. 


ox . - | a : 
dais cubic — - = BAL lecunca, ſeu media, erit major quantitate 


a, ſed minor quantitate þ, feu majore ex duabus radicibus iſtius ©quationis 
cubicæ; ct tertia, ſeu maxima, erit major eddem quantitate 3. 


Et, 
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Et, ſi quantitas cognita s in dita æquatione biquadratica rv — ga* + * 
= s£ fit zqualis quantitati trinomiæ 0 — gb* + , æquatio iſta biquadratica 
habebit duas radices; quarum prima, ſeu minor, erit minor quantitate a, 
ſeu minore ex duabus radicibus æquationis cubicæ — — * = —y et ſe- 


cunda, ſeu major, erit quantitas &, ſeu major ex duabus radicibus ejuſdem 
æquationis cubicæ. 


Denique, fi quantitas cognita s in æquatione biquadratica rx — g + x*f = s 
ſit minor quantitate trinomia #44 — 4 + , æquatio iſta biquadratica habehit 
tantùm unam radicem ; et hæc radix unica erit minor quantitate a, ſeu minore ex 


duabus radicibus æquationis cubicæ 4 — x = — 


. : . 27% 
CoroOLL, 4. Et, fi quantitas yr fit minor quantitate Dy » ſeu quantitas 
. py 3 * . * 
rr fit minor quantitate =, ſeu quantitas __ ſit minor quantitate —; et, 
fi minor ex duabus radicibus æquationis cubicæ r - * = r vocetur e, 
et major ex 11s radicibus vocetur 7; et, fi minor ex duabus radicibus æqua- 


tionis cubice = X xz— 2 2 vocetur a, et major ex iiſdem radicibus 


vocetur 5; et, fi quantitas cognita s in æquatione biquadratica trinomiali 
hujus forme, rx — gx* + af = 5, fit major quantitate trinomia ra — ge? + 
a*; æquatio iſta biquadratica habebit tantùm unam radicem ; et hæc radix unica 
erit major quantitate , ſeu majore ex duabus radicibus æquationis cubicæ 
Ix — iO =r, 

Et, fi quantitas cognita s fit æqualis quantitati trinomiæ ra — ga* + 4, 
æquatio biquadratica ry — gx* + af = 5 habebit duas radices; quarum 
prima, ſeu minor, erit quantitas a, ſeu minor ex duabus radicibus #qua- 


. . . * . . . . 
tions cubice — — g — ; et ſecunda, ſeu major, erit major quantitate f, 


4 
ſeu majore ex duabus radicibus æquationis cubicæ gy — * = xr. 


Er, ſi quantitas cognita s fit minor quantitate trinomia ra — ga* + 4, 
æquatio biquadratica ry — gx* + a* = $5 habebit tres radices; quarum prima, 
ſeu minima, erit minor quantitate a, ſeu minore ex duabus radicibus æqua- 


tionis cubice 2 — * = r; et ſecunda, ſeu media, erit major ipſa a, ſed 


minor quantitate e, ſeu minore ex duabus radicibus æquationis cubicæ gr — 
*r; et tertia, ſeu maxima, erit major quanritate f, ſeu majore ex duabus 
radicibus ejuſdem æquationis cubice gx — a? = 7, 


Vol. VI. 2 E Co kol. 
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21 
3/3" 
| | ; 
ry fit minor quantitate , ſeu quantitas 2 fit minor quantitate 177 et, 
/ 


CoroLL. 5. Et, fi quantitas r fit minor quantitate ſen quantitas 


fi minor ex duabus radicibus æquationis cubicæ = _ Hf = 2 vocetur a, 
et major ex iiſdem radicibus vocetur ô; et, fi minor ex duabus radicibus 
æquationis cubicæ gx — * r vocetur e, et major ex liſdem radicibus voce- 
tur /; et, fi quantitas cognita 5 in æquatione biquadratica trinomiali gx* — rx 
— a* = $5 fit major quantitate trinomia 3 — 1 — ,; #quatio iſta biqua- 
dratica erit impoſſibilis. 


Et, ſi quantitas cognita s fit æqualis dictæ quantitati trinomiæ gb* — rb — 
£5, æquatio biquadratica qz* — rx — 4 = , habebit tantùm unam radicem 
et hec radix unica erit ipſa quantitas , ſeu major ex duabus radicibus æqua- 


. . . r 
tionis cubicæ — XX — == 2 


Et, ſi quantitas cognita s fit minor dictà quamitate trinomia gZ? — 75 — 
, æquatio biquadratica a — 7x - = s habebit duas radices; quarum 
prima, ſeu minor, erit major quantitate e, ſeu minore ex duabus radicibus 
æquationis cubice gx — 4 = r, fed minor quantitate &, ſeu majore ex dua- 


1 . . . = . 
bus radicibus æquationis cubicæ X23 — = 3 ſecunda, ſeu major, 
2 


erit major quantitate , ſed minor quantitate 7, ſeu majore ex duabus radici- 
bus æquationis cubicæ gx - = xr, - 


Finis bujus Methodi, a Metbodo Fermatianà, ſeu Hugeniana, diverſz, 
in veniendi Maximos et Minimos valores quarundam quantitatum 
binomialium et trinomialium et altiorum multinomialium, in 
quibus unus vel plures ex terminis ex quorum compeſitione 
conficiuntur, ſiguo —, ſeu ſubtradtionis, ipſit prefixo, 
ab aliis diſtinguuntur, ſeu a ſumma aliorum 
 terminorum ſubtrahuntur. 


OO ROI — — 


— 


— 


ZZ. ³ .ww—,ö mr 
— 


INVESTIGATiO 


INVESTIGATIO MAXIMI VALORIS 


QUEM 


Quantitas binomia gx — #3 habere poſſit dum quantitas x crelcit a 
nihilo uſque ad V9, ſeu dum xx creſcit à nihilo ad ; 


Per Methodum novam, à duabus Methodis præcedentibus, nempe, 


FERMATIANA, szv HUGENIANA, 


Et mea, diverſam, quam mecum communicavit vir doctiſſimus, 


GULIELMUS FREND, M.A 


COLLEGII JESU APUD CANTABRIGIENSES SOCIUS. 


ArTicyLvs I. 


UANTITAS binomia gx - erit bis æqualis nihilo; nempe, prims, 
cum w eſt æqualis nihilo, ſeu o, et pro-inde gx — a? erit =q X 9 — 0 
XoXo(=0=—0)= o; et ſecundò, cum xx efl æquale ſuperfictzi date g. 
et pro-inde x eſt = /g, et gx eſt =q/q, eta eſt (Sar x &) =q v9, 
et gx — * eſt (= V- V/) = o. Ergd, dum linea x creſcit à nihilo 
uſque ad Vg, quanritas binomia gr - & creſcet à nihilo uſque ad certam quan- 
dam magnitudinem, et deinde decreſcet ab iſtà magnitudine ad o, ſeu nihilum. 
Requiritur autem invenire magnitudinem lineæ x, quando quantitas binomia 
gx — x3 attigit hanc ſuam maximam magnitudinem, ex qua creſcere deſinit et 
incipit decreſcere, Hoc vero ita inveniri poteſt. 


Solutio. 


Deſignetur hie valor, quem quærimus, line & per Litteram M. Et capi- 
atur alius valor ipſius x minor ipſo M, et deficiens ab ipſo differentii quæ vo- 
cetur y; adeò ut x fit æqualis quantitati M — y, et * zqualis M -. Exit 
gitùr quantitas binomia g x M—y NM, minor quantitate binomia 

2 E 2 4M 


| 


5 
| 
| 


—_— 
-— 


Ga Ix EG IS UI LECTED 
—- -— 
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M- M*. Ergo, dum linea x creſcit à valore M ad 4g, et quantitas gx — 
x* decreſcit a valore M — MP ad e, hæc quantitas binomia gx — a* fier in 


uno aliquo hujus temporis puncto æqualis quantitati binomiæ q x M — y 


— 1 —5 „ quz eſt minor ipla M — M?.. Ponatur jim z pro exceſſu va- 
loris linez x ſupra lineam M in iſto temporis puncto; aded ut hic valor line 
x fit æqualis M + z, Et erit q * MT N = Y XM - 
er | 


Sed 9 K MI 2 eſt M ＋ 92, et M2, eſt = W + 3M'z + 
3M z* + 2593 et pro- inde 9 * NTZ - M + 23 erit = 71M + 92 — M 
— 3M“ — 3Mz* — 23, Et q x M- eſt = M —gy, et M - eſt 
= NM — My + 3My* — 553 et pro- inde q X M —y — M—p* erit (= 
2 — % A — 3M + 3Mf —j) = 4M % W + 3My = 
3My* + Yb. 


Ergo quantitas ſextinomia M + gz — MP 5 3M*s — 3Mz* — 25 erit 
æqualis quantitati ſextinomiæ qM — gy — M + 3M%9 — 3M) + 55 & 


(addendo utrinque M + 3M*z- + 3Mz?* + 25) erit M + gz = QM — 7 


+ 3M'z + My + 3Mz*— 3M. + 2 + 5; et (addendo utrinque gy,) 
erit M + 9z + 0 = 4M + 3M'*z + 3My + 3Mz — 3My* + 25 +; 
et (auferendo utrinque M,) erit gz + gy = 3M*z + My + 3Mz* — 3My 
+ 2* + *, hoceſt, pX 2 ＋ erit = 3W x z+y + 3Mz — 4M) + 


+ z* + 3*; et (dividendo omnes terminos per z + ) erit q = M= + — EL 


ET ELL = 23M* + 2. 3M + 2 = 2 + *. 


z+y z +» z +) * 


F ' . ” Mz3 My* 

Art. II. Sed in hac quantitate ſextinomià 3 M* + : 1 . 

2y + mprimus ſolummodò terminus 3 M* eſt certæ cujuſdam magnitudinis, 

quanquam adhuc ignotæ quæ pendet a valore M linez x in eo temporis puncto 

in quo quantitas binomia gx - x3 eſt maxima que elle poſſit, qui valor eſt 
3Mz? _ 3M? 


—— 


unicus, licèt adhꝭc ignotus; et cæteri quinque termini, 8 + 23 


— 2y + , poſſunt variari, ſeu fieri majores vel minores quam antca fuerant, 
prout quantitas (quæ poteſt eſſe cujuſlibet magnitudinis que fit minor quan- 
tate M,) fit major, vel minor, quam fuerat in initio, et pro- inde prauut quan- 


titas z (quæ pendet à quantitate y, et fimul cum illa creſcit aut decreſcit,) fit 
| major, 


——— 
* 
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2 JR Tx F 
— — — — — 
22 * — 
- 


major, vel minor, quam fuerat in initio. Ergo, ut hec quantitas ſextinomia 


3Mz 1 
yu 2+ =+y 
9, (cui ipſam eſſe ſemper æqualem jam eſt oftenſum,) dum valores quantitatum 
y et 2 variantur et diminuuntur ad libitum, neceſſe eſt ut omnes termini va- 
3Mz* 3p 

"A 
253 + 
zy + , ſfimil ſumptæ, (ratione habita ſignorum + et — eiſdem prefixorum,) 


+ * — zy + fiat ſemper æqualis eidem quantitati 


— - 


n n 1 


2 r ES 


Ji 
4 


1 
1 


riabiles hujus quantitatis ſextinomiæ, nempe, termini x 


25 Rn” - 3M - R 
ſint ſemper æquales nihilo, five ut tres termini . 2* + 55, quibus fig- 


num +, ſeu ſignum additions, præſigitur, ſeu qui ſibi mutuò et primo ter- 
. 
2 + * ＋ y 

duntur, ſint, ſimùl ſumpti, æquales reliquis duobus terminis ſimul ſumptis, 


mino 3 Me quantitatis ſextinomiæ 3M“ + 


My* . EE 
nempe, 2 5 et zy, quibus ſignum , ſeu * e præfigitur, 


ſeu qui ſubtrahuntur à tribus terminis prioribus = + 2* + 7. Alter 
enim poſſet fieri (minuendo quantitates y et z, et 5," MY quantitates quinque 


variabiles IE — — + 2* — zy + quæ pendent ex yet = et cum iis 


27 =+7 
3Mz* 3M y* 
＋ + 5 22 


variantur,) ut tota quantitas quinquinomia 


2+ y 
. a Mz? A* 
minueretur, et * ut tota quantitas ſextinomia 3 M* ＋ 2＋— = * 
3Mz* z My j 
2* — 2 uz major eſt quantitate quinquinomia =— — 2 | 
y + (quæ major eſt q quid 8 


— 2y ＋exceſſu certo et immutato 3 M,) fimul minueretur, atque adeò 
fieret minor quantitate data 4, cui eam eſſe ſemper æqualem ſuperius eſt de- 
monſtratum. Erit igitùr, in omnibus valoribus quantitatum y et , quantitas 


p 2 1 
—_ = + z* — zy + »* #qualis nihilo ; et pro-inde 


; 3 — 
uant p 
quantitas ſextinomia 3M* + => = 


dem foli primo termino 3M*. Sed ſupra demonſtratum eſt totam hanc quan- 
3Mz? -_ - 2n- 
Z+y y TT y 
quantitati 3. Ergo et ſolus terminus 3 M“ erit æqualis datæ 9 q, et 


— — 


quinquinomia 


—— — 
— — - 


+ z* — zy + erit æqualis ejuſ- 


» — 4 — — A — - "=> — — — 3 . 
rr 


titatem ſextinomiam 3M* + + 2* 2 + 5* efle æqualem datæ 


pro-inde M* erit æqualis quantitati * et Merit = 4. ſeu LL or hoc eſt, 


magnitudo 


_ 
— — — 


minis 
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magnitudo lineæ x, quando quantitas binomia gr — #* eſt maxima quz eſſe 


poſſit, erit = . ſeu . Q. E. I. 


| . . >  4Mz? 3My* i: 2 
Coxol L. 1. In quantitate quinquinomia rr y + » 


(quæ eſt zqualis nihilo, ſeu in qua duo termini 1 + 2 ſunt equales tri- 


* * 2 . oy * * 

bus terminis — 5 + 2* + 5*,) quantitas y eſt ſemper major quantitate 2, 
G . * „ My | 

Nam, fi quantitas y effet æqualis quantitati z, duo termini 22. + y eſſent 


2 ＋ 
F 1 2 _ . , 3M 
æquales duobus terminis ES. 4 z*, et pro-inde minores tribus terminis —_ 


z+y 
.* . . 2 2 3Mͤ2*˙ 
2 
+ 2 + *; et, ſi quantitas y efſet minor quantitate z, duo termini > 77 t 


8 1 a 1 
eſſent minores duobus terminis — + 2, et, a fortiori, minores tribus ter- 


2 ＋ 
5 + 2* + *; quod eſt contra ſuppoſitionem, Ergo quantitas y non 


poteſt efle aur æqualis quantitati z, aut iſta minor; et pro-inde erit iſta major. 


Q. E. b. 


Co Rol. 2. Cum jam oſtenſum fit quòd quantitas y eſt major quantitate 


2, quantitas . erit major quantitate , et quantitas quinquinomia = 

3 9 z+y J q 2+» bl q 9 9 = +7 
nd 3My* PTY 5 22 PW 3M 41% ee "Ps 

are XxX y—2=0) 

—y} +22 — 3M x 2 = Y - ＋ Z — 3M X „ — 2) =) - 

3z + z2z— 3My + 3Mz. Ergd, quoniam quantitas ſextinomia 3M“ + —— 

M 4 . . . * 
- 5 + 22 — zy + yy eſt ſemper æqualis datæ quantitati , erit et quan- 


titas ſextinomia 3M* + yy — 92 + 2z — 3My + 3Ms: ſemper æqualis eidem 
datz quantitati , utcunque diminuantur quantitates yet z. Igitüùr neceſſe eſt 
ut quantitas quinquinomia yy — yz + 22 — 3My + 3Mz fit temper æqualis 
nihilo er pro inde ut duo termini 3My et yz, qui à reſiquis tribus Mz + yy 
+ 22 ſubtrahuntur, ſint ſemper æquales iſtis tribus terminis. Nam, fi duo 
termini 3My + 32 eſſent aliquando minores tribus terminis 3Mz ＋ yy + 22, 


3 N quantitas 
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quantitas quinquinomia 3Mz — gMy + yy — 12 -+ 28 foret major quam fue- 
rat antea, et pro-inde quantitas ſextinomia 3M* + MZ — 3My + yy —3z + 
22 (quæ ſuperat dictam quantitatem quiriquinomiam data differentia 3 M,) torer 
major quam fuerat antca, et pro- inde major quam data quantitas 2, cui olten- 
ſum eſt quod erit ſemper æqualis. Ergo duo termini z My + yz non potiunt 
eſſe minores tribus terminis 3Mz + yy + zz. Et eodem modo demonſtrar: po- 
teſt quod duo rermini prædicti 3My + yz nunquam poſſunt eſſe majores tribus 
terminis 3Mz + yy + zz. Ergo dicti termini gMy -+ yz erunt perpetuo 
æquales tribus terminis 3 M + yy + 22, et quantitas quinquinomia 3 Mz + 
yy + zz — 3My — yz, teu 3Mz — 3My + yy — ys + zz, erit ſemper 
æqualis nihilo, et pro-inde quantitas ſextinomia gM* + MZ — NY + 5 
— yz + z erit (= 3M* + 0) = 3M*. Sed ifta quantitas ſextinomia eſt 
æqualis datæ quantitati 2. Ergo et quantitas 3M* crit æqualis eidem datæ 


82 . . . 14 / 
quantitati ; et pro-inde M erit = 72 nn Ta leu 


Q E. 1. 


Art. III. Hæc ſunt ratiocinia quibus innititur hæc inveſtigatio quantitatis M, 
(ſeu valoris quantitatis variablilis x in eo temporis puncto in quo quantitas binomia 
gx — x* fit maxima quæ eſſe poſſit,) mecum communicata, et, ut opinor, in- 
venta, à dicto doctiſſimo viro, Gul isLMO FREND, fi eam rectè intellexerim. 
Mihi vero hec inveſtigatio aliquantulùm ſubtilis et conceptu difficilis eſſe vi- 
detur, et minds ſimplex et directa quam Methodus inveniendi hanc quantitatem 
M in Diatribe prædictà tradita et illuſtrata in paginis 156, 157, et 158, que 
ſundatur in contemplatione incrementorum, gx et gx*x, valde parvorum et 
æqualibus temporibus acquifitorum, quibus augentur quantitates gx et x? 
dum æ creſcit a nihilo ad magnitudinem 4/q, (quam nunquam ſuperare poteſt,) 
ct in collatione iſtorum incrementorum inter ſe, et determinatione valoris quan- 
titatis x in eo temporis puncto in quo iſta incrementa ſunt inter fe æqualia. 


Londini, in Templo Interiore. 
Nov. 9, 1803. 
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LIMIT IBUS ZQUATIONUM, 


Inceptus a FLORI MONDO b BEAUNE, 


Celeberrimo Mathematico Gallo, Regis Galliæ illuſtriſſimi, Ludovici XIV, in 
Curia Bleſenſi Conſiliario; Abſolutus ver, et poſt mortem ejus editus, 


AB 


E R AS MIO BARTH OLIN O, 
Medicine et Mathematum in Regia Academia Hafaienſi Profeſſore publico z 


IN AUO OSTENDITUR 


Quo pacto ex forma Aquationum affectarum definiri 
poſſint limites, intra quos radices vere 


debent offend, 


Excerptus ex tomo ſecundo editionis celeberrimi Libri cui titulus Geometria, 
à Renato Des Cartes ſcripti, cum commentariis FRANCISCI à SCHOOTEN _ 
et aliorum doctorum virorum, impreſſe Amſtelædami à Ludovico et 


Daniele Elzeviriis, anno Domini 1659. 
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DFE hoc tractatu de Limitibus radicum æquationum affectarum, ſeu mul- 
tinomialium, et alio tractatu ejuſdem auctoris Florimondi de Beaune de 
earum Natura et Conſtitutione, ita loquitur vir doctiſſimus Franciſcus a Schobien 
in præfatione editionis Geometriæ Renati des Cartes, cum ſuis et aliorum com- 
mentariis, anno Domini 1659. 


ce Eadem ratione ductus, ne Sparta quam Vir ampliſſimus, nunc piæ memo- 
riæ, Dominus De Beaune in excolenda propagandique hujus Geometriæ me. 
thodo ſuſceperat, præcipiti ejus fato interiret; ex officio atque publica matheſin 
amantium utilitate fore exiſtimavi, fi clariſſimum virum Domnnun Eraſinium 
Bartholinum noſtro rogatu adigerem, ut quæ de Natura, Conſtitutione, ac Li- 
mitibus, ÆEquationum Dominus de Beaune vernaculi ſui lingua in lucem dare 
conſtituerat, cum in manus ipſius incidiſſent, publico non invideret. Nec 
fruſtra in eo fui: Nactus enim ſum, ut que ex ejus adverſariis, non fine in- 
defeſſo labore ac difficili fortuna, ad umbilicum perduxerat, Latine redderet, 


nobis que, quo, una cum his, a me typis mandarentur, concederet.“ 


AD TRACTATUM DE LIMITIBUS XQUATIONUM 


EPISTOLA PRALIMINARIS. 


CLARISSIMO VIRO 


FRANCISCO a SCHOOTEN, 


A 
MATHEMATUM IN ILLUSTRI LEIDENSI ACADEMIA PROFESSORY, 


ERASMIUS BARTHOLINUS S. p. 


IST meminifſem, quanto majore animo honęſtatis fruus in conſcientic, quim in 

amd reponatur ; nequaquam opportunum fuiſſet, in edendis hiſce opuſculis Ana- 
Iyticis conſilium. Ferim, quia communibus magis comn.odis quam private jatantiæ 
ſtudui, ed animus auſus et, deliberato confilio obſequi. Cujus mee conſcientiæ inter- 
pretem, non alium magis dgſidero quim te, Vir Clariſſime, quem utilitatibus ali- 
crum, plus quam propriæ laudi, indies deſervire, compertum habeo, Venit in mentem 
Hudigſum illud ctium, quod Leidæ, mibi ſemper emolumento, utriſqu? deinde ſolatio 
erat, cujiiſque varietates ſi cratione repetere vellem, preut animo pleraque obverſan- 
tur, non duvito quin exiſtimationi hominum diligentia et fides naſtra, et in pleriſque 
etiam pietas ſubjiceretur. It licet niſciam, an ullum tempus fucundius exegerim ; 
tamen ea de cauſa magnifacio, quid amicitiæ tua, uſque ad intimam familiaritatem, 
capacem me redderet. Neque aliam interpretationem habuit, qudd, Leidd diſceſſurus, 
Jagogen Cartefianam typis excudendam concinnateram, ut meam famam cum tud 
extenderem, Qud de cauſd, cum non modd offenſas, verùm etiam ſimultates wvarias 
Jubierim; non ignoro, que ſutura fit de hiſce jam edendis ſententia. Ne dubites tamen 
udn omnia æquo animo toleraverim, pruſertim quia pictas et ebſequium cauſam junxere. 
Quem enim fræterit, fatum litter:torum ? Mihi cert? non improviſa eſt calumniandi 
vanitas, Iſt ita naturd comprobatum, ut beneſactis major ex conſcienlid merces, 
quim in ore hominum repenalur: nam plerique, tantum ſug detractum iri glorig 
exiſtimant, quantum ceſſerit alkene: poftremd, ignaviſſimus quiſque aliorun ſcripta 
carpere non veretur, Sic contendere, pro moribus temperum, eruditio eff, Q 
recordantem, poſterita!is magna miſcralio ſubit. Quot enim praclara inventa putas 
obſemari, propter ſcelus hoc obtrefandi? 1 Mrique ſe intre perpetuum filentium 
ienere amant, petiùs quam malignitati interpretantium exponi, Ita communem hunc 
Hefen, bonum publicum magnis detrimentis expiabit, Ego, aliorum exemflo, oy 
2 F 2 em 
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dem didici nullam ex meis laboribus ſperare laudem ; tanta tamen mihi ſemper fuit re- 
werentia poſteriim, ut cenſuram erroris non tam reformidem quam inhumanilatis, 
Sed, ut de pittore niſi Artifex judicare, ita niſi Mathematicus non ſatts poteſt perſpi- 
cere Mathematica ; tug potilimùm ſententiæ bæc exponuntur. Lximium habent uſum 
ea que ſequenti traftatu exponentur, ad numeroſam Equationum reſolutionem, ut 
reliquas utilitates pertranſeam, quia Tu eas ignorare non po!es. Quar?e Lector es 
Togo, ut judiciis parcant, donec penitis omnia inſpexerint. Et fi qui fuerint qui 
hec recuſaverint, ſciant ſe nec inventis gratiam adimere, nec mibi laudis conſcien- 
tiam. Te verd, Vir Clarifſime, fi effenderint, omnibus commendationibus de/tituta 
reputaba, Vale. ; | 


DE 


DE 


LIMITIBUS AQUATIONUM. 


CA FUEL 
De Z quationum Quadratarum, ſeu duarum dimenſionum, 
limitibus. 


PRor. 1. xx — Ix + mm = 0. 


Ps e erit mm = [x a, &, fi prima pars fuerit realis, erit 
etiam altera pars realis, idcoque I majus quam xx ; &, diviſo utroque 
termino per x, erit / major quam x. Quin &, per tranſpoſitionem propolitz 
æquationis, habebitur xx = Ix — , 1de6que altera pars eſt realis, et Ix majus 


quam mm, Unde, diviſo utroque termino per I, erit x major quam —— Qua- 


re æquationis propoſitæ utraque radix y major erit quam _ „ fed minor 


quam 4. 
PRoP. 2, *** — lx — unn 2 O. 


Per tranſpoſitionem habebimus ax = br + mm, ideõque xx majus erit quam 
mm, et x major quam mn, ac pro-inde mx majus quam um. Unde xx minus 
erit quam Je + mx, adeoque, fi utraque pars dividatur per x, erit x minor 
quam / + . Rurſds, quoniam xx æquatur /x + nn, erit xx majus quam /x ; 
ac pro- inde, fi uterque terminus dividatur per x, erit x major quam , et Us 
majus quam . Hinc, cum xx æquetur /x + nm, erit xx majus quam // + um, 


hoc eſt, x major quam 4//{ + mm. Poſtremò, quandoquidem * major eſt 
quam m, erit lx majus quam im, et xx majus quam /m + mm, hoc eſt, x major 


quam Vln + mm. Unde radix æquationis propoſitæ erit major quam 
maxima harum duarum V + mm et Im + um, fed minor quam / + . 


Prop, 
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ProP., 3. xx + [x — um = Os 


Per tranſpoſitionem habebimus xx + Ix = mm, et per conſequens _—_ ma- 


jor erit quam x. Rurſds, exiſtente xx + I = mm, erit m majus quam xx, 
et # major quam x, ac pro-inde mv majus quam ax. Atqui habemus »x + 
Ix mm. Ergo me + {x majus erit quam mm. Hinc, divisa utraque parte 


mm 
per m + I, fiet x major quim 1 Quare inventa eſt x, radix æquationis 


propoſitæ, eſſe major quam -—— 3 —_ =, at mina quam _ et m. 


CAPUT u. 


De limitibus Aiquationum Cubicarum, ſeu trium dimenſionum, ſecundo termins 
carentium. 


ProP. 1, a * um + i = o. 


Per tranſpoſitionem habebimus * = + m] , eritque ume majus 
* 3 8 . . . % n3 F 
quam a'. Unde, diviſo utroque termino per mm, erit x major quam — De- 


inde, per tranſpoſitionem, erit mms — x? = , ac per conſequens um majus 
quam xx, et n major quam x, Quare inventa eſt utraque radix * æquationis 


. 73 . % 
propoſitæ major quam ——» et minor quam m. 


Per tranſpoſitionem habebimus * — me = n, eritque xx majus quam mm, 
et x major quam m. Erit quoque x* — 15 = mmx, ideoque à major quam 15 
ct x major quam u, ac pro- inde aux majus quam 5. Atqui, per tranſpoſitionem 
propoſitionis, habemus mmx + A . Quare mme + nnr majus erit quam 


*; et, divisa utraque parte per x, erit mm + un majus quam XX 3 120» 
x que 


DE LIMITIBUS £QUATIONUM. 223 


que & minor quam 4mm + un. Inventa ergo eſt x, radix æquationis pro- 


poſitæ, eſſe major quam & x, at minor quam V mm + nm. Atque Jiquet, ad 
evitandam extractionem radicis cubicæ ipſius n?, quod, loco ꝝn ſub vinculo, af- 
ſumi poſſit quaruitas aliqua, que non fit minor. Id quod non erit difacile, 
eognitis, nempe, tribus dimenſionibus ipſius z?, ſumendòque, loco un, rectangulum 
ſub duabus quantitatibus quarum alterutra non fit 1psa z minor. Eritque hoc 
ad ſequentia notatu dignum. 0 


Por. 3. * + nnr - 1 go. 


's 2 — 15 . 2 
Per tranſpoſitionem habebimus & “ — mmx, eritque v major quam 


x. Rurſùs erit mmx g — *, & conſequenter »* major quam , et x 
major quam x, ac pro-inde aux majus quam .. Sed, per tranſpoſitionem 
æquationis propoſitæ, eſt quoque à + mma =», Erg0 mmx + mx majus 


. * SS A - 2 * 3 
erit quam , &, divisà utraque parte per an + mm, erit x major quam 2 


* ® 2 0 3 a 
Inventa itaque eſt radix x æquationis propoſitæ eſſe major quam . led 
7. 


3 
. % 9 *A . 
minor quam — Ct n. Poſſumus etiam loco un accipere rectangulum duarum 


maximarum dimenſionum ipſius , ut radicis cubicz extractio evitetur. 


CAT 


De limititus Æqualicnum Cubicarum, penultimo termino 
carentium. 


PROP. I, * — lax* -+ 1 2 Os 


. . S | . 5 3 
Per tranſfoſitionem erit a? + * = xx, ideõque xx majus quam . Rur- 


* . 3 r : 3 > 2 1 0 . or 
ſus erit * = Ixx - a*, et conſequenter / major quam x. Quælibet igitùr 


. 0 * . * * 3 . 
radicum x æquationis propoſitæ major erit quam _ et minor quam J. 


Prop, 
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ProP. 2. «„ — xxx - = o. 


Per tranſpoſitionem erit x* A = 7, ide6que x major quam J. Rurſuùs 
erit ** — r lex, et conſequentèr x major quam x, et xv majus quam un, 
et nxx majus quam *. Atqui habemus quoque, per tranſpoſitionem, Ar + 1 
=. Quare erit {xx + a majus quam »%. Dividatur utraque pars per 
xx; eritque / + » major quam x. Inventa itaque eſt radix x æquationis 
propoſitæ eſſe major quam / et u, ſed minor quam / + n. Manifeſtum ett quo- 
que, ad evitandam extractionem radicis cubicæ ex #*, quod loco x ſumi poſſit 
minor trium dimenſionum ipſius , quando x major eſt; et quando minor 
perhibetur quam / +x, quod tunc loco x maxima trium dimenſionum ipſius x? 
accipi queat; et fic de reliquis, quibus ob nimiam facilitatem non immoramur, 


PROP. 3. 3* + ur 1 = o. 


. . on 3 . 
Per tranſpoſitionem erit x* = ' — l, ac per conſequens — majus quam 


xx. Eſt etiam /xx = x, et conſequenter major quam æ, et nxx majus 


quam x*, Sed habetur a* + E = . Ergo ux + xx majus erit quàm , 
; Unc 4 | k * 2 3 x 
hoc eſt, divisa utraque parte per # + /, erit xx majus quam 7 Inventa 


d . . . . « 13 b 1 
eſt itaque radix x æquationis propoſitæ eſſe major quam + - ſed minor quàm 


3 | <4 l 54 | 

* —— et =, Demonſtratur prætereà nx + lux majus eſſe quam u, et ny + 
: % * . N nn . . 

Ix majus quam un, et conſequenter x major quam 8 quandoquidem major 


eſt quam x, 


—— — — ——ñ— —ę e— 


lr. 


De Aquationibus Cubicis, in quibus onnes termini extant, 


Prop. 1. * lr + mms — 1 = 0. 


Per tranſpoſitionem habebimus x* — Ar = 1 — mms, Hinc, fi x æquctut 


ipſi Z, erit etiam x ipſi . æqualis. Ideoque, fi vicifsim 1 æquetur ipfi e 


hoc 
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hoc eſt, lum = #, erit ſimiliter x, radix æquationis propoſitæ, æqualis ipſi / 


3 % . * * 0 
et . Preterea, fi x* — [xx eſt realis, hoc eſt, x major quam , erit quoque 


— | % x3 © * 
1 mma realis, et conſequentèr —— major quam x. Quod fi autem eadem 


quantitas x® — [xx nihilo minor fit, tranſponatur propoſita æquatio hac ratione, 
la — a = mmx — *.. Et quandoquidem ſupponitur & — a? eſſe realis, 
hoc eſt, / major quam x, erit mmx — * etiàm realis, et conſequeatèr major 


. * 13 . * * * — * . 
þ 7 | 11 
erit x quam ——., Inventa eſt itaque radix æquationis propoſitæ eſſe æqualis ipſi 


; 3 1 . = X 
et ĩpſi —, cùm duo hi termini æquantur. Et fi unam tanitim habeat aut tres, 


quælibet earum erit intra hos limites, quando inzquales ſunt; fi vero æquales 
hoc eſt, /mm = 2, ſubſtituto m loco 1 in æquatione propolita, [& = /xx + 
mmx — 1 = 0, que tunc fiet & — xx + mms — lum = 0,] et dividendo per 
x — 1, * cognoſcemus eam non habere aliam radicem in hoc catu quam 4. 


Pao. 2. * + lu — mmer — if = o. 1 

Per tranſpoſitionem habebimus à˙ — mmx = 1* — /xx, Quod ſi ergo xx 'Y 

os 3 : 1 

et um ſunt æqualia, erit etiam xx ĩpſi ＋ æquale; et, fi xx majus eſt quam mm, ü ö 
1 

*Hæc diviſio erit hujuſmodi. 1 

x = |) x* — H + um lum (xx + mn bk 

x3 — [xx # 

* * Tm um j g 


+ mmax — lmm 


- * 
 Patet ergo quod quantitas quadrinomia x3 = H + mmx lum dividi poteſt accurate, five ſine 
ullo reſiduo, per quantitatem binomiam x — /, et quod quotiens inde orta erit quantitas binomia 
xx + mm, Sequitur igitdr quod quantitas iſta quadrinomia poteſt generari ex multiplicatione 
quantitatis binomiæ x = / in quantitatem binemiam xx -+ mm. Sed quantitas quadrinomia * — 
hr + mmx — Imm eſt æqualis nihilo. Ergd neceſſe eſt ut una ſaltem ex duabus quantitatibus bino- 
mils x - { et xx + mm, ex quarum — er quantitas quadrinomia x3 — /vx + mmx — (nm 
orietur, fit etiam æqualis nihilo. Sed quantitas binomia xx + mm, (que eſt ſumma duarum quan- 
titatum xx et m,) non poteſt æqualis eſſe nihilo; quantitas verd x . (que eft difterentia duarum 
quantitatum et ) poteſt eſſe equals nihilo, nempe, fi quantitas æ fuerit æqualis quantitati J. Ergo 
quantitas binomia x I erit æqualis nihilo, et pro-inde quantitas x erit æqualis quantitati 4 hoc 
eit, quantitas / erit radix æquationis x* = Ixx + mma — Imm = o, et hc zquatio, ſeu æquatio 


: 
1 
1 
! 
* 
| 
f 
[| 


3 
propolita x3 » /xx + mmx— n o in hoc caſu (in quo / eſt = — ſeu Imm eſt = ,) nullam 


aliam radicem habebit N ipſam 7. Q. E. D, 
. M. 
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% 


. 43 * 4 % . . % . 
eric quoque ——,m3JUs quam x ; et, ſi ay minus eſt quam m, minus quoque 
1 41? = 0 8 . 3 2 „* 
erit quàm xx, Inventi itaque ſunt duo limites et . — quorum cuili- 


bet æquatur radix æquationis propoſitæ, fi fuerint æquales, hoc eſt, fi imm æqua- 
tur ipſi z* 3 aut neceſſariò inter duos erit, fi inæquales fucrint, Eadem eſt ratio 


* 


duo: um reliquorum limitum et 


Pao. 3. * i — mmx - i = o. a 


Per tranſpoſitionem erit a® — l == mmx + 1, ideõque x major quam /, 
Rurſùs, cum, per tranſpoſitionem, fit & — mmx = [xx + , erit xx majus quam 
mm, et x major quam mn, et myxx majus quam mm. Sed, per tranſpoſitionem, 
eſt quoque x? — #* = lIxx + mmx, et per conſequens x major quam u, et xx 
majus quam *. Quin et, per tranſpoſitionem propoſitæ, habetur xx + mms 
+ 2, atque inventum eſt mxx majus quam mmr, et nav majus quam #, 
Ergò erit /xx + mxx + nxx majus quam a. Quocirca, ſi utraque pars divi- 


Nam in æquatione propoſità a3 + Ixzy me — u* = o (qua unam tanthm radicem habet,) 
ſi radix x fit æqualis quantitati n, quantitas x3 erit æqualis 13, et quantitas binomia x3 23 erit 
zqualis nihilo, et pro-inde quantitas quadrinomia x3 + /xx — nm — n3 erit æqualis quantitati 
binomiz Ixax- mmx. Eft vero quantitas quadrinomia a3 + ler- - qualis nihilo. Ergo 
in hoc caſu quantitas binomia Ixæ - mx erit etiam æqualis nihilo, et [xx erit = mmx, et [x exit 
= mm, et x erit = = Ergd, fi x fit æqualis z, erit etiam æqualis , et pro- inde in hoc 
caſu = erit = , et mm erit = In, Et, è converſo, fi — ſit æqualis n, ſeu mm ſit æqualis lu, 
tadix x æquationis propoſitæ x3 + lx mum — 5 = 0 erit æqualis quantitati u, ſeu quantitati 
mm 


i bs 

Secundo, 6 radix æ fit major quam x, et pro-inde x major quam 25, addatur utrinque æqua- 
tioni propoſitæ a + xx - u = 0 quantitas m; et erit quantitas trinomia x3 + lx - 
= mmx. Sed, quoniam & major eſt quam #3, erit quantitas trinomia x3 + /xx—7n3 major quam 
lex, et pro-inde quantitas /xx poteſt auferri ab ipſa, et A quantitate mmx, quæ eidem eſt æqualis. 
Auferatur itaque : et crit quantitas binomia x3 —#3 = quantitati binomiæ mme lx. Ergo [x crit 
minor quam m, et x erit minor quam —. In hoc igitùr eaſu, ſeu cum x eſt major quam n, erit 
minor quam , et pro- inde n et — erunt limites magnitudinis radicis x. 

Tertid, fi radix fit minor quam x, et pro-inde x? fit minor quam #3, addatur utrinque æqua- 
tioni propoſitæ x3 + lxax-mmex—7n3 =0 quantitas binomia n3—x3 ; et erit K mmm -s. 


Ergd mms erit minor quim vx, et mm quam /x, et — quam x, In hoc igitùr caſu, ſeu cum x 


eſt minor quam u, erit major quam 2, et pro-inde — et x erunt limites magnitudinis radicis æ. 


Q. E. D. 
datur 


F. M. 
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datur per x, crit / + m + # major quam x. Inventa eſt itaque radix x æqua- 
tionis propoſitæ eſſe major quam , n, et u, ſed minor quam / + m x. 


Pao. 4. * + l + mmx — n = ©, 


— EA ACE ACC cc - | 


0 . 1 13 8 * 
Per tranſpoſitionem erit & + mmx = — l, ide que majus quam xx. Sed 


—— — — 


. ” 443 . % % 
eſt quoque x* + lar = — nx, ideõque —— major quam x. At verd eſt 


etiam lx + mmx n — , et conſequentèr » major quam x; quaie et nn 


majus erit quam &, et Inx majus quam . Atqui eſt * + Au + mms = 
25. Ergo mx + lux + mmx majus erit quam #*, et æ major quam — — —_ 


— —_—_—— 


BA - 


- — — — — - — 
2 
S% . 2 — - — 
— — — — 


— 
WET 


* 


13 . 83 . 15 
Quare inventa eſt radix x æquationis propoſitæ eſſe major quam —————, at 


. \ ws © 
minor quam /, r et u. 


2 


PRor. 5. af — lu + me u = ©, 
Per tranſpoſitionem erit mme + N = Irs — af, ideõque / major quam x. 
mn 


Rurſds erit & + #n* = lx — mx, et per conſequens & major quam . In- 


venimus ergo, quamlibet duarum radicum æquationis propoſitæ neceſſariò 


r 


— 


- — — 


majorem eſſe quàm =, et minorem quam /, Sed, per tranſpoſitionem, eſt 


* 2 * 5 * 
quoque & + mma = Ixx — , et conſequenter xx majus eſt quam —— » Quare 


g 
i 
l 
be 


2 —— 


et x major crit quam . 


Prop. 6. 4 + lex — mm + #* = 0. 
Per tranſpoſitionem erit * + lx = mn — , ide6que x major quàm 


#3 3 0 mm « J 
. Similitèr erit x? + 7 = mx — lex, et per conſequens * major quam x. 1 


Rurſds erit [xx + n = mmx — &, et conſequenter m major quàm x. Inve- 
nimus ergo, quamlibet duarum radicum æquationis propoſitæ neceſſariò majorem 


_—— — 


8 


— 
— 


eſſe quàm =, ſed minorem quam — et m. 
Paop. 7. 2 — Hx — mmx + * = o. 


Per tranſpoſitionem erit x* — lx = um — . Unde patet, fi x æqualis 

: 15 . 
eſt ipſi i qudd tune quoque x ipſi ——eſt æqualis. Ideoque, ſi / zquatur ipſi 
2G 2 22% 


2 WC, — — 2 — — = * 


2 
* * 
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- "44 =D 
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. m3 . . * . 
* hoe eſt, ſi lum fit = 7, una radicum æquationis propoſitæ æquabitur fin. 

. . $73 : ; 93 | . . 
gulis terminorum i ct —— ; et'fi [i et —, ſeu lum et n,] icaequales fuerint, neutra 

118 711,48 
ex duabus radicibus æquationis propoſitæ poterit eſſe inter hos terminos. Quia 
» * » % . - * 3 . 
videmus, cam æ majoreſt quam /,tum quoque æmajorem eſſe quim-* et fi minor 
_ 
N 1 4 . 8 13 
eſt quam /, tum fimiliter x minorem eſſe quam . 
mn 


Sed, per tran[pofitionem, eſt etiam x mmx =- . Hinc, ſi ax æquetur ipſi 
> 113 pe 0 3 13 
mm, erit quoque xx =—-. Ideoque, ft fuerint hi termini mm et — αquales, hoc eſt, 
lum = i, una radicum æquationis propoſitæ major erit unoquoque termi- 
. 13 . . 
norum æqualium m et V; et, fi inzquales fuerint, nevira duarum radicum 


#2quationis propoſitæ erit inter duos ex his terminis, 


Prætereaà, per tranſpoſitionem, eſt quoque x3 + “ = xx + mr, 1deoque I + 
mn x majus quam a?, et lx mm majus quam xx. At x exit reals, et vel æqualis, vel 
major, vel minor quam m, fi æquatio propoſita fuerit realis. Et, fi æqualis fuerit 
vel major quam m, erit et /x+mx majus quam xx, ac per conſequens /+ major 
quam x. Quod fi autem x minor fuerit quam u, multo magis / + n major erit 
quam x. Porrò ex hàc eadem æquatione conſtat, quo.l e + mmy etiam majus eſt 
quam 5. Hinc cum /+ m major fit quam x, ideõque A + me majus quam/ey; erit 


c 


n 
I + Im + mm 
mus igitùr, quod quzlibet radicum æquationis propoſitæ major eſt quam 


13 — 13 
FERRIS © multo major quam „ 


Denique, quoniam / + m major eſt quam x, ſi major fuerit x quam m, erit 
inter hoſce terminos / + M et m. Quod fi vero m major eſt quam æ, inveni- 
mus, quod [xx + mmx eſt majus quam n; hinc lu + mmx multo mags erit 


. Inveni- 


quoque /lx + Imnx + mmx majus quam , et x major quam 


„at minor quam f + . 


3 F 

. * 3 5 2 > % n — 4 ” 
majus quam ; adeoque x major quam —— ey conſequenter x majo 
g * 


quam minor horum duorum terminorum et 
Im + mm 


* Hac ſeptima propoſitio mihi videtur minds perſpicue explicari ab auctore quam propoſitiones 
quz illam antecedunt. Conabor itaque eam paulo fuſids exponere, ut concluſiones auctoris de li- 
mitibus radicum æquationis propoſitæ x3 — [xx = mmx + #3 = 0 2 lectoribus plenè intelligantur, 
et rectè deduci percipiantur, 

Haec #quatio æ& = lxx — mmx ＋ A = © non eſt ſemper poſſibilis, quæcunque fit magnitudo 
termini noti, ſeu abſoluti, #3, ſed tantim quando ifte terminus non excedit certam quandam fini- 


tam magnitudinem z—cam, ſcilicet, quæ eſt maxima magnitudo ad quam quantitas trinomia I + 
. * 
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mma = x5 creſcere poteſt dum x creſcit a nihilo ad magnitudinem quam habet quando x? fit == 
ler + mmx, et pro-inde wx fit = /x + mm, et ax = Ix fit = mm, Et, ſi terminus * fit æqualis 
ili certæ finite magnitudini, æquatio propoſita v3 I = mmx + n3 = o, ſeu quatio inde deri- 
vanda mmx + la — 43 u, habebit tantim unam radicem, quæ erit magnitudo quam habet x 
quancd quantitas trinomia mma le — 43 eſt maxima que eſſe poſſit; quam magnitudinem quan- 
titatis xy vocemus NMI: et, ſi terminus 23 fit minor iſtà certà finità magnitudine (que erit =mm M 
+ [MM — M3,) æquatio propolita a3 Ax + mma + 15 = o, ſeu rquatio mmx + rx = © = 
15, habcbit duas radices, quarum minor crit minor quautitate M, major autem erit ia quantitate 
major. „ "I 
His poſitis, (quz ab auctore ſubintelligi videntur) conferenda eſt radix æ primùm, quantitaty 
note I, ſeu co- eſſicienti quantitatis xw in lecundo termino, Irs, equations propoſitæ 15 — Lev — 
mm 4 u = o; et, deinde, quantitati „, ſcu radici quadratæ quantitatis notæ mm, que et co- 
efficiens quantitatis x in tertio termino, mw, &quationis propot® ; ct, tertid, quantitati u, feu 
radici cubicz quantitatis note #3, quz «ft quartus terminus aquationis propofite ; ut ex his colla- 
tionibus derivare poſſimus quaſdam notas quantitates que fint limites duarum radicum propolite 


equationis; 
Imprimis ergo ponamus unam ex duabus radicibus eſſe zqualem quantitati 7, Et erit 


x3 — /xx = o, et pro-inde quantitas quidrinomia a3 -= Ire — ume + = crit = = u 
+ #3, Sed quantitas quadrinomia x3 — {rx — mmx + A tl = O. Ergo quantiias binom'a 


_ mma + , ſeu 3 —- mmx, erit etiam = o, et mu erit = 13, et x erit = —=;, hoe 
1m i 


. 


eſt, ſi unus ex duobus valoribus quantitatis x fiſt æqualis quantitati / erit etiam ægualis 
13 | ** 


* . * bag n3 . % % . 
quantitati — , et pro-inde / erit = —. Unde ſequitur, & converſo, quòd, | / fuerit = , feu 
m n mm , 


7 mM 
Imm fuerit = n3, una ex radicibus æquationis propoſitze 43 — xx = rmx + u o crit acqualis 


. . | . — n3 . . . * . . . o . 
quantitati I, ſeu quantitati _ Hæc eſt concluſio prima auRoris, in tribus primis lineis texts 


ejus declarata. | 
Oſtenſum eſt quod, ſi una ex radicibus x fit = /, quantitas binomia a3 -le erit = ©, et quan- 
titas binomia mma — u erit pariter = o. Ergo, fi eadem æ fit major quam J, quantitas +* exit 
major quam Jrx, et pro-inde quantitas m crit major quam #3; aliter enim quantitas quadrinomia 
a5 = Ixx — mma + 13 non eſſet = nihilo, ut in æquatione propoliti »* — H = mme + 43 = © 
413 


ſupponitur. Ergd in hoc caſu quantitas x, quæ major eſt quam 1, erit etiam major quam —. 
m m 


Et, fi eadem radix x fit minor quam „, et pro-inde x* eſt minor quam [xx, addatur utrinque æqua- 
tion! propoſitæ 2 Ixx -m + 8 = © quautitas binomia lan -=; et erit — r = 13, teu 
, . 5 8 : = 
13 = mma, lam &=; et pro-inde mmx erit minor quam #3, et æ erit minor quam ; hoe eſt, 
mm 


3 


\ . * . * . n 
quando una ex duabus radicibus æ eſt minor quam , erit etiam minor quam —. Et ha&c eſt con- 
i mm 


cluſio ſecunda auctoris, in lineis 4, 5, 6%, et 544 textfis ejus declarata. 

Secundo loco, conferendæ inter fe ſunt una ex duabus radicibus x æquationis propoſitæ & = /:.x 
—mmx + n = © et quantitas , ſeu radix quadrata co-efficientis mm. Hoc vero ficri poteſt modo 
ſequente. 

Ponamus hanc radicem x eſſe = mz. Et habebimus x* = mmx, et x3 — mmx = o, et 4 — lex 
] + 3 = — [xx + 13, ſeun*— H. Sed x3 lar n TA eſt = o. Ergo n Ixx exit 


2 . . * 13 * 13 . . 
etiim = ©; et pro-inde /xx erit = 1, et xx erit = —; et xerit= 7. Ergd, fi æ eſt S m, erit etiàm 


l 
; * : -. We; 
æqualis VT» et pro-inde V erit = m, et I erit = am. Unde ſequitur, è converſo, quod, fi 


3 
mm ſit æquale —— ſeu Imm ſit æquale a?, una ex Cuabus radicibus æ erit = m. 


Pouamus jam x eſſe majorem quim m. Et erit æ& major quim mmæ, et a = mma + m3 erit 
| major 


* o 5 — — * © 5 - 1 - 1 - 
1 2 2 4 
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major quam #%, Addatur jam utrinque æquationi propoſitæ a3 — /xx — mms + 15 = o quantitas 
[xx ; ct habebimus x3 = m + n* = /xxz, Auferatur jam utrinque quantitas #?, quæ oſtenſa eſt eſſe 
minor quam a3 —- mma + 15. Et erit x3—=mms = lex -. Ergo Lox eſt major quam ui, et pro- 


inde xx major quam - et x major quam VI. Ergd, quandd xeſt major quam m, erit etiùm ma- 


: 13 
jor quàm r 
Sit jam x minor quam . Et erit x* minor quàm mm. Addatur jam utrinque æquationi pro- 
poſitæ x* = e mm + n* = © quantitas binomia mma — x*, Et erit — [xx + 25, ſcu n - /ax= 
- 3 3 
mmax— *. Ergd lxæ eſt minor quam , et xx minor quam —, et x minor quam 1 Ergd, 


3 
quandd x eſt minor quam m, erit etiam minor quam =. 


3 
Ergd, fi um non fit = —, ſeu ſi lum non fit = n3, manifeſtum eſt radicem æ non jaccre inter 


3 3 
quantitates M et / ＋ ſed, fi major eſt quam , majorem eſſe etiàm quam VT» et, ſi minor 


3 
eſt quam , minorem eſſe etiam quam . Et be concluſiones veræ ſunt, five x fit major ex 


duabus radicibus æquationis propoſitæ x* = [xx = mmx + #3 o, five fit minor ex iiſdem radici- 
bus. Et hoc, ut opinor, eſt id quod intelligi volebat autor his verbis in lineis 1 ima et 4298 hujus 


3 
-timz Propoſitionis, ſcilicet, Et, fi incequales fuerint [quantitates m et VV » neutra radicum 


duarum equationis propoſite erit inter duos ex his termints,” quæ tamen adhuc mihi aliquantulùm 
obſcura videntur, niſi forte aliquis præli error in ea fit illapſus, 

Tertio loco, conferendæ inter ſe ſunt una ex duabus radicibus æquationis propoſitæ a3 —I:x— 
mma + 13 = © et quantitas u, ſeu radix cubica quantitatis note x3, Hoc autem fieri poteſt modo 
ſequende. 

utrinque æquationi propoſitæ x3 — lxx - mr + u = © quantitas binomia [xx + mmr, 
Et erit & + #3 = /xx + 27x. Erit igitùr quantitas binomia [xx + mms major quam +3, et pro- 
inde quantitas Ix + mm major quam xx, Sed æ erit neceſſarid aut æqualis quantitati , aut illa 
major, aut illà minor, Si fuerit æqualis ip: m, vel ipſa major, erit / + | X x, ſeu Iv + mx, 
major quam æ X x, ſeu xx; et pro-inde /+m erit major = x, 
od, ex eadem æquatione a3 +n3 = Ixzx +mmx conſtat quod xx I mmæ eſt major quam 23. 
Sed 1+m eſt major quam æ, ide6que n] x le, ſeu Iiæ Alux, eſt major quam æ x /x, ſeu ls. 
Ergd lx + !mx + mms erit major quam xx + mmy, et pro-inde major quam a3. Ergd in hoc caſu, 
. .* . * * . * 3 

ſeu ſi x fucrit æqualis ipfi u, vel ip{a major, x erit major quam fractio "7 = 8 

Sed ante oſtenſum eft qudd /+m erat major quam x, Ergd radix x æquationis propoſitæ x? 


15 , 
IR ſed minor quam /+m, Ft 


hoc erit verum de utraque radice æquationis propoſitæ x3—/xy—mmx + n* = © que fuerit aut 
zequalis ipſi m, aut ip!a major. 
Denique, fi x fit major quam , quantitas x babebit alios quoque limites, nempe, 1+ m et m. 


— lzx mm + 15 = © erit major quam fractio 


Quod ſi verd m ſit major quam x, quantitas /mzxerit major quàm lxæ, et pro-inde lx + mma erit ma- 
jor quam xx + mmx. Eſt verd Irx + mmx major quam 28. Ergd, quandd n elt major quam x, quanti- 
13 


Im + man 

Hi ſunt limites duarum radicum x æquationis propoſitæ x3 = Ixx — mmx +n3 o ab auctore 
inventi in hac ſeptimà propoſitione, fi ejus mentem recte ſim aſſecutus: quod tamen me omnind 
ſeciſſe vix auſim affirmare. F. M. 


tas Imx + mmæ erit, a fortiori, major quam n3; et pro- inde x erit major quam fractio 


CAPUT 
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De Aguationilus quatuor dimenſionum, ſecundo et tertio 
termino carentibus, 


Proy. 1. af * — , += o. 


* . A 2 4 
Per tranſpoſitionem eſt x* = xx — , 1deoque x major quam *. Sed, per 
tranſpoſitionem, eſt quoque p* — x*, et conſequenter #* major quàm &i, 
ac n major quam x, Ergd utraque radix x æquationis propoſitæ major erit 


4 * 
quàm _ at minor quam u. 


PRoP. 2. af Fix — =0 


Per tranſpoſitionem eſt * — , = p*, ideõque x* major quam , et x ma- 
jor quam u, et nur major quam r. Sed eſt quoque x* — p* = wx, ided- 
que x* major quam p*, et x major quam p, et ppxy major quam p*, At, per 
tranſpoſitionem, eſt etiam xx + p* = . Ergo nnsx + pprr major erit quam 
*. Hinc, divisa utraque parte per xx, erit xx minor quam n + pp, et x minor 


quim y/mn + pp. Invenimus igitar, quod radix æquationis propoſitæ eſt 


major quàm u et p, ſed minor quam +/nn + pp, ac pro-inde multo minor 
quam u ＋ p. 


Por. 3. * + ix —p* = 0. 


Per tranſpoſitionem erit x* = p* — rx, ac per conſequens 2 major quam x. 
dimiliter erit z*%x = p* — x*, et conſequenter p* major quàm a*, et p major 
quam x, et p* x major quam x*, Sed eſt prætereà * + 7x = p, ideõque pix 
+ u major quam -, et x major quam 


a Invenimus itaque, quod ra- 


di . . * % * 8 * 
x æquationis propoſitæ eſt major quam 377772 at minor quam m et p. 


CAPUT 
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CAPUT W.. 


De Aquationibus quatuor dimenſionum, in quibus tertius 
et quartus terminus deficiunt. 


Prop. 1. af — [x * þ gf o 


Per tranſpoſitionem eſt x* = + /x* — pf, ideõque x* major quam 2, At 


vero eſt etiam p* = 1 — x*, et conſequenter / major quam x. Invenimus 
188 5 280 unaquæque duarum radicum æquationis propoſitæ eſt major quàm 


. E, at minor quam 1. Hinc, quoniam ? major eſt quam x, et /x* major 


quam p“, habebitur xx major quam p., et conſequentèr xx major quam 27 —, 


et x major quam =, 


ProP. 2. — {x #® =p = o. 


Per tranſpoſitionem eſt * — {if = of, ideõque x major quam i. Similiter 
r [7 et conſequenter * major quam 7 < et x major quam p, ac pro- 
inde pas major quam p*, Sed eſt etiam 4 + p* = af, Ergo Ix* + px* ma- 
Jor erit quam &, et} + p major quam x. Iavenimus igituͤr, quod radix x 
æquationis propoſitæ major eſt quam / et p, at minor quam / + p., 


Paop. 3. * +I * p go. 


Per tranſpoſitionem eſt x* = - , ideõque 2. major quam x?, Similiter 


eſt I = p* — x*, ac per conſequens p major quam x, et p1® major quam x“. 
Atqui eſt etiam af + þ* = p*, Ergd /* + px? major erit quam p*, et x* ma- 


4 EW . . . . . 
Jor quam 1er Quarè invenimus, quod radix x æquationis propoſitæ major 


eſt 
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eſt quam V c , ſed minor quàm p et VC. . Tacillimè verd evitantur 
extractiones Fes d cubicarum, ſumendo terminos paulo majores aut minores, 


4 
proùt neceſſitas requirit. Atque in hoc caſu, quoniam æ major eſt quam 2 2 


Ir 
. x "P84 "WEIS : x 8 
et Þ major quam x, erit pxx major quam -—, et xx major qua 7 
: 2 
major quam / 4 55 7 Prætereà, quandoquidem — major eſt quam a5, erit 


"Mm : 5 : ' . n - : 
_ major quam x*, et /zpx major quam i, quia p major eſt quam x. Atqui 


eſt * + /x* = . Ergo 2 + br major erit quam .:. Hinc, multiplicatà 


utraque parte per /, et dried per pp, habebitur ppx + /Ix major quam pp, et 


_ip_ 


x major quam —-— 7 


De æquationibus quatuor dimenſionum, in quibus ſecundus et quartus ter- 
minus deficiunt, nihil addimus : ſiquidem illæ ad quadratas referuntur, ita ut 
ipſarum limites codem modo quo quadratarum inveniri poſſint. 


CAPUT: vi 


De Aquationibus quatuor dimenſionum, ſecund? 
termino carentibus, 


ProP. 1. af * — mmax + #x — = 0. 


Per tranſpoſitionem erit x* nme = p* ir. Unde apparet, quod, | 


: ; RE f 4 
fuerit xx æquale ipſi mm, hoc _ x = m, etiam x ipſi * ſit æqualis futura. 
Ideõque, fi fuerit M æqualis ipf £ L, hoc eſt, m3 = pf, radix x æquationis pro- 


-; et, ſi inæquales fuerint, una- 


poſitze æquabitur ſingulis terminorum m et * 


Vol. VI. 2H quæque 


— 
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quæque radicum æquationis propoſitæ, five unam five tres habuerit, ſemper 
crit inter duos hõſce terminos. Prætereà cognoſcitur, fi duo hi termini fuerint 
æquales, hoc eſt, ww = pf, ſubſtituto mr loco p“ in æquatione propofita, 
[que tunc fiet * * — m + nx — m = o, ] eaque divisa per x -- ,“ fore, 
ut non poſlit habere aliam radicem realem preter m. 


Prop, 2. 41 + mm - ix —þ = 0. 


Per tranſpoſitionem habebimus à* - , = p* — mmxx. Unde conſtat, fi x 
1 os 5 6 | p* 
æqualis fuerit ipſi a, fore ettam xx = . 3 hoc et, 2 = &/ — aut ; et, 
mn mm m | 
. * 5 . Et. «qe 

fi fuerit » = /—— aut M, tunc radicem æquationis fore æqualem cuilibet 
horum terminorum; et, fi inæquales fuerint, tunc eam neceſſariò futuram inter 

1 , ES 3 
hoſce duos. Idem demonſtrabitur de duobus reliquis p et 2 nempe, ſi fue- 


rint æquales, radix æquationis propoſitæ æquabitur unicuique illorum duorum; 


* Hzxc Diviſio perfici poteſt modo ſequente. 


x =- ) — mmxx + n — mn ($3 + mg* + 13 
a+ — ma* 


* + mas — mm 
+ nur — mmæx 


— — 


* * Tur — mn 
＋ nx — ns 


* ” 

Patet ergo quod quantitas quadrinomia &“ = mmxy + 13x — mm3 dividi poteſt accurate, five fine 
ullo reſiduo, per quantitatem binomiam vv , et quod quotiens .inde orta erit quantitas trinomia 
x3 + mx* + a. Sequitur gitar & converſo, quod quantitas iſta quadrinomia poteſt generari 
ex multiplicatione quantitatis binomiæ x m in quantitatem trinomiam * + mx? + x3, Sed 
quantitas quadrinomia a* « — mmxx + n*x — mn3 eſt æqualis nihilo. Ergd neceſſe eſt ut una 
ſaltem ex dusbus quantitatibus à -n et x3 ＋ ma* + , (ex quarum multiplicatione quantitas qu: 
drinomia æ&4 + — mmxx + 1x = mn3 orietur,) fit etiam æqualis nihilo. Sed quantitas trinomia #3 
+ mx? + x3 (que eft ſumma trium quantitatum *, xzx*, et n3,) non poteſt eſſe æqualis nihilo; 
quantitas vero xy — m (que eſt differentia duarum quantitatum æ et ,) poteſt eſſe æqualis nihilo, 
nempe, fi quantitas ablata m fuerit æqualis quantitati x, a qua aufertur. Ergò quantitas binomia x 
n erit æqualis nihilo, et pro-inde quantitas x erit æqualis quantitati ; hoc elt, quantitas mt 
erit radix æquationis & * = mmyx + 2x — mn* = o, et hæc æquatio, ſeu æquatio propoſita 
a* + = mmax + :*x - p* = o, in hoe caſu, in quo m3 eſt = p, nullam aliam radicem habe- 
bit pꝛæter ipſam m. Q. E. D. 


F. M. 
ſin 


DE LY\MITIBUS ZQUATIONUM, 235 


ſin ine quales, neceſſariò conſtituetur inter duos, tranſpoſiid, ſcilicet, æquatione in 
hunc modum, à“ — p = . — H *, 


Pgaop. 3. * = l — 1x f“ = 0. 


Per tranſpoſit ionem erit a. — mwax = z3x + , ideõque xx major quam mm, 
et x major quam m, et , major quam mmxx. Sed eſt etiam x4 1 = mmxx + 
*, ideoque as major quam , et x major quam u, et . major quam z*#, Eodem 
modo eſt x* — p* = mmxx + , et conſequentèr x* mayor quara , et x major 
quam , et fx major quam pi. Atqui, per tranſpoſitionem, eſt quoque mire + 
nx + þ* *. Quare m + 1 + pa major erit quam x*, et 2 + # + P 
major quam x. Confimili ratione demonſtrabitur, quod mme + t + pf 


* Quoniam enim * = 5 eft = ny = mmxx, ſequitur qudd, fi x+ fit æqualis p*, et pro- inde 
quantitas binomia * p fit æqualis nihilo, quantitas binomia a — ma erit ctiam aqualis 


22 . , 1 ä 
nihilo, et pro- inde a0 erit mmax, et n = mmrx, et * = 8 hoc eſt, fi v fit =p, erit etiam = 


3 3 3 
— ide6que _ erit = p. Ergd, è converſo, fi —5 fit = p, vel 3 fit = um, radix x æqua- 
3 | ; 3 
tions propoſitæ a* + mmay — n — p* = © erit = þ, vel —, 

Porrd, quoniam a* , eft = 73x = mmer, ſequitur qudd, fi 44 fit major quam p, erit ax 


. . P 0 3 = * . 
major quam zwmxx, ideoque, fi x fit major quam p, erit 1755 major quam x ; hoc eſt, radix x exit 


. . . "= 3 3 1 
mediæ cujuſdam maguitudinis inter p et _ ſeu p et 22 erunt ejuſdem limites, ut ab auctore 


affirmatur, 


Denique, fi x fuerit minor quàm p, et pro-inde x* fit minor quam p, quantitates binomiz a* 
et n*x — mmxx fient impoſlibiles, ſed earum loco babebimus quantitates binomias, . — x* et 
mmxx — nr, quz erunt inter ſe æquales. Nam, fi in hoc caſu addamus utrinque zquationi pro- 
polite al + mmay = 23x — pt = © quantitatem binomiam p — ++, habebimus æquationem 
m = nx = p* = x*, in qua & eſt minor quam mmxx, et x* eſt minor quam p*; et pro-inde 
8 
— erit minor quam x, et & erit minor quam ; hoc eſt, radix x eſt media cujuſdam magni- 


OE” Wes 3 
tudinis inter et p, ſeu 2 et þ erunt ejuſdem limites, ut ab auctore affirmatur. 
mm mn 
| Q. E. D. 


F. M. 


2 H 3 major 


* IE wn Eo 
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. oY 4 . a . . 
xx major quam — hoc eſt, x major quam . Invenimus ergò quamlibet ra- 
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major erit quà n a“, et conſequenter mm + un + pp major quam xx, laveni- 
mus ergo, quod radix x propoſitæ æquationis major elt quam m, u, et pr at 


minor quam m + # + p, et Humm + m + pb. 


ProP., 4. 4% + mm + 7x = pþ* = ©, 


Cc 


; | he Es 
Per tranſpoſitionem eſt x* + mmxax = p* — fx, ideoque 5 major quam . 


Similiter eſt x* + x = p* — mmxx, ac per conſequens 25 major quam x, 


eſt, _ 


hoc major quam x. Atqui eſt quoque mmxx + #*x = p* — x*, et con- 


ſequenter 5. major quam x*, ac ↄ major quàm a, et p* x major quam a, nec non 
mmpa major quam mmxx, Sed eſt etiim x* + mmax + 1*x = p*. Quare pr 
+ mmpx + 1*x major eſt quam p-, ac per conſequens, divisa utraque parte per p* 


. . . . 5 þ* 
+ mmp + , erit radix x propoſitæ æquationis major quam Frag Fd at 


minor quam 2, Ar, et p. 


PRoP. 5. „ — mx + 3x TD = ©. 


Per tranſpoſitionem eſt u' + p* mx — af, ideõque mm major quam 
xx, et m major quam x. Similiter eſt & + p* = mmxx — x, et conſequenter 


. % 1 N 
x major quam —, Prætercà eſt x* + x = mmxx — pe, ac per conſequens 


. 8 8 5 15 g f 
dicum æquationis propoſitæ majorem eſſe quam — et FP. , at minorer 
mm m 
quam 7. 
* Quoniam enim a eſt major quam u, erit an major quam *] et, quoniam & eſt major quam 


P, erit har major qu am 5. Ergo quantitas trinomia mir + nnaxx + hp erit major quantitate 
trinomia mmæar + nx + , atque ideò major quam a“. Q. E. D. 


F. M. 8 


PROP. 
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PRor. 6. xt * ＋ mun& — 1. + Fa = 0. 


i 0 
Per tranſpoſitionem eſt at + minxx = 15 — 15 ideõque x major quàm Pi 


73 13 5 A 
Sed eſt etiam x* ＋ p* = wx - mmxx, ac per conſequens — major qua n x. 


Similiter eſt * + mmxx + p* = , ideõque = major quam , et 2 major 


quim x. Invenimus ergo quamlibet duarum radicum æquationis propoſitæ 


. * * 2 % 13 
majorem eſſe quam , at minorem quam — et u. 


PRor. 7. ** — m — #*x + p = 0. 


Per tranſpoſitionem eſt & — mmxx = nx — pf, Unde patet, fi xx zquatur 


a 4 
ipſi mm, hoc eſt, x m, eandem x fore æqualem ipſi 2 ac per conſequens, 


fi faerint termini hi m et 25 æquales, erit una radicum æquationis propoſitæ 


æqualis ſingulis ipſorum; et ſi inæquales fuerint, neutra duarum radicum 
4 0 0 . 2 4 
æquationis propoſitæ poterit eſſe inter illos duos m et — 
Eodem modo, per tranſpoſitionem, eſt æ - =mmxx = . Unde ſimilitèr diſ- 


cimus, fi àæ quatur ipſi , hoc eſt, , fore etiam xx = £”, hoc eſt, x = 22. 
3 P mn 4 * 


Ide6que, fi hi termini ꝝ et bw tuerint æquales, una ex radicibus æquationis pro- 


polite æquabitur ſingulis eorundem terminorum; fin vero inæquales fuerint, 
nulla radicum æquationis propoſitæ inter illos duos conſtituta erit, 


Prætereà, per tranſpoſitionem, eſt x* + p*=mmxx , ideoque mx +#*x major 
quam &, et mmx + n* major quam &. Porro, fi propoſita æquatio elt realis, erit 
x realis, et æqualis, vel major, vel minor quam . Si tuerit æqualis vel major, 
erit mmx + unx major quam a*, et mm + in major quam xx, hoc eſt, x minor 
erit quam Hum + nn, Si fuerit x minor quam , minor etiam erit quam 


Vnn + un. Quare patct, quamlibet radicum æquationis propoſitæ neceſ- 
{arid 


- CY — 
— — — — — 
— — — — — 


— 
_ — — 
——r eo—_—__ 

—— 


2 


. a. = ts — 


* 
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ſarid minorem effe quam Wmm + . Denique, exiſtente * + p* = max 
+ 7x, erit ſimiliter mer + 3x major quam . Er, quia inventa «| 


4 mim + un major quam x, erit conſequenter mmx Vmm + un major quam 


mmxx, ide6que mme a mm + 14 + nx major quam p*, et 'w major quam 
* 
mma/ mm + nn, + 13 
quam quælibet duarum radicum equationis 'propoſiiz. Atque ita, modo 
# Potitz le- [ ſequenti capite ] obſervato propoſitione ſeptimi, demonſtrari poteſt, quo. x 


Quarè inventus eſt terminus unus major, et alter minor, 


gendum vide- 
tur in preee. major eſt quam minor horum terminorum a et — . 
dente capie. | | minnu + A 


Quoniam * + p eſt = mmzr + r, quantitas binomia mmxx + 1 erit major quam p34, 
Ponamus qudd radix æ fit minor quam a, et quæramus ejus limites in hoc caſu. 


Quoniam x eft minor quam n, erit m minor quam mnæ, et quantitas binomia mmxx + n; 
minor quam quantitas binomia mmnx + x3z, Sed quantitas ee + u eſt major quam 8, 
Ergd, à fortiori, quantitas mmns ＋ #3 erit major quam h et pro-inde x erit major quam frac- 
p* 


mmn + n *? ſeu 


tio 5 0 = ER igitùr æ in hoc caſu minor quam u, ſed major quan fractio 


4 
et n ſunt ejuſdem limites, ut in auctoris textu affirmatur. 


mmm + #5 | 
Q. E. b. 


hex du quantitates 


F. M. 


CAPUT 
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CA Ur Valk 


De quationibus quatuor dimenſionum, penultimo 
termino Ccaren!ibus, 


PRor. 1. ** — [x* -- MMI *% — * ==> Os 


Per tranſpoſitionem eſt x* — A = pt— mmxx, Unde conſtat, fi x eſt æqualis 
* 4 * - . . 
ipſi I, etiam vr æquari — hoc oft, x = _ ; Ideoque, fi / zqualis eſt ipfi , 
hoc eſt, Im = pp, erit radix æquationis propoſite æqualis ſingulis terminorum 
let EE; et, fi fuerint inæquales, unaquæque radicum æquationis propoſitæ, 
m 


five unam, ſive tres habuerit, ſemper erit inter hos terminos; ſed, fi fuerint 
æquales, hoc eſt, Im = pp, et limm , ſubſtituto m loco p“ in æquatione 
propoſità, .eaque divisa per # — /, cognoſcemus in hoc caſu non haberi aliam 
radicem veram præter /, | 


H c diviſio erit hujuſmodi. 


x = I) & - + mmax + = mm (as + mmx + lam 
** — [x3 mmxx x = l/mm 
EIS + mmas * 


+ mmxx — lmmx 
* IT Immx —= lun 
+ Immax — Umm 


—_— 
— 


* * 


Patet igitùr qudd quantitas quadrinomia à = /x3 + mmæx * =— mm dividi poteſt accurate, 
five fine ullo reſiduo, per quantitatem binomiam x — /, et quòd quotiens inde orta erit quantitas 
trinomia x + mmx + lum. Sequitur igitùr, è converſo, quod quantitas iſta quadrinomia poteſt 
generari ex multiplicatione quantitatis binomiz x I in quantitatem trinomiam 43 + mma + 
im. Sed quantitas quadrinomia ++ — x3 + mmarcx * — lum eſt æqualis nihilo. Ergd neceſſe 
eſt ut una ſaltem ex duabus quantitatibus x — / et x* + mmx + Imm, (ex quarum multiplicatione 
quantitas quadrinomia à — [x3 + mmax *« = [mm orietur,) fit etiam æqualis nihilo. Sed quan- 
titas trinomia x3 + mma + mm (quæ eſt ſumma trium quantitatum x3, mma, et lum, ) non poteſt 
eſſe æqualis nihilo quantitas verd binomia x - (quæ eſt differentia duarum quantitatum x et /,) 
poteſt eſſe æqualis nihilo, nempe, fi quantitas ablata 7 fuerit æqualis quantitati a, à qua aufertur, 
Ergo quantitas binomia x — / erit æqualis nihilo, et pro- inde quantitas x erit æqualis quantitati /; 

oc eſt, quantitas J erit radix equationis x4 — [x3 + mmxx = — lum = ©, et hec equatio, ſeu 
*quatio propoſita * — [x* + mmxx * - p = © in hoc caſu, in quo lum eſt = p*, nullam aliam 


radicem habebit præter ipſam J. Q. E. D. 


Por 
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PRop. 2, * + [i — mmxx — go. 


Per tranſpoſitionem eſt a — mi. = p* — Ae. Unde conſtat, fi fuerit 

* 4 1 17 3 Ry 4 
n. 75 æquari ipſi x; ideoque, fi duo termini et / C. + 
ſint æquales, erit radix æquationis æqualis ſingulis horum terminorum ; ſin 


vero inzquales fuerint, erit illa neceflariv inter duos. Similiter, per tran(- 
poſitionem, eſt a. = p* = mmxx — hk, Unde diſcimus, quod fi x æqualis eſt 


ipſi , fore quoque eam æqualem ipſi : ideõque, ſi termini p et F quan- 


tur, erit radix æquationis æqualis unicuique illorum; ſed, fi inæquales fueriat, 
erit illa neceſſariò inter utroſque conſtituta, 


PROP. 3. af — A — m cr * — f* o. 


Per tranſpoſitionem eſt a* — 15 = mmxx + , ide6que x major quam /. 
Sed et, per tranſpoſitionem, eſt a. — mmay = la + pt, Ideoque x major quam my 
et mas major quam mx. Similiter, per cranſpoſitionem, eſt a“ — pf = s + 
2mxx, ideõque x major quam p, et pa? major quam”. Preterea, per tranſpo- 
ſitionem propoſitionis, elt /x* + mmxx + . = af, 1deoque Ii + ma* + px 
major quam a*, et I + m + p major quam x. Quarè invenimus - png x 
æquationis propoſitæ majorem eſſe quàm i, n, et p, at minorem quam 1 m + 
p. Dc<nique, per tranſpoſitionem, eſt x* = /x* + mmxx + #7, idcoque x* 1 
quam A + mmxx, et xx major quam /x + mm. Atqui demonſtratum eſt ſu— 
periùs x majorem eſſe quam , ac pro-inde i minorem elle quam Ix. Multò igitùt 


magls ax major erit quam /] + mm, et x major quàm VI + mn, Non diſſi- 
mili ratione demon ſtrabitur, quod x major eſt quam Y + 2*, Vn gr, 
et SV mipp + þ* *. 


* H concluſiones demonſtrari poterunt hoc modo. 
Imprimis demonſtrandum eſt, quod x erit major quam Vl + 5, ſeu radix quadratica radicis 


quadraticm quantitatis binomiæ /+ + p*, Hoe verd ita demonſtrari poteſt. 


Oſtenſum eſt ſupra quò l * ſt = quantitati trinomize I 4 mer 4 0. Er it ergd major qui an 
quanti! as binomia I + p*, Sed x elt. major quam J. Ergo les erit major quam / x , feu , © 
e erit major gran 4 * 1 Ergo quantitas x*, que major eſt quantitate binom!a hes 2 


5, ent, a tortiori, major quam quantitas binomia “ + „ect pro- inde x erit major q An 
* 
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PrOP. 4. 


Per tranſpoſitionem eſt a = p* — mmxx, ideoque erit 


„ + 15 + um xx “ — ff = ©, 


p* 


— — 
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major quam xx, 


et N. major quam x, Similiter eſt * + mmxx = p* — , ac per conſequens 
m 


p major quam x, et pry major quam &, et //pp major quam 4s. Sed, per 


tranſpoſitionem propoſitionis, eſt etiam x* + {x* + mmxx = . 
* 


5 . . | % 4 . % 
lpxx + mmaxx major erit quam , et xx major quam Th + =s 


* 
Þþ % + mm 


quam / 


major quam 4, ideoque 


* 


Quare ppxx + 
„et x major 
At verd, exiſtente * + Ix* + mmxx = þ*, erit quoque 


* x 1 3 Pp . % 
＋ major quam a, et / C. = major quam «. 


SEP, ſeu quarta radix quantitatis binomiæ [+ + , ſeu, ſecundùm notationem auctoris 
in textu, quam / , ſeu radix quadratica radicis quadratice dictæ quantitatis Þ + . 


Q. E. v. 


Secundo loco demonſtrandum eſt, qudd x erit major quam f + pf, ſen radix quadratica 


radicis quadratic quantitatis binomiz m* + . Hoc v ita demonſtrari poteſt. 


Quoniam æ eſt æqualis quantitati trinomiæ /x3 + mmxx ＋ , erit major quam quantitas bi- 


nomia mma + p. Sed » eſt major quam m. 


Ergd mmux erit major quam mm x mm, ſcu mf, 


et pro-inde mmax + þ* erit major quam m* + pt, Ergd quantitas &, que major eſt quam mmxx 


+ , erit, à fortiori, major quam -* + p; et pro-inde x erit major quam 74 + , feu 
quarta radix quantitatis binomia m* + p, ſeu, ſecundum notationem auttoris in textu, quam ras 


dix quadratica radicis quadratice dictæ quantitatis m* + * Q. E. D 


Tertio loco demonſtrandum eſt, quod x erit major quam Vn pb + Þ*, ſeu radix quadra- 


tica radicis quadraticz quantitatis binomiæ mmpp + pt, Hoc vero ita demoattrari potett, 


Quoniam x* eſt æqualis quantitati trinomiz I + mmex + h, erit major quam quantitas hi- 
nomia mmær + . Sed x eſt major quim p. Ergo mms erit major quan mmpp, et pro-inde 


quantitas binomia mmay + y erit major quam *quantitas binomia mmpp + . 


Ego quantitas 


v, quæ major eſt quam mmax + , erit, à fortiori, major quam mmm + ; et pro-inde exit 


major quam u + *, ſeu quarta radix quantitatis binomiæ mnpp + e, ſeu, ſecundhm 


auctoris notationem in textu, quàm unpp + þ*, feu radix quadratica radicis quadratic 


dictæ quantitatis mmpp + p4, 
F. M. 


Vor. VI. 


Q. E. D. 


21 


In venta 
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* 
77 IÞ + mn? - 


Inventa igitùr eſt radix x zquationis propoſitæ major quam V t 


. © 7 4 
minor quam 2, . — et p. 


ProP. 5. * — e + mmxx* + ff = o, 


Per tranſpoſitionem eſt mmxx + p = l — x*, ide6que / major quam x. 


Deinde eſt * + pt = s — mmxx, ac per conſequens x major quam . Præ- 
terea eſt x* + mmax lx — pf, ac pro- inde & major quàm . et x major 


quam / C. 2. Invenimus igitùr, unamquamque duarum radicum æqua— 


— % 4 . % 
tionis propoſitæ majorem eſſe quam et VC. , at minorem quam i. 


PRor. 6. a* + [if = mmax* + N = ©, 
Per tranſpoſitionem eſt af + p* = mmxx — I, ideõque 32 major quam x. 
Deinde eſt /x* + p* = mmayx — x*, ac pro- inde m major quam x. Preterci 
eſt * + I = mmxx — P, et conſequenter xx major quam 25 hoc eſt, » ma- 


jor quam E. Invenimus er d, unamquamque duarum radicum æquationis 
Jor q — 80, quamq 9 


propoſitæ majorem eſſe quam £2, at minorem quam et m. 


PROP, 7. * — [ff — mmxx* + pf = o. 


Per tranſpoſitionem habebimus x* — x = mmxy — p. Unde patet, fi & 


æqualis eſt ipſi J, ipſam x quoque fore æqualem ipſi £ z et per conſequens, fi 


* 1 5 .* . . . 0 
fuerint termini / et == zquales, erit una radicum æquationis propoſitæ zqualis 


ſingulis illorum ; et, fi fuerint inzquales, neutra duarum radicum æquationis 


propoſitæ poterit eſſe inter illos duos conſtituta. Eodem modo per tranſpoli- 
tionem 
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7 
5 
..4 
4 
: 
i 
iT” 
* 


tionem eſt af — ma , — pf, Unde ſimilitèr conſtat, ſi fucrit x æqua- 


* 


| 
lis ipſi n, fore quoque x æqualem ipſi V C, 2 ; ide6que, fi zquales fuerint 
met VC. 2, una radicum æquationis propoſitæ æqualis erit cuilibet horum i 


terminorum æqualium; et, fi fuerint inzequales, nulla radicum æquationis pro- 
poſitæ erit inter illos duos conſtituta. Porrò, per tranſpoſitionem, eſt quoque 
* + p* le + mmex; unde A + mmax major erit quam a*, ct & + mm 
major quam xx. Jam, f fuerit æquatio propoſita realis, erit x vel æqualis, vel 
major, vel minor quam m, et / + mn major quam x, Quod f fuerit x minor 
quam n, multo magis ipſa minor erit quam / + m. | 


Deinde ex cadem æquatione * + p* = 1x + max etam conſtat, quod 3 
+ mmxx major eſt quam . Atqui inventa eſt / + M major quam x. Frgo 
xx + /mxx major erit quam I, et /lxx + Inxx + mmcxs major quam , 


* : 2 : ; . 
ideoque xx major quam | fy ne Hinc, cum //xx + 2/mex mx 


multò major fit quam , erit quoque per conſequens /x + mx major quam pp, 


et x major quam » . Quare invenimus quamlibet duarum radicum æqua— 


[+ m 
tionis propoſitæ majorem eſſe quam / et =, at minorem 
POP 9 * 1 + lm + mm (Tn 


quam / + m. 


Cæterùm, quoniam invenimus, quod x neceflarid eſt minor quam / + my; 
patet, 6 x ſupponitur major quam n, eam fore inter hos terminos / + m et 
m. Quod fi n fuerit æqualis aut major quam æ; quoniam i + ume major 
p* 


To 4+ mm 


eſt quam 27, erit et Im + mmxx major quam , et xx major quam 


: i 55 ; . "Ip 
et x major quam 4/ 2 Quarè unaquæque duarum radicum æquationis 
2 


propoſitæ major erit quam minor duorum terminorum ] et / ————, at 
| Im + mm 


; 
4 
. 
. 
— 
LI 
7 
5 
Y. 
"Y 
N 
I 
* 
11 


minor quam / + m. 


5 * 
_ —— —-s8 — 
— —ä— — ; 


2 | 2 CAFEUT 
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CAPUT K. 


De limitibus Mquationum quatuor dimenſionum, tertto 
termino carentium. 


ProP. 1. &* — * + *r — 5p = ©. 


Per tranſpoſitionem eſt x* — A = p* — . Unde patet, quod fi x qua. 


lis eſt ipſi J, fore quoque x zqualem ipſi =; ideoque, fi fuerit / æqualis ipſi 
25 hoc eſt, lu = pf, radix æquationis propoſitæ æqualis erit ſingulis termi- 


4 . * 
norum / et = et, ſi fuerint inæquales, unaquæque radicum æquationis pro- 


poſitæ, ſive unam, five tres habuerit, ſemper erit inter hoc terminos. Præ- 
tereà cognoſcimus, quòd, fi fuerint hi ultimi termini æquales, hoc eſt, In = 

+ ſubſtituto in æquatione propofita I loco p, et, divisa æquatione per x — 1“, 
ipſa non poſſit alam habere veram radicem quam /, 


* Hec diviſio erit hujuſmodi, 
x — ) & e + 1x = ln (a* + 23 


** — [x3 
LO * + nx — [43 
+ nx — In 
* - * 


Patet ergd qudd quantitas quadrinomia & = Ir; & + #3x = {a3 dividi poteſt accurate, ſive 
fine ullo reſiduo, per quantitatem binomiam x — /, et quod quotiens inde orta erit quan- 
titas binomia x3 + 5. Sequitur igitàùr qudd quantitas ifta quadrinomia poteſt generari ex 
multiplicatione quantitatis binomiæ x — / in quantitatem binomiam x3 + x3, Sed quantit?s 
quadrinomia & — Ix3 K + 1 — Is eſt æqualis nihilo. Ergo neceſſe eſt ut una ſaltèm ex dua- 
bus quantitatibus binomiis # — / et & + x3, (ex quarum multiplicatione quantitas quadrinomia 
a* — [13 *# + nx — 1 orietur,) fit etiam æqualis nihilo. Sed quantitas binomia «3 + #3 
(quæ eſt ſumma duarum quantitatum x3 et n3,) non poteſt æqualis eſſe nihilo ; quantitas verd 
x — | (que eſt differentia Cuarum quantitatum x et I,) poteſt eſſe æqualis nihilo, nempe, fi quan- 
titas x fuerit æqualis quantitati J, que ab illa auferenda eft. Er;d quantitas binomia x — / erit 
zqualis nihilo, et pro-inde quantitas x crit æqualis quantitati J; hoc eft, quantitas / erit 1adix 
equationis 4 = [x3 * + u — Ins = o, ct Gia æquatio, feu æquatio propoſita a* — 1 


4 
* + n*x = 7 = © in hoc caſu (in quo ! eſt = 5 „ ſeu Ius eſt = p) nullam aliam radicem ha- 
bebit præter ipſam /, Q. E. D. 
F. M. 


P rOP. 
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Pnor. 2. * ＋ „ „% So. 


Per tranſpoſitionem eſt x* — wx = p* — /x*, Unde conſtat, fi x æqualis 


eſt ipſi u, fore quoque & = 2—, hoc eſt, x = VC. 2 ; et, ſi fuerit a æqua- 
lis ipſi / C. 2, radix æquationis æquabitur ſingulis horum terminorum; et, 


ſi fuerint inæquales, erit neceſſariò inter duos. Deinde, per tranſpoſitionem, 
eſt K — p* = ix — i. Unde patet, fi fuerit x æqualis ipſi p, fore quo- 

3 =: 1 3 
que ax = >, hoc eſt, x = > 3 ide6que, fi fuerit p æqualis ipſi V, 
radix æquationis propoſitæ æquabitur ſingulis horum terminorum, et, fi fuerint 
inzquales, erit neceſſariò inter utroſque. 


Prop. 3. * — (ff = Mn —þf = 0. 


Per tranſpoſitionem eſt x* — /x* = u + p*, ideoque x major quam J. 
Eodem modo eſt x* = 7x = l + pf, ac pro-inde x major quam , et nx 
major quam . Similiter eſt af — pf u + wx, idcõque x major quam p, 
et yr major quam 54. Sed, per tranſpoſitionem, eſt quoque /x* + nr + p* = x, 
Quare * + na? + px? major erit quam x*, et I + # + p major quam æ. 
Ergò invenimus radicem x #quatio1!s propoſitæ majorem efle quam 1, u, et p, 
at minorem quam / + # + p. Porro ex hac æquatione /x* + nx + pf x 
etiam conſtat, quod /a + x eſt minor quam a“: et, quandequidem inveni- 
mus / minorem efle quam x, erit x minor quam , 1dcoque *x + #*x mud 
minor quam a, et major quam /5 + . Non diflimili ratione demonſtra- 


bitur, quod x major eſt quam W WF + feat Vl + * 


* Eft enim * æqualis quantitati trinomiz 1x3 + 2 + , et pro- inde eſt major quam {x3 
Þ+ 55. Sed weft major quam J. Ergò 1x3 erit major quam J x , ſeu , et pro-inde 143 + * 
erit major quam + p', Ergd quantitas &, (quæ eſt major quam /x* + ,) erit, a fortiori, 
major quam /7* + , et pro-inde x erit major quam , + p', ſeu, ſecundùm notationem auc- 
toris in textu, quam / 44 + , ſeu radix quadratica radicis quadratice quantitatis binomize 
. Q. E. D. 

Porrd eſt etiam quantitas æ major quam a + p', Sed » eſt major quam J. Ergò n3x eſt major 
quam / ſeu Ius, et nz + p' eft major quam 13 + p*, Ergo quantitas #', (que major eſt quam 
ny + b,) exit, A fortiori, major etiàm quam ns + N et pro-inde æ erit major quam 4 (i +Þ', 
ſev, ſecundim notationem auctoris in textu, quam / + p, ſeu radix quadratica radicis 
quadratic quantitatis binomiæ 943 + h. D. 


Pgor. 
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Proe. 4. „ + [x T —p* Fo. 
a TINS 9 : 
Per tranſfofitionem eſt a. + A = pf — #*x, ideoque Lon major quam x, 


Eodem modo eſt x* + ix = p* — {x*, ac pro-inde La major quam a®, Si- 


militer eſt & + nx = p* — af, et per conſequens p major quam x, et px 
major quam x*, ac /ppx major quam /a®, Sed, per tranſpoſitionem propoſitionis, 
elt quoque * + A + n'x D. Quare p + /ppx + 1x major erit quam 


7, et x major quam 7 5 "I Et ſic inventa eſt radix x æquationis pro- 
4 * . | * 4 
poſitæ major quàm 77 5 was at minor quam * i. Lok et p. 


Proe. 5, «„ — nr +pt = 0. 


Per tranſpoſitionem eſt wx + P = I — KN, ide6que / major quam *. 
Deinde eſt x* + p* = 1 — x; quare erit xv major quam ＋. hoc eſt, x ma- 


jor quam V LR Sed eſt quoque K + mx = /x* — , ideõque x* major quim 


4 . 4 4 GS * % . 

. et x major quam C. *. Quarè invenimus, quod quælibet duarum ra- 
. . . *%\ ht % 3 6 

dicum æquationis propoſitzz neceſſariò major eſt quam y/ * et C. at 


minor quam /, 


Proy. 6. af + I = #x + 5 = o. 


Per tranſpoſitionem eſt * + p* = rx l, ideoque ＋— major quam &##, 
hoc eſt, x minor quam 4/ ＋. Deinde eſt * + 1 = mx — , ide que x 
major quam TAR Prætereà eſt * + p* = ns — ', et idcirco n* major 
quam x, hoc eſt, x minor quam n. Ergo invenunus, unamquamque duarum 


. . . bn % 4 — % 
radicum x æquationis propoſitæ majorem efſe quam 2. at minorem quam 


3 
vV _ ct N. 
PROP, 
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Proe. 7. a* —/f* „ + f = ©. 


Per tranſpoſitionem habebimus & — ' = ix — . Unde patet, fi x 


æqualis eſt ipſi I, fore quoque x æqualem ipſi 2: et per conſequens, ſi fue- 


wy 4 3 "230 
rint hi termini / et £ æquales, hoc eſt, In = p*, una ex radicibus æquationis 


* 
propoſitæ æquales erit ſingulis horum terminorum æqualium / et LY et, fi in- 
æquales fuerint, neutra duarum radicum æquationis propoſitæ poterit eſſe inter 
ipſos. 

Deinde, per tranſpoſitionem, eſt af — ix = I — pf, Unde ſimili 
modo patet, fi x æquatur ipfi u, ipſam x quoque æquari iph / C. 2 ideõ- 


que, fi termini hi » et / C4 æquales fuerint, una radicum æquationis pro- 


poſitæ æquabitur ſingulis horum terminorum æqualium; et, fi fuerint inæquales, 
nulla radicum æquationis propoſitæ erit inter utroſque. 

Porid, per tranſpoſitionem, eſt quoque x* + p* = /x* + ns, ideoque {x3 + #? 
major quàm a*, et {xx + is major quam a, Jain, fi fuerit propoſita æquatio 
realis, erit æ realis, et vel æqualis, vel major vel minor quam m. Quod fi fuerit 
æqualis vel major, erit /xx + u major quam xo. Sin vero minor fit, erit x 
mulio minor quam /+ x. Quare utraque duarum radicum propoſitæ æquationis 
neceſſarid minor erit quam / + 2. 

Quin et exiſtente * + p* = If + mx, erit quoque /x* + wx major 
quam p“. Atqui invenimus / + majorem eſſe quam x, ac pro-inde // 
+ un + 2/n majorem q àm ax, et = + In: + 2//n majorem quàm x, nec 
non x + lins + alu majorem quam a. Ergo Px + lunx + 2/Inx + Fs 


e e , . 4 
major erit quam pi, et x major quam ＋ E Et, quandoquidem 


cubus ex I + 1 major eſt quam /* + n + n + , multo magis erit # 


major quam p* diviſum per cubum ex / + n. Invenimus itaque quod quæli- 
bet duarum radicum æquationis propoſitæ major eſt quam . diviſum per cus 


bum I E 7 A 
ex! + n, ut et major quam 1 at minor quam I ＋ 2, 


Prætereà, quoniam 7 + » major eſt quam x, fi ſuerit x major quam u, erit neceſ- 
ſari) 
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ſarid inter hos terminos I + = et u. Qudòd ſi vero » fuerit vel æqualis vel 

major quam x, quia A + M major eſt quam , erit et /nyx + wx major quam 
N 4 p* > 6 . . . : 

E, et x major quam — Fer- Ac pro- inde quælibet radicum æquationis pro- 


poſi itz major erit quàm minor horum terminorum # et —— — er, at minor 


Inn + 
quam / + #, 


CAPU I K. 


De limitibus Aquationum quatuor dimenfionum, in quibus aulas 
terminus deeſt. 


PRor. 1. * — [x + mx — wx + N = 0, 


Per tranſpoſiti tionem eſt +? + wx = = af + mmxx + , ide6que IF + 1s 
major quam , et lar + 7* major quam a*, Jam, fi ſuerit propolita æquatio 
realis, erit et x realis, et vel æqualis vel major vel minor quam 7, Quod fi 
fuerit æqualis vel major, erit Ar + ur major quam a“, hoc eſt, / + u major 
quam x, et æ minor Guam / + n. Quod fi a fuerit minor quam n, multo igithr 
mag1s minor erit quam / + . Ergo x neceſſariò ſemper minor erit quam / + 
2. Deinde ex cadem #quatione 4 ＋ Wax = of + um + p- conſtat, eſſe 
A majorem quam p*, Sed inventa eſt 7 + A major quam æ, ac per con- 
ſequens Ii + "mm + 2/4 major quam xx, et Px + me + 2/Inz major quàm . 
Quare erit /*x + /nnx + 2/lnx + W major quam p*, et x major quam 

p* 
B + nm + z T 
+ 2% + #*, multo mags erit x major quam p* diviſum per cubum ex / + ». 
Inventus eſt naque terminus unus major et alter minor quam unaquæque ra- 
dicum æquationis propoſitæ, five hæc duas five quatuor radices habuerit, Pre- 
terca, quoniam invenimus, quod / + # ſemper major eſt quam a, fi ponatur » 
quoque major quam ; manifeſtum, eſt eam eſſe inter duos terminos / + » et 


his 


; et, quandoquidem cubus ex I + x major eſt quim * + Inn 
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. Qudd ſi autem fuerit æqualis vel minor quam , quoniam eſt I + ix 


. % 2 5 2 — > =. - , f 3 n 
major quam p*; erit laut + H major quam *, ideoque y major quam => 
Ergd unaquæque radicum propoſitæ æquationis, (five duas, five tres habuerit,) 


3 
major erit quam minor horum duorum terininorum et 7 e 4 minor 


quam / + 2. 


ProP. 2, * —- n + ume + 1x + ff = ©, 


Per tranſpoſitionem eſt mmry + 1x + p* = u = x*, 1deoque / major quam 


*. Similiter eſt * + 1x + p* = u — mmxs, ac idcircò x major quam — 


Plætereà eſt x* + mmax + p* = a — n, ac per conſequens xx major quam 


LAY Denique eſt a* + mu + ix U — p*, et confequenter & major 


4 
quam = . Quarè invenimus, unamquamque duarum radicum æquationis pro- 


poſitæ majorem eſſe quam — 7 2. / — - , et + c. 2 at minorem quàm /, 


PRor. 3. * — I — mmax — x + þ* = 0. 


Per tranſpoſitionem eſt i + mmax + wx = x* + p*, ideoque I + nm 
+ ur major quam 44. Jam, fi propoſita æquatio fuerit realis, erit & realis, 
et vel æqualis, vel major, vel minor, quam maxima duarum » et n. Quiod ſi fu- 
erit æqualis vel major, erit Ix* + mA + nx* major quam , et/ + m + z 
major erit quam x; et magls, fi 3 x minor quam maxima duarum m et n. 
Quare / + m + 2 erit neceſſariò major quam wx. 


Preterea m erit aut æqualis, aut major, aut minor quamy. Quòd fi fuerit æqualis 
aut major, et quidem x major quam , erit radix æquationis propolitz 1 inter hoſce 
terminos m +7 et m. Quod fi, exiſtente m quali aut majore quam u, tim 
m fit æqualis vel major quam x; erit et /mmsx + M + n Æqualis aut major 
quam i + mm + #*x, ac per conſequens major quam p*; ide6que x major 

4 
quam * - r Unde, fi fuerit m vel æqualis vel major quam , erit x 
* 
Imm + m* + 1 3 
et, ſi n fuerit major quam m, conſimili ratione demonſtrabitur x etiam neceſ- 


Vol. VI. | ; 2 K ſarid 


neceflarid major quam minor horum duorum terminorum m et 


— 


3 


2 1 n 


— 22 23 + 


1 


- F 
TT” Pm — CC 

* * 

d = * 


” 8 22 


— 


To — 
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—— 1 

lun + mmn + 13 * 

yenimus ergo unamquamque duarum radicum æquationis propoſitæ majorem 
4 


4 
Imm + m* +n* ? 


ſarid majorem eſſe minore horum duorum terminorum et In- 


eſſe minore horum terminorum et fi m vel æqualis vel major 


4 


Þ 8 
un Lm Tn : ſi n major ſit 


quam m; at vero ſemper minorem quam / + m-+ u. 


fuerit quam ꝝ; aut majorem minore duorum et 


Pgor. 4. a* — A — mer + * + p = o. 


Per tranſpoſitionem eſt x + mmxx = a* + wx + p, ide6que 4 + mmxx 
major quam x, et lx + mm major quam xx. Jam, fi fuerit propoſita æquatio 
realis, erit et x realis, et vel æqualis, vel major, vel minor, quam m. Quòd 
ſi fuerit æqualis vel major, erit /x + mx major quam xx, et / + m major quam 
x; et multo mags, fi fuerit x minor quam m. Ergo x neceſſariò minor erit 
quim / n. Unde, fi fuerit àæ major quam m, erit inter hoſce terminos / + n 
et n. 


Qudd fi x fuerit vel æqualis vel minor quam , quandoquidem et 1 
+ mmer major eſt quam p*, erit Ina + mmex major quam p* z ideoque av 


, : 5 
, et x major quam V * 


þ$ X\ : | 
{19g . Quare quælibet duarum 


radicum æquationis propoſitæ major erit quam minor duorum terminorum . 


major quàm 


þ* - 8 
0 . 
et - I as: at minor quam [+ m 


Proe. 5. „ + I + mmax — n ＋ p = o. 


Demonſtrabitur ex tranſpoſitionibus requiſitis a fore majorem quam x*, ideõ- 


. . i 0 . © . a3- - 8 
que n majorem quàmæ; et zx fore majorem quam s, ac pro- inde - majorem quàm 


. * — | 0 
xx;z et denique fx fore majorem quam p, et per conſequens x majorem quim — 


Invenimus icaque terminum unum minorem ſingulis radicum æquationis pio— 
poſitæ, at verò duos alios majores. 


* Quoniam enim quantitas trinomia /x3 + mmxx + n*x eſt major quim 54, ſequitur quod, f 
mn ſit major quam x, et n fit major quam , et pro-inde lunæ major quam /mmx et, à fortiori, 
major quam /x3, et mmnax major quam mmmæ, et, à fortiori, major quim mmxr, quantitas trinomia 
Innx + mmnx + 1x erit major quam quantitas trinomia /x3 + mmax + n, et, à fortiori, major 


quam pi, et pro- inde quantitas x erit major quam fractio p Q. E. D, 


Inn + mmn n 


PRoy, 
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Prop. 6. at + 1 — um — rx + þ*f = 0. 


Per tranſpoſitionem eſt ] + ix = a + A + pf, ideogue mmer + my 
major quam a*, et mmx + 1* major quam x. Jam, fi fuerit propoſita æquatio 
realis, erit x realis, et vel æqualis, vel major, vel minor, quam #. Quòd fi fu- 


erit æqualis vel major, erit mmx + mv major quam a, et mm + un major 
quim x; et multo mags, fi fuerit x minor quam . Quare erit «nm + nn 


ſemper major quam x, et x erit inter terminos Wm + un et u, fi major eſt 
quam n. Quod fi fuerit æqualis aut minor quam , quoniam eſt mmxy + x 
major quam , erit quoque mmix + u major quam , ide6oque x major 

4 


quam i fer- Ergo quelibet duarum radicum æquationis propoſitæ major 


DTS: rr — — 


——— — 


* © @ 4 . % 
erit quam minor horum duorum terminorum a et , at minor quia 
mmm + n* ? 


— 


22 


V mm + uu. 


Prop. 7. * + 1 — mer + M + = ©. 


Factis tranſpoſitionibus requiſitis, demonſtrabitur eſſe x minorem quim m et 


5. . \% n3 
, at majorem quam — et A . 
/ 9 n m m 


* Naw, fi addatur utrinque æquationi propoſitæ a+ + [x3 = mmax ＋ n*x + 54 = o quantitas 
mx, habebimus æquationem x* + [x3 + ud + p* = mmax, Ergo mmax erit major quam a7 
et pro- inde mm erit major quam xx, et erit major quam x, 


Sed et m erit major quam /x3; et pro-inde mm erit major quam ix, et — erit major quam 
*. 
Ei autem max major etiam quam n* ; et pro- inde mma erit major quàm 23, et x erit major 
13 


quam —. 
e 


Denique mmæx eſt etiàm major quim 4; et pro- inde xx erit major quam ” wack et x crit ma- 
mm 


1 


. ) 
jor quam . 
m 


3 : mm R 1 g : 
Erit igitùr æ minor quam m et ——_—_ at major quam Ar et i, ut in auctoris textu decla- 
ratur. Q. E. D. 
F. M. N 
2 K 2 Proe, 
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Proe, 8. «„ — bb + mmixx —= 1, — p = o. 


Per tranſpoſitionem eſt x* — /x* = mx + pf — mmxz, ideoque, ſi fuerit x* 
=o, ert x =}, et lu = x, et ix + p* = mmxx, ac pro-inde Ius + pf = 


mmxx, et x = a — 2. Unde patet, fi fuerit / = +2 hoe et, fi he. 


Nini 
beatur Ilmm = lus + p*; radicem æquationis propoſitæ fore æqualem ſingulis 


terminorum æqualium / et / e: ac idcirco, ſubſtituto in hoe caſu in 


equatione propoſita valore ipſius p*, nempe /Imm — li, ipſam efle diviſibilem 


Quod fi fuerit x* major quam I, hoc eſt, x major quam I, erit quo- 
que wx + p* major quam. mmxx; et, fi fuerit /x* major quam x*, hoc eſt, 
major quam x, erit et mex major quam wx + p* Jam, quandoquidem 
æquatio propoſita eſt realis, erit x realis, et vel æqualis, vel major, vel minor, 
quam p. Quod h fuerit æqualis vel major quam p, sitque major quam 7, quo- 
niam tunc x + p* quoque major eſt quam mmxx, erit et ad + h major 
quam mmxx, et 3 major quam x. Ergò in hoc caſu erit x major quàm 

mm 
3 
I, et minor quam EE, 
Quòd fi autem, x minori exiſtente quàm /, ipſa fit æqualis vel 
major quam p, quoniam et tunc 1 + p* minor eſt quim mmxx, eric 
#3 + þ 


ſimiliter 2 + r minor quam mmxx, et conſequenter ——— minor quam 


Sy Y E — — . 3 3 
Igitùr in hoc caſu erit x minor quim , et major quam -, \ 
4 S q 7 yor quam — Quare 
univerſaliter apparet, æquationem propoſitam non habere preter unam radi- 


cem realem iph I zqualem, cum eſt Ilm = Ins + ; modo quelibet radi- 
cum, (five unam, five tres habuerit,) tuerit ſemper neceſſarièò inter maximum e. 


3 * . 3 3 3 
minimum trium terminorum . =, et E. +, 
mm mm 
Por, 
Hæc Propoſitio fiet, ut opinor, mags perſpicua ſi plenids explicetur hoe modo. 
Aquationi propoſitæ x* = [x3 + mmxx — 1 - p* o addatur utrinque quantitas binomia 


1 + p. Et habebimus æquationem 4 = Ix* + mmax u + “ que poteſt habere aut 
unam 
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Proy. 9. * — If + mmax + - p = o. 


Per tranſpoſitionem eſt * — I = - ume — #*x, ide6que ſi fuerit * = 
*, hoc eſt, x , erit mmxx = — #x + N, et per conſequens mmxx = — #1 


+ P, 


unam ſolummodd radicem, aut tres radices, ſecundum varias magnitudines quantitatum I, , ny 
et p. 

Ponamus, primo, radicem x, fi ſit unica, vel maximam ex tribus radicibus, fi ſint tres, eſſe 
wqualem quantit#ti J. Et quantitas trinomia & — {x3 + mmax fiet in hoc caſu = o + mmxx, ſen 
ſol; termino mmx,y, et pro-inde ſolus ifte terminus mprxy erit æqualis quantitati binomiæ nx + . 
Erit autem in hoc caſu n = #3/, ſeu las, et pro-inde nx + h erit = /u* + . Ergd mr 
113 + þ* 

* 


(que eſt æqualis ipſi a + p4,) erit etiàm æqualis ipſi 1n3 + ., et pro- inde xx erit = 


in + + 0 
et x erit = — hoc eſt, quando x eſt æqualis 1, erit etiam æqualis / —— ct 


73 4 3 4 , 
a*T+ Þ — et Umm erit = In T p*, Ergo, 


pro-inde / erit one þ et I} erit = 
> converſo, fi mm fuerit = In* + 5, ſeu ſi mm — In? fuerit = p, radix x æquationis propoſitæ 
** — Ix3 + mmax — nx — p* = o erit æqualis J. Ergd, fi ſubſtituamus in hac æquatione quan- 
titatem um — lus pro quantitate p“, æquatio que inde orietur, nempe, æquatio &“ — [x3 + 


mmxx — nx  limm + 1:3 = o, erit diviubilis per quantitatem binomiam x - /. Hoc verd pa- 


tebit ex ipſa diviſione, quæ erit hujuſmodi. 


x = 1) „= + mmxz = n = nm + Is (x3 + mnx + Imm = 1 
& — [x3 
*. * «+ mmaxx — nx 
+ mmaix — Immax 


* + Imma - = limm + Ii? 
+ Imma - i - um + hs 


* * - * 


Patet ex hàc diviſione quod quantitas ſextinomia &“ - Ir + ume — n3x — l]nm + 1s dividi 


poteſt accurate, five fine ullo reſiduo, per quantitatem binomiam  — , et quod quotiens inde 
orta erit quantitas quadrinomia x3 + mmx + [mm — 13. Sequitur ergo, è converſo, quod quan- 
titas iſta ſextinomia poteſt generari ex multiplicatione quantitatis biuomiæ x = / in quantitatem 
quadrinomiam x3 + me + lum — 23. Sed quaititas ſextinomia * — [x3 + mmex — nx — 
Umm + las eſt æqualis nihilo. Ergo neceſſe eſt ut una ſaltèm ex duabus quantitatibus x — / et 
x3 + mmx + lum — n3 (ex quarum multiplicatione quantitas ſextinomia * — 1x3 + mmxx — nx 
— Ilmm + Ius orietur,) ſit etiam æqualis nihilo. Sed quantitas quadrinomia #3 + mmx + lun — 
13 (que eſt ſumma trium quantitatum #3, me, et quantitatis binomiæ Imm — n3, ſeu exceſſis 
quantitatis um ſuper quantitatem-n3, quæ eſt ipſa minor,) non poteſt eſſe æqualis nihilo; quantitas 
verd binomia x — / (queeſt differentia duarum quantitatum æ et /,) poteſt eſſe æqualis nihilo, nempe, 
{i quantitas ablata J tuerit æqualis quantitati æ a,qua aufertur. Ergd quantitas binomia x = / erit 
xqualis nihilo, et pro-inde quantitas # erit æqualis quantitati /; hoc eſt, quantitas J erit radix 


quationis 


N 


— 
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wo 3 Þ* _ =D 2 — ins N x CFE m 
et xx = — x = — u reo æqualis ef 
+ V, et xa — x Y Quod ft ergo / 2quialis el 
7 — In o 4 3 * N — 
V. „ hoc eſt, ſi fuerit lam = p* — lis, radix æquationis propoſitæ 
mn 


quationis &“ = 7x3 + mmxx — 1 - lim + 1 So, et hc æquatio, ſeu zequatio propoſita 44 
— {x3 + mmxx — 1x — 5 = ©, in hoc caſo, in quo //mm - Ius eſt = , nullam aliam radicem 
habebit prætèr ipſam J. Hic, ut opinor, eft ſenſus auctoris in primis octò liners hujus propoſitionis 
uſque ad verba, “ ipjam et diviltilew per à — J.“ 

Ponamus jam ſceundò, quod x* fit major qu àm 7x3, et pro- inde x major quàn /, et quæramus 
limites quantitatis x in hoc caſu. | 

Ofteaſum eſt ſupra quod u — a + nme eſt = niw + . Ergd, cum » eft major quan I, et 
a* major quam 1%, gquaititas trinomia a+ — [x3 + um crit major quam ſola quantitas mmxy, 
ct pro-inde quantitas 2 + p4# (quæ cſt æqualis quantitati 2 — [x3 + mm,) crit etiam major 
quam mm. 

Ponamus jam tert'd, quod x fit minor quàm 7, et pro-inde quòd a+ fit minor quam a3. Et 
quantitas trinomia 4“ — [x73 + rimax ent minor quam ſola quantitas max, et pro- iude quastias 
1 + þ* (qui eſt mqualis *“ — 1x3 + mmxx,) erit etiùm minor qui mma, 


Jam vero conferamus inter ſe quantitates x et ; quod fieri poteſt hoe modo. Quoniam ædun— 
tio propokita & — las + mmxx — 23 — j4 = o ſupponitur eſſe æquatio realis, ct non quat'o 
impoſſibilis, et pro- inde quantiias æ eſt quantitas realis et non quantitas impothbilis, neceſſ cut 
quantitas x fit aut æqualis quantitati p, aut ipſà major, aut ipſa minor. Si  tuerit æqualis ibu y, 
vel ipſa major, et fit major etiam quam , quantitas yx erit vel æqualis quantitati p“, vel ipla 
major ; et pro- inde quantitas binomia 2 + p*xerit vel qualis-quan' itati binomiæ »*x + pt rd 
ip!a major, ideòque erit vel qualis quantitati trinomiæ & — s + mmxx (que eſt = nix + 5 
vel ipſa major. Elt verò in hoc caſu {ob x majorem quam J.) quant itas trinomia &“ — e + mnvs 
major quam zmxx, Erit 1giihr quantitas binomia z*x + p+ major quam me, et pro-inde quan- 
; n* + þ* 
titas binomia n%x + p erit major quam mmxx, et us + p erit major quam mx, et * erit 
7m 
major quam x, Ergò in hoc caſu, ſeu cum x ct aut æqualis aut major quam p, et major quim 6 


PE + 5 173 + 5 
mm 


erit minor quam 3 pro- iude I et erunt ejus limites. 


rn 


gi veid x fit minor quàm J, et æqualis quantitati p, quantitas trinomia & = 1x3 + mmxx erit 

minor ſola quantitate »zmax, et pro-inde quantitas binomia nx + p4 (que eſt æqualis quantitati 

trinomiæ x* — [x3 + mmxzx,) erit etiam minor quam -mxx. Sed, ob x = p, quantitas pix crit = 

4 ct quantitas nb + px erit = A + p*, Ergd quantitas nx + h erit etiàm minor quam 
a 8 1 a 

mmær, et quantitas n* + p* erit minor quam mmy, et — erit minor quam x, Ergo in hoe 


caſu, ſeu cum æ eſt minor quam I ſed æqualis p, limites ejus erunt —..— et J. 


. 


Sed autor in textu dicit etiam quod, fi x fuerit minor quam , et major quam p, erit etiam 


3 
2 = — ut fit cum » eſt qualis ipſi p. Hoc autèm non mihi demonſtratum eſſe videtur. 


major quam 


F. M. 


æqualis 
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0 . o . . * 5 -In Jo . 4 . 
æqualis erit unicuique terminorum æqualium / et vV 3 idcòque, fi in 


hoc caſu in æquatione propoſita loco p* ſubſtituatur ejus valor, nempe lm + 
, apparebit ipſam dividi poſe per x — 4, atque nullam aliam radicem verain 
admittere præter /*, Si vero * fuerit major quam , hoc ett x major quam 
/, erit et p* major quam wmxx + AN; et contra, {i fuerit / major quam x, exit 
etiam meu + #x major quam *. Jam, f æquatio propoſita eſt realls, eric 
x realis, et vel æqualis, vel major, vel minor, quam #. Eſto igitar, quod x 


Nam, ſi in #quatione propoſiti 1* — [x3 + mmxx + n*x— þ* = o quantitas binomia //zmm + 
jus ſubſtituatur loco termini , hac æquatio fiet x+ = [x3 + mmxx + uy — lum — us = o, 
que dividi poterit accurate, ſcu line ullo reſiduo, per quantitatem binomiam x = { hoc modo. 


(major quam /) fit vel æqualis vel major quam u; quare, cum & p* tunc major | 
fit quam mmxy + ix, crit quoque p* major quam amm x; idcque { 
1 - AY 3 — a % O | \ 
major quam x. Quarè in hoc caſu erit x major quam , et minor 
mmn +13 is 
+ 3s 

? — _—_— 1 
8 mm + u pf 
; 

W 

\ 

i 


Mt 
ui 
1 
1 
0 
4 
ui 
| 


+ 


x — I) x* = Ix + mmxx + 1n*x = dum — In (4 + rmx + 2 + lum 
4 — [x3 


* * T＋umæxr + nx = 
+ mmax — lms 


* + n5x + lum lam = bi 
+ n*x im im — 188 


9—— — * 


* * * * 


Patet ex hac diviſione quod quantitas ſextinomia &“ = [x3 + mmxæ + n3x = Unm — % dividi 
poteſt accurate, five fine ullo reſiduo, per quantitatem binomiam x = , et qudd quotiens inde 
orta erit quantitas quadrinomia x3 + mmx + n* + lum. Sequitur ergd, è converſo, quòd quan- 
titas iſta ſextinomia poteſt generari ex multiplicatione quantitatis binomiæ x - I in quantita- 
tem quadrinomiam x43 + mmax ＋ a + /mm, Sed quantitas ſextinomia x* — [x3 + mmax + 
1% — lum — Ius eſt æqualis nihilo. Ergd neceſſe el ut una faltem ex duabus quantitatibus 
vel et x3 + ume + #3 + lum (ex quarum multiplicatione quantitas ſextinomia 4 — [x3 + 
mmxx + 1 — lum — Ius orietur,) fit etiam æqualis nihilo. Sed quantitas quadrinomia 
v3 + mmy + #* + Imm (quæ eſt ſumma quatuor quantitatum +3, mme, 1, et lum, ) non poteſt 
eſſe æqualis nihilo ; quantitas verd binomia x — / (que elit differentia duarum quantitatum x et 
/,) potelt eſſe zqualis nihilo, nempe, 6 quantitas ablata J fuerit æqualis quantitati x, a qui au- 
tertur. Ergd quantitas binomia x — / erit æqualis nihilo, et pro-inde quantitas x erit æqualis 
uantitati J; hoc eſt, quantitas / erit radix æquationis a* = [x3 + mmax + nx — Imm — n 
= ©, ct hæc æquatio, ſeu æquatio propoſita &“ — [x* + mmxz + n*x - p* = © in hoc caſu, 
n quo l þ+ In* eſt = , nullam alam radicem habebit prætèr ipſam /; ut in textu auQtoris 
Leclaratur. Q. E. D. 


F. M. 


Quail 
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Quod f x, cam major eſt quam 7, minor fuerit quam #, erit et 7“ 
major quam mr + , ideoque multo major quam mmxa * unxæx, et 


« * . 5 7 X 1 
conſequentier — Am xx, et — 1 . Quarci 
quemèr -—= —= major quam xx, et V — 75 major quam x Quare in 


5 


mim + un 


hoc caſu x erit major quam , et minor quam V 


Qudd fi verd x, cùm minor eſt quam , vel æqualis fuerit vel major quam , erit 


mmxx + Nx major quam i, ideõque mmæx + nnxx major quam pi, et xx major quam 


5 % * 3 L . . oY 
Tap et & major quam V Ergo in hoc caſu erit x minor quam /, 


. > . 
a : — —. 
et major quam / — — 
Poſtremd, chm x, minor quam /, etiam minor fit quam u, erit 
mmax + x major quam p, et mmix + ns multo major quam , et 
4 


per conſequens x major quam + Tegitir x in hoc caſu, minor erit 


* 


mmm + n 


mmn + 13 


quam I, et major quam 


Quæ cum ita ſint, conſtat univerſaliter, æquationem propoſitam non habere 
nifi unam veram radicem, quæ æqvalis eſt ipſi /, quando eſt mm = p* — I, 
modo unaquæque radicum, (five unam tantùm, five tres, habuerit,) fuerit ſem- 


per neceſſariò inter maximum et minimum trium terminorum /, 8 
1¹ 


D* 


mm + un * 


PROP, 
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PaoP. 10. af — n — mmm — * — p* = ©, 


Factis neceſſariis tranſpoſitionibus, demonſtrabitur, quod x major eſt quàm , 
m,n, et p. Deinde erit quoque, per tranſpoſitionem, & + mmax + nx + p* 
= , et per conſequens I + ma? + nx + px major quam af, et / + n 
+ p major quam æ. Porro, quoniam eſt x* = [x* ＋ mmxx + *x + pf, erit 
a* major quam A + mmrxx, et xx major quam ir + mm, 1deoque multo ma- 


is x major erit quam / + mm et Vim + mm. Similitèr, cum x* major fit 
quam /xx + mmx + , erit multo magis major quam /* + mn? + , Þ + 
imm + s, et amm + , et fic de reliquis terminis, quos ſubſtituere licet loco 
x*, minores quam x*, Sic x* major eſt quam * + m* + , et quam m* + rt 
+ pf, et ſic de reliquis. Prætereà, quoniam x major eſt quam » et p, et 4 
+ mm + #*x + p eſt = , erit * + mmxx + unxx + ppxx major quam x*, 
ide6que [x + mm + un + pp major quam xx aliqua quantitate z quæ quidem 
quantitas, etiàmſi fit incognita, fi appelletur zz, habebitur Ix + mm + mn + pp= 


xx + z2 *, Quantitas autem hæc incognita zz neceſſariò minor erit quam mm + 
nn + 


In hic Propoſitione, fi mentem auctoris rectè ſum aſſecutus, correctiones quzdam ſunt ne“ 
ceſlariz, et ratiocinia que continentur in lineis 14, 15, 164, et ſequentibus uſque ad finem pro- 
poſitionis, incipiendo a verbis hiſce, Quantitas auttem hc incognita zz, poterunt plenids et clarius 


exhiberi verbis ſequentibus. 


uantitas autèm hac incognita zz neceſſarid minor erit quam quantitas trinomia ½m + n# + pþ. 
Nam, fi eſſet æqualis quantitati iſti trinomize, auferendo ex duabus partibus oppoſitis æquationis præce- 
dentis lx + mm + un + pp = xx + zz quantitates æquales mm + nn + pp et zz, haberemus equa- 
tionem /x = xx; quod fieri non poteſt, quia ſupri eſt oſtenſum quod & eſt major quam /, Si verd 
xz eſſet major quam quantitas trinomia mm + nz + pp, auferendo ex duabus partibus oppoſitis 
æquationis præcedentis [x + mm + un + pp = xx + zz, quantitates inzquales, mm + an + pp 
ct 22, nempe, quantitatem minorem mm + nn + pp à prima ejus parte, et quantitatem majorem 
a à ſecunda ejus parte, reſiduum xx ex ſecunda ſubtractione profectum foret minus quam reſi- 
Cuum /» profectum ex prima ſubtractione; quod fieri non poteſt, ut jam obſervatum eſt, quoniam 
ſupra eſt oſtenſum quòd x eſt major quam /, Ergo zz eſt neceſſariv minor quam quantitas tri- 
nomia mm + un + pp. Auferatur jam utrinque in æquatione /x 4+ mm + mn + pp = Xx + zz 
quantitas Iv; et habebimus æquationem um + xn + pp = xx + zz - Is, Jam vero, quoniam 
oſtenſum eſt quod zz eſt minor quam quantitas trinomia mm + nn + pp, auferatur utrinque in 
*quatione mm + un + hp = x# + zz = /x; et habebimus æquationem mm + un + pp = zz = 


* — In, ſeu xx — Is = mm + in + pp = zz. Ergd, addendo utrinque quantitatem _ erit 


quantitas trinomia xx - I + _— = quantitati quinquinomiæ — + mm + nn p , et 


; 1 3 
pro- inde quantitas binomia æ — ＋ exit = = + mm + nn + þþ = z%, et quantitas x exit 


"Vas. VI 2L 4 


6 — 
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un + fp; nam alias, ablatis ex duabus partibus æquationis præcedentis quantita- 
tibus æqualibus, aut ablata minori quantitate ex prima et majori ex ſecunda, efict 
reliqua /x aut æqualis aut major quam xx. Quòd foret ablurdum, quandoquiden 
x demonſtrata eſt eſſe major quam J. Quarè habemus hanc equationem xx = /x 


+ um Tin + pp — 22, quz erit realis, eritque x = #/+V pl+mm Fun T pp. 
Manifeſtum verd eſt, quòd 4// + mm + un + pp major eſt quam 4% 4- mu 
+ mn + pp — 22. Ergd T V + mm + un + 5h major erit quam x, 
ideõque Y + mm ＋ un + pp multo magis major erit quam x; ita ut radix 
propoſitæ æquationis neceſſariò fit inter V/ + mm et 1] + y44l+mm + m4 Pp. 


ProP. 11. af — [ff — mmxx + x —#f = o. 


Per tranſpoſitionem eſt a* — 4 — m = p* — MK. Unde, fi fuerit . 
— e — mmxx = o, hoc eſt, omnibus per xx diviſis, xx — [x =mm = 0, erit 
quoque p* — #x = 0. Hoc eſt, ſi fuerit ax = Is + mm, vel x = Y + 
V Li un; erit et p* = u, vel x = . Quare conſtat, fi fuerit 5 — 


r + mmm, radicem æquationis propoſitæ fore æqualem ſingulis termino- 


tum æqualium 2 et Þ + VI mm. 


— fl : 1-8 
NEW — + * — + mm + nn + pp — zz. Scd quantitas 1 + mm + un + hh eſt major quan 


quantitas <> + mm + nn + h — R, et pro-inde =/ — + mm + 1 ＋ þþ elt major quam 


ll 7 'Y 
[= + mo + 00 + ETON OW nn V[> + mm + wn + 27 eſt major quim —- + 


— 


4 — + um + nn + þþ = 221 atque ided major eſt quam x. Ef igithr x, ſeu radix zquationis 


propofiz x* — [x3 — mmxx — i — + o, major quam V + mm, ſed minor quam — + 


—c 


ve + mm + 7n + hp, ut in auctoris textu declaratur, 


F. M. 


Qudd 


DE LIMITIBUS ZQUATIONUM, 259 


Quòd fi fuerit x* major quam r + mmax, hoc eſt, xx major quam 
ls + mm 3 erit p* etiam major quam , hoc eſt, Lt major quam x. 
Jam, exiſtente xx majori quam ir + mm, erit xx = Is + mm plus 
aliqui quantitate, Hæc autem quantitas, etiamſi fit incognita, vocetur 
zz : et tunc habebitur xx = I + mm + zz, et x = YU + NJ + nm + Zz, 
 erſtque x major quim / + V + mm. Quare in hoc caſu erit x minor quam 


2 et major quam 31 + Y + mm. 


PE 

Quod fi fuerit x* minor quam /x* + mar, hoc eſt, xx minor quam Is + mm ; 
erit et & minor quam , hoc eſt, x major quam 2 Hinc, exiſtente xx minor 
quàm /x + mm, erit xx = /x + mm minus aliqua quantitate que fi nominetur 


22, habebitur xx = /x + mm — 22, hoc eſt, x = + YU + mm — 22, 


eritque x minor quàm 4/+y/J + mm. Ergd in hoc caſu æ erit major quam 2. 
et minor quam 31 ä MN + mm. 
Quarè univerſaliter patet, radicem æquationis propoſitæ æqualem ele 
. | 


ie 5 et 11 + VM + mm, quando F .# æquatur ipſi 3/ + NV un; 


Sin ſecds, quamlibet radicum, (five unam tantùm, five tres habu- 


erit,) ſemper eſſe inter hõſce terminos 2 et H + VII n. 


ProP. 12. 4 + I ＋ umxæx — 1x = p = o. 


Per tranſpoſitionem eſt x* — 2 = 7x — [x3 — umxx; 1deoque, fi fuerit x 


= þ, erit quoque ix = I + mmxx, et x = — Dads conſtat, ſi pp + 


| iÞ + mm 
mmp æquetur #?, radicem æquationis fore æqualem ſingulis terminorum æqualium 
n | 
PO IÞ + mm * 


Quòd fi fuerit x* major quam p', hoc eſt, x» major quam p, erit 
quoque n major quam 4* + mmxx, Jam, fi æquatio propoſita eſt realis, 


erit et x realis, et vel æqualis, vel major, vel minor quam m. Quod ſi fuerit 
2L 2 æqualis 


— 
— — — — 


— = t_ «4 * — 4 ———— 
— 2 . © 
* — — — —— — — — 


_—_ 

— — 

——, - 
—S 
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æqualis vel major quam m, et eadem quantitas x etiàm major ſit quam p, quan- 
doquidem et tunc * major eſt quam & + mmxy, erit wx major quim 


Imxx + mmxx, et major quam x. Qyare in hoc caſu erit x major 


113 
Im+ mm 
22 . ny 13 
quam P, et minor quam . nc 
Quod ſi, exiſtente x majore quam p, ipſa minor fit quam n, erit z*x major 
3 1 A 1 F 
quim 1 + mi? et 2 major quàm xx. Ergò in hoc caſu erit x major 


A . % 13 
quam p, et minor quam V —_ 


Quod ſi vero, x minori exiſtente quam p, ipſa fit major quam m, vel eidem æqua- 


lis, quandoquidem et tunc * minor eſt quam I + mmxx, erit xx minor quim 
13 . . . 
. Quare in hoc caſu erit x minor 
m 


[z* + ns, hoc eſt, xx major quam -; 7 


. N 13 
vam , et major quam Y/ —. 
Denique, cam fuerit » minor quam p, et ipſa etiam minor quam m, quoniam 
et tunc v minor eſt quam I + mmsy, crit n minor quam l + mms, 
13 


et x major quam 1 


Unde conſtat uni verſalitèr, radicem æquationis propoſitæ eſſe æqualem ſingulis 


-—, dm elt %) + mnp =qualis ipfi h, ſed, 


cùm hæ quantitates inæquales ſunt, eſſe radicem æquationis propoſitæ neceſſariò 


terminorum æqualium p et - 


. . 2 . . n3 13 
inter maximam et minimam trium terminorum p, V 1 


PRor. 13. „ + Is nu + x — 9 = 0. 


Factis neceſſariis tranſpoſitionibus, demonſtrabitur x fore minorem quam y, 
1 
P*+1pp+ np. 


4 4 7 E 
4 C., * — et 1 ; at vero majorem quam : 


ProP, 


* Addatur enim utrinque æquationi propoſitæ & + 7x3 + mmxx + nx — þ* =o quantitas 
p* ; et habebimus æquationem x* + x3 + mmax + x = pt; Ergo x+ erit minor quam , et 
4 


pro-inde æ erit minor quam p; et /x3 erit minor quam p et pro-inde x3 erit minor quam — et 


x erit 
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Proy. 14. * + 1 — mex — 18 — , = 0. 


Per tranſpoſicionem eſt ** — wx = uma + pf — ; ideoque, ft tuerit xs 


N mnmnu + 5“ 
= 1x, hoc eſt, x = , erit mmxx + p = /x?, hoc eſt, 7 P = . 


Qudd fi fuerit x major quam x, erit et m + p* major quam /x* ; n minor 
fuerit, erit mx + g minor quàm /x*. Jam, ſi « major eſt quam , et etiam 
vel æqualis vel major quam p, quandoquidem et tunc mmzy + * majer eft 


% * . . * nm + ww 
quam /x*, mulco mags erit mmex + ppxx major quam 4, hoc eſt, : 
major quam x. Ergò in hoc caſu erit » major quim , ct minor quam 
mm + þþ 

NN 


Quòd fi x major fuerit quim , et etiàm minor quam p, quoniam et 
tune mmxx + p* major eſt quam %, erit quoque mmpp + p* major quam 


<3 % 


2 . % m 4 5 5 pou 4 
Js, hoc eſt, minor quam — — et x minor quàm v C| —— = Quarè 
bl 


. . 5 . 0 unn - 
in hoc caſu erit x major quim x, et minor quim NC — . 


. * + * * . * 4 * . 
x erit minor quam C — ſeu radix cubica quantitatis _ et mmxx crit minor quam p, et 


ng p þ* 
pro- inde x erit minor quam 2 et x erit minor quam / ——, ſeu quam PP . et nx erit 
mm mm m 


41 
minor quam , et pro-inde erit minor quam 5 Eſt igitùr & minor utravis harum quatuor 


1 | 4 o 
12 : — ſeu *, et — ; ut in textu auctoris declaratur. 


1 
quantitatum, 5, x/ C. FH. ſeu 3 


Porrd, quoniam eſt minor quam p, erit quantitas quadrinomia a* + /x® + mmxx T miner 
quam quantitas quadrinomia p*x + /ppx + mmpx + nx. Sed quantitas quadrinomia a* + {x3 + 
mmax + nd eſt æqualis quantitati p*, Ergo quantitas p' erit minor quam quantitas quadrinomia 


. . + * . * 
bir !ppr + mmpx + n*x, et pro-inde fractio Dr erit minor quam ©, et x 
hae aa hel, | 
ajor quam fractio ET "FTL ut in auQoris textu declaratur, Q. E. D. 


F. M. 


Quod 
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Quod ſi x minor fuerit quam x, et vel æqualis vel major quam p, quandoquidem 
et tunc mmxy + p* minor eſt quam J, erit quoque mmpp + p* minor quam 1:3, 


tt x major quan of c 2 . Ergo in hoc caſu erit x minor quam , et 


major quàm 4 E. =P +, | 


Quod fi vero x minor fuerit quam , et ipſa etiam minor fit, quam 
P, quoniam et tunc mnxx + þ* minor eſt quam 44; erit quoque eur 


+ pfax minor quam , et ar mino quam x. Quare in hoc caſu, 


1 
erit x minor quam , et major quam H. 


Unde univerſalitèr apparet, radicem æquationis propoſitæ neceſſariò eſſe inter 


NA,, t / c.. 


maximum et minimum trium terminorum , 


PRroP. 15. „ + A — mmax + n — 5p = o. 


Per tranſpoſitionem eſt x* + A — mmxx = p* — 1x; ide6que, fi fuerit & 
+ la* —- mmxx = o, ſeu, (diviſis omnibus terminis per x,) xx ＋ It — mm 
= ©, erit quoque p* — r = o, hoc eſt, fieſt ww = — ix + mm, vel x = 


n, erit pf = wx, ſeu x= . Unde patet, fi La eſt 


PL 


æqualis ipfi = 37 + /F11 + mm, radicem æquationis propoſitæ eſſe æqualem 


ſingulis terminorum æqualium et 37 + + 4ll + mm. 


on 
Qudd ſi fuerit a*+/x® major quam mmxx, hoc eſt, xx +/x major quam mm, erit 
p quoque major quam #*x, hoc eſt, 2 major quam x. Ac pro- inde, cum xx + 
[x major fit quam mm, erit xx + lx major quam mm aliqua quantitate, Quan- 
titas autem hæc, licet fit incognita, vocetur zz ; et tunc erit xx + /x = mm + 
22, ſeu xx = — Ir -+ mm + 22, hoc eſt, x = = Y + V 44 + mm + 22, 
jdeõque x major quam — 1 + v 31 + mm. Ergo in hoc caſu x minor 


4 


erit quàm , et major quàm — 1] + + 11 + um, {eu A um nn 2 
Quòd 


DE LIMITIBUs AQUATIONUM, 263 


Quod ſi fuerit x*+/x* minor quam mmxx, hoc eſt, xx +/x minor quam um, Crit 


. % . % * . a 
quoque p* minor quam , hoc eſt, x major quam - Hinc, cum xx + {x minor fit 


quam am, erit xx + /x minor quam mm aliqua quantitate, Vocetur quan- 


titas hæc (quamvis incognita) zz; et erit xx ＋ {x + 3 = mm, vel wx = — 
Ix + mm — 22, hoc eſt, x = — 3] + 4/41 + mm — 22, idedque x minor 


* 
erit quam — 1 + V34 um. Quatre in hoc caſu erit à major quam _ 


et minor quam — 2/ + V1 + mm. 


4 


Atque ita in genere perſpicuum eſt, cùm ＋ =quatur ipſi — + 


+1 + mm, radicem æquationis propoſitæ æqualem eile ſingulis terminorum 


æqualium = et — 2/ + V1! + mn; dn minus, quamlibet radicum æqua— 
n 


tionis propoſitæ, (five unam tantùm radicem five tres habuerit,) neceſſariò 


. " : 4 —— 
eſe inter hõſce terminos E et — Y + VJ mm, ſeu (Ol! + un — 


— 
n* 


Finis tragatis FLORIMONDI DE BEAUNE S Limi:ilus 
redicum Aquationum adſedarum, Quadraticarum, 
Crbicarum, ct Biquadraticarum. 


RECEN˖S1IO 


KFECENSIONEE MEU 


Intri quos radices veræ Mquationum Quadraticarum, Cubicarum, 


ct Biquadraticarum, debent offendi, 


In præcedente tractatu FLORIMONDI DE BEAUNE inventorum. 


EA 


De Aiquationum Quadraticarum, ſeu duarum 
dimenſionum Limitibus. 


Proy. 1. 
De æquatione xx — /x + mm = o, ſeu [x — xx = mn, 


Hec æquatio habet duas radices veras, quarum utraque eſt major quam 
— ſed minor quam 1. 


PROP. 2. 
De zquatione xx — [x — mm = o. ſeu xx — l = mm. 


Hec æquatio habet tantùm unam radicem veram. Et hæc radix unica eſt 


major quam maxima harum duarum quantitatum, VI mm et / Im + mm, 
fed minor quam / + m. 


Vol. VI. 2 M Prop. 
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PROP. 3. 
De æquatione xx + A — mm = 0, ſeu xy + x = mn. 


Hzc etiam æquatio habet tantum unam radicem veram. Et hæc radix 


; . . Y m 
unica eſt major quam 


„at minor quam utravis harum duarum quantita- 
4＋ 2 
mM7M 


tum, m et — 


CAPD TT u. 


De Limitibus Lquationum Cubicarum, ſeu trium dimenſionum, 
ſecundo termino carentium. 


PROP. I. 


De æquatione x* « mr + * = o, ſeu nme =- x3 = 5. 


Hæc æquatio habet duas radices veras, quarum utraque eſt major quam 
3 . % 

, ſed minor quam . 

m 


ProP. ' Bo 


De æquatione ** * — mmx = i = o, ſeu x* — mmy = 1, 


Hac æquatio habet tantum unam radicem veram. 
erit major quam 


/ mm J un. 


Et hec radix unca 
utravis harum duarum quantitatum et , ſed minor quam 


PRor. 
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Pop. 3. 


De æquatione „ * + mmx — 1 = o, ſeu as. + mms = . 


Hæc zquatio habet tantùm unam radicem veram. Et hec radix unica 
* 13 * * - * 8 
eſt major quam , ſed minor quam utravis harum duarum quantitatum, 
mm + nn 
3 
_— et n. 
mm 


CAPUT n. 


De Limitibus Aquationum Cubicarum, penuiltimo 
termino carentium. . 


Proe. 1. 
De zquatione à˙ — xx « + n' = o, ſeu lx = 4 = . 
Hzc æquatio habet duas radices veras, quarum utraque eſt major quam 
ts 6 
* > led minor quam . 
Proe. 2. 


De equatione x* — /xx — 3 = o, ſeu * — M R (=, 


Hæc æquatio habet tantum unam radicem veram. Et hæc radix unica eſt 
major quam utravis duarum quantitatum / et , fed minor quam / + 7. 


2 M 2 Paoe, 
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Prop. 3. 
De zquatione x* + Ixx * Z, o, ſeu x + ix . 
Hæc æqua: io habet tantim unam radicem veram, Et hæc radix unica eſt major 


h 13 % . | R n3 
quam v/ 7 , ſed minor quam utravis harum duarum quantitatum, V | 


et J. 


| 


CAP. 


De Æquationibus Cubicis, in quibus ennes termini extant. 


PROP. 1. 


De equations a3 — xx + ume — u = o, ſeu x* la + ums = uz. 


Hzc æquatio habebit in quibuſdam calibus tantum unam radicem veram, 
nempe, cum u“ eſt aut æqualis dum, aut ipſa major; et in aliis caſibus ha. 
bere poterit tres radices veras, nempe, cum eſt minor quam imm. Si u 
fit æqualis /mm, radix unica hujus æquationis erit æqualis quantitati J; et, fi 
» fit major quam im, hæc radix unica erit major quam 4, ſed minor quàm 


3 . oY — * . 
—. Sivero #* ſit minor quam im, et æquatio x* — [xx + mmx = M habeat 
mn : 


P . . . A pe 8 3 F 
tres radices veras, utravis harum trium radicum erit major quim —, ſed minor 
mm- 


quam /, 
Prop. 2. 


De æquatione a* + lr — mm — #* o, ſeu x + Ax — mms = 1, 


. . ; 3 
Hæc æquatio habet tantùm unam radicem veram. Et, fi m fit æqualis / - , 


. , 1 5 3 3 
ſeu /mm fit æqualis 1, hac radix unica erit n, ſeu =; et, ſi et / —— non 


fuerint æquales, hæc radix unica erit major minore harum duarum quantita- 


13 . . . . 
tum m et vV/ 72 ſed minor earundem majore. Et prætereà hæc radix unica 


ra ſed minor 


erit major minore aliarum duarum quantitatum, ſcilicet, x et 
earundem majore. 


PRop. 
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PRor. 3. 


De æquatione a* — A — mms — 1 = o, ſeu a* — [xx — ume = . 


Hæc æquatio habet tantùm unam radicem veram. Et hc radix unica eſt 
major quam utravis trium quantitatum /, m, et u, fed minor quam earum 
ſumma, ſeu / + m + u. 


—— > 


Paop. 4. 


— 
3 „.. - 
% - -_ 2 > — - 


n — — 


De zquaticne à + Irx + mmx — n = o, feu * + Ax + umnmx . 


- = 
EC Ire 
— — —— 


Hæc etiam æquatio habet tantum unam radicem veram. Et he: radix unica 
3 


n : : 
e * 
nga wy: nee ng ſed minor quam quælibet trium quantitatum 


eſt major quam 


13 13 


74 f Be man? ct 7. 


Nor: 


De æquatione à* — Ixx + mmx + i = o, ſeu ax — 4 — m = u. 


Hzc zquatio poteſt habere duas radices veras. Harum autem quælibet 


. . y N . % 
erit major quam , ſed minor quam /, 


Prop. 6, 


De zquatione x* + l — mmx ＋ N = o, ſeu mmx — Ixx — * = . 


Hæc æquatio poteſt etiam habere duas radices veras, Et harum quælibet 


, 8 13 0 ſe . . 
erit major quam n, fed minor quam quælibet harum duarum quantitatum 


—— 
3 M. 


PRroe» 
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Pao. 7. 
De æquatione * — xx — mms + i o, ſeu mms + Itx - * =, 


Hzc æquatio poteſt etiam habere duas radices veras. Et, fi /mm fuerit = 
7, una harum radicum erit æqualis quantitati /, et altera æqualis quantitati 


m. 
Et, fi una harum radicum fit major quam , erit etiam major quam _; 
mn 


. a. . . i * 3 
et, fi fit minor quam /, minor erit etiam quam bo 
mm 


Et, fi una harum radicum ſit major quam m, erit etiàm major quim VS; 


2 Ly © ; 20 be % n3 
et, ſi fit minor quam , erit etiam minor quam 7 


Et, fi una harum rad icum fit major quam m, erit tamen minor quam / +; 
43 


et, ſi ſit minor quam , erit major quam fractio _—_ 


CAPUT; V. 


De Aquationitus quatuor dimenſſonum, ſecundo et tertio 
termino carentibus. 


Proe. 1. 
De æquatione ** — mx f = o, ſeu fx — * = . 


Hzc æquatio poteſt habere duas radices veras. Harum autem utraque erit 


b 4 a 
major quàm , ſed minor quam 7, 
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PROP. 2. 


De æquatione x* +» 1 — pf = o, ſeu a* — iy = 


Hæc æquatio habet tantùm unam radicem veram. Et hec radix unica erit 


major quam alterutra duarum quantitatum # et p, fed minor quam 4 nn + fp» 
et pro-inde multo minor quam a + p. 


PRor. 3. 
De æquatione * . — f“ = o, ſeu * + wx = N. 
Hæc æquatio habet etiam tantùm unam radicem veram. Et hæc radix uniea 


5 


eſt major quàm quantitas ITS 


, ſed minor quam alterutra duarum quanti- 


* 
tatum 3 et Y. 


ATU T N 


De Aquationibus quatuor dimenſionum, in quibus tertius 
et quartus terminus deficiunt. 


Proy, 1. 
De zquatione x* — I * +p* o, fulf® - 4 =p, 
Hæc æquatio poteſt habere duas radices veras. Et harum radicum utra- 


que erit major quam V E. et quam A., ſed minor quàm /, 
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PRoP. 2. 
De æquatione & - . e =o, ſeu * = if = P. 
Hæc æquatio habet tantùm unam radicem veram. Et hæc radix unica eſt 
major quam / et quam p, ſed minor quam /+ p. 
Prop. z. 
De zquatione * + Is # —# = o, ſen * + If = ph 
Hæc æquatio habet etiam tantùm unam radicum yeram. Et hc radix 


. . * + . % % 
unica eſt major quam 4/3 4 , ſed minor quam p, et quam 2 


r 


De Mquaticnibus quatuer dimenſienum, ſecunds 
termino carentibus, 


PRoP. 1. 


De æquatione a * — mm + nx — . = o, ſeu a = mx + wx = p“. 
Hæc æquatio aliquando habet tamum unam radicem veram, ſed aliquandd 
habet tres radices veras, ſecundim diverſas rationes quantitatum , u, et p ad 
ſe invicem. Si quantitas m fuerit æqualis quantitati 2 ſeu fi m1, fuerit = 
pa, æquatio x* — mmax + #x = . habebit tantùm unam radicem ; et hæc 
radix unica erit æqualis quantitati , vel quantitati . Et, ſi n fuerit minor 


- quam 
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quam — , ſeu mw? fuerit minor quam p*, hæc æquatio habebit etiàm tantù n 
n 
unam radicem veram : et hec radix unica erit major quam m. Si vero m fit 
or quam £2, ſeu m1? ſit major quam p-, hæc æquati terit hab 
major q leu mn ajor q , quatio poterit habere tres 


. 2 1 % % 4 
radices veras: et unaquæque harum trium radicum erit major quam £ ſed 


minor quam 21. 
Por. 2. 


De æquatione 2. + um — wx — p* o, ſeu x* + um x — 1x = p#, 


. * g 8 4 
Hzc æquatio habet tantim unam radicem veram. Et, fi n fuerit 1 * 
2 


ſeu , hæc radix unica erit æqualis ipſi z vel 2. , ſi vero x fucrit major 
22 


quam , hæc radix unica erit etiam major quam 44, fed minor quam ; 
m m by 


et, fi n fuerit minor quam , hæc radix unica erit major quàm , ſed minor 


1 
q am + thr 


« . A3 . . N . I, 

Porrò, fi p fuerit 2 2 bæc radix unica erit æqualis quantitati p, ſeu quan- 
. * $3 . . % 13 . . . *4 
titati — ; fi vero p fuerit major quam ——, hee radix unica erit etiam ma- 


A . 13 1 8 . . 5 3 j 
jor quam —, ſed minor quam p; et, fi p fuerit minor quam — hec radix 


; ; : : | : 
unica erit ma ſ am —. 
major quam p, ſed minor quam — 


Ergd hæc radix unica aut eſt æqualis quantitati », vel quantitati p, aut eſt 
mediæ cujuſdam magnitudinis inter quantitates ; et , et inter quantitates 


| oy 
7 et 1 


Vol. VI. Prov, 
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PROP. 3. 
De zquatione * „ mmax — 1 — p* = o, ſeu if - — 1x = g.. 


Hzc æquatio habet etiam tantùm unam radicem. Et hæc radix unica eſt 
major quam m, et quam #, et quam p, ſed minor quam m + # + p, et quam 
um + un + ff. 


Prop, 4. 


4 


De æquatione x* » + mmxx + nx — p* o, ſeu x* + mm + * = P.. 


Hzc æquatio habet etiàm tantùm unam radicem veram. Et hec radix 


. % 4 % 
ſed minor quam _ et quam —— et 


. . *% þ* 
unica eſt major quam Tunis 


quam p. 
Proe, 5. 
De æquatione a mm + 1x + p* o, ſeu mmæxx — * — 1 =, 


Hæc æquatio poteſt habere duas radices veras. Harum autem radicum 


. . LY 13 * 722 . % 
utraque erit major quam i, et quam —=, ſed minor quam m. 


PRoP. 6. 


De æquatione x* . um — wx + D = o, ſeu rx — mmax — * = N. 


Hæc etiam æquatio poteſt habere duas radices veras. Harum autem radi- 


. 2 N * . N 13 % 
cum utraque erit major quam , ſed minor quam , et quam u. 


RECENSIO LIMITUM, 


PRoP. 7. 


De æquatione * — m — i + p = o, ſeu nr + um — of = pf, 


Hwxc etiam æquatio poteſt habere duas radices veras, Harum autèm radi. 


. . 1 , 4 1 ; 
cum utraque Erit major quam fract io 2 et quam minor dua- 


mm x Vmm ＋ nn + nu 


. p* a 5 — 
rum quantitatum et , e. ſed — quam Vnm m. 


CAPUT VIII. 


De Aquationibus quatuor dimenfionum, penultimo 
termino carentibus, 


PRoP. 1. 


De æquatione * — /x* + mmxx * — ff = ©, ſeu x* - + mmxx p. 


Hæc æquatio quand6que habet tantim unam radicem veram, quand6que 
autèm tres, prodt rationes quantitatum , m, et p ad ſe invicem fuerint diverſe. 
E 4 
Ann — ſeu Il fit = £ 


mm? 


unam radicem, et hec radix unica erit = /, ſeu 5 ; et, ſi ] ſit minor quàm 


ſeu //mm ſit = p*, hæc æquatio habebit tantim 


5 ſeu /mm fit minor quam p*, æquatio pariter habebit tantùm unam radicem, 


et hæc radix unica erit major quam , ſed minor quam . Si verò / ſit 


major quàm , ſeu Ilm fit major quam p, æquatio poterit habere tres ra- 


dices veras: et harum unaquæque erit major quàm , ſed minor quam . 


2N 2 Proe, 


> 


.S. — — — 


— 


— — 1 
— — 
— 1 2 3 
— — — 


- * — = 
P 


4, 


— * 
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PRoP. 2. 
De æquatione x* + V — mmay * — 1 = o, ſeu * + A — mmxx =, 


Hzc æquatio habet tantim unam radicem. Et, fi m fit = /* 5 , ſeu 1 


fit = f, ſeu ins lit p, bec radix unica erit n ſeu V? 5 er, 60 m non 


fit * 2 hæc radix unica erit minor minore duarum quantitatum m et 


0 + 
N „ {ed minor majore earundem. 
] 0 


Porrò, fi p fit = — „ hec radix unica erit = p, ſeu == —.— ; et, ſi quanti- 


Mm . * . . . . 
tates Þ Et. —— non fuerint æquales, hæc radix unica erit major minore, ſed mi- 


nor majore, earundem. 


PRO. 3. 


Hæc etiam æquatio habet tantùm unam radicem veram. Et hæc radix 
unica eſt major quam , et quam n, et quam p, et quam V1 4 {I + mm, et quam 
VF + 7x), et quam An! + , et quàm v *(mmpp + ＋ 5 ſed minor quam 
+ m + fs 


ProP. 4. 
De æquatione a* + /x* + mmxx # — p* = o, ſeu x + u + mmex = 


Hæc etiam æquatio habet tantùm unam 8 8 veram. Et hæc radix 


unica erit major quam — , fed minor quàm 
jor q THF as , ſeu 222 9 


2 2, et quam = 72 et quàm p. 
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PRor. 5. 


De æquatione & — I + mmax # + p o, ſeu le -* — mmax = . 


Hæc æquatio poteſt habere duas radices veras. Harum autem radicum 


utraque erit major quàm 2 et quam WV ſt, ſed minor quam /, 


Proy, 6. 
De æquatione #* + Ix* — mmxx ＋ p = o, ſeu urx — [tf -* = . 


Hzc etiam æquatio poteſt habere duas radices veras, Ilarum autem ra- 


dicum utraque erit major quam , ſed minor quam — et quam m. 


PROP. 7. 
De æquatione & — /x* — mmax # + p = o, ſeu mmi + A - = pf. 


Hæc etiam æquatio poteſt habere duas radices veras. Et utraque harum 


a 0 . % + % % 
radicum erit major quam W|—7- 7 1 T et quam * et quam +// 


Im + mm ? 


ſed minor quam / + . 


CAPUT 
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CAPUT IX 


De Limitibus Æquationum quatuor dimenſionum, tertis 
termino carentium. 


PROP. 1. 
De zquatione x* — I= ＋ Fr — p. o, ſeu * — /F + & p.. 


Hæc æquatio habet quand6que tantùm unam radicem veram, ſed quand6« 
que tres radices veras, prout rationes quantitatum /, x, et p ad ſe invicèm fu- 


. o 0 . 4 ; . * * 
erint diverſe. Si / fit = — ſeu I' fit =p*, hæc æquatio habebit tantim 
unam radicem, et hæc radix unica erit = /, vel 5 ; et, fi / fit minor quim 
5* | . % . © \ . \ 

„i ſeu lu fit minor quam be, hæc æquatio pariter habebit tantum unam 
e 3 I : 1 
radicem, et hac radix unica erit major quàm /, ſed minor quam . Si verò 
: 0 8 5 5 
ſit major quam £, ſeu /z* ſit major quam p*, hæc æquatio poterit habere tres 


: : Wee Os 3 
radices veras; et unaquæque harum trium radicum erit major quam -— , ſed 


minor quam J. 
Prop. 2, 
De æquatione x* + I - = pf = o, ſeu a. + I —wx = p.. 
Hæc æquatio habet tantùm unam radicem veram. Et, fi 20 5 5 
ſeu lis ſit = p*, hæc radix unica erit u, vel /* 2 ; et, ſi n ſit major quam 
＋, ſeu Ius ſit major quam p*, hæc radix unica erit major quam W? 255 
ſed minor quam ; et, fi n ſit minor quam V ſz”, ſeu his fit minor quam , 


. - . bd % . 4 4 
hc radix unica erit major quam , ſed minor quam 4/ . 
| | Porro, 
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, 


Pond, fi p fuerit = v/ (>, ſeu 1pp fuerit = u, hac radix unica erit = / 


vel ” A Et, fi ↄ fit major quam = ſeu /pp fit major quam , hæc ra- 
dix unica erit etiàm major quam 2 ſed minor quam p; et, fi p fit minor 
quam V 72 ſeu /pp fit minor quam , hæc radix unica erit major quam p, 


ſed minor quam 4 A 


PrRoP. 3. 
De æquatione x* - /x* + == i — p* = o, ſeu 3% - =- ix = 8. 


Hæc etiam æquatio habet tantum unam radicem veram, Et hæc radix 
unica erit major quam /, et quim u, et quam p, et quam , + , et quam 


, pf, et quam ln + , ſed minor quam / + 2 + p. 


ProP: 4. 
De æquatione * + /* ＋ #*x - = o, feur* + I + ws = . 
Hæc etiam æquatio habet tantum unam radicem veram. Et hec radix 


ſed minor quam —— et quam 4 2 , 


a . % þ* 
unica erit major quam ESTES 


ct quam D. 
Proe, 5. 
De zquatione x* — 11 ＋ n + of = o, ſeu lu = of — x = pe. 
Hæc æquatio poteſt habere duas radices veras. Et harum radicum utra- 


3 b 7 a \ 
que erit major quam W —— et quam / 1 , ſed minor quàm /, 


2 5 
— — TIE - — — 


Þ : 
— = ñ́ — —ẽ 


— —— — — 


— —_ 


— — 


— 
_ . 
— * 
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ProP. 6. 
De æquatione * + . — Px + p =o, ſeu fx -* = [x = g. 
Hæc etiam æquatio poteſt habere duas radices veras. Et utraque harum 


3 
duarum radicum erit major quàm 2, ſed minor quam - 7 et quam u. 


Pgor. 7. 
De æquatione “ - /x* # — x + i = o, ſeu a' + If — * =p, 


Hzc etiam æquatio poterit habere duas radices veras. Et utraque harum 
4 
2 r —, et quam 


duarum radicum erit major quam 
me B+ zb + zun 1»? IT +n 
4 5 : 4 
s et quàm minor horum duorum terminorum, 7 et pi 


[3 + 2 + Inn + 
ſed minor quam / + . 


CAPUTLI 


De Limitibus Zquationum quatuor dimenſionum, in quibus null: 
terminus deeſt. 


Paop. 1. 


De æ quatione * — hx + umxx — nx + p. = o, ſeu . ** + 
1x? — ** = p*. 


Hæc æquatio poteſt habere quatuor radices veras. Et quælibet harum ra- 
| 4 


| n 4 x _— 
dicum erit major quam + n\* ſeu P + 3lla+ 3lnn +1 OY Þ + 2/In+lun +" 


% . . 3 o * 
et quàm minor horum quorum terminorum, » et — 2. —. fed minor quam 
inn + n* ? 


In. 


PROP, 
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PRroP. 2. 


De æquatione a* - + ume + wx + pf = o, ſeu [if — K* — mmvs 
fy = $f. 


Hæc æquatio poterit habere duas radices veras. Et utraque harum duarum 


: , % 7 3 N 84 R 
radicum erit major quam ——, et quam y/ A et quam , ſed minor 
quam /, 

PRor. 3. 


De æqvatione x* — [x3 — , — A + , = o, {eu u + m 
+ A* — x = . 


Hæc etiam æquatio poterit habere duas radices veras. Harum autem 
utraque, fi m fit vel æqualis vel major quam , erit major minore duorum 


. * : . 5 . ” ; 
terminorum m et ———————; et, ft m fit minor quam u, erit major mi- 


. 4 

nore duorum terminorum et 2 y 
Inn + mmn * 13 

I+m +2 


ſed ſemper erit minor quam 


Prop. 4. 


De æquatione x* — n — mmxx + 1*x + p* = o, ſeu & + m 
— ** * Nx — P. 


Hæc etiam æquatio poterit habere duas radices veras. Et harum radicum 


„ ſed 


+ 


utraque erit major quam minor duorum terminorum m et V 1 22 7 oo 
minor quam / + . 


Pro. 5. 


De æquatione a* + * + mmax - 1 + } = o, ſeu ix — ume 
Q—'—̈— lx — x* — . 


Hec etiam æquatio poterit habere duas radices veras. Harum autèm ra- 
0 . - * þ* . ” OY OY n3 
dicum utraque erit major quam , ſed minor quam x, et quam y/ 52 
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ProP. 6. 


De æquatione «“ + Ix — mmer — r + = o, ſeu „ + mmxx 
— I — = . 


Hz#c etiàm æquatio poteſt habere duas radices veras. Et harum radicum 


. . "FR . * 
utraque erit major quam minor horum duorum terminorum # et —— 


mmn + n* 2» 
ſed minor quam V mm + un. 


ProP. 7. 


De æquatione a* ＋ /x* — mmxx + 1x + p* o, ſeu mmax — x 
— = of = . n 


Hzc etiàm æquatio poteſt habere duas radices veras. Et harum radicum 


. » J 13 J% OP . a * mm 
utraque erit major quam — et quam , ſed minor quam met quam . 


Proy. 8. 


De æquatione & — I + mmxx — nx — pf = o, ſeu * — [i + mmxx 
— Px = . 


Hæc æquatio quand6que habet tantum unam radicem veram, quand6que 
autem tres, prodùt rationes quantitatum J, m, x, et p, ad ſe invicem fuerint di- 
verſæ. Si mm fit = Iif + p, ſeu //mm — In fit = p, hæc æquatio habebit 
tantùm unam radicem veram ; et hæc radix unica erit = /, Et, fi x fit major 
5 + 5 


quam / et major quam p, erit minor quam 


In aliis cafibus hujus æquationis x* — Ix? + mmxx — 1s = 2* Limites ejus 
radicum non ſunt ab auctore inventi. 


ProP. 9. 

De æquatione x* — I + mmxx + Px — f. = o, ſeu af — I + mmxs 
+ m . 

Hæc etiàm æquatio habet quandõque tantùm unam radicem veram, quan- 


d6que autèm tres, proùt rationes quantitatum /, m, x, et p, ad ſe invicem fu- 
erint 
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' 28 
2 == , ſeu lun fic 


erint diverſe, Si I fit æqualis / 2 5 = feu 1/ fit = 


m 
= In, ſeu p* fit = lImm + ti, hæc æquatio habebit tantùm unam ra- 


dicem, et hæc radix unica erit , vel / — Et, fi - fit major quam 


I/mm + l, hæc æquatio habebit etiam tantum unam radicem; et hac radix 
unica erit major quam J. 


Et, fi p* fit major quam imm + lu, et æquatio propoſita 2 = /x* + mmyxx 

+ 7x — þ* = o, ſeu x* — H + mu + 1x = p*, habeat pro-inde tantum 
unam radicem, et hec radix unica eſt major quam J; tunc, ſi hæc radix 
unica (que eſt major quam ,) fit etiàn major quam , erit tamen minor 
St verò (quanquam major fit quam /,) fit minor quam u, 


quam EST e 


Ergò Limites hujus radicis unicæ erunt 


. 28 ” % * 
erit etlam minor quam / |— 5 


+ + | . . . . 
aut / et Dee e, aut / et | —5 2 proùt hæc radix unica fuerit major vel 


mmn 
minor quam . 


Si vero p* fit minor quam imm + In, et pro-inde p* — Au fit minor quam 
Þ* — [3 


mm, et — fit minor quam , et ſit minor quam i, æquatio 


propoſita & — [x* + mmxx + ix — p* = o, vel x* — I ＋ mmex + x = 
pe, poterit habere tres radices veras. Et harum trium radicum unaquæque 
erit minor quim /, Et, fi x (licet minor quam ) fit tamen major quam #, 


erit etiam major quim / A et, fi x» (quæ minor et quam ) fit etiàm 


4 
minor quam u, erit tamen major quam —+—; hoc eſt, unquæque harum 


trium radicum que fuerit major quam , erit etiam major quam / _ 


et unaquæque earum que fuerit minor quam , erit tamen major quam 


1 P 
— — 


mm + * 


2 O 2 PRor. 


Ly 
— — 


2 


— 
——— — 


_— —c ©. AE; 
— 


— 


— — 
— 


7 


| 
| 
1 
1 
[| 
1 
* 
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Paop. 10, 


De æquatione x* = {i* — mex — 1 — p = o, ſeu a! = [x — mmasx 


_— 
WX =P. 


Hæc æquatio habet tamùm unam radicem veram. Et hæc radix unica eſt 
major quam i, et quam , et quam , et quam p, fed minor quam / + m + 


» + p. Eſt ettam major quam Vl + mm et quàm Im + mm, et quam 
V*P m + 1, et quam /*P + Imm + , et quam V®/2mm + i, et 


quam /t + n + u, et quam n + 1+ + 7*, ſed minor quam —+ 


[= + mm + mm 1 


PRO P. 11. 


De æquatione x* — /x* — mmxx + n' — p = o, ſeu a* — l 


— mmxx + wx = þ*. 


Næc æquatio quand6que habet tantùm unam radicem veram, quandoque 
autem tres, prodt rationes quantitatum J, n, u, et p, ad fe invicèm fuerint 


diverſæ. Si 2 fit 27 + 4/{4/11 + mm, bæc æquatio habebit tantùm unam 


radicem; et hæc radix unica erit = 1 + y 4/1 + mm, ſeu . 


major quam 31 + ($4 + mm, ſeu p* fit major quàm — + uy 


Er, fi 2 ſit 


{I n* 
4 


6 
+ mm”, 


hec æquatio habehit etiam tantùm unam radicem ; et hc radix unica erit major 


— 4 4 7 i OK 4 \ p* . . * 2 % 
quam — + 1 — + un, ſed minor quam Si vero Æ ſit minor quan 


m3 * 


1 I . , 
— + (= + mm, hæc æquatio poterit habere tres radices; et 


, N * * ; A | * 1 
cum unaquzque erit major quam ---, led minor quam — + 


harum radi- 


4 
4 * 


Pro?. 


Ss 
* 
* 

4 
wy 
7 
0 
T 
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PROP. 12. 


De æquatione x* + /1x* + mmxax — mx — . = Fay ſeu ** + 1 
+ mmxx — ix = þ*. 


Hæc æquatio habet tantùm unam radicem veram, Et, cùm p eſt = 


7 ſeu p + mmp eſt = i, hec radix unica erit æqualis p vel 
13 . . 
1 Et, cum p non eſt æqualis 7 2 
æqualis , hæc radix unica erit mediæ en magnitudinis inter maxi- 
15 * 


mam et minimam harum trium quantitatum, 2, ret 


„ ſeu /pp + mmp non eſt 


Proe. 13. 


De æquatione a* + It + mme + nx — p* = o, ſeu „ + Ir 
+ mmxx + & = p.. 


Hzc æquatio habet tantum unam radicem veram. Et hæc radix unica eſt 


. \% . * — ſe — 
major quàm NY — . ſed minor quam p, et quam - 2 et quam 


2 pp ä 
* OY ſeu ——Y et quam — 8 


Pop. 14. 


De zquatione x* ＋ Ix* — mmxx — nx — p* = o, ſeu a* ＋ 1 
— mmxx — 1x = p. 


Hzc etiam æquatio habet tantim unam radicem veram. Et hec radix 


unica erit mediæ W magnitudinis inter maximam et minimam harum 


- . * 
trium quantitatum, , —.—— 9 Ct . — = TE. 


Pros, 
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PRoe, 15. 


De æquatione &“ + la — mmxx + 1x — pf = o, ſeu & + 1x? 
— mm + x = p“. 


Hæc æquatio habebit quand6que tantùm unam radicem veram, quandg- 
que autem tres, _ rationes GET 7 06 i, , 1, et ad ſe invicèm tuc- 


rint diverſe, Si £ _ 6 Vu + mm, ſeu /— + um — Ll {eu 


ſi p* i= XL + an , ſeu /|— 


ln 


+ ae 1 1 hec equa. 


7 : 3 6 k , , 4 { 
tio habebit tantùm unam radicem ; et hc radix unica erit = 17 leu : + mm 
; 1 


— — Et, ſi 22 ſit major quam / | a + mm — 2 ſeu 74 ſit major quàm 


Ans IG 
VT 


Ins CA 11 \ 
+ mu —, hzc zquatio habebit etiam in hoc caſu tantùm unam 


radicem; et hæc radix unica erit major — 7 = + mm — 2, ſed minor 
3228 
quam PTL 


— 


Si vero E fir minor quam 12 + mm— —, ſeu p* ſit minor quam 


EC. bt 
vV [+ mm — , hc æquatio poterit habere tres radices. Et harum ra- 


in . . . . . 9... . * 4 
dicum _” erit mediæ cujuſdam magnitudinis inter quantitates — et 


* : + mm — —, hoc eſt, major quam -— 4 , ſed minor quam y/ |< — + mm 


Scholium 
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Scholium. 


Hi Limites inter quos jacent radices Æquationum Quadraticarum, Cubi- 


carum, et Biquadraticarum ſupra deſcriptarum, a Florimondo de Beaune in- 


venti, valde utiles erunt in Reſolutione iſtarum Aquationum per Methodos 
Approximationis, five eos ipſos limites uſurpemus pro primis valoribus radi- 
cum quas inveſtigare propoſitum eſt, five ab ipſis conjecturà derivemus alias 
quantitates 11s ipſis paulo majores aut minores, ut opus exit, quæ lis ipſis adbuc 

ropids accedant ad veras magnitudines radicum queſita.um. In his enim 
methodis reſolvendi æquationes per approximationem (que quidem ſunt opti- 
me methodi, et plerumque etiàm ſolæ, quibus æquationes ultià quadratum 
quantitatis ignotæ aſcendentes reſolvi poſſunt,) magni intereſt ut quantitas pri- 
md aſſumpta pro valore propinquo radicis quzſiiz, et a qua alius valor qui fit 
prima iſta quantitate aſſumptà multo propinquior ipſi quantitati quæſitæ, mòx 
derivandus eſt, fit verze quantitati admodùm propinqua; ne approximatio ad 
veram magnitudinem quantitatis quæſitæ nimis lente procedat. Et, ut hoc in- 
commodum evitetur, optandum erit ſemper, et maxima cura enitendum, ut quan- 
titas aſſumpta pro valore primo et propinquo quantitatis quæſitæ a quo ap- 
proximatio ulterior ad ejus veram magnitudinem ordiri debet, non differat à 
quantitate quæſità magis quam decima ejus parte, et, fi id efficere poſſimus con- 
jecturis et experimentis facilibus, (teu ſubſticutionibus num-rorum parvorum, 
non pluribus quàm duabus figuris decimalibus expreſſorum, loco quæſitæ 
quantitatis x, in æquatione reſolvendäd.) ut non magis differat a quantitate 
quæſità quam nonageſima, vel centefima, ejus parte. Ad tales autem primos 
valores radicum quæſitarum, veris ipſarum valoribus commode propinquos, 
inveniendos, Limites earum à Florimondo de Beaune inventi, et in tractatu 
precedente deicripti, et hic breviter recenſiti, fepiſhme, fed non ſemper, 
magno nobis adjumento efle poterunt. 


; F. M, 
April 14, 1804, 
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EXEMPLA 
Quzdam reſolutionis AEquationum numeralium, Cubicarum ct 
Biquadraticarum, per Methodum Approximationis a Joſepho 
Raphſon traditam ; | 


In quibus utilitas Limitum, inter quos jacent earum radices, a FLOR7- 
MONDI DE BEAUNE inventorum, et in tractatu ſuperiore deſcrip- 
torum, manifeſtè apparebit; ex Libello celeberrimo dicti Joſephi 
Raphſon cui titulus eſt Analyſis Aqualionum Univerſalis, deſumpta. 


— | — . — — 


Exemplum 1. 


Reſolvenda fit æquatio Cubica 3 + 24x = $87,914. 


Hæc æquatio eſt ejuſdem forme ac æquatio & + mmx S in Propoſi. 
tione gta capitis ſecundi tractatũs ſuperioris; et m in iſta propoſitione ge- 
nerali fit in hic æquatione numerali = 24, et 286 fit = 587,914, et pro- inde 
» fit 587,91 % I, et m = 587,914)). Ergd, per iſtam Propoſitionem ter- 


: : 45 = i A 3 $87,914 
tiam, radix x hujus zquationis erit major quam ———, ſeu SN ſed 
; MT or gde eee, 24+ 58.900) 


minor quàm . ſeu 224 et ou) 8 he” D* pM. 

yn 24 quam n, ſeu 387, 9145. Eſt vero (ut ex Ta- 
bula cuborum numerorum omnium naturalium 1, 2, 3, 4, 5, 6, 7, &c. uſque ad 
100, patehit,) cubus proxime minor quam 587,914, ſeu , numerus 571,787, 
qui eit cubus numeri 83; et cubus proxime major quam 587,914 eſt numerus 


592,704, qui et cubis numeri 84. Ergo * «lt major quam 83, et minor 
quim 84, et un et major quam Sg, ſeu 6889, ſed minor quim 84), ſeu 
7056, Ergo mm + un erit propemodum æqualis, ſed paulo minor quam, 24 


— 2 n3 — 8 — $87,914 — 
+ 7056, ſeu 7080, et ———— erit propemodum = 0 S 83-0. Eſt 
verd . = £294 — 24 496. Erit igitùr (per dictam propoſitionem terti- 
mum 24 49 S 


am,) radix x hujus æquationis numeralis a + 24x = 537,914 major quam 83, 
led minor quam 24,496, et etiam quam 84, Horum trium numerorum, 83, 
24496, et 84, primus, 83, ct tertius, 84, ſunt limites fatis arcti radicis x; nam 

eorum 
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eorum differentia, ſcilicet, (84 — 83, ſeu) 1, eſt tantùm pars octogeſima et ter- 
tia minoris limitis 83, et pro-inde differentia inter 83 et veram radicem x erit 
adhdc minor quam 1, aut pars 8 zia minoris limitis 83. Ex hoc ergo limite 
$3, (quem ope dictæ propoſitionis tertiæ tractatũs Florimondi de Beaune in- 
venimus,) ordiri poſſumus proceſſum approximationis ulterioris ad hujus ra- 
dicis magnitudinem cum bona ſpe eventùs proſperi, ſeu inventendi ſecundum 
valorem cjuſdem qui fit multo propior ejus vere magnitudini quam efl iſte 
limes 83. Hic vero procetlus erit hujuſmodi. 


aoniam 83 differt paulùm a radice x, et, vt videtur, eſt ipſa aliquanto 
minor. ſubſtituamus 83 pro x in quantitate binomia * + 24x, ut inde fiamus 
o!mnind certi an fit revera ifla radice minor an major. Hæc autèm ſubſtitutio 
ita fieri poterit. Si x ſit = 83, x* erit = 571,787, et 24x erit (= 24 * 83) 
= 1992, et pro-inde quantitas binomia a* + 24x erit (= 571,787 + 1992) 
= 573.779; qui numerus eſt minor quam 58), 914, ſeu quantitas binomia æ 
+ 24% in propofita æquatione a* + 24x = 587,914. Ergo 83 eſt minor 
quam vera magnitudo radicis in iſta æquatione. Q. E. I. 


Et, quoniam jam certum eſt quòd 83 eſt minor quam radix x in æquatione 
i + 24 x = 587,914, ponamus z pro earundem differentià; et habebimus 


x=8z3 +2. Ergd * erit = 83 + 2* (= 83P + 3 * $3. X 2 ＋3 X 
$3 X22 + 3 = 83* + 3 X 6889 x 2 + 249 22 + 2) = 571,787 + 
20,667 2 + 249z2 + 23, et 24x erit = 24 Xx 83+z' (= 24 x 83 + 242) 
= 1992 + 242, et pro-inde a* + 24x erit (= 571,787 + 20,667 2 + 
24922 + 2* + 1992 + 242) = 573,779 + 20,6912 + 249 22 + 259. 


Sed * + 24x eſt = 587,914. 
Ergd 573,779 + 20,691 z + 249 zz + 2 erit etiam = 587,914, et (au- 


ferendo utrinque 573,779) crit 20, 69 12 + 249 22 + 2* = 14,135; et (ne- 
gligendo, ſecundum præcepta Raphſoni, quantitates valde parvas 249 zz ex 


*,) 20,691 x 2 erit = a 8 it 2 5 
„) 20,691 * 14,135. Ergo 2 erit = 260% = 9.68, et a, ſeu 


83 + 2, erit = 83 + 0.68, ſeu 83.68 ; hoc eſt, ſecundus valor propinquus 
radicis æ æquationis * + 24x = 587,914 erit = 83.68. 
Q, EXE 


Hic valor 83.68 eſt paulo major quam vera magnitudo radicis x, ſed eam 
ſuperat minore differentia quam 0.01, ſeu 8368 ma parte hujus valoris ; nam 
lex primz figure hujus radicis, fi ejus inveſtigatio ulterids continuetur, inveni- 
entur eſſe 83.6776, ut ſequenti calculo patebit. 
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Subſtituatur numerus 83.68 pro x in quantitate binomià a* + 24x, ut ap- 
pareat an fit major vera radice w in æquatione propofita 4 + 24x = 587914. 
an eãdem minor. 


Jam, fi æ fit = 83.68, xx erit 7002. 3424, et x erit = 585,956.012,032, 
et 24 erit (= 24 x 83.68) = 2008.32, et pro- inde quantitas hinomia x* + 
24 x erit (= 585,956. 012,032 +- 2008, 32) = 587,904-332,032 ; qui nume- 
rus eſt paulo major quam 587,914, ſeu quam valor quantitatis binomiæ à + 
24x in æquatione propoſita x* + 24x = 587,914. Ergò 83.68 eſt paulo 
major quam radix x in ilta æquatione. Q. E. I. | 


Ponatur jam z pro differentia inter æ et 83.68. Et erit x = 83.68 — 2. 
Ergo x erit = 83.08 — 2) (= $3.68\* —- 3 * 83.680 X 2 + & 83.698 
— 3 Xx 7002.3424 X z + &c) = : 585, 956.012,032 — 21,007,0272 X 2 + 
&c, et 24x erit (= 24 x 83. 83.68 — —9 2008.32 — 242, et quantitas bi- 


nomia * + 24 * erit (= 585, 956.012,03 2 — 21,007. 272 X 2X + 2008.32 — 
24 2) = 387, 964.332,03 2 — 21, 031. 0272 X 2. 


Sed quantitas binomia x* + 24 * eſt = 587,914. 


Ergo et quantitas 587,964.332,032 — 21,031.0272 X 2 erit etiim = 
587,914; et pro-inde quantitas 587,904-332,032 crit = 587,914 +21,031.0272 
X 2, et quantitas 21,031.0272 Xx 2 erit ( = 587,904.332,032 — 587,914) 
= 50.332,032, et quantitas z erit = 523323. = 0,002,393- Ergd quan- 

21,231.0272 
titas x, five 83.68 — z, erit (= 83.68 — 0.002,393) = 83.677,607, hoc eſt, 
tertius valor propinquus radicis x in æquatione a* + 24x = 587,914. erit 


83.677, 607. Q. E. J. 


Hz concluſiones cum conclufionibus Raphſoni, in ſolutione ejus Problematis 
octavi, omninò conſentiunt. 


Exemplum 2, a Raphſoni Problemate duodecimo 
deſumptum. 


Reſolvenda ſit æquatio cubica numeralis 300 * — 92 1000, quæ ex- 
primit relationem inter chordam arcùs circularis qui eſt ſexta pars totius circum- 


ferantiz, ſeu chordem arcùs 5 grad uum, (quæ chorda eſt æqualis circuli 
radio, 


EXEMPLA. 291 


radio, ſeu ſemi-diametro,) et chordam tertiæ partis hujus arcùs, ſeu chordam 
arcùs viginti graduum, poſito quod radius circuli vocetur 10, et chorda quæſita 


arcùs viginti graduum vocetur . 


He equatio eſt ejuſdem forme ac æquatio mu — , in Propoſitione 
In Capitis ſecundi tractatùs ſuperioris; et mm in iſta Propoſitione generali 
fit in hac æquatione numerali zoo, et fit 1000. Habet autem, per 
iſtam propoſitionem primam, æquatio mmm — & = duas radices veras, 


. oy 23 bn * % — 
quarum utraque eſt major quam -—, ſed minor quam m. Ergo æqvuatio nu- 


meralis 300 x — 4 = 1000 habebit duas radices veras, quarum utraque erit 
1000 \ 10 x ; 3 
major quam 6 (feu quam =) ſeu quam 3.333, &c. ſed minor quim 


zoo, (ſeu quam V 3 x V 100, ſeu quam 4/3 * 10, ſeu quam 1.732 
&c Xx io,) ſeu quam 17.32 &, Harum autem radicum minor eſt chorda 
arcùs viginti graduum, quam Raphſon in dicto Problemate duodecimo invel- 
tigavit. Hanc igitùr radicem minorem æquationis 300x — ax* = 1000 hic 
nunc quæremus per Methodum Approximationis a Raphſono traditam, aflu- 
mentes pro primo hujus radicis valore propinquo, ſeu pro fundamento ap- 
proximationis, numerum 3.3, ſeu duas primas figuras numeri 3.333, &c, ſeu 
limitis ejuſdem radicis quem per dictam primam propoſitionem capitis ſecundi 
tractatùs ſuperioris invenimus. 


Imprimis, ſubſtituemus pro x quantitate binomia 300 x — , (que eſt pri- 
ma pars æquationis reſolvendæ goo x — 4 = 1000,) numerum 3.3, ut hoc 
modo fiat omnino manifeſtum quod radix minor in ifta æquatione eſt major 


quam 3.3. Heac ſubſtitutio erit hujuſmodi, 


Si ſit = 3.3, xx erit = 3:3P = 10.89, et * erit 3-3 (=5-3* x 

3.3 = 10.89 X 3.3) = 35-937, et 300 x erit = goo X 3.3 = 990, et pro- 
inde quantitas binomia 300 x — * erit (= 990,000 — 35.937) = 954.063. 
Hic autem numerus eſt minor quam 1000, qui eſt æqualis quantitati binomiz 
in data æquatione goo # — x* = 1000, Ergo 3. 3 eſt minor quam radix minor 


iſtius æquationis. Q. E. D. 


Ponatur jam 2 pro differentia inter x et 3.3. Et tunc æ erit = 3.3 + 2, 
et pro. inde x erit = 3.3 + 2* (23.3 +3 X 3.3% Xx 2 ＋ & 3.3 
+ 3 X 10.89 X 2 ++ &c) = 35.937 + 32.67 x 2 + &c, et zoo x erit 
= 3CO X 3.3 +2 = 990.000 + ZOO Xx 2, et quantitas binomia 300 x See 
x* erit (= 990.000 + 300 X 2 — 35.937 — 32.67 x — &c) = 934-063 
＋ 267.33 X 2 — &c. 
2P 2 Sed 
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Sed quantitas binomia 300 «„ — x* eſt = 1000. 


_ Ergo quantitas 954.063 + 267.33 X 2 — &c erit etiam = 1000; et pro- 
inde 267.33 X 2 — &c erit (= 1000,000 — 954.063) = 45-937, et Zerit = 
45-937 _ 
267.33 
ſecundus valor propinquus radicis x, à minore ejus limite 3.3, in tractatu 
præcedente indicato, derivatus, erit 3.47; qui numerus eſt in omnibus 
figuris accuratus. Nam, per Raphſoni calculum, hujus radicis valor magjs 
accuratus eſt 3.47 2,963, 553,338, 60%, cujus prime tres figure, 3.47, ſunt eædem 


Do. 17. Ergo x, ſeu 3.3 + 2, erit = 3.3 To. 17 3.47, hoc eſt, 


quas hic invenimus. 


Subſtituatur jam numerus 3.47 pro x in quantitate. binomia 300 x — 45, ut 
appareat an valor iſtius quantitatis inde oriundus erit major vel minor quam 
1000, ſeu quam valor ejuidem quantitatis in æquatione 300 x — & = 1000, et 
pro-inde an numerus 3.47 fit major, vel fit minor, quam radix minor # iſtius 
æquationis. 


Jam verd, ſi x fit 3. 47, xx erit = 12,0409, et x' erit = 41.781, 923, et 300 
erit (= 300 X 3.47) = 1041, et pro-inde 300% — a3 erit (= 1041.000,000 
2 41.781.,923) = 999.218.077 ; qui numerus eſt minor quam 100c. Ergo 
43.47 eſt minor quam radix minor x æquationis 3cox — * = 1000. 

Ponatur jam 2 pro differentia inter x et 3.47. Et xerit = 3.47 + x. Et 

pro-inde x ezit = 3.47 + 4 (= 3.47* +3 X 3.47 X 2 + &c = 3.479 
+ 3 X 12.0409 * z + &c) = 41.781, 923 + 36.1227 X 2 + &c, et zoor 
erit (= 300 X 347 ＋ 2 = 300 X 3.47 + 300 X 2) = 1041 + 300 z. 
Ergo quantitas binomia gcoæ — x* erit (= 1041 + 300 2 — 41.781,923 
— 36.1227 „ Z — &c) = 999.218,077 + 263.8773 X 2 - &c. 


Sed quantitas binomia 300 x — * eſt = 1000, 


Ergò quantitas 999,218,077 + 263.8773 x 2 erit etiam = 1000; et 
pro-inde 263.8773 X 2 erit (= 1000.000,000 — 999.218,077) = 0.781,923, 


39.787923 IE . 
et z erit = "a o. ooa, 963. Ergo x, ſeu 3.47 + 2, erit = 3.47 
+ 0.002,963 = 3-472,963; hoc eſt, tertius propinquus valor radicis x, ſeu 
chordæ arcas viginti graduum, erit = 3.472,963. Q. E. I. 


Subſtituatur 
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Subſtituatur jam numerus 3.472,963 loco æ in quantitate binomia 300 * — 
x, ut appareat an valor hujus quantita'is inde oriundus erit major, vel erit 
minor, quam 1000, ſeu valor ejuſdem quantitatis in æquatione 300 * * 
= 1000, et pro ine an numerus 3.472, 963 erit major, vel erit minor, quam 
x, ſeu radix minor iſtius æquationis. 


Jam verò, fi x fit 3.472, 963, xx erit = 12.06 1, 47 1, 999, 369, et as erit 
= 41.889, 045,979,344, 560,347, et 300 & crit ( = 300 X 3 472,903) 
104 1.888, 900, et quantitas binomia 300 * — * erit ( = 1041. 888, 900 — 


41.889, 45,979. 344.569. 347) = 999.999, 854,020, 655,439,653; qui nume- 
rus eſt minor quam 1000. Ergo numerus 3.472, 903 eſt minor quam x, ſeu 
radix minor æquationis 300 x — x* = 1c00,. Q. E. 


Ponatur jam z pro differentia inter x et 3 472,903, Et wx erit = 3.472, 963 
+ 2. Et pro-inde * erit = 3.472,963 + 2 (= 3.77 2960) + 3 * 
3.472,97 x 2 + &c = 372,963 + 3 X 12.05 1,71, 999,369 X 2 + 
&c) = 41.889,045,979,344+500,347 + 30.184, 413,998, 10% x z + &c, et 


300x erit = 300 X 3.4 4,903 z] (= 300 X 3-472,963 + 300 Xx 2) 
= 1041.888, 900 + 300 x z. Ergo quantitas binomia 300 * - erit 


= 1041, 888, 90 + 300 X 2 — 41.889, 0445, 979, 344, 560, 347 — 
36.184,415,998, 107 x 2 — &c) = 999-999,854,020,055,439,053 + 
263.815,584,001,893 X 2 — &C. 


Sed quantitas binomia 300 x — a? eſt = 1000. 


Ergo quantitas 999.999.854, 20, 655,439,653 + 263.815,584,001,893 x 2 
erit etiam = 1000; et pro-inde 263.8 15, 584, o0 1,893 Xx 2 erit (= 1000 — 
999 999,854,020, 55,439,653) = 0.000, 45,979,344, 560, 347, ct à erit = 


000, 14 5,979,344. 569.34 — | 1 4 
0 D = o. ooo, ooo, 553, 338, 594. Ergo x, ſeu 3 472,963 


Þ+ 2, erit 3.472, 963 + o. ooo, ooo, 553,338,504 3.472.963, 553,338, 594; 
hoc eſt, quartus propinquus valor radicis x, leu chordæ arcùs viginti graduum, 


erit = 3.472, 963,553,338, 594. Q. E. I. 


Hic numerus 3.472, 963, 553, 338, 594 convenit cum numero 
3.472, 903,553,338, 60), quem Raphſonus invenit pro valore x, ſeu chordæ arcùs 
vigiati graduum, in primis tredecim figuris 3 472, 963, 553, 338, quas pro- inde 
veras elle videtur maximè probabile, Si verò hoc omninò certum reddere ve- 
limus, id efficete poterimus hoc modo. 


Reſumatur 
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Reſumatur Inveſtigatio hujus quarti valoris propinqut radicis x, et in va. 


lore quantitatis x, ſeu 3.472,903 + z)?, retineatur tertius terminus hujus va- 
loris, nempe, 3 X 3.472, 963 X 2x, ſeu 10.418,389 Xx 22; et habebimus 


hanc æquationem, 300 X 3.472, 963 + 309 Xx 2 — 3.472, 903“ — 3 x 


3-472,903\* Xz — 3 X 3.47 2,963 * 22 = &c ( = 300 x ) = 1000» 
feu 1041.888,900 + 300 XxX 2 — 41,889, 045, 979, 344, 560, 347 — 
36.184,41 5,998, 17 X 3 — 10.413,889 x 22 — &c ( = yo0x —a*) = 
1000, ſeu 999.999,854, 020, 055,439,653 + 263.815, 584, 001,893 x 2 — 
10.418,889 x 22 — & c = looo, et pro-inde 263.815,584,001,893 X 2 — 
10.418,889 x z2 — &c erit (= 1000 — 999.999, 8 54,020, 655,439,653 
= 0.000, 145, 979, 344, 500, 347, et 263.815, 584, 001, 893, X 2 crit = 
O. oc, 145, 979, 344, 590,347 + 10.418,889, Xx 22 + &c, a 2 ein 


o 000,145,979, 344,500, 347 10.418,889 woes 
203.815, 584,01, 893 263.8 15,584,001, 893 1 
10,418,889 
o. ooo, ooo, 553, 338, 594 + D X25 + &c. 
10.418, 889 = | 6 q 10.418,839 * 
Sed , 8 0% X 82 eſt minor quàm = X 22, ſeu quam 


0.039, X 22, et pro-inde (ſubſtituendo pro z numerum 0.020,c00,56, qui eſt 
major quam o. ooo, oco, 353, 338,394, ſeu z,) erit minor quàm 0.039, * 


0.000,000,56)*, ſeu quàm 0.039, X o. ooo, ooo, ooo, ooo, 313, 6, et, I for- 
tiori, minor quam 0.04 X O. ooo, ooo, ooo, ooo, ooo, 313, 6, ſeu quam 
10. 418,889 


o. ooo, ooo, ooo, ooo, o 12, 544; hoc eſt, terminus 5 X* ⁊x, (qui 


addendus eſt numero o. ooo, coo, 353, 338, 594, ſeu valori ipſius z jam invento, 
ut ad ejus verum valorem propiùs accedamus, ) erit minor quam fractio deci- 
malis o. ooo, ooo, ooo, ooo, oi 2, 544, cujus prima figura occupat locum deci- 
mum quartum fractionum decimalium, et pro- inde nullam efficiet mutationem 
in figuris numeri o. ooo, ooo, 553, 338, 594, que ante penultimam figuram 9 
in decimo quarto loco poſitam inveniuntur, niſi quod, cum figura in decimo 
quarto loco fract ionum decimalium poſita fit 9, additio unitatis, ipſi facta ex 
hoc novo termino, convertet iſtam figuram 9 in cyphram o, et faciet ut figuia 
5 in loco proximè ſuperiore, ſeu decimo-tertio fractionum decimalium loco, 
poſita augtatur unitate, et convertatur in figuram 6; ita ut accuratior valor 
quantitatis z fiet o. ooo, ooo, 5353, 338, 6, et pro- inde valor accuratior quantitatis 
x, ſeu 3.472, 963, + 2, net = 3.472, 693 + o. ooo, ooo, 5 53, 338,6, ſcu 
3.472, 963,553, 338,6. Ergo jam ceriò concludere poſſumus quo. numeri 
tupra inventi pro quarto valore radicis x, {cilicet, numeri 3.472, 963, 563,338, 594, 
primæ tredecim hgure, ſcilicet, 3.472, 963, 553,338, erunt veræ. 


Q. E. I. 
Eremplum 
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Exemplum 3. 


Reſolvenda fit æquatio Cubica 9xx — * = 100, 
1 Raphſoni Problemate 1 ztio qe ſumpta. 


Hzc æquatio eſt ejuſdem forme ac æquatio generalis Ie — x3 A in prima 
Propoſitione Capitis tertii tractatũs ſuperioris de Limitibus æquationum. Et 
co eſſiciens / in iſta æquatione generali fit in hac æquatione numerali gx 
— a* = ico æqualis numero 9, et z* fit æqualis numero 190, Sed), per iſtam 
Propolitionem tertiam, es Ixx — a* = i habet duas radices, quarum 


utraque eſt major quam LY ſed minor quam 2. Ergo equatio numeralis 


gxx — * = 100 habebit duas radices, quarum utraque erit "I * 
10 X 10 


b % * 100 
.. ſed minor quàm 9, Eſt verd oo 
| "A, 9 9 9 37 


b 10 % : 3 
erit = — = 3-333, &, Ergo utraque duarum radicum æquationis gxx 


— x* = 100 erit major quam 3. 333, &c. Si igitùr quæramus primo valorem mi- 
noris harum radicum, eligenda erit in primis quædam quantitas aliquanto major 
quam 3.333, &c, quæ ſubſtituatur pro # in quantitate binomia gxx — , ut 
videamus an valor iftius quantitatis binomiæ inde oriundus fit major, vel fit 
minor, quam 100, ſeu ejuſdem valor in æquatione propolita gar — x* = 100, 
et pro-inde an quantitas ita ſubſtituta pro x fir major, ve el fit minor, quam x, 
ſeu rad x minor ejuſdem æquationis. Eligamus igitùr ad hunc finem quanti- 
tatem 3.4, et ſubſtituamus eam pro x in quantitate binomia gaz — . 


Jam, fi x fit = 3.4, erit xx = 11.56, et * = 39.304, et gr ent (= 
9 X 11.55) = 104.04; et pro-inde quan: itas binomia gæx — & erit (= 
104.04 — 39-304) = 64.736. Hec autem quantitas 64.736 eſt multo mi- 
nor quam 100, feu valor quantitatis binomiæ gar — * in æquatione pro- 
poſitd. E gò 3.4 eſt multo minor quam verus valor x, ſeu radicis minoris dice 


æquationis. 


Ponamus ergò hanc radicem eſſe = 4 ; et ſubſtituamus hanc novam quanti- 
tatem pro x in quantitate binomia gxx — 5. 


Jam, fi x fit = 4, xx erit = 16, et x = 64, et gax (= 9 X 15) = 144, 
et gux — * (= 144 — 64) = 80. Hzac autem quantitas 80 eſt minor quam 
100, et differentia eſt 20, ſeu quinta pars numeri 100. Ergo 4 erit ctiam mi- 


nor quam a, et differentia earum erit ſatis magna, 
Ponamus 


3 EIT WIE” 


NE 2 = Bae” Rn 1 e ——— — — 
— = . 5 . - S =D — lj — = = — = * 
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Ponamus ergo, nova conjecturà, x efle = 4.5, et ſubſtituamus 4.5 pro x 
in quantitate blnormia gxx — a3, ; 


Jam, fi x fit = 4.5, xx erit (= 4.5 *) = 20.25, et a*erit (= ax x a = 
20.25 X 4.5) = 91,125, et 9 xx erit (= 9 X 20.25) = 182.25, et gar — x 
erit ( = 182.25 — 91.125) = 91.123. Hæc autem quantiias elt minor 
quam 100, et pro-inde 4.5 eſt minor quam æ. Sed tamen ſatis propinqua 
videtur eſſe ipſi x, ut eam poſſimus commode atlumere pro primo ipſius x valor- 
propirquo, ſeu pro fundamento proceſſùs approximatorii, ſecundum Methoduvn 
2 Raphlono traditam, ad alium ipfius x valorem, vero ejuſdem valori adhdc ip! , 


4.5 propinquiorem, inveſtigandum. 


Quoniam igitùr æ eſt major quam 4.5, ponatur 2 pro earum differentia ; c. 
ert 4.6 + 2. Ergò æx erit = 4.5 T T (= 4.5% +2 x 6-5 X * + 
&c) = 20.25 + 92 + &c, et ab erit = 445 + 2*(=4.51? + 3X45! x 
2 + & = 4.5* + 3 X 20.25 x 2 + &c) =9g1.125 + 60.75 x 2 + &, 


et gxx erit (= 9 Xx 20.25 ＋ 9 2 ＋ &c=9 X 20.25 +9 x 92 + &c) = 


182.25 + $12 + &c, et pro-inde quantitas binomia gxx — * erit (= 182.25 
+ 812 — 91,125 — 60.75 X 2) = 91.125 + 20.25 & 2, 


Sed quantitas binomia 9 xx — 4 eſt = 100, 


Ergd quantitas 91.125 + 20.25 X 2 erit etiam = 100; et pro-inde 


20.25 X 2 erit ( 100 — 91.125) = 8.875, et 20.25 X 2 erit = 8.875, ct 


2 erit = 3.925. = 0.438, Ergo x, ſeu 4.5 + 2, erit = 4.5 + 0.438 = 


20.25 


4-938. 
Subſtituatur jam 4.938 pro x in quantitate binomia 9g xx A Et erit x; 
(= 4.938}*) = 24. 383,844, et x* erit (= 4.938P) = 120.407,421,672, et gx 
erit (= 9 X 24.383, 844) = 219.454,596, ct quantitas binomia gæx — & erit 
= 219.454, 596 — 120.407,421,672) = 99.047,174,328 ; quzeſt paulo mi- 
nor quam 100. Ergd 4.938 eſt paulo minor quam x, ſeu radix minor æqua- 
tionis 9æx — * = 100, 


Ut 
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Ut igitùr valorem hujus radicis obtineamus, qui ſit accuratior quàm 4.938, 
ponatur æ pro exceſſu hujus radicis ſuper 4.938; et erit x = 4.938 . 


-, Ergd xx etit 4.938 + 2\' (= 4 =D 4+ 6/2 4:938: 6 = 


PSY 


24.333,844 + 9-876 x 2 + &c, et gx erit (= 9 x 4.938 + D = 9 X 
77.875577 * 9.870 X 2 + &c — 9 X 24.383,844 qT 90 * 9.876 W 2 + 


Ry 


10393 + 3 x 4:938* X2 + & = 4.938 + 3 x 24 333,844 X 2 + 
lg = 1:0.407,421,672 ＋ 73.151,532X 2 + &c; ct quantitas binoniia 
gay — a® erit = 

219.454,590,000 ＋ 88.884,c00 * » 1 oe 
— 120.407, 421,672 — 73.151,52 X 2 \ © 


09.047,174,328 + 15:732,468 X 2. 


Sed quantitas binomia gxx — a® eſt = 100, 


Ergo quanitas 99.047,174,328 + 15.732,468 z erit etiam = 100; ct 
blo-inde 15.732, 468 Xx 2 erit (= 100.000,000,000 — 99.047,174,328) = 
0 952,825,672 | 
15.7 32,408 
+ z, erit (= 4.938 + 0.060,564) = 4.998,564. 


0.952,925,672, et 2 erit = = 0.060,564, Ergo æ, ſeu 4.938 


Hzc quantitas 4.998, 564 diſtat a numero integro 5 tam parva differentia 
o. oo 1, 436 ut ſuſpicionem inducat quod radix w fit preciſe æqualis iſti numero 
integro; quod quidem invenietur eſſe verum. Nam, fi æ fit præciſè = 5, 
«x erit = 25, et a* erit 123, et gxx erit ( X 25) = 225, et gry -* 
crit (= 225 — 125) = 100; quz eſt æquatio propoſita. Ergd nunc ma— 
nifeſtum eſt quod radix minor æquationis gay — * = 100 eſt numerus in- 


teger 5. Q. E. I. 


Inventà autem radice minore hujus æquationis, ejus radix altera, ſeu major, 
poterit inveniri per refolutionem æquationis quadratice ad quam prædicta 
quatio cubica nunc reduci poterit. Hoc autem fiet hoc modo. Pone à pro 
nadie minore jam invent, et deſignetur radix altera, ſeu major, per Lirteran 
*. Et quoniam 944 — 4 eſt ioo, et gax = „ eſt etiàm = 100, crit ga. 
—#S = ga — 45; et pro-inde (addendo utrinque quentitatem a*,) crit 9 
= gad + 9 — 45, et (auferendo utrinque gaa,) crit gry — 94. g 49, 


— — 1 — Fa — 43 


ho — a ** — — F — — 
e eſt, 9 & xx aa erit = 4. Ergo 9 * 3 x 
Vor. VI. 20 hoc 


. = 219.454.596 + 88.3884 x 2 ＋ &c, et à erit = 4.938 + 21 (= 
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hoc eſt, 9g x # + @ erit = ax + x8 + aa, ſeu gr + ga erit = ax + ax + 
aa; et (auferendo utrinque gx,) erit 94 = xx + ax — gx + aa, et (aufe- 
rendo utrinque aa, ) erit 94 — 4a = xx ＋ ax — 98, ſeu xx + ax — gx erit = 


9a — aa, ſeu xx — 9 -& x erit =g— a & a, ſeu (quoniamaeſt = 5) xx 


— 9 — x x erit = 9 — 5 X 5, ſeu ax — 4x erit 4 X 5, ſeu æx - 4rerit = 
20. Ergd ax —4x ＋＋ 4 erit ( 20 +4) = 24, et «„ — 2 erit = N24, et 
, ſeu radix major æquationis gxz — x? == 100, erit (= 2 + 24 =2 + 
4.898,979,485) = 6.898,979,485 ; cujus numeri omnes figure ſunt vere. 


Q. E. I, 


Exemplum 4. 


Reſolvenda fit æquatio Cubica * + 74 xx + 8729 x = 560,783, 
in qua omnes termini extant, 


Hæc zquatio eſt ejuſdem forme ac æquatio generalis & + Ixx + mmx 
= , in Propoſitione quartà capitis, quarti tractatũs ſuperioris ; et co-efficiens 
ſecundi termini /xx in iſtà æquatione generali fit in hac æquatione numeral 
= 74, et co. efficiens mm tertii termini mma in iſtd æquatione fit in hic 
= $8729, et quantitas abſoluta z* in iflia æquatione fit in hac = 560, 783. 
Sed, per iſtam Propoſitionem quartam, æquatio x* + Ix*+ mmx = habet tan- 
PL 


nn + In + um 


tim unam radicem veram ; et hæc radix unica eſt major quam 
> . . . n3 413 
ſed minor quam quælibet trium quantitatum , —, et u. Ergd æqua- 
io numeralis 4 + 74xx + 8729x = 560,783 habebit etiam tantùm unam radi- 
560,783 
566778 + 74 x 560,783)? +8729 


. % 60,78 % 56 , 8 % I 
ſed minor quam 4 N, et quam I et quam 560, 7837. Los 
igitur Limites nunc neceſſe eſt ut computemus, ſed non ad plures quam duas 
figuras decimales. Hoc vero fieri poterit hoc modo. 


cem veram; et hæc radix unica erit major quàm 


Inſpectà tabula cuborum qui oriuntur ex centùm primis numeris naturalibus 
I, 2, 3, 4, 5, 6, 7, 8, 9,10, 11, &c, uſque ad 100, apparebit quod cubus proxime 
minor quam numerus 560, 783, ſeu *, eſt 551,368, ſeu cubus numeri 82, et quod 
cubus proxime major quam 560,783, ſeu u, eſt 571,787, ſeu cubus numer 
$3. 
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83, Ergd n eſt major quam 32, ſed minor quam 83, Ponamus quod fit 
— $3, quod à veritate paulùm abeſt. Ergd un, ſeu 560,783 \7 erit propemo- 


dum (= 83e. = 6889, et 74 * 550,7 8307 erit (= 74 x 83) - ct 
560,783? + 74 X 560,783); + 8729 erit = 6889 + 6142 + 8729 = 


A 5 50,78 : 60,783 
21,060, et pro- inde fractio - 2 .—ĩv—-':. cit = — 
s $00,783)? + 74 „ 500, 7837 + 8729 f 
= . 
60,78 f 1 : = 
Lt —.— eſt = 7578, et pro. inde * erit (= 7549 = 
/ / 
6 78 o . . . . 2 1 
87; et ths 572 lt = 64. Ergo radix unica æquationis propoſitæ erit major 


quam 26, ſed minor quam 87, vel quam 83, vel quam 64, ideoque erit 
mediæ cujuſdam magnitudinis inter 26 et 64. Hi limites ſunt à ſe invicem 
admodum remoti, et non multum nos adjuvant in conjectura facienda de 
magnitudine radicis x. Ponamus tamen quod hæc radix fit = 40, et ſubſti- 
tuamus 40 pro x in quantitate trinomii x* + 74 xx + $8729 x, ut videamus 
an valor ejuſdem quantitatis ex hàc ſubſtitutione oriundus erit major, vel erit 
minor, quam numerus abſolutus, ſeu quantitas nota, 560,783 in propolita 
æquatione, et inde ſciamus an numerus 40 fit major, vel fit minor, quam vera 
radix ĩſtius æquationis. 


Poſito autem qudd x fit 40, xx erit = 1600, et a® = 64,000, et 74 * 
erit (= 74. X 1600) = 118,400, et 8729 x erit (= 8729 X 40) = 349,160, 
et pro-inde quantitas trinomia a* + 74 xx + 8729 x erit ( = 64,000 + 
118,400 + 349,160) = 531,560; qui numerus elt minor quam 560, 783. 
Ergo numerus 40 eſt minor quam x in æquatione x* + 74xx + 8729 = 
560,783, Differentia verò inter 5$1,560 et 560, 783 non eſt magna, et pro- 
inde numerus 40 non erit multo minor quam radix x. 


Faciamus igitùr ſecundam conjecturam de magnitudine radicis x, et pona- 
mus quod fit = 41, et ſubſtituamus 41 pro x in quantitate trinomia x? + 


74 + 8729x. 


Poſito itaque quod x fit = 41, xx erit (= 41) = 1681, et * erit (= 41?) 
= 68,921, et 74xx erit (= 74 x 1681) = 124,394, et 8729x erit ( 
8729 X 41) = 357,889, et pro-inde quantitas trinomia & + r. ＋ 87298 


erit (= 68,921 ++ 124,394 + 357,889) = 551,207 3 qui numerus eſt minor 
quam 560,783, Ergò numerus 41 eſt minor quam radix x æquationis pro- 
2Q 2 poſitæ 
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polite x? + 74xx + 8729x = 560,783. Eſt autem ſatis propinquus radici x 
ut fict fundamentum procefitis approximatorii, per Methodum a Raphſonc 
traditam, quo inveniamus novum valorem iſtius radicis qui erit vero eju{den; 
valori multo propinquior quàm 41. 


Ponamus igitùr 2 pro differentia inter x et 41; et eritx = 41 + 2. Ergg 
*x erit = 41 ＋ 2 (= 41 ＋ 2 X 41 Xx 2 + &c) = 1681 + 82x 2+ 
Ke, et à erit =41 4 2» (= 4iP + 3 X 411? * 2 ++ &c = 41]? + 2 
X 1681 Xx 2 + &c) = 68,921 + 5043 x 2 + Kc, et 74xxerit (= 74 
X 1681 + 82 X 2 + &c = 74 x 1681 + 74 x 82 X 2 + &c) = 
124,394 -+ 6068 X z + &c, et 8729 x erit (= 8729 * 41 J & = 8729 
X 41 + 8729 Xx 2) '= 357,889 + $729 Xx 23 et pro. inde quantitas trinom!a 
* + 74 xx + 8729 x erit = quantitati multinomiæ 


6 68,921 ＋ 5043 2 + &c ] 
+ 124,394 + 6068 2 + &c þ = 
+ 357,889 + 8729 2 ſ 


551,207 + 19,840 X 2 + &c, 


Sed quantitas trinomia * + 44 xx + 8729 x eſt = 560,783, 


Ergd quantitas 551,207 + 19,840 Xx z erit etiam = 560,783 ; et pro-inde 
19,840 Xx 2 erit (= 560,703 — 558,207) = 9,576, et 2 erit = 5 65 
= 0.48, Ergò x, ſeu 41 + 2, erit (= 41 + 0.48) = 41.48, hoc eſt, radix 
æquationis propoſitæ * + 74xx + 8729x = 560,783 erit = 41.46, 


Subſtituatur jam 41.48 pro x in quantitate trinomia a + 94xx + 87 hr, 
ut videamus an valor iſtius quantitatis inde oriundus erit major, vel erit mi- 
nor, quam 560, 783, et pro-inde ut ſciamus an 41.48 erit major, vel erit minor, 
quam radix x æquationis x* + 74xx + 8729x = 560, 783. 


Si x fit = 41.48, xxerit (= 41.485) = 1720. 8904, et 2 erit (= 41.48} ) 
= 71,370.089,792, et 74rx erit (= 74 X 1720.5904) = 127, 323.6896, et 
8729x erit (= 8729 X 41.48) = 362,078.92, et pro-inde quantitas trinomia 
* + 74*x + 8729 crit (= 71,370.089,792 + 127,323.6896 + 362,078.92) 
= 560,772.699,392 ; qui numerus eſt minor quam 560,783, Ergo numerus 
41.48 eſt minor quam x. 

Ponamus 
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Ponamus jam 2 pro diſferent!a inter 41,48 ct x; et & erit = 1 
Ergd xx erit = 41.48 + 2) (= 41:48" + 2 & 41.48 x= + = 
1720.5904 + 82.96 X z + &c, et a* crit = 41.48 + 23 (= 41.48 + 3 X 
41.40 x 2 + &c = 41-487 + 3 X 1720.5904 * 2 + &c) = 71,3798 2.089.; 792 
2 7712 X 2 + &c, et 74xxerit ( 74 X 1720. 5904 ＋ 82. + $2.96 x 2 + Ne 

74 X 1720. 904 + 74 X 82.95 x 2 + &c) = 127, 323.6896 6139.04 
X 2 + &c, ct $729 x erit (= 8729 X 41.48 + 2 = 8729 Xx 41.48 + 8729 
x 2) = 362,078.92 + 8729 23 et pro-inde quantitas trinomia a* + 74** 
+ 8729 x erit = quantitau multinomiæ 


71,370.0939,792 + 5161.7712 Xx z + &c 
+ 127,323.689,600 + 6139.0400 Xx z + Ke = 
+ 362,078.920,000 + 8729.0000 X 2 


560,772.699,392 + 20,029.8112 & 2 + &c. 


Sed quantitas trinomia x* + 74vx + 8729 x eſt = 560,783. 


Ergd quantitas 560,772.699,992 + 20,029.8112 X 2 + &c erit etiam 
= 560,783; et pro-inde 20,029.8112 & z + &c erit (= 560,783 — 
10. 300.608 
20,029.8112 
o. ooo, 514,253. Ergo x, ſeu 41.48 + 2, erit (= 41.48 + o. oco, 514, 263) 
= 41.480, 514, 263, hoc eſt, radix æquationis propoſitæ x* + 74 xx + 8729 * 
= 560,783 erit = 41.480,514,263. Q. E. I. 


560,772.699,392) = 10. 300, (o8, et 2 + &c erit = 


Hujus numeri 41.480,514,263 prime novem figure, nempe 41.480,514,2, 
ſunt, ut opinor, vere, Sed, ut hoc pro certo ſciatur, reſumemus ultimum 
proceſſum approximationis præcedentis, cujus ope invenimus differentiam 2⁊ 
inter x et 41.48 eſſe = o. ooo, 5 14, 263, ut inde determinare poſſimus in quo 
loco fractionum decimalium figura prima proximi termini in valore quantitatis 

z (in quo 22 invenietur,) calculum intrabit ; ut factum eſt ſupra ad finem ex- 
empli ſecundi, ubi demonſtravimus quod tredecim prime figure numett 


3-472,903,553,335,594, nempe, figuræ 3, 472, 963, 553,338, erant ver, 


In inveſtigatione præcedente quantitatis z quantitas trinomia * + 74% + 
3729 x fit, per ſubſtitutionem quantitatis binomiæ 41.48 + 2 in ejus terminis 
pro #, æqualis quantitati 41.48 + , + 74 Xx (41.48 + 2)* + 8729 * 

41.48 
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41.48 + & = 41.49* + 3 X 41.48 X2+3 X 41:48 & 22 + 2 + 
74 X 41.48\* + 2 X 41.48 Xx 2 + 22 + 8729 X 41.48 + 2 = 41 4805 
+ 3 * 4148 X2 + 124.44 X 22 ＋ 2 + 74 X 41.48 + 74 X 82.96 
X 2 + 74 22 + 8729 Xx 41.48 + 87292 41.4800“ + 3 Xx 41.48? X 2 
+ 198.44 2 + 2 + 74 X 41.48 + 74 x 82.96 X 2 + 8729 x 41.48 + 
872gz. Hæc æquatio eſt accurate vera. Sed, ut facilids reſolvi poſſet, nc- 


gleximus in præcedente inveſtigatione duos terminos 198.44 z et 2*. Nunc 
verd retineamus primum horum terminorum, ſcilicet, 199.44 ⁊Z, et tunc æquatio 


erit * + 74 * + 8729 = 41.48 + 3 x 4148 x2 + 198.44 22 74 
X 41.43* + 74 x $2.96 X 2 + 8729 X 41.43 + 8729 = (per calcu- 
lum præcedentem,) 560,772.099,392 + 20,029.8112 X 2 + 198.44 zz quam 
; proximè. 


Sed quantitas trinomia a* + 74 xs + 8729 * eſt = 560,783. 


Ergo quantitas 560, 77 2.699, 392 + 20,029.8112 X 2 + 198.4422 erit etian; 
= $60,783 ; et pro-inde 20,029.8112 & z + 198.44 22 erit (= 560,783 — 
560,772.699,392) = 10.300,608 quam proxime, et 20, 029.8 112 X 2 erit = 


10. 300, 608 — 198.44 zz quam proxime, et z erit = 10.300,608 _ _198.44 xx 


20,029\8112 20, 29.8112 
8. a 338 a 
= 0.000, 5 14, 263 — . quàm proximè. Eſt igitùr æ paulo minor 
quam fractio decimalis 0,000, 5 14, 263, nempe, exceſſui iſtius fractionis ſuper 
198.44 X ⁊ 


quantitatem valdè parvam - Manifeſtum eſt autem quod z (quæ 


20,029.8112 
eſt propemodum æqualis fractioni decimali 0.000,514,263) erit minor quam 


0.000,52. Ergo o. oo, 52, hoc eſt, fractio decimalis 0.000,000,270,4, erit 


198.44 X 0.000,000,270,4 . . 198.44 2 


major quam 22, et I 
yor - 20,029.8112 — EO 20,029,8112 


+ "hs S 


198.44 | 9 : 
0,000. X 0,0C0,000,270,4, ſen - _— X 0.000,000,270,4, erit Ma- 


198.44 zz 
20, 029.8112 


fortiori, 


100 
jor quam —= „et, iterùm à fortiori, 10. * O. oo, ooo, 270, 4, ſeu 


, 


_198.44 22_ 
20,029. 9.8112 


— X 0.000,000,270,4, ſeu 0.000,000,002,704, erit major quam 


Ergò 
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3 f 3 198.44 zz . 8 n : 
Ergo prima figura termini 8 (qui eſt ſubtrahendus a fractione de 


cimali o. 000, 5 14, 263 ut valor quantitatis x accuratiùs obtineatur,) non erit 
major quam 2 in nono fractionum decimalium loco poſita, et pro- inde, fi i 
fractione decimali o. oo, 5 14, 263 ſubtraheretur, nullam mutationem efficerer 
in ea niſi in ultima ejus figurà 3, qui poſſet converti in figuram 1; ide6que 
omnes præcedentes figuræ ejuſdem fractionis decimalis, nempe, figurz 
0.000,514,26, immutatæ manerent; et pro-inde x, ſeu 41.48 + 2, ſeu 
41.480,514,263, erit accurata, non ſolùm in novem figuris 41.480,514,2, ut 
opinatus fueram, ſed in decèm figuris 41.480, 5 14, 26. Q. E. I. 


Exemplum 5. 


Reſolvenda ft æquatio * + 6808 xx + 672,792 x 
= 43,597,216, 


Hæc æquatio derivatur ex Problemate quodam Geometrico, quod à Raph- 
ſono enunciatum eſt, ſed non ſolutum. Eft autem hujuſmodi. 


Problema Geometricum. 


Sit ACE triangulum habens angulum obtuſum A, ſeu CAE. Et à puncto 
A ducatur recta linea AD occurrens baſi CE ad rectos angulos in puncto 
D. Et à puncto C ducatur recta linea CB occurrens lateri EA, producto, ad 
rectos angulos in puncto B. Et ſint datæ magnitudines rectarum DE, CB, 
et BA; nempe, fit recta DE = gy, et CB = 68, et BA = 51. Requiritur 
invenire longitudinem rectæ AD, que eſt perpendicularis ad baſim CE et 
cadit intra triangulum CAE. 


B 


Solutio. 
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Sclutio. 
Ponatur x pro rectà quæſu AD, et d pro DE, et s pro CB, ct & pro BA, 


Et quoniam triangula CBE ct ADE ſunt rectangula, et habent angulum 
AED utrique communem, erunt inter fe fimilia, Ergd BE erit ad CB ur 
DE ad AD, hoc eſt, BE erit ad 5 ut 4ad x. Sed BE eſt = BA + AE 
BA + V DEq + ADg = 4+ Y + wx. Erg I + VAI as 
ad s ut 4 ad x; et pro-inde & + » X Vd + ax erit = ds, et x v 
V dd + xx erit = ds — bs, et xx X dd T xx erit (= ds — bx\*') = ddss — 
ad + Ibex, hoc eſt, daxx + x* erit = ddss — 2dr ＋ bbxx; et pro-inde 
x* + ddr + 2bdsx erit = ddss + bbxs, et * + dd uw — bbxx + 20dss crit 
= dadss; ut a Raphſono declaratur. 


Eſt autem d = 97, et 5 = 51,et 5s = 68. Ergd dd erit (= /h) = 9409, 
et bþ erit (= 51) = 2601, et dd — bb erit (= 9409 — 2601) = 6808, et 
2bds erit (= 2 X 51 X 97 x 68 = 102 X 97 x 68) = 672,792, et 5s erit 


(= 68\*) = 4624, et dass erit (= 9409 X 4624) = 43,507,216, Ergo 
æquatio litteralis * + ddxx — bbax + 2bdsx = ddss jam convertetur in @qua- 
tionem numeralem a* + 6808 xx + 672,792 x = 43,507,216; ut a Raph- 
ſono declaratur. 


Hanc igitùr æquationem numeralem * + 6808 xx + 672,792% = 
43:507, 216 nunc reſolvemus ope limitum in tractatu ſuperiore Florimondli de 


Beaune inventorum. 


Hæc æquatio numeralis eſt ejuſdem formæ ac zquatio generalis x* - mms 
+ 1x = pt in Propoſitione quarta Capitis ſeptimi tractatüs præcedentis; ct 
co- eſſiciens litteralis am in iſtà æquatione generali fit in hac &quatione nu- 
merali = 6808, et 1 in iſta æquatione fit in hac = 672,792, et p* in iſlà ſit in 
bac = 43, $07,216, Sed, per iſtam Propoſitionem quartam, æquatio general!s 


x* + mm + #*x = i habet tantim unam radicem veram: et hæc radix 


be 4 
RESET. fed minor quam = £ , et quam * , 


unica eſt major quam fractio 


fea 2 et quam p. Ergo æquatio numeralis x* + 6508 xx + 672,792 5 
= 43,507,210 
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2 43,507,216 habebit etiàm tantum unam radicem ; et hc radix unica erit 


5 6 43,507,216 2 ſed * 
ajor quam fractio — , fed min 
7A TTTo7,a10\8 + 6508 x 778671 + 672,792 


% , , 16 % - as 
quam AH =, et quam V — 8 —, et quim 43, 50%, 216. Hos 
3 


igitür limites nunc neceſſe eſt ut computemus, ſed non ad plures quàm duas 
figuras decimales. Hoc vero ſieri poteſt hoe modo. 


Quoniam p- eſt = 43,507,216, pp crit = 6500, et p erit = 80, et p* eric 
= 512,000, et mmp erit ( = 6808 x 80) = 544,640, et 43,507,216] + 
6808 * 435507, T5 + 672,792 erit (= 512,000 + 544,040 + 672,792) 


43,597,216 | . 43,507,216 
= 1,729,432, Et — erit (= =) 
729543 43,507, 216 jF +6803 X 43.567721 + 672,792 1,729,432 
439507,216 _ 44.507,006<.- | 43,507,216 . 
ur 85, ct IE 63, et ge erit = 6390, et V ee erit 


(=y/ 6390) = 79. Ergo radix unica æquationis a* + 6808 xx + 672,792 x 
= 43,507,216 erit major quam 25, ſed minor quam 63, et quam T9; et quam 
go, ide6que erit mediæ cujuſdam magnitudinis inter 25 et 63. Hi limites 
ſunt à ſe invicem admodꝭm remoti, et non multum nos adjuvant in conjec- 
tura facienda de magnitudine radicis x. Ponamus tamen quod hec radix fit 
= 40, et ſubſtituamus 40 pro x in quantitate trinomia x* + 6808 xx + 
672,792 x, ut videamus an valor ejuſdem quantitatis ex hac ſubſtitutione ori- 
undus erit major, vel erit minor, quam numerus abſoJutus, ſeu quantitas nota, 
43,507,216 in propofita æquatione, et inde ſciamus an numerus 40 fit major, 
vel fit minor, quam vera radix iſtius æquationis. 


Poſito autem quod x fit = 40, xx erit = 1600, et x* erit = 2,560,000, et 
6808xx erit (= 6808 X 1600) = 10,892,800, et 672,792 x erit (= 672,792 X 
40) = 26,911,680, et pro-inde quantitas trinomia a* + 6808 xx + 672,792x 
erit (= 2,560,000 + 10,892,800 + 26,911,680) = 40,364,480 ; qui nume- 
rus eſt minor quam 43,507,212, ſeu terminus abſolutus æquationis *“ + 
6808xx + 672,792 K = 43,507,216. Ergo numerus 40 eſt minor quam x 
in iſta æquatione. Differentia verd inter 40,364,480 et 43,507,216 non eſt 
magna, et pro-inde numerus 49 non erit multo minor quàm radix x. 


Faciamus igitùr ſecundam conjecturam de magnitudine radicis x, et pona- 
mus quod fit = 42, et ſubſtituamus 42 pro x in quantitate trinomià & + 6808 xxx 
+ 672,792 x, 
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Poſito itaque quod x fit = 42, xx erit (= 421*) = 1764, et * erit (= JV) 
= 3,111,696, et 6808 xy crit (= 6808 x 1764) = 12,009,312, et 672,792x 
erit (= 672,792 & 42) = 28,257,264, et pro-inde quantitas trinomia a* + 
6808 xx + 672,792 x erit (= 3,111,696 + 12,009,312 + 28,257,264) = 
43,378, 272; qui numerus eſt minor quam 43,507, 216. Ergò numerus 42 
eſt minor quam radix x æquationis propoſitæ x* + 6808 xx + 672,792 K = 
43,507,216, Eſt autem ſatis propinquus radici x ut fiat fundamentum pro. 
celſiis approximatorii, per Methodum i Raphſono traditam, quo inveniamus 


novum valorem iſtius radicis qui erit vero ejuſdem valori multo propinquior 
quam 42. 


Ponamus 1gitur z pro differentia inter æ et 42 et erit x = 42 + 2, Ergd 
xx erit = 42 + 2* (= 42} +2 X42 X 2 + &c)= 1764 +84 x 2 + 
&c, et at erit = 42 + 2\* . 421 ＋ 4 X 423 "WS + + &c = 421* + 4X 
74,088 X 2 + &c) = 3,111,696 + 296,352 X 2 + &c, et 6808 xx erit = 
6808 X 1704 + 84z+&c (= 6808 x 1764 + 6808 x 84 2 + &c) = 
12,009,312 + $571,872 X 2 + &c, et 672,792 x erit = 672,792 X 42 +2 
(= 672,792 * 42 + 672,792 X 2) = 28,257,264 + 672,792 2; et pro- 
inde quantitas trinomia xa* + 6808 xx + 672,792 * erit æqualis quantita!! 
multinomiæ 


3,111,696 + 296,352 x 2 + &c |) 
+ 12,009,312 + 571,672 x z +&c þ = 
+ 28,257,204 + 672,792 X 2 


43,378,272 + 1,541,016 x 2 + &c. 


Sed quantitas trinomia x* + 6808 xx + 672,79 2 * eſt = 43,507,216. 


Ergo quantitas 43,378,272 + 1,541,016 X 2 + &cerit etiam = 43,507,215; 
et pro-inde 1,541,016 X 2 + &c erit ( = 43,507,216 — 43,378,272) = 


128,044 — : 
1,541,016 © 0.083, Ergo x, ſeu 42 + 2, exit 


(= 42 + 0.083) = 42.083 quim proxime, hoc eſt, radix æquationis pro- 
polite * + 6808 av + 672,792x = 43,507,216 erit = 42.083 quàm 
proximè. Q. E. I. 


128,944, et 2 + &c erit = 


Subſtituatur 
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Subſtituatur jam numerus 42.083 pro x in quantitate trinomia x* + 6808 xx 
＋ 672,792 , ut videamus an valor iſtius quantitatis inde oriundus crit major, 
vel erit minor quam 43,507,216, ct pro-inde ut ſciamus an 42.083 erit major, 
vel erit minor, quam radix æquationis x* + 6808 xx + 672,792 x = 43,507,216. 


Hzc ſubſtitutio erit hujuſmodi. 


Si x fit = 42.083, xx erit (= 42.0831*) = 170.978, 889, et a* erit 
(= 42.083) = 74, 528. 104, 585, 787, et „ erit ( = 42.0830) = 
2,135,306.225, 283, 674, 321, et 6808 xx erit ( = 6808 X 1770.978,989) 
= 12,056,824.276,312, et 672,792x erit ( = 672,792 Xx 42.083) = 
28,313,105.736, et pro-inde quantitas trinomia a* + 6803 xx + 672,792 x 
erit (3, 136, 366. 22 5, 283,674, 321 + 12,056,824.276,312 + 28, 313, 105. 736) 
= 43,506, 296.237, 595, 674, 321; qui numerus eſt pauld minor quam 
43,597,216, ide6que numerus 42.083 erit pavld minor quam æ, ſeu radix 
æquationis x* + 6808 xx + 672,792 # = 43,507,216. 


Ponamus jam x pro differentia inter 42.083 et x; et crit x = 42.083 + 2. 
Fred xx erit (= 42.0834+ 2 = 12.083* + 2 X 42.083 X 2 + 22) = 
1770.978,889 + 84.166 K 2 + 28, et * erit = 42.083 +2\* = 42.083)* 
+ 4 X 42.083 x & + 6 X 42.082 x 22 + & = 42.083\* + 4 * 
74, 528.104, 585,787 «„ 2 + 6 Xx 1770.978,889g x 2z + &c) = 
3136, 366.225, 283,674,321 + 298, 112.418, 343,148 K 2 + 10,625.873,334 
* zz + &c, et 6808 xx erit (= 6808 x 1770. 978, 889 + 84.106 X X + 22 
= 6808 1770. 978,889 + 6808 X 84.166 Xx 2 + 6808 x 2z) = 
12,0,6,824.276,312 + 573,002,128 X x + 6808 zz, et 672,792 x Cri; 
(= 672,792 X 42.083 + 2 = 672,792 X 42.083 + 672,792 x 2) = 
28,313, 105.736 + 672,792 X 2; et pro-inde quantitas trinomia x* + 6808xx 
+ 672,792 x erit æqualis quantitati multinomiæ 

3,136, 366.225, 283,674,321 + 298,112.418,343,148 x 2 

＋ 10, 628.873, 334 X 22 + &c, 
+ 12,056,824.276,312,000,000 + 573,902.128,000,000 X 2 


＋ 6,308.000,000 X 22 
C + 28,313, 105. 7 36, ooo, ooo, ooo + 672, 792. o, ooo, oo X 2 


= 43,506, 296.237, 595,674,321 + 1,543,906. 546, 343, 148 X 2 
117,433.73, 334 X 22 + &c 


2 R 2 Sed 
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Sed quantitas trinomia ** + 6808 xx + 672,792 eſt = 43,507,216. 


Ergo quantitas 43, 506, 296.237, 59 5,674,321 + 1, 543,906. 5 46, 343, 148 X 2 
+ 17.433.873, 334 * 22 ＋ &c erit etiam = 43,507,216 ; et pro-inde quantitas 
1,543,906. 346, 343, 148 X 2 erit (243, 507, 216 43.506, 296.237,59 5,674,321 
— 17, 433.873, 334 x 22) = 919.762, 404, 325,079 — 17,433.873,334 X 22, 


„ — _919.762,404,325,679 I7,433-573,334 X 22 
1,543,906. 546, 343,148 1, 543, 06.546, 343, 148 5959737 


— &c. Ergo x, ſeu 42.083 + 2, erit ( = 42,083 + o. ooo, 595, 737 — &c) 
= 42.083,595,737 — , hoc eſt, radix æquationis x* + 6808 xx + 672,792 » 
= 43,507,216 crit prope æqualis numero 42.083, 595,737, ſed eodem aliquan- 


tulum minor. Q.E. I. 


Ut vero ſciamus quot figure hujus numeri 42.083, 595,737 ſunt vere, ſub- 


1433-873,334 * 22 4 | 
\litvamus pro fraQione £2433 uz ſubtrahenda eſt à fractions 
P 1,543,906. 546, 343,148 (q 


- ©,000,595,737, ſeu valore quantitatis z jam invento, ut ejus valor accuratiùs 


17,434 X 0,000,613 17,434 X o. ooo, ooo, 36 c 
1,543,990 1,543,990 , 


0 6, 6, I 2 . . 

0.006, 276,24 , ſeu 0,000,c00,004, quæ major eſt priore fractione; et A va- 
1,543,900 > 

lore z jam invento, ſcilicet, 0.000,595,7 37 ſubtrahamus hunc numerum 


0.000,000,004. Et numerus reſiduus inde ortus, nempe o. ooo, 595, 733, erit 

minor quam verus valor quantitatis z. Ergo iſte verus valor erit major quàm 

0.C00,595,733, ſed minor quam 0.000,595,737, et pro-inde verus valor quan- 

titatis x, ſeu 42.083 + 2, erit major quam 42.083,595,733, ſed minor quim 

42.083,595,737 ; hoc eſt, prime decem figuræ ejuſdem erunt 42.083, 593,73. 
| Q. E. I. 


Numerus à Raphſono inventus pro valore radicis æ in hac æquatione x* — 
6808 xx ＋ 672,792 * = 43,507,216 eſt 42.083, 593, 734, qui cum noſtro 
numero 42.083, 595,737 convenit in decem primis figuris 42.083, 598,73. 


„ ſen 


obtineatur,) fractionem 


Exemplum 


| 
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Exemplum 6, à Raphſoni Problemate decimo octavo | 
deſumptum, i 


Reſolvenda fir æquatio biquadratica 17575.969,772,051x — 1221.125 xx 
+ 62.145, 069,375 — K = 135,869.138,875,123,885, quæ oritur ex divi- 
ſione terminorum omnium æquationis 141, 873, 228 x — 9,856,921 xx + 
501,636 * — 8072 x* = 1,096,735,689 per numerum 8072, Hæc autem 
æquatio derivatur ex ſolutione cujuſdam Problematis Geometrici, quod I 
Raphſono eſt propoſitum, et cujus ſolutio eſt ab eo, ſed breviſſimè, indicata. 
Poteſt autem hoc Problema plenids enunciari et ad æquationem biquadraticam 
141,873,228 x — 9,856,921xx + $01,636 x* — 8072 x* = 1,096,735,689 
perduci hoc modo. 


Problema Geometricum. 


- = \ - — — = 
8 4 — —— 
wow TU — — ʒ7*Ll. 
ein een 8 * —— 2 = _— _ — 


A. 8 0 1 


Sit triangulum planum ABI habens angulum B, ſeu ABI, obtuſum; et à 
puncto B ducatur rea linea BO ad rectos angulos lateri BA, et occurrens baſi 
Al in puncto O. Et ſint datæ lineæ ſequentes, ſcilicet, Latus BI, et recta linea 
BO, et ſumma lateris AB et baſis Al ; nempe, fit Latus BI = 32, et recta 
linea BO = 21, et ſumma lateris AB et baſis Al, ſeu quantitas AB + Al, 


= 51, Requiritur invenire longitudinem lateris AB, 


Solutio. 


A puncto B ducatur recta linea BS ad rectos angulos baſi AI trianguli ABI, 
et eidem occurrens in puncto S. Et dividetur triangulum obtuſangulum ABI 
in duo triangula rectangula ABS et BSI. Ergd AB? erit = AS? + B87, 
et Bl? erit = BS? + 817, et pro-inde AB! — AS? erit = B87, et BI? 


— sl? erit etiam = B87. Ergo AB! - AS? erit = BI! — SI?, Sed — 
c 
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eſt == Al = AS, et pro-inde SI? erit = Al — ASP = AI? — 2AI x AS 
+ AS?, Ergd BI! — SI! erit (= Bl? — TAI? — 2AI x AS + AS?) 
= BI7 — Al? + 2AI x AS — AS?, Ergo AB? — As? (quod often- 
ſum eſt eſſe = BI? — SI,) erit etiam = Bl? — AI? + 2AI x A8 
— AS?, et (addendo utrinque AS?,) erit AB? = BI! — AI! + 
2Al x AS, et (addendo utrinque Al?,) erit AB? + AI7 = BI? + 2Al 
* AS, et (auferendo utrinque BI 9) erit AB? + AI? — BI? = 2AlI x AS, 


4 ; 7 = 
et denique (diviſione factà per 2Al) erit — 5 AS, ut Raph- 


ſonus affirmat. Sed, quoniam angulus ABO eſt rectus, AO? erit = AB? + 


BOY, et pro-inde AO erit = / AB? + BOY; et, per propoſitionem octavam 
Libri ſexti Elementorum Euclidis, AO eſt ad AB ut AB ad AS, et pro-inde A8 


R ABY | 
ent = _ ſeu - „ ut Raphſonus affirmat. Sed ante oſtenſum 
AB7 + 307 
N ABer AB 7 + AI7T — BIT „ 
eſt quod AS eſt = by » Ergo I erit = 


AB? = OT f , 
—. Et hinc æquatio biquadratica ſupra deſcripta, nempe, 


—— — > co__————_——_—_—_ 


x AB! + BOY 
141,873,228 x — 9,856,921 xx + 501,636 * — 8072 x* = 1,096,7 35,08 
derivari poterit hoc modo. 


Ponatur x pro quzſita lines AB. Et, quoniam AB + Al eſt = Fit, erit 
AI = 51 — AB = 51 — x, et pro- inde Al? erit (= 51 —#*) = 2601 — 
102 x + xs, et AB! + Al? erit (= xx + 2601 — 102x + xx) = 2601 — 
a.. 


Et, quoniam Bl, per conditiones Problematis, et = 32, Bl? eric (= 


AB + AI7 —BI? . 2601=102x +2 xx— 1024 


221 I 
32 ) 024, et pro-inde =y 1 


— 577 — 102 + 2 
102 —- 24 vn 


Porrò, quoniam BO eſt = 21, BO! erit = (ZI) = 441, et AB? + BO! 


- . AB 7 , 
erit = xx + 441, et fractio — — erit = ——= 


ABI + B07 Var +441 
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AB7 + AI? - BI7 AB? 
Sed — LR eſt 22 _— — . 
| ABT1+ 307 
2 . 1597 102 * wy 2 xXx . — a: . ern a a Et ro- inde 
Ergò fractio — „ c__— cit fractioni — Pp 


2,486,929 —321,708 x+ 16,712 xx - 408 x* + 4a 
10,404 — 4083 x + 4 xx 


(quadrando has fractiones, ) erit fractio 


= - et (multiplicando utraſque partes hujus æquationis per quantita- 
xx ＋ 44 


tem trinomiam 10,404 — 408 x + 4xx,) quantitas quinquinomia 2,486,929 

: * $ 10 
— 321,708 x + 16,712 xx — 408 * + 4x* erit = 4 — 2 
et (multiplicando utraſque partes æquationis per quantitatem binomiam xx + 
| 441,) quantitas multinomia 2,486,929 xx — 321,708 4 + 16,712 x* — 408 * 
+ 4% + 441 X 2,486,929 — 441 X 321,708 * + 441 X 16,712 * — 
441 Xx 408 * + 441 Xx 4x*erit = 10,404 x* — 408 * + 42, et (addendo 
utrinque 408 x*,) quantitas multinomia 2,486, 929 xx — 321,708 4 + 16,712x* 
+ 4x* + 441 Xx 2, 486,929 — 441 Xx 321,708 ＋ 441 X 16,712 ax — 
441 Xx 408 4 + 441 x 4x*erit = 10,404x* + 4%, et (auferendo utrinque 
4) quantitas multinomia 2,486,929 xx — 321,908 1% + 16,712 x* + 441 
* 2,486,929 — 441 X 321,708x + 441 Xx 16,712ax — 441 x 40845 + 
441 X 4% erit = 10,404 x*, hoc eſt, 2,486,929 xx — 321,708 48 J. 16,712 * 
+ 1,096,735,689 — 141,773,228 & + 7,369,992 wx — 179,928 a + 1764 x* 
crit = 10,404 a?, 


2,486,929 xx — 321,708 * + 16,712 * — 141,773,228 x 
+ 7,309,992 xx — 179,928 & + 1,764 of + 1,096, 735,689 


ſeu 


ent = 10,494 *, ſeu 9,856,921 xx — 301, 636 i + 18,476 * — 
141,773,228 + 1,096,735,689 erit = 10,404 xx, et (addendo utrinque 
501,030x* + 141,773,228 x) quantitas trinomia 9,856,921 ax + 18,476 K 
+ 1,096, 735,689 erit = 10,404 ax + 501,636 4 + 141,773,228 x, et (au- 
ferendo utrinque 10,404 *) quantitas trinomia 9,856,921 xx + $072 * + 
1,096,7 35,089 erit = 501,636 x* + 141,773,228 x, et (auferendo utrinque 
9,850,921 ax + 80% *,) quantitas 1,096, 733,689 erit = 141,773,228 x 
— 9,850,921 xx + 501, 6363 — 8072 *, ſeu quantitas quadrinomia 
141,773,228 x — 9,856,921 ax + 501, 636 * — 8072 * erit = 1,096,735,689, 
et (dividendo omnes terminos per 8072, co-efficientem quantitatis af, ) 
erit quantitas quadrinomia 17,57 5.969,772,051 x — 1221.125, X &x + 
02:145:069,375 * * = 135,809.138,875,123,895 ; qua ell æquatio nunc 
reſolvenda. 


Hæc 
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Hæc æquatio numeralis 17, 575.969, 772,051 — 1221,125 ax. + 
62.145, 069,375 a — x* = 1435,869.138,875,123,885 eſt ejuſdem forme ac 
æquatio generalis 2 — mmxrr + lx — a* = p in Propoſitione prima capiti; 
ſexti tractatùs præcedentis; et co-efficiens litteralis / in termino /x* in iſta 
æquatione generali fit in bac numerali = 62.145,069,375, ſcu (negligendo 
partem hujus numeri fractionalem,) = 62, et mm in iſtà æquatione generali 
fit in hic numerali = 1221.125, ſeu, prope, = 1221, et = in ifta generali 
fit in hac numerali = 17, 575.969, 772,051, feu, prope, 17,575, et & in iti 
generali fit in hac numerali = 135,869.138,87 5,123,885, ſev, prope, 135,869, 
Sed, per iſtam propoſitionem primam, æquatio generalis zu — mmxx + J 
— x* = p* potelt habere quatudr radices veras; et quælibet harum radicum 


. . * p* ; * ' % p* 5 
erit major quàm = ſeu J- T . 43m N & gam rr r 


et quam minor horum duorum terminorum, et — —, ſed minor quam 
] + n. Ergd æquatio numeralis 17,575.97 &c X x — 1221.125 X xx 
+ 62.145 & x * — * = 135,869.138, &c poterit, fortaſſe, habere 
quatuòr radices veras; et quælibet harum radicum erit major quam 


135,869 5 i 
— : - et quam minor horum du. 
623 + 2 x 621 x 17,575)" + 62 x 17,575)" + 17,575 


13 5,869) 4 
8 I7,575)7 + 17575 
neceſſe eſt ut computemus. Hoc vero fieri poteſt hoc modo. 


Hos igitùr limites nunc 


3 a 
orum terminorum 17, 575 7 et 


Quoniam p“ eſt = 133, 869, pp erit (= V 135,869) = 368, et p erit (= 
9368) 19; et, quoniam / eſt = 62, Merit = (62) = 3744, et Þ erit ( 
= 232,128 z et, quoniam 1 eſt = 17,575, u erit = 26, et un erit = 676. 
Ergd alls erit (= 2 X 3744 X 26 = 7488 x 26) = 194,688, et /ny erit 
(= 62 x 676) = 41,912, et“ ＋ 2% + Inn + # erit ( 232,128 + 


4 . 
194,688 + 41,912 + 17,575) = 286,303, et Is Ei Cl 42 


ES = 0493 et cn ( 2 = 5 


— 9995 — _692 \ _ N a ; 2 
41,912 + 1,75 59,487 = o. 117. Ergo quzlibet radicum equations 
17,57 5-969 &c Xx * — 1221.125 & xx + 62.145, & Xx * 7 3 

135,809.13897 
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135,969. 138, & c erit major quam 0.47 et quam minor harum duarum quan- 
titatum 26 et o. 117, hoc eſt, quam 0.117, ſed minor quam (/ -+ , ſeu 62 + 
26, ſeu) 88. Ergo maxima harum radicum (fi ſint plures,) erit major quam 
0.117 et quam 0.47, ſed minor quam 88, ide6que erit mediæ cujuſdam mag- 
nitudinis inter 0.47 et 88. Hi limites ſunt à ſe invicem admodum remoti, et 
non multum nos adjuvant in conjectma faciendi de magnitudine radicis 
maximæ x. Ponamus tamen quod hac radix maxima fit = 40, et ſubſtitua- 
mus 40 pro x in quantitate quadrinomia 17,575 * — 1221 xx + 624" ,, ut 
videamus an valor ejuſdem quantitatis ex iſtà ſubſtitutione oriundus erit major, 
vel erit minor, quam numerus abſolutus, ſeu quantitas nota, 133.869, fei 
valor ejuſdem quantitatis in propoſità æquatione 17,575 x — 1221 xx ＋ 62 x* 
== * = 135,869, et quænam erit horum valorum differentia, ut inde fiamas 
aptiores ad ſecundam conjecturam faciendam de hujus radicis magnitudine. 


Poſito autem quod x fit = 40, xx erit (= 401*) 1600, et 2 erit ( 401!) 
= 64, ooo, et x* erit (= 401) = 2,560,000, et 17,575 x erit (= 17,575 X 
40) = 703,000, ct 1221 xx erit (= 1221X 1600) = 1,753,600, et 62 x* erit (= 
62 X 04,000) = 3,968,000 ; ct pro-inde quantitas quadrinomia 17,575 % — 
1221 * +62 K* — x*erit (=703,000 — 1,753,600 + 3,968,000 — 2,560,000 
= 4,671,000 — 4,313,600) = 3 57,400 3 qui numerus eſt multo major quam 
135,869, ſeu valor ejuſdem quantitatis quadrinomiæ in æquatione 17,575 * — 
1221 xx + 62 * — a*=135,869, Ergo radix maxima iſtius æquationis non eſt 
æqualis numero 40. Non autem à numero 40 multùm differt, quoniam, fi pona- 
mus x eſſe æqualem numero 41, (qui numerum 40 tantùm unitate major eſt, ) quan- 
titas quadrinomia 17,575 » — 1221 xy + 62 4* —x* erit = numero 115,415, 
ut ex ſubſtitutione numeri 41 pro x in iſta quantitate quadrinomii fiet mani- 
ſeſtum. Hæc autem ſubſtitutio ita fiet. Si x fit = 41, ax erit (= 41}) = 
1681, et „ erit (= III:) = 68,921, et x* erit (= 41*) = 2,825,761, et 
17,575* erit (= 17,575 X 41) = 720,575, et 1221xx erit (= 1221 X 
1681) = 2,052,501, et 62 * erit ( = 62 x 68,921) = 4,273,102, et pro- 
inde quantitas quadrinomia 17,575 x — 1221 wx + 62 * — x* erit (= 720,575 
— 2,052,501 + 4,273,102 — 2,825,761 = 4,993,677 — 4.878, 262) = 
115,415; qui numerus eſt minor quam 135,869, ſeu valor ejuſdem quantitatis 
quadrinomiæ in æquatione 17,575 * — 1221 xx + 62* — * = 135,869. 
Ergò nunc concludere debemus quod radix maxima hujus æquationis eſt major 
quam 40, ſed minor quim 41: Et bine poterimus commodè inſtituere pro- 
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1 


ceſſum approximatorium ad verum hujus radicis valorem accuratids inveſtigan- 
dum, per Methodum à Raphſono traditam, ponendo z pro exceſſu numeri 41 
ſuper verum iſtum valorem, et ſubſtituendo 41 — 2 pro x in æquatione pro- 


polita 17,575-969 &c X x — 1221.125 Xx ax + 62.145 &c XA = 4 = 
135,869. 138, &c, modo ſequente. 


Si x fit æqualis 41 — 2, xx erit 41 —2!* (g= — 2 X41 x 2 + 
dc) = 1681 — 82 x 2 + &c, et * erit = Fr —2* (= 41 — 3 x 42) 
x2 + & = 41*—3 X 1681 x 2 + &c) = 68,921 — 5043 x 2 + 
&c, et af crit =41 — 2 (= 41 — 4 Xx 41” K 2 + & = 41 — 4 
X 68,921, x 2 + &c) =- 2,825,761 — 275,684 x 2 + &c, et 
17, 575: 909, 772,051 x erit = 17, 575. 969,772,051 Xx 41 — 2 (= 
17,575.99, 772, 51 X41 — 17,575-969,772,051 X 2) =720,614.760,654,091 
— 17,575-969,772,051 Xx 2, et 1221.125xx erit ( = 1221.125 Xx 
1081 — 822 + Kc = 1221.125 X 1681 1221.125 x 82 2 + &c) = 
2,052,711.125 — 100,132.250 X 2 + &c, et 62.145,069,375 * erit (= 
62.145,069,375 & 68,921 — 5043 X 2 + &c = 62.145,069,375 X 68,921 
— 62.145,009,475 X 5043 X 2 + &c) = 4, 283, 100. 325, 394, 375 
— 313, 397. 584, 758, 125 X 2 + &c. Ergo quantitas quadrinomia 
17,575.999,772,051 X * — 1221.125 X xv +4 62.145,069,375 X * — i 
erit æqualis quantitati multinomiæ 


ſ 720,014.760,654,091 — 17,575.969,772,051 Xx 2 + &c 
— 2,052,711.125,000,000 + 100,132.250,000,000 Xx 2 — & 
+ 4,283,100.329,394,375 — 313,397-584,75$,125 X 2 + &c | 
— 2,825,761.000,000,000 + 275,684.000,000,000 Xx 2 & C 


3 5,003, 7 15.087, o48, 466 * 375,8 16.2 50, ooo, ooo X 2 ＋ & c } 
24,878, 472.125, ooo, ooo — 330,973.554,530,176 K 2 — & 


= 125,242.962,049,4566 ＋44, 842.695, 469,8 24 K 2 &c. 
Sed quantitas quadrinomia 17, 57 5. 969,72, % Xx — 1221. 125 X xs + 
62.145,69, 375 K * — af eſt = 135,869. 138,875, 123,885. 


Ergo quantitas 123, 242.962, 048,466 + 44, 842.695, 469,824 X 2 &c 
erit etium = 133,869. 138,8 75, 123,885; et pro- inde 44,842.69 5,469,824 
X 2 
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X 2 erit ( = 133,869. 138,8 75, 123,888 — 125, 242. 962, 048, 466) = 
10,626.176,826,657,885 | 
44-542.695,409,524 
r, ſeu 41 — 2, erit (= 41 — 0.23 = 41.00 — 0.23) = 40.77, hoc eſt, 
maxima radix æquationis propoſitæ 17,575.909,772,051 X x — 1221.125 * 
xx + 62.145,069,375 K — a* = 135,869.133,875,123,88;5 erit = 40.77 


prope. | 2. ; ig 


10,626.176,826,657,885, et 2 erit = = 0.23: Ergo 


Subſtituatur jam 49.77 pro x in quantitate quadrinomiâ 17, 575.969,77. 05 1 
— 1221.125 X xx + 62.145,069,375 X * — „, ut videamus an valor 
iſtius quantitatis ex hac ſubſtitutione oriundus erit major, vel erit minor, quam 
135,869.138,875,123,885, ſeu valor ejuſdem quaniitatis in æquatione propoſita, 
Hzc ſubſtitutio fier hoc modo. 


Si x fit =.40.77, ax erit (= 40.7%) = 1662.1929, et a erit (= 40.771) 
= 67,767.604,533, et x* erit (= 40.77 = 2,762,885.236, 8 10, 41, et 
17, 575- 969, 772,051 X x erit (= 17,575.969, 772,051 X 40.77) = 
716,572.287,006,519,27, et 1221.125 X ax erit ( = 1221.125 X 1662.1929) 
= 2,929,745-305,012,5, et 62.145,009,375 X * erit ( = 62.145,069,375 
X 67,707.604,533) = 4,211,422.485,080,849,470,875; et pro-inde quan- 
Litas quadrinomia 17,575.969,772,051 X #— 1221.125 K* + 62,145,069,375 
** — x*erit = 


716, 572.287, 606, 519,27 — 2,029, 745. 305, 012,5 
+ 4,211, 422.485, 80, 849, 476,875 — 2,762, 88 5. 236, 8 10, 41 


= 4,927,994. 72, 687,368,746, 875 
— 4,792, 630.541, 822,91 


= 135, 364.230, 864, 458, 746, 875; qui numerus eſt pauld minor quam 
135,869.18, 875,123, 885, ſeu valor ejuſdem quantitatis quadrinomiæ in æqua- 


tione propofita 17,575 969, 772, of 1 * # = 1221. 125 X xx + 62. 145,069, 378, 
Xx* — x* 135,869.138,875, 123,885. 


Ex ſubſtitutionibus ſuprà deſcriptis numerorum 41 et 40.77 et 40 pro x 
in quantitate quadrinomia 17,57 5.969,772,051 X x — 1221. 123 X xx + 
62.145,069,375 x * — x* manifeſtum eſt, qudd, quando x eſt = 41, iſta 
quantitas quadrinomia erit = 115,415, et, quando x eſt = 40.77, iſta quan- 
tas quadrinomia eſt = 135,364, et, quando x eſt = 40, iſta quantitas eſt = 


28 2 357,400. 
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357,400. Ergd, quando x eſt pauld minor quam 40.77, ſed major quam 405 
hæc quantitas erit = 135,869. 138,873, 123,88 5; et pro- inde x, ſeu radix 
maxima æquationis propoſitæ 17,575. 969, 72, % X x — 123 1.125 X xx 
＋ 62.145,069, 373 — 4 = 133,869, 138,875, 123,885 erit pauld minor 
quam 40.77, et, i 2 ponatur pro differentia inter ipſam et 40.77, erit = 


40.77 — 2. 


Poſito autem qudd x fit = 40.77 — , wi erit = 40.77 — D (= 40.77 
= 2X 40. % X 2 ＋ .& = 0% — 81.54 X 2 + & c) = 1662.1929 
— 81.54 X 2 + &c, et #* erit = 40.77 = 2) (= 40.7% — 3 Xx 40.7 N 
* + & = 40.77* — 3 X 1662.1929 X 2 + &c) = 67,767. 6404,33 = 
4986. 5787 * 2 + Ke, et x*erit = 40.77 — 2 (= 40. 77 — 4 x 40.7," 
K 2 + & = 4.77 — 4 x 67,767.604,533 x 2 + &c) = 2,762, 
$85.236,810,41 — 271,070.418,132 & 2 + &c; et 17,575-969,772,051 K 
x erit = 17,575-969,772,051 * 49.77 —2 (= 17,575-969,772,051 x 
49.77 — 17.575.969, 2, % X x,) = 716,572.287,606.519,27 — 
17,575-969,772,051 Xx x, et 1221.125 Xx xv erit (= 1221.125 * 
1062,1929 — 81.54 * 2 + &c'= 1221.125 X 1662.1929 — 1221.125 
X 81.54 x 2 + &) = 2,029, 745. 305, 012, 5 — 99, 570. 532, 50 
Xx 2 + Ke, et 62.145, 069, 375 a* erit (= 62.145, 069, 375 X 
67, 767. 604, 533 — 4,986.578,7 X z + & = 62.145,069,375 * 
67,767.604, 533 — 62.145, 069, 375 X 4,986.578,7 X 2 + &c) = 
4,211,422.485,080,849,476,875 — 309,891.279,255,397,312,5 X 2 + &c. 
Ergo quantitas quadrinomia 17,575.969,772,051 X 4 — 1221.125 X ax + 
62.145, 069, 375 Xx * — & erit = quantitati multinomiæ 
| ſ 716,572,287,606,519,27 — 17,575.969, 772,051 X 2 


— 2,029,745.305,012,500,00 + 99,570.532,500,000 X 2 - &c 


f 
4 + 4,211,422.485,080,849,47 6,875 — & p00 ore — 
1 4s 


— 2,762,885. 236,8 10,410 + 271, 70.418, 132 X Z = & 


2. 0 4,927, 994.772, 687, 368,746, 875 + 370,640.90, 632 * 2 } 
” | — 4,792,630.541,822,910,000,000 — 327,407.249,027,448,312,5X 2 


= 135,364-230,864,458,746,875 + 43,173.701,604,551,687,5 X z &c. 
| Sed 
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Sed quantitas quadrinomia 17,57 5.969,772,051 Xx x — 1221.125 X ax + 
62.145,069,375 X 4 — 4 eſt = 135,869.138,875, 123,885. 


Ergo quantitas 135, 364.230, 864.458, 746, 875 + 43,173.70 1, 604, 3551, 687,5 
X 2 erit etiam = 135, 869. 138, 875, 123, 888; et pro- inde 
43, 173. 701, 604, 551, 687, & 2 erit ( = 135, 869.138,87 5,123,883 — 


135,364. 230, 864.458, 746, 875) = 504, 908, o10, 665, 138,125, et 2 erit = 


504. 908, o10, 665, 138,1 __ X = ES 
— 0.011,694. Ergo x, ſeu 40.77 — 2, erit _ 
40.770, ooo — 0,011,694) = 40.758,306, hoc eſt, radix maxima æquationis 
propoſitæ 17,575-969,772,051 Xx A — 1221.125 X xx + 62.145,009,375 X 


x = 135,869.138,875,123,885 erit = 40.7 58, 306. Q. E. I. 


Hujus numeri, ſeu valoris radicis x, ſex prime figure 40.7 583, ſunt, ut 
opinor, vere. 


Hæc autem radix maxima æquationis propoſitæ 17,575.909,772,051 * * 
— 1221.125 X xx + 62.145, 069, 375 * = 4“ = 133, 869.138, 875, 123,88 5 
non eſt illa ex pluribus ejuſdem æquationis radicibus que tolutioni Problema- 
tis Geometrici ſuperins deſcripti, (ex quo iſta æquatio derivata fuit,) accome 
modatur. Non enim fieri poteſt ut recta linea, ſeu Latus, AB in triangulo 
ABI fit æqualis numero 40.7583. Nam, quoniam angulus ABI eſt obtuſus, 
Baſis Al, que iſti angulo eſt oppoſitus, erit major quam recta linea BI, qua: 
ſubtendit angulum acutum BAI, Sed BI eſt = 32. Ergo Al eſt major quam 
32. Sed, fi linea AB (pro qua x eſt poſita,) fit = 40.7583, Al erit minor 
quam BI. Nam, per conditiones Problematis, AB + Al ett = g1, ideoque 
Al eſt = 51 — AB, hoc eſt, fi AB fit = 45.7583, Al erit = 51.0000 — 
40.7583 = 10.241, ideõque multo minor quam 32, ſeu BI. Ergò linea 
AB in triangulo ABI non poteſt eſſe = 40.7583, fed iſto numero erit multo 
minor, 


_ Ergo, ut Problema iſtud ſolvatur, et longitudo lineæ AB inveniatur, re- 
currendum eſt ad aliam aliquam ex pluribus radicibus æquationis propoſitæ 
17,575.969,772,051 X x — 1221.125 X ax + 62.145, 069,375 x & — * 
= 135,369.138,875,123,885 quam iltam maximam 40.7583. Et, in hunc 
finem nunc inveſtigabimus magnitudinem minimæ ex iſtis radicibus, que, per 
limites harum radicum ſupra inventos, erit major quam 0.47. 


Quoniam igitùr hæc minima radix prædictæ æquationis eſt major quam 
0-47, ponamus primo quod fit = 1, et ſubſtituamus 1 pro x in quantitate 


quadrinomia 17,575 — 1221 xx ＋ 624% — . Et valor iſtius quantitatis 
inde 
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inde oriundus erit (= 17,375 — 1221 + 62 — 1 = 17,637 — 1222) = 
16,415; qui numerus eit multo minor quam 135,869, ſeu valor cjuſdem 
quantitatis quadrinomiz in æquatione 17,575 # — 1221 3% + 6295 = * — 
135,869, Ergo 1 erit multo minor quam minima radix iſtius æquationis. 


Ponamus igitùr, ſecundo loco, quod hec radix minima fit = 10, et ſub9;. 
tuamus 10 pro x in dict quantitate quadrinomia 17,575 „ —1221 xx + 62 3 
— K*. Et valor iſtius quantitatis inde oriundus erit 175,750 — 122,100 J. 
62,000 — 10,000 = 237,750 — 132,100 = 105,650; qui numerus cd 
minor quim 135,869, ſeu valor ejuſdem quantitatis quadrinomiæ in æquatione 
17,575 * — 1221 xx + 62 * — K = 135,869, Ergo 10 erit minor quin 
iſta radix minima, 


Penamus igitùr, tertio loco, quod hec radix minima ſit = 12, et ſubſtitu- 
amus 12 pro x in quantitate quadrinomia 17,575 x — 1221 A + 62 * — 4. 
Et valor iſtius quantitatis inde oriundus erit (= 17,575 & 12 — 1221 X 144 
+ 62 x 1728 — 20,736 = 210,900 — 175,824 + 107,136 — 20,736 = 

318,036 — 196,560) = 121,476; qui numerus eſt minor quam 133, 809. 
Ergo 12 erit etiam minor quam radix minima æquationis 17,575 * — 1221 4x 
+ 62 * — * = 135,869, 


Ponamus igithr, quarto loco, quod hc radix minima fit = 13, et ſubſtitu- 
amus 13 pro x in quantitate quadrinomia 17,575 x — 1221 ax + 62 * — . 
Et valor iſtius quantita is inde oriundus erit (= 17,575 X 13 — 1221 X 169 
+ 62 Xx 2,197 — 28,561 = 228,475 — 207,349 + 136,214 — 28,561 = 
364,689 — 235,910) = 128,779 ; qui numerus eſt minor quàm 135,869, 
Ergo 13 erit etiam minor quam radix minima æquationis 17,575 * — 1221 xx 
+ 6245 — * = 133,869. | | 


Ponamus igitùr, quinto loco, qudd hæc radix minima fit = 14, et ſubſtj- 
tuamus 14 pro x in quantitate quadrinomia 17,575 * — 1221 ax + 62 * — 
*. Et valor iſtius quantitatis inde oriundus erit (= 17,575 X 14 — 1221 
* 196 + 62 X 2744 — 38,416 = 246,050 — 239,316 + 170,128 — 
38,416 = 416,178 — 277,732) = 138,446 ; qui numerus eſt major quam 
135,869. Ergo 14 erit major quam radix minima æquationis 17,575 x — 
1221 xx + 62x? — * = 135,869. 


- Ponamus igitdr, ſexto loco, quod 13.6 fit = x, ſeu radici minime æqua- 
tionls 17,575.969,772,051 X * — 1221.125 X xx + 62.145,069,375 X * 
— * = 135,869. 138,875, 123,885, et ſubſtituamus 13.6 pro x in quantitate 
quadrinomia 17,575-969,772,051 Xx * — 1221.125 X * + 62.145,069,375 
X =*. Et xx erit (= 13.60) = 184.96, et erit (= 13.6)? ) = 
2,515, 
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2,515.45, et * erit (13.5 = 34, 210. 20 16, et pro- inde 17,575.969,7 72,051 
X x erit ( = 17,575-969,772,051 X 13.6) = 239,033.18 8,899, 893,6, et 
1221.125 X xx erit (= 1221.125 X 184.96) = 225,859.280,00, et 
62.145,069,375 K * erit (= 62.145, 009, 375 & 2,515.450) = 
156,323.18 7,629, 750, ooo. Ergo quantitas quadrinoinia 17,57 5.969,7 72,051 X 
* 1221. 125 * ** ＋ 62.145, 69, 375 K — x*erit (239,033. 188,899,893, 6 
— 225,8 59. 280, 0 + 156, 323.187, 629, 700,000 — 34, 210.2016 = 
303,3 56.376, 329,653, 600 — 260, 069.48 1, 60) = 135, 286.894,99, 653, 600; 
qui numerus eſt minor quam 135, 869. 138,875, 123,885. Ergò numerus 13.6 
erit minor quàm radix minima æquationis propoſitæ 17,57 5.909,772.051 X 
x — 1221.125Xxx+62.145,069,375 X * — * = 135,869.1338,875,123 885. 


Ponatur jam 2 pro differentia inter hanc minimam radicem et numerum 
12.6; et x crit = 13.6 + 2. Ergo xx erit = 13.6 +2* (= 13.60 + 2 
x 13.6 x * + 23) = 184.96 + 27. * 2 + 22, eta erit = 13.6 + 2) 
(= 13-0P + 3 X.13.6 x z+ 3X13.0)x22+&c = 13.0 3 X 184.96 
XZ + 3 X 13.6 x 23 + &c) = 2,515.456 + 55488 X 2 + 40.8 
* 22 + &c, et af erit = 13.6 + 2}* (= 13-0* + 4 X 13.65 „ 2+ 6 N 
13.0% x zz + & c =13.6* + 4 x 2,515-456 x 2 + 6 x 184.96 X 22 
+ &c) = 34,210.2016 + 10,061.824 * 2 + 11c9.76 X zz + & c. Ergd 


& op 


17,575-969,772,051 X x ent ( = 17,575.909,772,051 x 13.6 +F $ = 
17, 575. $69, 772, 051 X 13.6 + 17, 575.969, 772,051 X 2) = 
239,033.188,899,89 3,0 = 17,575-909,772,051 * 2, > 1221.125 X xx erit 
= 1221.125 X 13.6 + 2 ( = 1221.12 5 X 184.96 + 27.2 X 2 + 22 = 
1221,.125 X 184.96 + 1221.125 X 27.2 & 2 + 1221.125 X 22) = 
225,859.280, 0 + 33,214.6000 Xx 2 + 1221.125 * 2z, et 62.145,069,37 5 
* * erit = 62.145,069,375 * 13.0 + 2 (= 62.145,009,375 X 
2,518,456 + 554.88 & X + 40.8 Xx 2z + & c = 62.145,069,375 * 
2,515.46 + 62.145,69, 375 X 554-88 X Z + 62.145, 069,375 X 40.8 x 
22 + &c) = 156,323-187,629, 760,000 + 34,483.056,094,800,00 x x + 
2,535-518,830,500,0 X 22 + &c; et pro-inde quantitas quadrinomia 
17,575-969,772,051 X XK — 1221.125 * *# + 62.145,69, 375 X * — 47 
ent æqualis quantitati multinomiæ | 


239,032, 
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2309, 033.188,899,893,6 + 17,575-969,772,951 X 2 
— 225,859-280,000,000,0 — 33,214.600,000,000 X 2 — 1221. 1251 22! 
+ 156,323.187,029,760,0 ＋ 34, 483.056, 94, 8o0 x z 
— 34.210. 201, 600, oo, — 10, 061.824, ooo, ooo & 
= 2.535-518,830,5 * 
— 1, 109.760, ooo, o X 


— 


| 
| 
J 
. 395.386. 376.329,653.6 + 52,059.025,866,851 X = 1 

260,009.48 1, 600, ooo, o — 43, 276.424, ooo, oo X 2 q 
( + 204.033,830,5 X 22 , j 


= 135,286.894,929,653,6 + $8,782,601,866,851 X 2 
+ 204.033,830,5 X 22 &c. 


Sed quantitas quadrinomia 17,575-969,772,051 XX — 1221,125 X 4 
+ 62.145,69, 375 X * — * eſt 133,869. 138,875, 123, 883. 


Ergo quantitas 135, 286.894, 929, 653,6 + 8,7 82.601, 866,851 X 2 + 
204.633, 830, 5 x 22 &c erit etiam 135, 869. 138,875, 123,885; et pro-inde 
8,782.60 1, 866,8 5 1 x x ＋ 204.633, 830, 5 X22 erit (133, 869. 138,873, 123,885 
— 135, 286.894, 929,65 3,6) = 582.243,943, 470, 285, et 8, 782.601, 866,8 51 
X 2 erit = 582.243, 945,470, 285 — 204.633, 830, 5 X 22, et 2 erit = 


582,243,9459479,-285 — 204633,830,5 X == __ pe | 
8.782.501, 966,851 5.782.601, 866, ff = ˙066, 95 — &c. Ergd x, ſeu 


13.6 ＋ 2, erit = 13.6 ＋ 0.066, 295 = 13.666, 295, = &c, hoc eſt, radix minima 
æquationis 17,7 5.969,77 2, X x — 1221. 125 X xx + 62.145, 069, 375 * 
* = 133,869. 138,875, 123,885 erit = 13.666, 295 — &c, ſeu aliquantulo 
minor quam 13.666, 295. Q. E. I. 


Hujus numeri 13.666, 295, inventi pro valore radicis x, quinque primæ 
figure 13.666 ſunt, ut opinor, vere, Sed, ut hoc omnind certum fiat, inqui- 
rendum reſtat in quo figurarum decimalium loco prima figura fractionis deci- 


204.633, 8 30, 5 * 2 
8,782. 001, 806,851 


lore quantitatis 2 jam in vento, ſcilicet, a fractione decimali o. o66, 295, ut ad 
verum ejus valorem propiùòs accedamus,) calculum intrabit. Hæc autem inqui- 
fitio ſatis commodè inftitui poteſl hoc modo. 


„ (qui ſubtrahendus eſt à va- 


malis quæ eſt æqualis termino 


Terminus 
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204.633;330.5 X 2% on mi 5 47 204.7] X 22 «( "0 
— —e— minor quam fractio — . ſeu quam 
Terminus 8,782.01, 800, 851 a q 8.782 : 4 


0.023, Sed zeſt minor quam 0.066,295, et a fortiori, minor quam 0.057 z 


et pro-inde zz crit minor quam 0.067)?, ſen quam 0.004,489, et, I fortior!, 


| a Ergd terminus . erit minor quam 
minor Quai 0.0045, 2 8,784.51, 855,3 7ß 9 


0.23 X 0.0045, ſeu quam o. ooo, 103, 5; et pro- inde ejus prima figura non 
intrabit calculum ante quartum locum figurarum locum. Ergo ſubtractio 
hujus termini à quantitate, ſeu fractione decimali, o. 066, 29g, hic inventa pro 
valore quantitatis 2, non efficict ullam mutationem in tribus primis locis frac- 
tionum decimalium, ſeu in figuris 0.066 ; et pro-inde concludere poſſumus 
quod tres primæ figure, 0.066, fractionis 0,066,295 hic inventz pro valore z, 
erunt vere, ideõque quod 13.666, 295, feu valor radicis x, ſen 13.6 + 
0.066, 295, erit vera in quinque primis figuris 13.666. Q. E D. 


Per Raphſoni calculum hec radix minima « eſt = 13.6792, qui valor dif- 
fert a valore 13.666 hie invento in figuris quarta et quinta; neſcio, an ejus 
crrore, an meo. Scd cum meum calculum, poſt hanc diſcrepantiam inter 
valores radicis x, 3 nobis inventos, obſervatam, diligenter repetiveram et ad 
examen revocaveram, nullum potui errorem in eo deprehendere. Adde qio.l 
amicus meus Gu/zelmus Frend, vir doctiſſimus et in æquationum numeralium 
reſolutione peritiſſimus, cui hanc differentiam inter valores hujus radicis x a 
Raphſono et a me inventos indicavi, hanc æquationem 17, 573.969,72, 051 
* — 1221. 125 x4 ＋ 62 145,069, 375 — 4 = 135,869. 138,875, 123,88 
de novo reſolvendam in fe ſuſcepit, et, computo diligenter perfecto, invenit 
ejus radicem minimam eſſe = 13.666,19, qui numerus convenit cum numero 
13.656,295 ſupra invento in quinque primis figuris 13.666; et, fi pona- 
mus duas primas figuras fractionis decimalis quæ eſt æqualis termino 
204 ze, X 22 

8782.601,866,8 51 
Va.or quantitas 2 accuratiùs obtineatur,) et quæ oſtenſa eſt eſſe minor quam 
o. O00, 1035, eſſe o. ooo, 10, et pro- inde valorem magls accuratum quantitatis 2 
eſſe = 066,295 — o. odo, 10, ſeu o. 066, 195, ſeu (negligendo figuram 5 in 
lex o deoimalium fractionum loco poſitam,) 0.066,19, numerus in hoc calculo 
Inventus pro valore radicis x erit 13.666, 19, qui in omnibus ſeptèm figuris 
convenit cum numero per Frendi calculum invento. Et hinc concludo, fine 

Vol. VI. 2 T ulla 


(qui à fractione decimali 0.066,295 eſt ſubirahendus, ut 
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ulla de hic re dubitatione, quod quinque prime figure numeri 13.666,19 

inventi pro valore radicis x, nempe, 13.666, ſunt veræ, et quod idem maximè 
eſt verifimile, licèt non adhùc omninò certum, de duabus ultimis figuris o. ooo, 19 
ejuſdem numeri 13.666, 19. 


Invento igitùr hoc numero 13.666 pro valore radicis minimæ æquationis 
17,87 5.969, 772, 81 X x — 1221.125 X *r + 62.1435, 069, 375 ** — 4* = 
1355869. 138,8 7, 123,88 5, ſupereſt ut eum nunc adhibeamus ad ſolutionem 
Problematis Geometrici ſuprà deſcripti, ex quo hæc æquatio eſt derivata. Po- 
namus igitùr quod recta linea AB, in triangulo obtuſangulo BAI, cujus 
longitudo quæſita erat, et per reſolutionem hujus æquationis biquadratice 
determinanda, fit æqualis 13.666 ; et inquiramus an hæc longitudo lineæ AB 
conditionibus Problematis ſatisfacere poterit, an (ut fieri ſupra deprehendimus 
de numero 40.7583, que eſt maxima radix hujuſmet zquationis,) ſit iifdem 
conditionibus, ſeu earum alicui, contraria. Hæc autem inquiſitio ita poterit 


inſtitui. 

Si AB fit = 13.666, AB? erit (= 13-666}*) 186.7 59,56. 

Sed BO, per conditiones Problematis, eſt = 21; et pro-inde BOY «it 
(21) = 441. | 


Ergo AB? + BOY erit (= 186.759,556 + 441) = 627. 59.556, hoc et, 
AO? erit = 627.759,556; et pro-inde AO erit (= V 627.759,556) = 
25. 0555130, 3. 


Eft verd AO ad AB ut AB ad As. Ergd As erit 


759,556 7 | 
130-7595?) = 7.453944, et pro-inde AS? erit ( 7.453,94 = 


25,035,130, 3 
85.561,28 1, 155, 136. 


Eft autem, ob angulum rectum ASB, AB? = AS? + B87; et pro- inde 
BS? erit = AB? — AS?, Ergo BS? erit ( = 186.759,56 — 
55.561,281,155,136) = 131.198,274,844,864. 

Porrò, in triangulo rectangulo BSI, BI? eſt = BS? + SI?, et pro-inde 


S1? erit = BI? - 387. Eſt autem, per conditiones Problematis, BI = 32 
Ergo 
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Ergd Bl? erit (= g2V') = 1024, et BI? — BS? erit ( = 1024 — 


131.198, 274,844,864) = $92.801,725,155,136, idcoque Sl? erit etiam = 
892.801,725,155,136, et SI crit (V 892,801,725,155,136) = 29.979,797- 


Fred AS + SI erit (= 7.453,944 + 29.879, 787) = 37-333,7313 hoc eſt, 
Al erit = 237.333,731- Et pro-inde AB + Al erit = 143.966 -+ 37.333,73! 
= 50.999,731 3 qui numerus eſt quam proxime æqualis numero 51, cui 
ſumma rectarum AB et AI debet eſſe æqualis per conditiones Problematis. 
Ergo quantitas 13.666, ſeu valor radicis minimæ æquationis 17,57 5-969,772,051 
X- 1221,125 XA +62.14 5,009,375 xx* — * 133,869. 138,875, 123,885 
hic inventus, fatisfacit conditionibus Problematis, et vere exprimit longitu- 
dinem reAz lineæ AB, quam propoſitum erat invenire; et pro-inde Problema 
jam tandem eſt ſolutum. 


Sed, quanquam Problema Geometricum, à quo æquatio prædicta derivata 
fuit, fit jam ſolutum, reſolutio iſtius æquationis non eſt omninò perfecta. Queri 
enim poteſt an non aliæ duæ ſint ejuſdem radices, et, ſi ſint, quænam ſint. Has 
igitur quæſtiones reſolvere nunc conabor, 


Ponamus à pro hujus æquationis radice minima, 13.666, jam inventà; et * 
pro qualibet aliarum radicum hujus æquationis, five fit una (ſcilicet, quanti- 
tas 40.7583 ſuperiàs inveſtigata,) ſive plures. Et, brevitatis gratia, ponamus p 
pro numero 62. 145, 069, 375, ſeu co-eſſiciente cubi radicis x in æquatione 
17,575. 969,772, % ., X x — 1221,125 X * + 62.14, 069,375 K — x* 
= 133,869.38, 875, 123,885, et q pro numero 1221. 125, {eu co efficiente 
quadrati radicis x, et r pro numero 17, 575.969, 772, ogi, ſeu co-efficiente 
ipſius radicis x. Et erit quantitas quadrinomia £7 — ga! + pa — & = 
135,869.138, 875, 123,88 5, et quantitas quadrinomia rx — gx* + pr — x* 
erit etiam = 135,869.138,875,123,885, Ergo quantitas quadrinomia ry — 
4 + pa? — * erit = quantitati quadrinomiæ ra — g#* + fa - 4; et 
pro-inde (addendo utrinque gx? + ,) quantitas rx + pa? erit = quantitati 
ra + 4 — gi + pa + af — 4, et (auferendo utrinque ra + pa?,) quanti- 
tas rx — ra + pa — pa erit = quantitati gz* — ga* -+ x* — 4, hoc eſt, 
quantitas r Xx x — @ + Þ Xx * — a erit = quantitati q x * — @ + 


* — 4. Ergo (dividendo omnes terminos per x a,) quantitas T + Þ X 
21 2 * ＋ x6 
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«* + x@ + aa erit = quantitati 2 X * ＋ 4 ＋ 2 + a + * 4 43, hoc 
eſt, quantitas quadrinomia r + fax + pra + fag erit = quantitati ſexti. 
nomiæ gr + ge ++ A + a*a + a + 45, ſeu (ordinando terminos ſecundùm 
poteſtates ignotæ radicis x,) quantitas ſextinomia | 

| * + ax* N a 0 - j erit = quantitati quadiinomiz pyxx 
+ pax + faa + r, et (auferendo utrinque pxy + pax,) quantitas octi- 
nomia 

* + a + a*'x + a 
— f + gx + ga ] erit = quantitati binomiæ pas + x, 
— Pax | 


Sed a eſt = 13.666, et pro-inde @* eſt (= 13.666) = 186.759,556, et 


45 4 = 13.606003) = 255 2.2 56,092, 296, et fa erit (= p X 13.666 

= 62.145,009,375 x 13.666) = 849.274,518,078,750, et ga erit (= 

$1221.125 X 13.606) = 16, 87.894, 250, ct pag erit (= 62.145,069,375 X 

186.759,556) = 11,606.185,564,064,197, 500. Ergo, fi in æquatione litte- 

WETTED | : 

rali 1 — pn ＋ 42 * + ge | = paa + r ſubſtituamus pro a, p, a“, &, 
— pax 


7, fa, paa, et r, eorum valores numerales, hæc æquatio convertetur in hanc 


æquationem numeralem, ſcilicet, 


x* + 13.666 X * + 186.759,556 X * + 23 52.256, 92,296) 
1 — 62.145,069,375 x * + 1221.125, X * + 16,687.894,250, 
— $49.274,519,078,750 Xx * 


an, ee 48479069975 x 5 
+ 558.610, 037, 921,250-X * ＋ 19, 240. 150, 342, 296 = 29,182. 
155,336,115,197,500 ; quæ (fi utrinque auferatur 19, 240.150, 342, 296) fiet 
32 — 48.479, 069,375 Xx xx + 558. 610, 037, $21,250 X x = 
9942.004,993,$19,197,5co quæ eſt æquatio cubica ejuſdem forme ac æqua- 
tio generalis a? — px* + gu = r. Ergo, fi hzc æquatio cubica habet duas, 
vel tres, radices, æquatio biquadratica 17,575.969,77 2,051 Xx * — 1221.125 
X ar + 62.145,069,375 K * — K = 135,869.138,875,12 3,885, à qua eſt 
derivata, habebit etiam duas, vel tres, radices, præter radicem 13.666, uliim0 

inventam; 
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inventam ; ſed, fi hac æquatio cubica habet tantùm unam radicem, æquatio 
biquadratica habebit etiàm tantùm vnam aliam radicem præter radicem 13.668 
jam inventam. Inquirendum eſt igitur, num @quatio cubica & — 
48.4 59,069, 375 x xx + 558.610,37, 921, 250 KX 9942. 004, 993, 8 19, 197, 300 
habeat duas aut tres radices, an taniuim unam radicem. Hoc autèm deter- 
minari poteſt per articulum XIX meæ Diſſertationis ſupra impretize in hoc 
tomo Scriptorum Logarithmicorum σ Methodo inv niendi max'mos et minimos 
valores quarundam quantitatum compoſitarum, ſeu multinomialium. 


Nam in hoc articulo XIX, (in paginis 184,185,186, &c, - « - « 193 con- 
tento, demonſtratur (in Corollario nono, pagina 192,), * quod, fi in equa» 
«© tione cubica hujus forme, gx — pi? ＋ A D r, ſcu a — pa“ + gr = rr, 


« quantitas g fit minor quantitate a, et quantitas cognita r fit major quanti- 


23 30d & — a > 
60 tate 2. — + — , (quæ oritur ex ſubſtitutione 


A L pro x in quantitate trinomia gx — px* + . 


ee quantitatis 
© zquatio habebit tantùm unam radicem ; et hæc radix unica erit major 


ce quàm A. Hoc autèm accidit in æquatione cubicà x43 — 
48.479, 069, 375 & K* ＋ 558.610,37, 92 1, 250 R* =9942 4, 93,8 19, 197,500, 
que eſt ejuſdem forme ac æquatio & — p + guy = x, et in qua peſt = 
43.479,009,375, ei q eſt = 558.610,037,921,250, et 7 elt = 9942 004, 993, 
$15,197,500. Nam, ſi, brevitatis gratia, omittamus omnes partes fractionales 
horum numerorum, exceptis earum duabus figuris primis, et ponamus p eſſe = 
48.47, et q eſſe = 558.61, et r eſſe = 9942.00, feu 9942, habebimus 7p 
= 48.47]*) = 2, 349.3409, et 5 (= 48.4%) = 113,872.553,423, et 255 
=2 X 113,872.53, 423) = 22, 745106, 846, et 25 (= agen) 
= / 
= 8431.300,253, et 59 ( = 48.47 X 558.61) = 27,075.8267, et 
— 37,075.8267 \ _ N . 9 2þ3 2 
(= ——==—) = 9025.2755, et Tas” = 9025.2755 — 
843 1.300, 253) = 593-975,247. Et 39 erit (= 3 x 558.61) = 1675.83, 
et pp — 39 erit (S 2349-3409 — 1675.83) = 673-5109, et V2 - — 37 


22 
3 


eit (= V 673-5109) = 25:95, et 22p — 6g erit (=2 x 7Þ = 37 = 2 
* 673. 


| 
l 
| 
| 
[ 
| 
! 
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X 673.5109) = 1347-0218, et 27 — 6q X Vp — 37 erit (= 134.0218 
2 pp — 69 x TÞ= 37 erit ( 


X 25.95) = 34.935.215, 710, et — — 
2 8 hq 2þ3 
2 55 2. exit (= 593-97 55247 1 1220. 563,54 = 1814.38, 791. 


Et A erit _ — = 375-2362; £t 49 an {= 4 * 338.61) = 
2,234-44, et pp — 4q erit ( = 2349-3409 — 2234.44) = 114.9009, et 


— — — — — — 


/ pp — 4 erit (= 114-9009) = 10.71, et p + V pp — 44 erit = 


48.47 + 10.71 = 59.18, et LIPS erit ( = $2) = 29.59. Ergo 
in bac æquatione cubica x* — 48.47 X xx — 558.61 X * = 9942.00 quan- 
titas , ſeu 558.61, eſt minor quàm =. quæ eſt =587.3352,et quantitas v, ſeu 


. A . 3 2 — — — 
9942.00, eſt major quàm quantitas 7 — It FO Ed... - L, qua 
: / 


eſt = 1814.538,791;z et pro-inde, per dictum Corollarium nonum, b#c 
zquatio habebit tantùm unam radicem, et hc radix unica erit major quam 


p + 4 ., ſeu quam 29. 59. Ergd et æquatio cubica a — 48.479, 069, 37; 


X ax + 558.010, o37, 921, 250 X# = 9942. 004, 993, 8 19, 197, 300, (cujus termini 
ſunt quam proximè æquales terminis æquationis x* 48.47 Xx a + 558.61 
X * = 9942.00) babebit tantum unam radicem, et hæc radix unica erit 
major quàm 29.59. Erit verd hæc radix unica æqualis numero 40.7583, 
quem antea inveneramus eſſe radicem maximam equationis biquadraticz 
17,57 5-909,772,051 X x — 1221.125 X xy + 62. 143,069, 375 X * — a 
= 135,809.138,875,123,885, ut demonſtrari poterit aut per reſolutionem dice 
æquationis cubicæ 4* — 48.479,009,375 X xx + 358.610, 037,921,250 * 
* = 9942. 004, 993,8 19, 197, 500, aut per methodum breviorem ct minds 
operoſam, nempe, ſubſtituendo dictum numerum 40.7 583 pro x in quantitate 
trinomia a* 48.479, o69, 375 Xx xx + 358.610, 037, 92 1, 250 X x, et confe- 
rendo valorem hujus quantitatis trinomiæ ex hac ſubſtitutione oriundum cum 


termino 
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termino abſoluto, 9942.004,993,8 19,197,500, prediie equations, cul invenie- 
tur eſſe propemodùm æqualis. Hæc ſubſtitutio fieri poterit hoc modo. 


Si x fit = 40.7583, #x erit (= 40.7583) = 1661.2 39,0 18,89, et * erit 


( = 70.7583P) = 67,707.278,303,024,287, et 48.479,009,375 X vx erit 
(= 48.479, 059, 375 X 1661. 239, 018,89) = 80, 533321,645,225, 243,493,755 
et 558 610,037,921, 250 X & erit ( = 558.6 10, 037, 921,250 X 40.7533) = 
22,767 995, 508,035, 683,875, o, et * + 558.610,37, 921,250 X x erit 
( 67,70). 278, 303, 624, 287 + 22, 767.995, 508, 605, 683, 875, 0) = 
90, 475. 273,8 12, 229, 970, 8 7 5,0, et quantitas trinomia a* — 48.479, 069, 375 
* xx + 358.610, 037,921, 230 x x erit (= 90, 475.273, 8 12, 229,970, 875, o 
— 80, 335.321,45, 25,245, 493,75) = 9939952, 10), oo4, 7 25, 38,25; qui 
numerus eſt paulo minor quam 9942. o04, 993, 8 19, 197, 500, ſeu terminus 
abſolutus æquationis cubicæ 45 48.479, 069, 375 Xxx + 558.6 10, 37,921, 250 
X x = gq 42.004, 993,8 19, 197, 300, ct pro- inde numerus 40.7583 erit pauld 


minor quàm radix unica hujus æquationis, ſeu illi propemodum æqualis. 
Q. E. D. 


Ergò nunc demòùꝭm concludere certò poſſumus, quod æquatio biquadratica 
17,575. 969,77 2, f Xx x — 1221. 125 X xx + 62.145, 069,375 x * — x 
= 133,869. 138,875, 123,885 non habet plures quam duas radices quas ſuprà 
inveſtigavimus et invenimus eſſe æquales numeris 40.7583 et 13.666, aded ut 
hæc æquatio fit jam plenè reſoluta. | 


\ 


Exemplum 7, à Raphſoni Problemate 22 
deſumptum, 


— ———> 


Reſolvenda fit æquatio biquadratica 4,228, 931.085, 087, 8:2 X x + 
323,609.663,689 x xx — * = 22,540,483,202.613,561,987,516, in qua 
cubus ignotæ quantitatis x de-elt, 


Hæc æquatio eſt ejuſdem forme ac æquatio rx + mmax — 4 = ein 
Propofitione ſeptima Capitis ſeptimi tractatùs ſuperioris ; et co-efficiens mm 


quadrati xx in iſta æquatione generali fit in hac æquatione numerali = 


323,609.663,689, et co-efficiens 0 ipfius quantitatis ignotæ x in iſtà æqua- 
tione 


»- 
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tione fit in hic = 4, 228,93 1.08 5, 087, 852, et terminus abſolutus, ſeu quan. 
titas nota, p*, in iſtä equatione fit in hac æquatione numerali = 
22, 540, 483, 202.613, 61,987,516. Sed, per iſtam Propoſitionem ſeptimam, 
æquatio 7x + mmer — a* = p* poteſt habere duas radices veras; et harum 

p* 


rad Cain utraque erit major quam fractio === 
mm x Vm + nn + #3 


—— 3 © % — — — 1 
duai um quantitatum N et — nar I es ſed erit minor quam V 1mm ＋ un. Ergo 


et quam minor 


æquatio numeralis 4,2 arr ode adage X x + 323,609.663,689 X à* — 
* = 22, 540, 483, 202.613, 661,987, 516 poterit habere duas radices, et harum 


radicum utraque erit major quam fractio que eſt aqualis fraction: 
* 
vs X J/ mm + un + #3 


„et quam minor duarum quantitatum quz ſunt #qua- 


. 8 . ; Sh 
ſed minor quam quantitas que et æqualis 


les quantitatibus ꝝ et —— 21 


quantitati m + un. Ut igitùr hos harum radicum limites obtinere poſ- 
ſimus, quærendi ſunt valores quantitatum que ſunt æquales quantitatibus 


5 ct v mm + ul. Hoc Vero og 


4 
7 et 7 et 
mm x a/ mm + un + #3 


poterit hoc modo, 


umu + u 


Inſpeta Tabula cuborum qui oriuntur ex centum primis numeris natu— 


ralibus 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, apparebit quod cubus proxime 


. % | 5 8, 10 8 U is 
minor quàm numerus 4,228.931,98 5,087,852, ſeu == 2 1. 


——, eſt 4096, ſeu cubus numeri 16, Ergo cubus proxime minor quam 


1, ſeu 4,228,931.085,087,852, erit = 1c00 Xx 4096, ſeu 4,946,000, ſeu 
cubus numeri 160; et pro-inde „ in æquatione numerali propofita erit pro- 


pemodum æqualis numero 160, ſed eodem paulo major, et un erit (= 160/?) 
= 25600, Ergo mm ＋ mm erit ( = 323,6c9.663,689 + 245, 600 ) 

349,209.663,689, et mm + nu erit (= 349, 209.663, 689) = 591, ect 
mm X Vnm + mer erit (= 323,609.663,689 x 591) = 191,253,311.240,199, 
et mm X nm + tn ** n erit (= 191,253, 311.240, 199 + 4.228, 931. 


o8 5,87, 8 52) = 193,482,442 325,286, 8 52, et fractio 2 — e 


erit 
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eee ee eee.) = 11 Ergòôò utraque radix hujus 
195,482, 242.325, 286,852 ) wank Ze - q 1] 


æquationis erit major quam numerus 115. 


erit (= 


Porrò, quoniam » eſt = 160, mmm erit ( = 323,699.663,689 X 160) = 
51,777,546. 190, 240, et mmn + = erit ( = 51, 777, 540. 190, 280" I 


4,228, 93 1.085, 87, 852) = 56,006,477.27 5,327,852, et 5 erit ( 


Nan 
22,540, 483, 202.613, &e 
56, 006, 477.275, &c 
Ergo utraque radix erit major quam 115, et major etiam quam 160, fed mi- 


nor quam (mm + un, ſeu) 591. 


) = 402.4&c, qui numerus eſt major quàm 160, ſeu 3. 


Inventis his Limitibus 160 et 591 duarum radicum æquationis propoſitæ, 
quæramus jam, eorum ope, valorem minoris harum radicum, qua erit propor 
quem radix major minori Limiti 160. Et, ut de hujus minoris radicis mag- 
nitudine conjecturam facere poſſimus ſatis commodam et veritati propinquam, 
ſubſtituamus, primo, ipſum limitem 169 (quem ſcimus eſſe minorem hae 
radice,) pro x in quantitate trinomià 4, 228, 93 1.08 56, &c x x + 323, 609.663, 
&c X xx — x*, (negligendo ſiguras in co-efficientium partibus fractionalibus 
quæ ſequuntur tres primas fguras, ut labor calculi minuatur,) et conferamus 
valorem hujus quantitatis trinomiæ ex hac ſubſtitutione oriundum cum ter- 
mino abſoluto, ſeu noto, 22, 540, 483, 202.613, &c, ut appareat quanto minor 
hic valor erit quam dictus terminus abſolutus, ſeu valor ejuſdem quantitatis 
trinomiæ in propoſità æquatione, et pro-inde ut feliciter conjecturam facere 
poſſimus de magnitudine quantitatis addendæ ipfi Limiti 160 ut fiat multo 
propinquior quam anteà iſtius radieis vere magnitudini. Hæc ſubſtitutio erit 
hujuſmodi. 


Si x fit = 160, xx erit [= 160)*) = 25,600, et * erit ( = wx X *x = 
25,600 „ 25,600) = 655,360,0c9, et 4,228,931.085 x x erit ( = 
4,228,931.085 Xx 160) = 676,628,973.600, et 323, 609.663 Xx xx erit (= 
323,609.663 X 25,609) = 8, 284, 407, 372. 800; et pro-inde quantitas trino- 
mia 4, 228, 931.085 X * + 323, 609.663 x xx Merit (= 676, 628, 973. 600 
+ 8, 284,407, 372.800 — 655,360,020 = 8, 961,036, 346.400 — 655,350,000) 
8, 305, 676, 346.400; qui numerus eſt non multo major quam tertia pars 
numeri 22, 540, 48 3, 202.613, &c, qui eſt terminus abſolutus æquationis pro- 
Vol. VI. 2 U poſitæ. 
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poſitæ. Ergd numerus 160 erit multo minor quam vera magnitudo quantitatis 
x ſeu ejuſdem æquationis radicis minoris. 


Ponamus igitùr, ſecundo loco, quod x fit = 200, et ſubſtituamus hunc 
numerum pro x in quantitate trinomia 4,228,931.085 x & + 323,609.663 * 
xx — x* ; quod fieri poteſt hoc modo. 


Si x ſit = 200, xx erit = 40,000, et x* erit = 1,600,000,000, et 
4, 228,931.08 5 x x erit (= 4,228,931.085 x 200) = 845,786,21 7.000, et 
323, 609.663 X xx erit (= 323,609.663 X 40,000 ) = 12, 944, 386, 520.000; et 
pro-inde quantitas trinomia 4,228,931.085 X x + 323,609.663 X xx — x* 
erit = 845,786,217,000 + 12,944,386,520.000 — 1,600,000,000 = 
13,790,172,737.000 — 1,600,000,000) = 12,190,172,737.000; qui nuine- 
rus eſt minor quam 22, 540, 483, 202.613, &c, ſeu terminus abſolutus æquati- 
onis propoſitæ, et non multo major quam ejuſdem termini dimidium, Ergo 
numerus 200 eſt minor, et multo minor, quam x, ſeu radix minor ejuſdem 


æquationis. | 


Ponamus igithr, tertio loco, quod x fit = 3oo, et ſubſtituamus hunc nu- 
merum pro x in quantitate trinomia 4,228,931.085 x x + 323,609.663 X xx 
— x*; quod ita fieri poteſt. 


Si x fit = 300, xx erit = go,000, et x* erit = 3, 100, ooo, ooo, et 
4,228,931.085 Xx xerit ( 4,228, 93 1.085 X 300) = 1,268,679,325.500, 
et 323, 609.663 x ax erit (= 323, 609.663 x 90,000) = 29, 124, 869, 6. ooo; 
et pro. inde quantitas trinomia 4, 228,93 1.085 X x + 323, 609.663 X xx — * 
erit ( = 1,268,679, 32 5. 500 + 29, 124,869, 670.000 — 8, 1oo, ooo, ooo = 
30, 393, 548, 995. 500 — 8, ioo, ooo, ooo) = 22, 293, 548,995. 500; qui nume. 
rus eſt minor, ſed paulo tantum minor, quam 22, 540, 483, 202.613, &c, ſeu 
terminus abſolutus æquationis propoſitæ. Ergo numerus 3oo eſt minor quam 
x, ſeu radix ejuſdem æquationis, fed eſt illi ſatis propinquus, ut commode poſlit 
aſſumi pro fundamento proceſſùs approximatorii ad ejus verum valorem ſe- 
cundùm Methodum à Raphſono traditam. 


Ponatur igitur z pro differentia inter numerum zoo et verum valorem quan- 


titatis x, ſeu radicis minoris æquationis propoſitæ 4, 228, 93 1.08 5, 8 7, 8 52 * 
x ＋ 
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„ 323, 609.663, 689 x xr — * = 22,540,483, 202.613, 561,987,316. Ec 
erit x = 300 + K. 


* 
Ergd xx erit = 300 + 2 (= 300\' + 2 X 300 x 2 + &c) = go, ooo 


+ 600 z + &c, et * erit = 300 + 2 (= 300 + 4 X 300? XN 2 + 
&c = 8, ioo, ooo, ooo + A4 X 27,000,000 Xx 2 + &c) 8, ioo, ooo, ooo 


+ 108,000,000 x 2 + &c, et 4, 228,93 1.083,08 7,852 X x erit = 


4,228, 931.085, 87,852 X 300 + 2 (= 4,228,931.085,087,352 X 300 
+ 4, 228, 931.085, 087,852 K 2) = 1,268, 679, 325.526, 355,600 + 
4,228,931.085,087,852X , et 323,609.663,689 X ax erit (23, 609.663, 689 
X 95,00 + boo ＋ &c = 323, 609.663, 689 x 90, ooo + 323, 609.663, 689 
* 6002 + & c) = 29, 124, 869, 732.0 10, + 194, 165, 798.2 13, 400 X 2 
+ &c; et pro-inde quantitas trinomia 4, 228, 93 1.086, 087, 8 52 x x + 
32 3,609.663,689 xx -* erit æqualis quantitati multinomiæ 

1,268,679, 325.526, 355, 00 + 4,228,931.085,087,852 X 2 


+ 29, 124,869, 7 32.0 10, ooo, ooo + 194, 165, 798.213, 400 X ⁊ T & c 
— 3, loo, ooo, ooo. ooo, ooo, ooo — 108, ooo, ooo. ooo, ooo, o XZ = &c 


2 30, 393, 549, 087.536, 355, 0 + 198, 394,729. 298,487, 8 2&2 
72 ., ioo, ooo, ooo. ooo, ooo, ooo — 108, ooo, ooo. ooo, ooo, ooo x -& c 


22,293,549, 57. 536, 355, 500 + 90, 394, 729 298, 487, 8 52 X 2 — &c. 


Sed quantitas trinomia 4, 228, 93 f. 08 5, o8 7, 8 52 X x + 323, 609.663, 689 x 
xx — x* eſt = 22, 540, 483, 202.613, 561,987, 516. 


Ergd et quantitas multinomia 22, 293, 549, 057. 536, 355, 600 + 
99,394,729.298,487,852 X z &c erit = 22, 540, 483, 202.6 13,561, 987, 516. 
Et pro- inde ( auferendo utrinque 22, 293, 549,057. 536, 35 5, 500,) quantitas 
90, 394,729. 298,487, 852 x 2 — &c erit = 246,934, 145.077, 206, 387,516, 


et + &c, et 2 erit = — 5 5 8 + &c = 2.7 + &c. Ergò 
*, ſeu 300 + , erit (= 300 + 2.7 + &c) = 302.7 + &c, hoc eſt, radix 
minor æquationis propoſitæ 4, 228, 93 1.08 5,087, 852 x x + 323, 609. 663,689 
* *x — M = 22, 540,483, 202.613, 561,987, 316 erit propemodùm æqualis 
aumero 302.7, {ed eodem paulò major. Q. E. I. 


2 U 2 Subſtituamus 
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Subſtituamus jam numerum 302.7 pro x in quantitate trinomia 
4,228,931.085,087,852 & x + 323,609.663,689 X xx — , ut videa. 
mus quantum valor iſtius quantitatis inde oriunslus diſtabit a numero 
22,540,483,202.613,561,987,516, ſeu ejuſdem quantitatis valore in propoſiti 
æquatione. Hæc ſubſtitutio erit hujuſmodi. 


Si x fit = 302.7, xx erit (= 302.7}*) = 91,627.29, et * erit (= xx X 
xx 91, 627. 29 & 91,627.29) =8,395,560,272.7441, et 4,228,931.085,087,8;2 
X x erit (= 4,228, 931.083, 087, 85 2 x 302.7) , 280, o97, 439.436, 092, 800,4, 
et 323, 609.663,689 Xx ax erit ( = 323, 609.663,89 Xx 91,627.29) 
= 29, 651,476, 501. 634, 472, 81; et pro- inde quantitas trinomia 
4,228, 931.08 5,087,832 x x + 323, 609.663,689 x xx — x* erit (= 
1, 280, 097, 439. 456, 092, 800, 4 + 29,051, 476, 501. 634, 472, 81 — 
8, 395,500,272. 7441=30,931,573,941-090,505,010,4 8, 395,560, 272.7441) 
= 22,536,013,668.346,465,610,4 ; qui numerus eſt pauld minor quam nu- 
merus 22, 540, 483, 202. 613,561,987, 5 16, ſeu terminus abſolutus propoſitæ 
#quationis, fed in tribus primis figuris 225 cum eodem omninò convenit, 
Ergò numerus 302.7 erit pauld minor quam x, ſeu radix minor æquationis 
propoſitæ 4,228,931.085,087,852 Xx x + 323,609.663,089 Xx * — * = 
22,540,433,202.013,501,987,516. 


Ponamus jam 2 pro differentia inter æ et 302.7, Et erit x = 302.7 + z, 
et pro-inde xx erit = 302.7 + 2\* (= 3027 + 2 X 302.7 X 2 + 22) = 
91,627.29 + 6054 X 2 + 22, et * erit = 302.7 + 2 ( = 302.714 + 4 
X 304.7 X 2 + 6 X 3027 x zz + & = J 25]! + 4 * 
27,735:5$0.683 Xx 2 + 6 X 91,627.29 x z2 + &c) = 8,395, 560,272.7441 
+ 110,942,322.732 X 2 + 649, 763.74 X 22 + &c, et 4,228,931.085,087,852 
X x erit = 4,228,931.085,087,852X 302.7 + 2 (= 4,228,931.085,087,852 
X 302.7 + 4,228,931.085,087,852 * 2) = 1,280,097,439.456,092,800,4 
+ 4,228,931.085, 037,852 X 2, et 323,609.663, 689 Xx xx erit ( 
323,609.663,689 x 91,627.29 + 605.4 X 2 + 22 = 323,609. 663,689 x 
91,627.29 + 323,609.663,689 & 605.4 X 2 + 323,609.663,689 x 22) = 
29,051,476,501.634,472,81 +195,913,290.397,320,6Xz + 323,609.663,689 
X 2z. Ergo quantitas trinomia 4,228,931. 085, 08 7,8 52 X x + 323.609. 663,689 
x xx — a* crit æqualis quantitati multinomiæ 


1,280,097, 


* 


EXEMPLA, 233 


« 1,280,097,439-456,092,800,4 + 4,223,931,085,087,852 X 4 
[ + 29,651,476, 50 1.634, 472, 8 10, o + 195,913, 290.397, 320, o XN 2 
+ 323, 609.663,89 x zz 


| — 8,395,560,2 /2.744,100,000,0 — 110,942,322.732,0C0,000 X Z | 
— 549,763.74 X 22 - &c 


=< 6, 393,560, 272.744, 100, ooo, — 110,942,322.7 32,000,000 X 2 


30,931,573>941.090,563,610.4 ＋ 200, 142, 221.48 2,408, 452 * J 


— 226,154-070,311 X ZZ — &C 


= 22,536,013,668.346,465,610,4 + 89, 199, 898. 750, 408,452 K 2 


— 226, 154.076, 311 X 22 — &c. 


Sed quantitas trinomia 4, 228,931.08 5, 87,882 X x + 323, 609.663,89 
X xx — a* eſt = 22, 540, 483, 202.6 13, 56 1,987, 516. | 


Ergo quantitas 22,536,013,668.346,465,610,4 + $9,199,89$.7 50,408,452 
X 2 — 226,154.076,311 Xx 22 — &c erlt etiam = 22,540,48 3,202,613, 
561,987,516, et pro-inde (auferendo utrinque 22,536,013,058.346,465,610,4) 
quantitas 89,199,898.750,408,452 * 2 — 226, 154.076, 311 Xx 22 — & c 
crit 4, 469, 5 34. 267,096,377, 116, et (addendo utrinque 226, 154.076, 311 
X x + &c,) quantitas 89, 199,898. 750, 408,452 X x erit = 4, 469, 534. 
267,096, 377, 116 + 226, 134. 076, 311 X zz + &c, et 2 erit = 

460, 5 34.267, 096, 377, 116 226,1 54.076, 311 X zz 
I” 2 + &c = O, 
Ergo x, ſeu 302.7 + 2, erit (= 302.7 + 0.050,106 + &c) = 302.750,106 
+ &c, hoc eſt, radix minor æquationis propoſitæ erit propemodùm æqualis 
numero 302.750,106, ſed codem aliquantulum major, Q. E. I. 


Hic valor radicis x, ſcilicet, 302.750,106, cum ejus vero, ſeu magis accu- 


rato, valore conveniet, ut opinor, in primis octò figuris 302.750,10. Sed, 
: - 226, 14.076, 311 Xx 

ut hoc certò ſciamus, computemus valorem termini u Y , (qui 

89,199,898. 7 50, 408, 452 

addendus eſt fractioni decimali o. og, 106, ſeu valori quantitatis à jam in- 
vento, ut ad ejus verum valorem propiùs accedamus,) ad unam vel duas figu- 
ras, vel, ad hunc laborem minuendum, computemus valorem quantitatis cujuſ- 
dam quæ fit hoc termino pauld major, ut inde dignoſcere poſſimus in quo 
fractionum 


334 | | EXEMPLA, 


fractionum decimalium loco prima figura valoris hajuſmet quantitatis calculum 
intrabit. Hoc autèm fieri poterit hoc modo. 


226,155 X 2% 
” S0.too fas * 


226,154.06, 311 X 22 
89,199,898 


89,199, 898.7 50,408,452 
226,155 X 0. 050, 106% X v9 34 « , 
„et A fortiori, eſt minor quam quantitas 


eſt minor quam quantitas 


Terminus 


uantitas —— 
9 89,199,898 h 
226,155 X 0.0511? 8 226,155 X o. oo2, 601 5 
= Rs — 0 Q 
1 ſeu quàm quantitas 59.199,89 , ſeu quam quan 


titas ay —.— * , ſeu quim fractio decimalis o. oo, oo 1, 3, cujus prima figura, 
, 


I, occupat ſextum locum fractionum decimalium. Ergo prima figura valoris 


: 226,154.076,311 * 2z 2 
termini ” non poterit intrare calculum ante ſextum locum 
89,199, 898.750, 408, 452 P 
fractionum decimalium; et, fi intrat calculum in hoc loco, non poterit efle 


major quam 1 ; ide6que nullam mutationem efficiet in quinque primis locis 
fractionis decimalis 0.050,106, ſeu valoris quantitatis z hic jam invent, fed 
tantùm in ejus ultima figurl, 6, in ſexto loco poſita, quam fortaſſe converter 
in figuram 7. Ergd numerus 302. 750, 106, hic inventus pro valore radicis x, 
ſeu radicis minoris æquationis propoſite 4,228,931.985,087,852 x * + 
323,609.063,689 Xx xx — «“ = 22,540,483,202. 613,561,987,510, erit accu- 
ratus in primis octò figuris 302. 7 50, o, ſeu cum ejus vero, ſeu magts accu. 
rato, valore in iſtis octò figuris omninò co-incidet, Q. E. D. | 


Inveſtigatio radicis majoris æquationis propoſe 4, 228, 93 1. 083, o8 7, 8 52 K * 
+ 323, 609.663,689 X xx — x* = 22, 540, 483, 202.613, 561,987, 516. 


Pergo nunc ad inveſtigationem radicis majoris æquationis propoſitæ 
4,228, 931.085, 087, 882 & x + 323, 609.663,689 x xx — x* = 22,540,433, 
202.613,561,987,516, Hanc autem ſcimus eſſe minorem quàm 591. Po- 
namus ergò quod fit = 500, et ſubſtituamus 5oo pro x in quantitate trino- 
mia 4,228,931.085,087,852 x x + 323,609.663,689 K xr — x*, et con- 
feramus valorem hujus quantitatis ex hac ſubſtitutione oriundum cum numero 
22,540,483,202.613,561,987,516, {cu termino abſoluto * æquationis. 
* ſubſtitutio fieri poterit hoc modo. 


Si 
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Si x fit = 500, xx erit = 250,000, et x* erit = 62, go, ooo, ooo; et pro- 
inde 4,228,913.c85 X erit (= 4,228,913.085 X 500) = 2, 114, 436, 542.500, 
et 323,609.663X xx erit (= 323,60 9.663 x 250,000) = 16,180,483, 150.000, 
et quantitas trinomia 4,228,931.085 K x + 323,609.663 X xx — „“ crit 
( = 2, 114,456, 54 2.50 + 16, 180,48 3, 150.000 — 62, 500, ooo, ooo) = 
18,294, 939,692. 500 — 62,500, 000,000. Hæc autem quantitas eſt impoſ- 
ſibilis, quoniam 62, 500, ooo, ooo eſt major quam 18, 294, 939, 692. 500, et 
pro. inde ab eo non poteſt ſubtrahi. Ergo zoo eſt major quam x, ſeu radix 
major æquationis propoſitæ. 


Ponamus igithr, ſecundo laco, quod x fit = 400, et ſubſtituamus 400 pro 
x in quantitate trinomia 4,228,931.085 X x + 323,609.663 x xx — *. Hoc 
verd fieri poteſt hoc modo. 


. Si x fit = 400, xx erit = 160,000, et x* erit = 25,600,000,000, et 

4,228,931.085 x x erit ( 4,228,931.085 Xx 400) = 1,691,572,434-000, 
et 323,609.663 X xx erit (= 323, 609.663 x 160,000) = 54,777,546,080.000 ; 
et pro-inde quantitas trinomia 4, 228,93 1.085 Xx x + 323,609.663 x wx 
— * erit (= 1,691,572,434.000 + 54,777,540,080.000 — 25,600,000,000 
= 56,469,118,514 — 25, 600, ooo, ooo) = 30,869,118,514; qui numerus 
major eſt quam 22,540,483,202.613, &c, ſeu terminus abſolutus æquationis 
propoſite, Ergo numerus 400 erit minor quam x, ſeu ejuſdem zquationis 
radix major. 


Ponamus igitùr, tertio loco, quod x fit = 450, et ſubſtituamus 450 pro x in 
quantitate trinomia 4,228,931.085 x x + 323,609.663 x xx — a* ; quod 
fieri poterit hoc modo. 


Si x fit = 450, xx erit (= 450]*) = 202,500, et * erit (= 45019) = 
| 41,006,250,000, et 4,228,931.085 * x erit ( 4,228,931.085 X 450) = 
1,903,018,988.250, et 323, 609.663 X xx erit ( = 323,609.663 X 202,500) 
= 65,530,956,757.500 ; et pro-inde quantitas trinomia 4,228,931.085 X x 
+ 323,609.663X xx — * erit (= 1,903,018,988.250 + 65,530,956,7 57.500 
— 41, 006, 250, 000 = 67,433, 975, 745.750 — 41, 096, 250, 000) = 
26,427,725,745.750 3 qui numerus eſt major quam 22,540,483,202.613,&c, 
ſeu terminus abſolutus æquationis propoſitæ. Ergd numerus 450 crit minor 


quam x, ſeu radix major ejuſdem æquationis. 
Ponamus 
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Ponamus zgitur, quarto loco, quod x fit = 470, et ſubſtituamus 470 pro x 
in quantitate trinomia 4,228,931,085 x x + 323,609.663 * xx = x*; quod 
fieri poterit hoc modo, 


Si x fit = 470, xx erit (= 4701?) = 220,900, et x* erit ( = 470.) = 
48,786, 8 10, ooo, et 4,228,931.085 X xerit ( 4,228, 931.085 X 470) = 
1,987,597,609.950, et 323, 609.663 Xx xx erit (= 323, 609. 663 * 220,900) 
= 71,485,374,556.700, et pro-inde quantitas trinomia 4,22$,931.085 Xx 
x + 323,609.663 xxx —a*erit (=1,987,597,609.950 + 71,485,374, 556.700 
— 48, 786, 810, 000 = 73,472, 972, 166.650 — 48,786, $10, 000) = 
24, 686, 162, 166.650; qui numerus eſt major quam 22, 540, 483, 202.613, &c, 
ſeu terminus abſolutus æquationis propoſitæ. Ergò numerus 470 erit minor 
quam x, ſeu radix major æquationis propoſitæ. 


Ponamus igitur, quinto loco, x eſſe = 482, et ſubſtitvamus 480 pro x in 
quantitate trinomia 4,228,931.085 X x + 323,609. 663 X xx — x*; quo 
fieri poteſt hoc modo. 


Si x fit = 480, xx erit (= 480}?) = 230,400, et * erit = 53,034, 160,000, 
et 4,228,931.085 x xerit (= 4,228,931.085 x 480) = 2, 029, 886, 920. 800 
et 323, 609.663 xxx erit ( 323,609.663 x 230,400) = 74,559,066,355.200; 
et pro-inde quantitas trinomia 4,228,931.085 X # + 323,609.663 * xx — 
* erit (= 2,029, 886, 920. 800 + 74,559,066,355.200 — 53,084,160,000 = 
76,589,553,270.000 — 53,084, 160, ooo) = 23,805, 393,276; qui numerus 
eſt major quam 22, 540, 483, 202.613, &c, ſeu terminus abſolutus æquationis 
propoſitæ. Ergo numerus 480 erit minor quam x, ſeu radix major æqua- 


tionis propoſitæ. 

Ponamus igithr, ſexto loco, quod x fit 490, et ſubſtituamus 490 pro x in 
quantitate trinomia 4,228,931.085 & x + 323,609.663 * xx — x; quod 
fieri poteſt hoc modo, | 


Si x fit = 490, xx erit (= 490) - 240,100, et x* erit (= 49ol!*) = 
$7,648,010,000, et 4,228,931.085 X x erit ( 4,228,931.085 x 499) = 
2,072,176,231.650, et 323, 609.663 X xx erit ( 323,609.663 x 249,100) 


= 77,098,680,086.300 ; et pro-inde quantitas trinomia 4, 228,93 1.085 * * 
| + 323 
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+ 323,609.663X xx — 4 erit (= 2,072,176,231.050+ 77,698,630,086.390 
— 57, 648, 010, 000 = 79, 770, 856, 317.950 — 57, 648, 010, 000) = 
22,122,846,317.950; qui numerus eſt minor quam 22,540 483, 202.613, &c, 
ſev terminus abſolutus æquationis propoſitæ. Ergo numerus 499 eſt major 
quim x, ſeu radix major iſtius æquationis, et pro-inde ida radix erit magnt- 
tudinis cujuſdem intermedia inter 480 et 490. 


Ad inveniendum valorem hujus radicis qui fit ejus vero valori magts pro- 
pinquus quam aut 480 aut 490, adhibere nunc commode poterimus procel- 
ſum Methodi Differentialis; quod ſieri poterit hoc modo. 


Numerus 480, et numerus x, ſeu radix major æquationis propoſitæ, et nu- 
merus 490, ſunt tres quantitates que non multùm a fe invicem differunr, 
quoniam differentia inter maximam, 490, et minimam, 480, eſt tantàm 10, 
ſeu pars quadrageſima octava earum minimæ, 480; et tres valores quantitatis 
trinomiæ 4,228,931.085 X x + 323,609.603 X xx — a* his tribus numeris 
correſpondentes, ſeu qui oriuntur ex ſubſtitutione horum trium numerorum 
pro x, ſucceſſive, in iſta quantitate trinomia, ſunt 23,505,393,276.0co, et 
22,540,483,202.613,&c, et 22,122,846,317.950, ſeu (negligendo omnes figuras 
in his magnis numeris præter tres primas) 23, 500,000,000 et 22,500,000,000 
et 22,100,000,000, Ergo, per methodum Differentialem, Differentia inter 
primam et tertiam priorum trium quantitatum 480, x, et 490, erit ad Diffe- 
rentiam inter mediam et primam earum, prope, in eadem ratione ac Differen- 
ta inter primam et tertiam poſteriorum trium quantitatum ad Differentiam 
inter mediam et primam, hoc eſt, 490 — 480 erit ad x — 480, prope, 
in eadem ratione ac 23, zoo, ooo, ooo — 22,100,000,000 eſt ad 23,500,000,000 
— 22, 500, ooo, ooo, ideoque in eadem ratione ac 235 — 221 ad 235 — 
225, ſeu ut 14 ad 10, ſeu ut 7 ad 5; hoc eſt, 10 erit ad x — 480 prope 
in eadem ratione ac 7 ad 5, Ergd x — 480) x 7 erit, propemodum, = 5 
X 10 = 50, ſeu 7x — 7 x 480 erit = 50, et pro-inde 7 x erit ( 50 + 


7 X 480 = 50 + 3360) = 3410, et xerit = * = 487, hoc. eſt, 487 
erit valor radicis majoris æquationis propoſitæ ejus vero valori magis propin- 


quus quam aut 480 aut 490. 


Ponamus ergo, ſeptimo loco, quod x fit = 487, et ſubſtituamus 487 pro 4 
Vor. VI. 2 X in 


in quantitate trinomii 4,228,931.085,087,852 x * + 323,609.663,689 x 
xx — ] quod fieri poterit hoc modo. 


Si x fit = 487, xx erit (= 487?) = 237,169, et a* erit (= 487“) = 
56,249,134,561, et 4,228,931.085,087,852 x xerit (=4,228,931.085,087,852 
* 487) = 2, 059, 489, 43 8.437, 783,924, et 323,009.663,689 x xx erit ( 
323,609. 663,689 x 237,169) = 76,750,180, 327.450, 441; et pro- inde 
quantitas trinomia 4, 2 28, 93 1.08 5,087,852 X * + 323, 609.663, 689 x ax — 
* erit ( = 2,059, 489, 438.437, 783,924 + 76,750,180, 327.456, 441 — 
56,249, 134,561 = 78, 809, 669,76 5. 894, 224, 924 — 56, 249, 104, 561) = 
22,560, 53 3, 204. 894, 224,924; qui numerus eft paulo major quam 22, 540, 
483,202,613,561,987,516, ſeu terminus abſolutus zquationis propoſitz, Ergo 
numerus 487 erit pauld minor quam x, ſeu radix major iſtius æquationis. Erit 
autem eidem radici tim propinquus ut commodiſſimè affumi poſſit pro fun- 
damento proceſſũs approximatorii ad alium ejuſdem radicis valorem, ipſo 487 
multo magis accuratum, obtinendum, ſecundum Methodum a Raphſono tra- 
ditam. Hoc vero fieri poterit hoc modo, 


Ponatur z pro differentia inter 487 et w; et erit x = 487 + x. 


Ergd xx crit = 487 + 2)* (= 487}* + 2 x 487 X 2 + &c) = 237,169 
+ 974 * 2 + &c, et * erit = 487 + ]! (= 487 + 4 x 487 x 2 


+ &c = 487* + 4 X 113,501, 303 Xx 2 + &c) = 56, 249,134,561 + 
462,005,212 x 2 + &c, et 4, 228,93 1.085, 087, 852 X x erit = 4,228,931. 


085,087,652 * 487 + 2 (= 4,228,931.085,087,852 x 487 + 4,228,931. 
085,087,852 * 2) = 2,059,489,438.437,783,924 + 4,228,931.085,087,8:2 
* 2, et 323, 609.663, 689 X ax erit = $23, 609. 663, 689g X 
237,109 + 974 & 2 + &c ( = 323,609.663,689 X 237,169 + 323,609, 
653,089 & 974 X x + &c) = 76, 750, 180, 327.456, 441 + 315,195,812, 
433,080 X 2 + &c; et pro-inde quantitas trinomia 4,228,931.085,087,852 
* # + 323,609.663,0639 x xx — x* crit = quantitati multinomiæ 
2,059,489,438.437,783,924 + 4,228,931.085,087,852 X 2 f 


+ 76,750, 180, 327.456, 441, 00 + 315,195,812.433,086,000 x 2 + &c 


— 78, dog, 
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wy -$,809,669,765.3894,224,924 + 310, 424, 743.518, 173,852 X 2 + 2 
156, 249, 134, 561. ooo, ooo, ooo - 462, O5, 212. oo, ooo, ooo X Z = &C 


— 22, 560, 635,204.94, 224,924 —— 142, 380, 468.48 1,826, 148 x 3 &c. 


Sed quantitas trinomia 4,2 28,93 1.085, o8 7, 852 X * + 323, 609.663.689 x 
xx — a* eſt = 22, 540, 483, 202.613, 561,987, 316. 


Ergd quantitas 22, 560, 335, 204.894, 224, 924 142, 380, 468.48 1, 826, 148 & 2 
&c erit etiàm = 22, 540, 483, 202.613, 56 1,987, 516; et pro- inde (addendo utrinque 
142,580, 468.48 1, 826, 148 & 2,) quantitas 22, 560, 535, 204.894, 2 24, 924 erit=22, 
540, 483, 202.613, 561,987,516 + 142, 580, 468.48 1, 826, 148 X 2, et (auferendo 
utrinque 22, 540, 483, 202.6 13,36 1,987, 5 16,) quantitas 142, 580, 468.48 1, 826,148 
 20,052,002.280,062,93h,484 

142, 580, 468.48 1,826,145 
= 0.1406, Ergò x, ſeu 487 + 2, erit (= 487 + 0.1406) = 487.1406, 
hoc eſt, radix major æquationis propolite 4,228,931.085,087,852 x x + 
323,609.663,689 & ar — af = 22, 540, 483, 202.613,561,987, 516 erit 
= 487.1406. Q. E. I. 


* z erit = 20, 52, 002.280, 662, 936, 484, et 8 erit = 


Hujus numeri 487. 1406 ſex prime figure 487.140 vere ſunt, ſeu cum 
ſex primis figuris valoris magis accurati radicis x omninò conveniunt, ut ma- 
nifeſtum erit ex alio proceſſu approximatorio ſecundum Raphſoni Methodum 
ad ejus veram magnitudinem, ſumendo numerum 487.140, ſeu 487.14, pro 
dicti proceſſùůs fundamento. Hic autem proceſſus erit hujuſmodi. 


Subſtituatur numerus 487.14 pro x in quantitate trinomia 4, 228, 93 1.08 5, 
087,832 X x + 323, 609.663, 689 X xx 47; quod fieri poterit hoc modo. 


Si x fit = 487.14, xx erit ( = 487.14.) = 237,305-3796, et a* erit 
* (= 487.15 = 56,313,843,187.100,096,16, et 4,228,93 1.085,087,852 K * 
erk 4,228, 93 1.08 5, 87,852 X 487.14) 2, o50, o8 1, 488.789, 696, 223,28, 
e323, 609.663,689 x xx erit ( 323, 609.663, 689 X 237,305.3796) 
75,794,314, 083.946,48 1, 344,43 et pro- inde quantitas trinomia 4,228,931. 
2X 2 085,087, 
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o85,087,852 X x + 323,629. 663,689 X * — * erit = 2,060,081,488. 
739,696,223,28 + 76,794, 314, 083. 946, 481, 3444 — 56, 313, 843, 187.100» 
c96,16 = 78,854,395,572.736,177,567,68 — 56, 313,843,187. 100, 096, 16) 
= 22, 540, 5 52, 385.636,08 1,40, 68; qui numerus eſt paulo major quam nu. 
merus 22 540, 483, 202.613, 561, 87,16, ſeu terminus abſolutus æquationis 
propoſitæ 4, 228, 93 1.08 5, 87,8 52 X x + 323, 609. 663, 689 X ax — xt 
= 22,540,483,202.613,561,987,516. Ergo numerus 487.14 erit paulo mi- 
nor quam x, ſen radix major iſtius æquationis. 


Ponatur jam x pro differentia inter 487.14 et x; et x erit = 487.14 + 
2. Ergo 4,228,931.085,087,852 X x erit = 4,228,931.085,087,852 X 
487.14 + 2 (= 4, 228, 931.08, 87, 85 2 X 487.14 + 4, 228, 931.085, 8,052 
x2) = 2, 060, o8 1, 488.7 89,696, 223,28 + 4, 228, 931.08 5, 87, 852 X 2, et xx 
erit = 487-14 ＋ N (= 487.14* + 2 X 487.14 x 2 + 22 = 487.19] 
+ 974.28 x 2 + 22) = 237,305.3796 + 974.28 x 2 + 22, et pro-inde 
323,609.663,689 x xx erit 323, 609. 663,6 89 & 237,305 3796 + 974.28Xz+22 
= 323, 609.663, 689 Xx 237,305.3796 + 323,609.663,689 & 974.28 x 2 
+ 323,609.663,689 x zz) = 76,794,314,083.940,431,344,4 + 315,286, 
423.238, 918,92 x 2 + 323,609.653,689 Xx zz; et af erit = 487.14 + 24 
(= 387-19* + 4 X 487-14 x 2 + 6 X 487.1* x 22 —&c = 4875.14" 
+ 4 * 115,600,942.6018,344 X 2 + 6 X 237,305-3790 Xx 22 + &c) = 
56,313,843, 187.100, 96, 16 + 462,403,770.473,370 x 2 + 1,423,832, 
2776 Xx 22 + &c. Ergo quantitas trinomia 4,228,931.c85,087,852 Xx «+ 
+ 323,609.663,689 X xx — * erit æqualis quantitati multinomie 
( 2,060,081,48$.789,096,223,28 + 4, 228,93 1.08 5, 87, 8 52 X 2 ? 

| + 76,794,314, 083.946,48 1, 344,4 + 315,286,423-238,918,92 x 2 {| 

＋ 323, 609. 663,689 X 22 ſ 


> 56.313,843,187.100,096,16 — 462,403,770.473,376 X 2 
| — 1,423,832.277,600 X 28 — & 


—— 56, 313,843,187. 100,096, 160,00 — 462, 403, 770.473,37 6, o * 2 


0 78, 854.395,57 2.736, 177, 567,68 + 319,515, 354.324, 006, % X 2 
— 1, 100, 222.613, 9 11 X 2 &C 


= 22,540,552, 385.636,08 1,407, 68 — 142,888,416. 149,369,228 X 2 
— 1,100, 222.613, 9 11 Xx 22 — &c. 


Sed 
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Sed quantitas trinomia 4,228,931.085,087,852 X © + 323,609.663,689 x 
xx — a* eſt = 22, 540, 483, 202.6 13,561,987, 516. 


Ergo quantitas 22, 540, 552, 38 5.636,08 1,407, 68 - 142, 888,416.14, 369,228 
X 2 — 1, 100, 222.613, 1 & 22 — &c crit etiam 22,540, 483, 202.613, 
561,987,516 ; et pro- inde (addendo utrinque 142, 888, 416. 149,39, 228 X 
2,) quantitas 22, 540, 552, 38 5.636,08 1, 407,68 — 1, 100, 222.613, 911 X 22 
— &«c erit = 22, 540, 483, 202.613, 561,987, 516 + 142, 888, 416.149, 369, 228 
X 2, et (auferendo utrinque 22,540, 483, 202.613. 561,987, 16) quan- 
titas 142, 888, 416.149, 369,228 Xx 2 erit = 69, 183. 022, 519, 420,104 — 


59, 183.022, 5 19,420,164 
1, 100, 222.613, 911 X 22 — Cc, et 2 erit = ee 


1%, 222.613, 911 X 28 8 \ 
—5— — &c = ©. 84,175 — &c, Ergò x, ſeu 487.1 
142,88, 416.1 49,369,228 &C fam 15 ; 3 


+ 2, crit (= 487.14 + o. ooo, 484, 175 — &c) = 487.140, 484, 175, = &c, 
hoc-eſt, radix major æquationis propoſitæ erit propemodum æqualis numero 
437.140,484,175, ſed eodem aliquantulum minor, Q:. E. I. 


— : 2 


Hic numerus 487. 140, 484, 175 pro valore radicis x inventus, erit, ut opi- 
nor, accuratus in decèm primis figuris 487.140, 484, 1, niſi forte aliquis error 
in pæcedentem calculum fit illapſus. Sed, ut hoc certò ſciatur, inquiremus 
quis- nam erit locus fractionum decimalium in quo prima figura termini 


FC ==" 


WEE? 
—ͤ—Iã4—A — ————————— . A wt 


= 5 1,100, 222.613.911 X 22 1 x 
roximi — 1endus {: n 
Proximi, ſcilicet, 1 eſt ſubtrabendus a numero 


o. 000,484,175, ſeu valore quantitatis z hic invento, ut ad ejus verum va- 
lorem propiùs accedamus,) calculum intrabit. Hoc aviem inveniri potert* 


hoc modo, | 
i 
| | 
1, 100, 222.613, 91m X 2% . X - 1,100,” 22.613.911 * 22 
Terminus ——2 2.2 eſt minor quam fradio — 2. 
142,588,416 


142,888,416.149,309,228 
ſeu quam fractio decimalis 0.007,6 X 22, ſeu quam 0.007,6 X o. ooo, 484, 175 
et pro- inde, à fortiori, erit minor quam o. o X 0.000, 55, ſeu quam 0.0076 
Xx 0.000,000,25, hoc eft, quam fractio decimalis 0.000,000,001,900, cujus 
prima figura 1, occupat nonum ab unitate locum. Ergo prima figura valoris 


iſtius termini non poterit occupare ullum locum ante iſtum nonum ; et, fi in 
| te) 
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Illo nono loco calculum intrat, non poterit eſſe major quàm 1. Fred h. 


tractio iſtius termini à numero o. ooo, 484, 175 non poterit aliquam tationen 


efficere in octò primis ab unitate figuris numeri o. o, 484, 7%, {ed tanthm [1 
ultima ejuſdem figuri 5 in nono loco poſita, quam fortaſſe convert faciet in figuran 
4. Ergo omnes figure in octò primis ab unitate locis numeri 0.090, 484,175 
immutatæ manebunt ; et, pro-inde undecim prime figure numeri 487,145, 
484,175, hic pro valore radicis x invento, ſcilicet, figure 487. 140, 494,1, 
erunt vere, ſeu cum undecim primis figuris veri valoris radicis æ, ſeu valoris 
ejuſdem ad plures quam undecim figuras inveſtigati, omninò convenient, 


Numerus à Raphſono inventus pro valore x, ſeu radicis majoris hujus 
æquationis 4,228,931.085,087,852 X » + 323,009.063,659 & xx — * 
= 22, 540, 483, 202.613, 561,987,316, eſt 487.140,483,51, qui in primis oCto 
figuris 48 7. 140, 48 cum noſtro numero hic invento, ſcilicet, 487. 140, 484, 173, 
convenit. Ergd he faltem octò figure 487.140, 48 videntur tuto poſſe pro 
veris haberi. De minore hujus æquationis radice, (quam in prima parte 
hujus reſolutionis invenimus eſſe = 302.7 50,106,) Raphſonus nullam omninò 


facit mentionem. 


Exemplum 8, à Raphſoni Problemate 23 
deſumptum. 


Reſolvenda fit æquatio biquadratica x* + 4x* + 751 * — gooo 
— 990,000, 


Hæc æquatio derivatur i Problemate Geometrico ſequente. 


In triangulo rectangulo ABC, cujus baſis eſt AB, altitudo BC, et hypo- 
tenuſa AC, à puncto quodam D in baſi AB ducatur recta linea DE para nela 
rectæ BC et occurrens hy potenuſæ AC in puncto E. Et erit triangulum 
ADE rectangulum et ſimile priori triangulo ABC. In his triangulis datæ 
ſint longitudines linearum AD, CD, et EC; nempe, fit AD = 20, CB 
= 24, et EC 15; et ex his datis requiratur invenire longitudinem lineæ 


DB. 


Solutio. 
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Solutio. 


Ponatur þ = AD, ſeu 20, et c = EC = 15, et d = CB = 24, et x 
= quæſitæ lineæ DB, 


Ob ſimilia triangula ABC et ADE, erit AB ad AD ut BC ad DE. 


Sed AD eſt = 3, et DB eſt = x, et pro-inde AB, ſeu AD + DB, erit = & 
x. Et BC et = d. 


. a b4 
Ergo 5 + x erit ad þ ut d ad DE, et pro-inde DE erit = t et 


55 q 


7 erit = 4 
DET erit FEST 


Sed, ob rectum angulum ADE, erit AE? = AD? + DE, et pro-inde 
DE? erit = AE? — AD? = AE? = 86. 

Eft vero, ob ſimilia triangula ABC, ADE, AE ad EC ut AD ad DB, hoc 
elt, AE ad c ut þ ad x. Ergò AE erit = = et AE! erit = — et AE? 


. — 5 2,3 — $22? 
6223. Ergd DE : eritetiim . 
ax Tr 


— bþ erit = * 
XX 


** 
Sed ſupra oltenſum eſt quod DE? eſt = F > 2bx Tr 


Ergo —= erit = — — et pro- inde (multiplicando utrin- 


ue per reinen (dividendo omnes terminos 
9 per xx) _ _ er — b* + 2bx + a* ? 


per 
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; 42 ** 
b* + 20x TA 
tatem trinomiam 4 + 2bx + &) quantitas ſextinomia &** — 4% . 2},2, 
— 2645 + C —a* erit = d, et (addendo utrinque S + 2643 + % 
quantitas trinomia % + 2bs + Ox* erit = da + Bat + 2% + , et 
(auferendo utrinque 24“ + Ox?,) quantitas a. + 264? + d — 2c crit 
_ d*x* 
— x* 
= Bic; et, ſubſtituendo pro Litteris &, c, et d, in hac æquatione earum ya. 
lakes, 20, 15, et 24, erit quantitas * + 40x? + 400 ˙⁵ — 40 X 225 „* 
+ 576 x* 
— 225 x* 
= 400 X 225, ſeu quantitas a* ＋ 40 4 + g76a* — yo ox = $0,000, {er 
— 225 x* 
quantitas x* + 40 + 751 * — ooo xk = 90, ooo; que eſt æquatio i 
Raphſono propoſita et reſoluta. 


per ,) c“ — af erit =. „et (multiplicando utriaque per quant! 


Hec æquatio eſt euſdem forme ac æquatio generalis x* + I + mm 
3x = p in Propoſitione duodecima Capitis Decimi tractatùs ſuperioris ; 

et co-efficiens / cubi a in iſtà æquatione generali fit in hic æquatione nume- 
rali = 40, et co-efficiens mm quadrati xx in iſta æquatione fit in hac => 751, 
et co- efficiens ipfius quantitatis x in iſtà æquatione fit in hac = 9gooo, et ter- 
minus abſolutus, ſeu quantitas nota, p, in iſta æquatione fit in hac æquatione 
numerali = 90,000, Sed, per iſtam Propoſitionem duodecimam, æquatio 
a* + 1x3 wel mmex — n = p' habet tantùm unam radicem veram; et, cum 


p eſt = , ſeu Ipp + mmp eſt = , hæc radix unica erit æqualis p, vel 


13 
ID + mm 
x, hæc radix unica erit mediæ cujuſdam 1 inter maximam et 


; et, cum non eſt zqualis 22 ſeu /pp + mmp non eſt æqualis 


minimam harum trium qvuantitatum, p. / Vide ſupra, 


43 
Fre- * im im + mm * 
paginam 285, Ergo æquatio numeralis x* + 40 4 + 751i x* — gooo? 


= go, ooo habebit tanthm unam radicem veram ; et, fi p, (ſeu / * 7*,) ſeu 


y *l9c,000, fit = , ——— | , ſeu ti 7 {eu 
90 b Ip + mm ? 3 AE 6 —_ eu h + mmp, 


40 X 
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40 X V/*(go,000 + 751 X , oo fit = , ſeu gooo, hac radix unica 


: #3 9009 a 
erit = p, ſeu / 9, oo, vel == ſeu ——z cf, ©; (eu 


42 x \/4190,000 + 751 


ee. wil — feu fi Ipp + mmp 
% + mm? 49x y/*Yo,000 + 751 , 2 7 


ſeu 40 X V*/90,000 + 751 x , ooo, non fit = .] ſeu gooo, hæc 
radix unica non erit = p, ſeu 4 *go,o000, ſed erit mediz cujuſdam magnitu- 


Jo, ooo, non fit = 


dinis inter maximam et minimam harum trium quantitatum, ſcilicet, p, ſeu 


E | 3 O00 PE 000 
* 0,000 - ſeu VV — — 0. (— ſeu 9 k 
METER fre. 40 + ir im + um 4 * [752 +75! 


Jeittir, ut hos hujus radicis limites obtinere poſſimus, quærendi ſunt va» 


. 3 3 7 
lores quantitatum p. , n , et —, ſeu / 190, ooo, 


4% + mm [+ m ? Im + mm 
* — , LS. et .. Hocverdfieri 
40 X y [90,000 + 751 | 49 + wV/781 40 K / 751 + 75! 


poterit hoc modo. 


Quantitas p“, ſeu g0,000, eſt (= 9 x 10,000) = 3 * 3 & 100 X 100. 
Ergd pp erit (= 3 X 100) = 3oo, et perit (= 4/3 X 10 = 1.732 X 10) 
= 17.32, et p erit (= 40 X 17.32) = 692.80, et % + mm erit ( = 


413 . - 
692.30 + 751) = 1443.90, et PID en (= == 2 6.2, et ie 


62 y 51) = 27.4, et I + m erit (= 40 + 27.4) = 67.4, et A eri 


(= = 133, et V I erit (= V 133) = 11,5, et In erit (A 40 
* 27.4) = 1096, et In ＋ mm erit (= 1096 + 751) = 1847, et = 


. d9ooo 3 
erit (= TT ) 24. 


Ergo in hac æquatione a* + 40 + 751 x* —- g000# = 90,000 quanti- 
2 90o 

tas p, ſeu 4/4 BO — — 

2 go, ooo, non eſt æqualis * ſeu r 

led eadem major; cum prior fit = 17. 32, et poſterior fit = 6.2, Ergd radix 

unica hujus æquationis non erit æqualis p, ſeu 17.32, ſed erit mediæ cujuſ- 

dam magnitudinis inter maximam et minimam harum trium quantitatum, 


Vol. VI. 2 Y ſcilicet, 
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ſcilicet, p, 0 N- — ſeu 17. 32, 11.5, et 4.8, hoc eſt, inter 


quantitates 17.32 et 4.8. 


Harum igitùr trium quantitatum, 17.32, 11.5, et 4.8, mediam, ſcilicet, 
11.5, (quæ i duabus extremis, 17.32 et 4.8, ferè æqualitèr diſtat,) aſſume- 
mus per conjecturam pro primo valore radicis x æquationis propoſitæ & + 
40 * + 751 xx — g000# = 90,000, et eam ſubſtituemus pro æ in quantitate 
quadrinomia x* + 40x* + 751 — ooo; quod fieri poterit hoc modo. 


Si x fit = 11.5, xx erit (= 11.5*) = 133.25, et * erit (= 11.5” = 
132.26 X 11.5) = 1520,875, etx*erit (=11.5* = 1520.875 X.11.5) = 
17,490.0625, et 40 * erit ( = 40 X 1520.875) = 60,835.000, et 751 xx 
erit (= 751 X 132.25) = 99,319.75, et gooo x erit (= go00 Xx 11.5) = 
103, 00.0; et pro-inde quantitas quadrinomia * + 40x* + 751 xv — 
goooæ erit = 17,490.0625 + 60,835.000 + 99,319.75 — 103, 500.0 = 
177,044.8125 — 103,500.0 = 74, 144.8 125; qui numerus eſt minor quam 
go, ooo, ſeu terminus abſolutus æquationis propoſitæ. Ergo 11.5 erit minor 
quam x, ſeu radix iſtius æquationis. Erit tamen eidem radici fats propin- 
quus ut commode aſſumi poſſit pro fundamento proceſſùs approximatorii ad 
dictam radicem, ſecundum Methodum a Raphſono traditam, 


Ponatur jam 2 pro differentia inter 11.5 et x; et x erit = 11.5 + z, 
Ergd xx erit = 11.5 T (= 11.5" +2 x 11.5 x 2 + &c) = 132.2; 
e, et & crit = 115 +3? (= 11.5 + 3 X 11.5} * 2 
+ &c = 11.5? + 3 x 132.25 * X + &c) = 1520.875 + 396-75 X 2 
ern = 11.5 + ( 11.5) + 4 X 11.93 X 2 + &c 11.5 
+ 4 XN 1520.875 X 2 + &) = 17,490. 0625 + 6083. 500 x X + &c; 
et pro-inde 40 4* crit {= 40 X 1520.875 '+ 396.75 X K + &c = 40 * 
1520.575 + 40 X 396.75 Xx 2 + &C) = 60, 835.000 + 15,870.00 X * 
e151 X ax crit = 751 N 132.25 + 23.0 x 2 + &c (= 751 X 
132-25 + 751 X 23.0 x 2 + &c) = 99,319.7500 + 17,273.0 Xx 2 + 
&c, et 9000 x crit = gooo X 11.5 + 2 (= goco Xx 11.5 + g000 X 2) 
= 103,500.0 + yoco X x. Ergo quantitas quadrinomia * + 40a? + 
751 x* — g000 x crit æqualis quantitati multinomiæ 


I 7,490» 
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ſ 17,490.0625 + 6,083.500 X 2 + &c \ 

+ 60,835.0000 + 15,870.000 x 2 + &c { _ 

] + 99,319.7500 + 17,273.000 X z + &c = 
— 103,500.0000 — 9, Ooo. oo Xx 2 J 


177,644.8125 + 39,226.5 X 4 9 
— 10g, 500, ooo — gOOOO X 2 


= 74, 144. 8125 ＋ 30, 226.5 K 2 + &c. 


Sed quantitas quadrinomia +* + 40 * + 575i —- gooo x eſt = go, ooo. 


Ergo quantitas 74, 144.8 125 ＋ 30, 226.5 X 2 + &c erit etiam = go, oco. 
Et pro- inde (auferendo utrinque 74, 144.8 125) quantitas 30, 226.5 X 2 + &c 


15,85 5.1875 
30, 226.5 


0.524 — &c. Ergo x, ſeu 11.5 + 2, erit (= 11.5 + 0.524 — &c) = 
12.024 — &c, ſeu paulo minor quam 12.024; hoc eſt, radix unica æquationis 
propoſitæ x* + 40 * + 721 x* = 9000 x = go, ooo, erit pauld minor quam 
12,024. Q. E. I. 


) = 0.524, M 


erit = 15,855.1875, et 2 + &c erit (= 


ic verd ſuſpicari licet quod hec radix (quz minor eſt quam 12. 024,) 
poſlit etle accurate æqualis numero integro 12. Et ita reveri fe res habet. 
Nam, fi x fit = 12, æx erit = 144, et a* erit = 1728, et * erit = 20,736, 
et 40x? erit (= 40 X 1728) = 69,120, et 751 xx erit (= 751 X 144) 
= 108,144, et ooo # erit (= g000 X 12) = 108, ooo; et pro-inde quan- 
titas quadrinomia * + 40 + 751 xx — gooo x erit (= 20,736 + 69,120 
+ 108,144 — 108,000 = 198,000 — 108,000) = 90,000; que eſt æqua- 
tio propoſita. Ergò numerus integer 12 eſt ejuſdem æquationis radix. 


Hæc exempla æquationum Cubicarum et Biquadraticarum per Methodum 
approximationis à Raphſono traditam reſolutarum, ſufficere poſſunt ad illuſ- 
trationem utilitatis Limitum (inter quos jacent harum æquationum radices,) 
a Florimondo De Beaune deſcriptorum, ad inveniendum, per commodas con- 
jecturas ex his Limitibus derivatas, primos propinquos valores radicum quæſi- 


tarum qui poſlint feliciter aſſumi pro fundamentis proceſſuum per quos ad 
ST i earum 
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earum veros valores multo propitis, per Raphſoni aut aliorum Methodos, ac. 
cedere poſſimus. Itaque huic tractatui hic finem impono, 


FRANCISCUS MASERES. 
Londini, in Templo Interiore, 


Die 7 Junii, A. D. 1804. 


A 


METH OD 


OF 


ASCERTAINING THE NUMBER OF FIGURES THAT ARE 
EXACT IN THE VALUE OF A ROOT OF AN 
ALGEBRAICK EQUATION, 

THAT HAS BEEN OBTAINED BY 
MR. RAPHSON'S METHOD OF APPROXIMATION. 


BY MR. JAMES IVORY, 
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ACADEMY AT MARLOW, IN BUCKINGHAMSHIRE, 


2 -* 2m w — , 
— —— — cx 
— — 


—— Go — = 
— — — »w[—[—ʒüʒß — — — — — = =, 
- — — — — — — — — * 
— — — - \ 
o & — * 5 — 
- 


18 
METH OD 


OF 


ASCERTAINING THE NUMBER OF FIGURES THAT ARE 
EXACT IN THE VALUE OF A ROOT OF AN 
ALGEBRAICK EQUATION, 


THAT HAS BEEN OBTAINED BY 
MR. RAPHSON'S METHOD OF APPROXIMATION. 


BY MR. JAMES IVORY, 
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HEN the root of an Algebriiick equation has been obtained to eight 

or ten, or more, places of figures by Mr. Raphſon's Method of Ap- 
proximation, it is neceſſary, in order to make the reſolution of ſuch equation 
compleatly ſatisfactory, that we ſhould determine with certainty how many of 
the figures of the value of the root ſo obtained are true, or would be the 
lame with the like number of figures in a ſtill nearer value of the fame root, 
it we were to carry the approximation a ſtep further, ſo as to obtain ſuch ſtill 
nearer value of it, Now the plaineſt, or moſt obvious way of doing this is, 
fuſt, to ſubſtitute ſo many of the figures of the number obtained for the value 
of the ſaid root as we conceive to be exact, (as, for example, the firſt ten 
figures, if we conceive that ten figures of the ſaid number are exact,) inflead 
of x, or the unknown quantity, in the terms of the compound, or mul:inomial, 
quantity that forms the firſt, or leſt-hand, fide of the equation, and to com- 
pare the value of the ſaid multinomial quantity reſulting from ſuch ſubſtitu. 
tion wih the abſolute term that forms the ſecond, or right-hand, fide of the 


equation, in order to diſcover whether it is leſs, or is greater, than the ſaid 
abſolute 
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abſolute term; and then, if it is leſs than the ſaid ablolute term, to increaſe 
the ſaid number that had been ſo ſubſtituted, by adding to it an unit in the 
laſt, or loweſt, place of figures, and to ſubſtitute ſuch increaſed number, in- 
ſtead of x, or the unknown quantity of the equation, in the ſaid compound, 
or multinomial, quantity which forms the firſt fide of the equation, and to 
compare the value of the ſaid compound quantity reſulting from ſuch ſecond 
ſubſtitution with the abſolute term of the equation. And, if it ſhall appear that 
this ſecond value of the ſaid compound quantity is greater than the abſclute term 
of the equation, we may conclude with certainty that the former, or leſſer, num. 
ber that was ſubſtituted for x, in the ſaid compound quantity, will be exact in 
all it's figures. But the labour of making theſe ſubſtitutions, by raiſing the 
number of eight or ten figures that has been found for a near value of the root 
x, to it's ſquare, cube, fourth power, and other higher powers, and multiplying 
theſe powers into the ſeveral co- efficients of the terms of the equation, is very 
great and inconvenient ; and therefore it is very much to be wiſhed that ſome 
eaſier expedients may be found-out for determining the number of figures that 
may be depended-upon as exact in the values of the roots that have been 
obtained by this method of approximation, without having recourſe to theſe 
ſubſtitutions. And, for this purpoſe we may obſerve, in the firſt place, 
that, if no miſtakes have been made in the arithmetical. operations that 
have bcen employed in obtaining, by Mr. Raphſon's Method of Approxi- 
mation, the number we have found for the value of the root ſought, we 
may almoſt always conclude that, if the former near value of the root x, 
which was made the baſis, or ground, of the laſt proceſs of approximation, ac- 
cording to Mr. Raphſon's Method, was true to # places of figures, the new 
near value of it, which will have been obtained by ſuch proceſs of approxi- 
mation, will be true to a + #2 — 1, or to 2# — 1 places of figures; and it will 
often be true even to 2x places. But there are alſo other methods of determin- 
ing this point without having recourſe to the above-mentioned laborious ſub. 
ſtuutions. And one of theſe methods has been deſcribed and exemplified in 
the reſolutions of ſome of the cubick and biquadratick equations, taken from 
Mr. Raphſon's Analyſis Æquationum Univerſalis, that have been given in the 
laſt preceeding pages of this volume. This method conſiſts in retaining in the 
final equation, with which we mean to clole our procefles of approximation 
to the value of the root ſought, the term involving zz, or the {quare of the 
new difference 2, (by the addition, or ſubtraction, of which, to, or from, the 
former known near value of the root x, we mean to approach nearer co it's 
true value,) and in computing the value of the ſaid term involving 28, or, 
rather, (in order to avoid unneceſſary labour,) in computing the value of a 
quantity a little greater than the ſaid term, to only one or two places of deci- 
mal figures, whereby we ſhall diſcover in what place of decimal figures the 
firſt, or higheſt, figure of the ſaid term would appear. And this method, 
(from the trials I have made of it in ſome of the examples of the refolution 


of Cubick and Biquadratick Equations, given in the foregoing Tract,) ſcems 
| to 
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to anſwer this purpoſe very well. But the learned and ſagacious Mr. James 
Ivory, (who is now ſettled at Marlow, in Buckinghamſhire, as one of the 
Mathematical Inſtructors at the new Military Academy lately cre&ed there,) 
has alſo diſcovered another very ſatisfactory method of doing the fame thing; 
which he has deſcribed in a very full and clear manner, in a Letter which he 
ſent me in October, 1801, after having peruſed with care and attention my 
Volume of Tra#s on the Reſolution of Algebraick Equations by Dr. Halley's, 
Mr. Raphſon's, and Sir Jſaac Newton's, Methods of Appreximation, which was 
publiſhed in the year 1800. This Method of Mr. Ivory } ſhall now proceed 
to ſtate in his own words from the above-mentioned Letter with which he 
honoured me, and which is dated from Douglaſtown, near Dundee, on the 
17th of October, 1801, 


An Extrat from a Letter of Mr. Jawts Ivory, to Francis MAsRRES, 2%. 
dated from Douglaftlown, near Dundee, 


Douglaſtown, near Dundee, October 17, 180t. 


I perfectly ſubſcribe to your opinion, * That, all things conſidered, 
* Mr. Raphſon's Method of approximating to the roots of Aﬀected Equations 
© 1s, in general, preferable to every other.” The peruſal of theſe tracts has 
drawn my attention a good deal to the different Methods of Approximation 
that are conſidered and compared in them. And I remark that they are all de- 
tective in one reſpect: which is this, “ That, after a near value of the root is 
found, that is true in the firſt figure, or the two firſt figures, there is no 
fure and certain rule by which to determine how near the ſeveral corrections 
in the different ſteps of the inveſtigation approach to the truth, or how many 
figures of them are exact.“ It is true, indeed, that, after the inveſtigation is 
advanced a certain length, we may reckon that there will be as many new 
figures obtained exactly in each ſtep.— or, more ſafely, as many figures, want- 
ing one, —as there are figures already aſcertained in the root; ſo that every new 
procels will double, or nearly double, the number of the known figures of 
the root : but in the firſt ſtages of the inveſtigation this rule is often of no 
ute, and we are left intirely to conjectures, or to the neceſſity of making 
laborious ſubſtitutions, in order to aſcertain the progreſs of the approxima- 
tion; or we are obliged to have recourſe to auxiliary methods, (ſuch as the 

Vor. VI. 2 Z Differential 
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| Differential Method,) to advance the operation to the requiſite degree of 
exactncis. 


In reflecting on this matter I hit upon a method of remedying the imper- 
fection, I have jult mentioned, in a way that ſeems to me to be ſatisfactory. 
My Method is to be conſidered only as a more general view of Mr. Raph- 
ſon's Method; and, like his, requires the reſolution of fimple equations only: 
And, as I apprehend that it will be found greatly to abridge the labour of the 
inveltigation, as well as to render it more ſatisfactory, eſpecially in the fiilt 
ſtages, 1 think you will not be diſpleaſed to have it communicated to you. 


Subjects of this Kind are, I believe, better taught by examples than by 
general precepts. I ſhall therefore immediately proceed to apply my Method to 
ſome example: and I have purpoſely choſen the difficult Biquadratick Equation 
that has been ſo much diſcuſſed in the Tracts; becauſe, having already ap. 
plied to that equation all the other methods, you will be the better able to 
judge of the comparative merit of the new method, 


Taking, then, the equation 14,937 K — 1998 * + 80K — x* = 5000, I 
ſhall, firſt, conſider hat root of it which is determined, in Art. 28 of the Tracts, 
to be greater than 12, but leſs than 13. | 


Let @ be = 12, and let e be the ſupplemental part of the root, ſo that x 
ſhall be = 4 + e. And, becauſe æ is greater than 12, or a, but leſs than 13, 
the correction e muſt be a fraction leſs than 1; or, in other words, the cor- 
rection e muſt lie between the limits o and 1. 


I now ſubſtitute a + e for x in the given equation, and (referring to the 
TraQs, pages 83 and 84, for the work,) I get this equation 
14,937 4 + 14,937 e ? 


DT 1,998 a* — 3,996 ae — 1998 ef 
ir 80 4 + 240 de ＋ 240 a& + 80e 
— 42 — 44e — 64e — 44 — &, 


But à is = 12. Therefore 14,9374 — 1998 4 + 804 — 4% is 
( = 179,244 — 287,712 + 138,240 — 20,736) = 9,036, by Art. 8; 
and 14,937 e — 3,996 ae + 2404'e — 4e is (= 14,937e 
— 47,952e + 34,560 e — 6912 e) = 49,497 e — 54,864 e; 
and — 1998 & + 240 4 — 64 is (= — 1998 6 
+ 2880 e* — 864% = — 2862 + 2880&; 
and 80 6 — 4af is (= 800 — 488) = 326. 


Therefore 
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Therefore the equation becomes 


5 9036 + 49,497 e — 28626 | 


"_ — 54,804e + 2880& + 320 — 4 4 


or 5000 = 9036 — 5367e ＋ 18% + 32 — ; 


And (adding the compound quantity 5367 e — 186 — 32 + eto both 
fides,) 5009 + 5367e — 18% — 32 „ + & = 9036 and, (ſubtracting 
5200 from both ſides,) $367e — 18 — 326 + & = 4036 ; and, finally, 
(dividing both ſides by the compound quantity 5367 — 18e — 32 + &,) e 


5 _ 
— $365 -18e - 320% e 


Now, if we reject the three terms of the compound denominator 5367 
— 18e — 32e + that involve in them the ſmall quantity e, and it's 
ſquare and cube, as inconſiderable in compariſon of the firſt term 5367, or, in 
other words, if we take the value of the denominator correſponding to the 
ſmaller Limit of e, or to the ſuppoſition that e is = o, we ſhall have ſimply 


— 4936 
__ 997 
Method. 


; which is the very reſult that is obtained by Mr. Raphſon's 


But there appears to be no reaſon for ſuppoſing e to co-incide with it's 
ſmaller Limit rather than with it's greater Limit, or for ſuppoſing e = © rather 
than e =1, Let us then ſuppoſe e = 1. And the correſponding value of 
4036 


the denominator is 5367 — 18 — 32 + 1 = 5318; which gives e = TC 


Now we know that the true value of e is between the Limits o and 1. And 
conſequently the true value of the denominator muſt be between the numbers 
5367 and 5318, which are it's values correſponding to the ſuppoſitions of z 
o and e= 1. Therefore the exact value of e, or of the correction of the 


root ſought, mult be between the two fractions 223% and 4239 
5367 5318 


I have detailed the preceeding reaſoning at the greater length, becauſe on 
it the Method I am % e depends. And I remark further, that 
the preceeding reaſoning is juſt in all caſes, provided that no more than one 
root of the given equation lies between the two Limits with which the Iaveſ- 

2 Z 2 tigation 
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tigation ſets out; that is, in the preſent example, provided that no more than 
one root of the given equation lies between the Limits 12 and 13. This re. 
mark, inſtead of reſtricting the extenſiveneſs of the Method, only tends to 
introduce greater clearneſs and preciſion into ſuch inveſtigations, 


x a; NS 
But, to reſume : the fraction —= is = 0.750, and the fraction 518 is 


= ©.758. Therefore, omitting the doubtful figures, e will be = 0.75, and 
x = @ + e, will be (= 12 + 0.75) = 12.75. And we are certain that all 
the four figures are exact. 


To approximate ſtill nearer to the root ſought, we have only to repeat the 
ſame reaſonings and operations that have already been gone through, building 
upon the concluſions derived from the firſt proceſs. We now know that the 
4036 
5318 ? 
Therefore, if we now put a4 = 12.75, and ſuppoſe x = a + e, the correc- 
tion e will be leſs than 0.008; that is, e will be between the Limits o and 
0,008. But before I proceed to the neceſſary ſubſtitutions, it will be proper 
to notice an obſervation that will enable us to ſhorten our labour, 


root ſought is greater than 12.75, but leſs than 12 + or 12.758. 


In the proceſs which we have already gone through, the greater Limit of e 
was 1; and this made it neceſſary to compute all the terms of the transformed 
equation that involved any powers of e. But, if the greater Limit of e, in- 


ſtead of being 1, had been a ſmall fraction, as 15 or „ we might have 


100 
omitted all the terms of the transformed equation that involved in them the 
cube and other higher powers of e without hurting the accuracy of the reſult, 
Thus, therefore, the Method we are conſidering will, in moſt caſes, only re— 
quire that one more term of the transformed equation ſhould be computed 
than in Mr. Raphſon's Method, 


Subſtituting now a + e for x in the given equation, when @ is = 12.75, 
and omitting the terms that involve the cube and fourth power of e, accord- 
ing to the obſervation juſt now made, we ſhall have, very nearly, 


(149970 , 
5 
5000 = 4 + 80a? + 2404% + 24040 

* 4 — 4 — 6 4e“ 


But 
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But @ is = 12.75, Therefore 14,937 @ — 1998 a + 80 4 — 4 will be 
(= 190,446.75 — 324, 799. 875 + 165,613.75 — 26, 426.566, 406, 25 
= 356,260.5 — 351,226.441,406,25) = 5034-059,593-75 3 and 14,937 e 
— 3,996 ae + 240 de — 44% will be (= 14,937 e — 50,949 e + 39,016 
— $,290.6875e) = 53.9526 — 59,239.0875e; and — 1998 e“ + 240 4 — 
6 4% will be (= — 1998 & 3060 “ — 975.275 &)= 30604“ — 2973.275 K. 


Therefore 5000 will be = (034.058, 593,75 


,0520 3060 
—55.259.6575 = 2973-2756 j = $5034-059,593575 
— 528.6875 e +86.725 *. And (adding the compound quantity 5287.687 5e 
— 86.725 e to both fides,) 5000 + 5287.6875 e — 86.725 e* will be = 
5034.0 58, 593,75; and (ſubtracting 5000 from both ſides,) 5287.6875e — 
86.725 e will be = 34.0368, 593,75; and, finally, (dividing both ſides by 


the compound quantity 528.6875 — 86.725 e) we (hall have e = 


34.058, 593,75 
528.6875 — 86.725 * 


Let us now take that value of the denominator 5287.6875 — 86.725 e which 
correſponds to the ſmaller Limit of e, or to the ſuppoſition that e is o; and 


.058,593z : 
we ſhall bave one value of e = HH = 0.006,441,7. And again, 


taking the other value of the denominator 5287.6875 — 86.725 e, which cor- 
reſponds to the greater Limit of e, or to the ſuppoſition that e is = 0.008, we 


8 2088,23: 7 7 — 34-053,593»75 * 
ſhall have e ( — $287.6575 — 86.735 x 0.008 © $5287.6875 — 0.6938 ) = 


34:258-593175 


5286-9937 = 0.000,441,9. 


But the exact value of e lies between the two values now found. There- 
fore, omitting the doubtful figures, e will be = 0.006,441. Conſequently x, 
or a + e, or 12.75 Te, will be = 12.75 + 0.006,441 = 12.756,441, and 
we are certain that all the eight figures are exact. 


In order further to illuſtrate this Method, I ſhall now conſider the leaſt root 


of the ſame equation. And, for the ſake of brevity, I ſhall aſſume (what t 
is 
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is not difficult to diſcover, ) that the root ſought is greater than = „ but leſs 


than 2 Put now a = * and ſuppoſe x to be = a + e. And it is obyi- 


E : . : k I 
ous that e will be of an intermediate magnitude between o and * 


or) — 


Now, if we ſubſtitute @ + e for x in the given equation, and neglect the 
terms that involve the cube and fourth power of e, we ſhall get, as before, the 
Equation | 


ſ 14,9374 + 14,937 


| 1 
— 1,998 4 — 3 996 ae — 1998 ef 
. 17 80 + 240 % + 24000 


— 4a — 44e — 6 4 


But à is = — Therefore 14,937 a — 1998 a* + 80 — 4. will be 


(= 4979 — 222 + 2.96 — 0.01) = 4759.95 ; and 14,937 e — 3,996 ae + 
240 a'e — 4e will be (= 14,937 e =1332e + 26.66 e — . 14e) = 13,631, 
52 X e; and — 1998e* + 240 4% — 64e will be (= — 1998 e + 80“ 
— 0.66 e“ = — 1998.66 + $08, And conſequently 500 will be = 
4759.95 + 13,631.52 Xx e— 1918,66e*; and ( ſubtrafting 4759.95 from 
both ſides,) we ſhall have 240.05 = 13,631.52 X e — 1,918.66 K; and 
(dividing both fides by the compound quantity 13,631.52 —1,918.66e) we ſhall 


9 240.05 
have e = 13,631.52 — 1,918.66 e * 


Let us now make e in the compound denominator 13,631.52 — 1,918.66? 


be = o; and we ſhall have (= . — 4229_\ —,9.0156, And 
: 1 3 
making e = S it's higheſt Limit, we ſhall have e = 22 — 


13,631.52 - 1,918.66 x 5 


© T4 240.05 We! __240,0 3 
{ — , © 1 ) = 0.0180, 


Now the exact value of e muſt be between the two values of it here found, 
| Therefore 
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Therefore it will be greater than the leſſer of the two, that is, than o. 0176, 


Therefore x, or 4 + e, will be greater than @ + 0.0176, (or —_ + 0.0176, or 
0.3323 + 0.0175,) or than o. 3509. 


And the exact value of e will be leſs than the greater of the two values 
that have been here found, that is, than 0.0180. Therefore x, or a + e, will 


be leſs than a + 0.0180, (or than Th +0.0180, or than 0.3333 + 0.0180, ) 
or than 0. 3513. 


Therefore, omitting the doubtful figures, we ſhall have x = 0.35; and we 
are ſure that theſe two figures are exact, 


But, if any one ſhould be inclined to approximate nearer to this root 
by means of a ſecond proceſs of Mr. Raphſon's Method of Approximation 
grounded on the numbers already found, it will be better to afſume @ = 
0.3509 in the next proceſs than to aſſume it = only to 0.35 ; becaule, 
although we are not ſure that all theſe four figures are exact, yet the Limit of 


the correction e will be in that ſuppoſition only ( = 0.3513 — © 3509) = 
0.0004, or —— „ which is much ſmaller than it would be by aſſuming x 
= only to 0.35. 


End of the Extract from Mr. IvoxY's Letter. 


This Method of aſcertaining the number of figures that are exact in the near 
value of the root of an equation obtained by Mr. Raphſon's Method of Ap- 
proximation, invented by Mr. Ivory, is both very ingenious and very ſatisfac- 
tory ; fince nothing can be more evident than that ſo many of the figures of the 
numeral values of the two Limits of the magnitude of the correction e as are 
found to be the ſame with each other, muſt likewiſe be found in the value of 
the ſaid correction e itſelf, which lies between the ſaid Limits. 
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NEW SOLUTION 


OF 


COLONEL TITUS'S ARITUMETICAL PROBLEM. 


BY MR. JAMES IVORY, - 


ONE OF THE MATHEMATICAL INSTRUCTORS AT THE NEW MILITARY 
ACADEMY AT MARLOW, IN BUCKINGHAMSHIRE, 


N the month of October, 1801, Mr. Ivory ſent me the following very 
elegant Solution of the difficult Arithmetical Problem, which had been 
propoſed to Dr. John Wallis, the celebrated Savilian Profeſſor of Geometry at 
Oxford, by Colonel Silas Titus, in the year 1662, and of which Dr. Wallis 
has given a Solution in the 62nd Chapter of his Algebra. This Solution 
of this Problem by Dr. Wallis I had introduced into the octavo volume of 
Tracht on the Reſolution of Aﬀefted Algebraick Equations, by Dr. Halley's, Mr. 
Rapbſin's, and Sir Iſaac Newton's Methods of Approximation, publiſhed in the 
year 1800, of which I had ſent a copy to Mr. Ivory. And the peruſal of this 
volume of Tracts, and particularly of thoſe parts cf it which related to thi 
Problem, and the Solutions that had been given of it by Dr. Wallis and Mr, 
William Frend, excited the attention and curiofity of Mr, Ivory ſo much as 
to induce him to ſeek for a new Solution of it; in which he has been ſingu- 
larly ſucceſsful. In his Letter to me of the 17th of October, 1801, (in which 
he communicated to me the ingenious Method he had found-out for aſcertain- 
ing the number of figures that are exact in any near value of the Root of an 
Affected Algebraick Equation, that has been obtained by Mr. Raphſon's Me- 
thod of Approximation, which I have here publiſhed in the foregoing pages 
of this volume,) he ſpeaks of this new Solution which he had found of Colonel 
Titus's Problem, in theſe words.“ In peruſing the Tracts en the Reſo/ution of 
% Equations, my attention was ſo much attracted by Colone! Tirus's Aruhme- 
e“ tical Problem, that J fought a Solution of it, although Mr. Frend's is a very 


& good one, The Solution which I found is very different both from Dr. 
« Wallis's 
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& Wallis's Solution and Mr. Frend's ; and it is particularly remarkable on ac- 
© count of the ſimplicity of the reſult. For, purſuing the notation at page 189 of 
&© the Tracts, my Solution conducts me, in the firſt place, to the Biquadratick 
« Equation. 8 = 352 + 52* —- 342? — 2*; from which having obtained 
et the value of 2, the three numbers a, b, and c, ſought are immediately found 


te by means of the expreſſions, + = V/ == 4 == == x J, and e 


« = 2 — AN 1 Thinking that I might contribute to your entertain- 
ce ment by ſending this Solution, I have written it out at conſiderable length, 
© ſo as to omit none of the ſteps of the reaſoning ; and I hope you will find 


« no difficulty in peruſing it,” 


The Solution itſelf (which was ſent me at the ſame time as the foregoing 
Letter which announced it,) was as follows, 


The Solution of Colonel Titus's Problem. 


Article 1. The Arithmetical Problem propoſed by Colonel Titus to Dr. 
Wallis (which is mentioned in Mr, Maſeres's Tra#ts on ihe Reſolution of Alge- 
braick Equations by Approximation, page 188,) leads to the three equations fol- 


lowing, Viz, 
8? + be = I, | 
b* + ac = 17, 
and “ + ab = 18, 


in which the Letters a, 5, and c, denote the three numbers ſought, This ſet 
of equations I ſhall refer to by the name of Number 1, 


Subtract the firſt of theſe three equations from the ſecond, and the ſecond 
of them from the third. And we ſhall thereby get the two equations fol- 
lowing, to wit, 

* — 2 + ac — bc = 1, 


and * - ＋ ab —ac = 1. 


Now it is very eaſy to be diſcovered that the left-hand fide of the equation 
b—& + ac — bc = 1 is no other than the product of the two factors 5 
—=aandb+ a—c multiplied together; and, in like manner, that the left. 
hand fide of the equation c = ＋ ab — ac is the product of the two fac- 

Var, VI. 3A tors 


Er 2A = — 
— - - N 
— — —— = 
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tors e — band e + 6 —a multiplied together. Therefore theſe two equations 
may be thus written, 


b—a X b+am-c = 1, 
and cb Xe + — 4 = 1. 


And, if we divide both ſides of the firſt of theſe equations by 3 — a, and 
both ſides of the ſecond equation by c — 5, we ſhall obtain the equations 


312 — 6 2 


b-a? 


1 
Cc — 4 


and c þ 5 — 2 2 


Let us now put 2 — 4 = m, and e- u. And the two laſt equations 
will become, by ſubſtitution, 


5 T4 — 2 5 5 
and e425 — 2 = —— ; and we ſhall have the four fol- 


lowing equations between the five unknown quantities @, 5, c, n, and 7, to 
wit, 

5 — 2 = mM, 

C — 5 — , 


212 —c = 


and c +b - 4 = —. And this ſet of equations I ſhall re- 


fer to by the name of Number 2, 


Article 2. I now ſeek a value of each of the three unknown numbers 9, l, 
and c, which ſhall contain only the two unknown numbers m and ». And 
I readily find, by adding together the ſecond and third equations of Num- 
ber 2, that @ will be = 1 + _ and, by adding together the third and iourth 


equations of the ſame Number 2, that 2 will be = —— + —— , and conſe- 


quently that 5 will be = ＋ x ＋ + ; and, laſtly, by ſubtracting the 


firſt equation from the fourth, that c will be = — — 1. 
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We have only now to ſubſtitute theſe values of a, b, and c, fo found, in 
any one of the original equations of Number 1, in order to have an equation 
that ſhall contain only mz and n and known numbers. Thus, by ſubiituting 
theſe values in the firſt of the equations of Number 1, to wit, the equation 


* + bc = 16, we ſhall get the equation » + =_ + — x — x 


m—_ M = 16. 


In order to determine the values of #z and # we have ſtil] to ſeek another 
equation that ſhall contain only #» and and known numbers. But ſuch an 
equation may be eaſily deduced from the equations of Number 2. For, by 
adding together the firſt and ſecond of the equations of Number 2, we get c - @ 
=m +n; and, by doubling both ſides, we get 2c —24 = 2m ＋ 2. Again, 
by ſubtracting the third of the equations of Number 2 from the fourth, we like- 


wiſe get 2c — 24 = ＋ — Therefore, by equating the two values of 


. I I 
2c - 20, there reſults the equation 2m + 27 = — „. 


We have now obtained two equations involving only the unknown aum- 
bers M and n and known numbers, to wit, 


7 +3 + + X[>+ xm 16, 


m A 
and 2m + 2% = — — —; which two equations I ſhall refer to by the 


name of Number 3. And theſe two equations are ſufficient to determine the 
unknown numbers m and x. And, when the values of zz and z are determined, 
the values of the three numbers a, b, c, (which are the quantities ſought by 
the Problem, ) will be directly obtained by means of the three equations a = x 


= — 98 —— * 8 + _ and £2 — — #7, which have been already 
inveltigated, and which I ſhall refer to by the name of Number 4. 


Article 3. It ſtill remains that we deduce from the two equations of Num- 
ber 3, which contain the two unknown numbers and u, a final equation that 
ſhall contain only one of thoſe unknown numbers. Now, if we proceed to 

34 operate 


| 
| 


—— — — — 
—. — — 


— — 


2 — —— —— — ——— — er — —_ 


— — — 


_—_ —— . 2 » - —_— 
P ˙bd uU, __cO — = — 


364 MR, IVORY'S SOLUTION OF COLONEL TITUS'S PROBLEM, 


di ſ . : 1 t 
operate directly upon theſe two equations, (which are # + = n 


2329 = IC and 2M + 21 ＋ , ) with the view 


of exterminating one of the two unknown numbers ande, we ſhall find 4 
good many pretty tedious and intricate Algebraick procetles to be neceſſary. 
But we may attain our object more eaſily and ſhortly in the manner following. 


By multiplying » into — in order to bring it to a fraction, having 
the ſame denominator as the fraction — (by which multiplication it's mag- 
nitude will not be altered, ) we ſhall have 1 ＋ — f= — + —) = 
—.— Therefore the firtt term of the left-hand fide of the firſt of the 


two equations of Number 3, to wit, the term # + oy will be (= mn + ED) 


= 


22 111 


n + m 
„ and 


In like manner the compound quantity — + _ will be = 


the compound quantity = — * will be = — — Therefore the ſecond 


term of the left-hand fide of the firſt of the two OI of Number 3, or the 


——— 
I 


I I I . 7 — = - 

XX - m, will be = —X X = 4 

m＋ A XK 1— 
Mn X n 


= {by multiplying both numerator and denominator by 


mxXmT+nXx1l-—-'m 


which does not alter the value of the fration,) — — X preg 


mm + mn Xx 1— 2 
m n 


1 
3 f 


4 * 
Now let = —" be ſubſtituted for, it's equal, » + — 5 in the firſt of the 
equations of Number 3, and likewiſe the quantity — X — — e —. 


: . wr I : | 
be ſubſtituted for, it's equal, . * 1 —— _ * — m in the ſame equa- 


tion. 
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mv 2 e 


tion. And that equation will become = + — x 


m* + mn of 1 222 
m* nd iN 


= 16. 


Tn this equation I put x un, and y = m; and, by ſubſtitution, I ger 
' the following equation, which involves only & and y, to wit, —— 4 — 


3 +xXx 1— * 


26. 


x 
X * 


Further, take the ſecond of the equations of Number 3, to wit, the equation 


2am + 22 — — —, and multiply all it's terms by . And it will be- 


come 25 + 2 e = m — mn. And, by writing æ for mn and y for n= 
in this equation, I get another equation involving only x and y, to wit, the 
equation 2 xy+ 2x* =5 — x, And thus we have obtained two equations con- 
taining only x and y, to wit, | 


2 774 __ 
s, 

and 2zy + 2 y — K, in which equations x is = mn, and y is = . 

Theſe two equations I ſhall refer to by the name of Number 5. 


Article 4. It is now eaſy to deduce a final equation from the two equations 
of Number 5, becauſe the ſecond of them (beſides that both of them are 
ſimpler than tue equations of Number 3,) involves one of the two unknown 
quantities, to wit, y, ſimply, or without any of it's powers. 


Multiply all the terms of the firſt of the two equations of Number 5 by 
2x*y; and it will become 2** Xx T EF pxXy TY XI — * 2 
32 K. | 


Again, take the ſecond of the equations of Number 5, to wit, 2 yy + 
2* = y — x, and add x to both fides of it; and we ſhall have 2vx + 2 * 
* S. And, by ſubtracting 2y x from both ſides, we ſhall have 2 x* + 
x=Zy—2yX; aud, by dividing both ſides by the compound quantity 1 — 


2 &, we ſhall have) = EE; and, by adding à to both ſides, we ſhall 


2 XxX 


have 


= 24 + x 29 +#x XX 1— 2 4 2 * + * 
have 9 + 8 1-2 K T I—2x 8 
„  24* + ZE) or .2 x 
Fob” 1—2 x 22 


In the equation 2 * x # T1 TYY T X 1— 4 32 y, ob- 


1 ; 2 * ＋ x . 2 x . 
tained above, I now write . uu. for, it's equal, y, and ws: for, it's equal, 


| 4 R 
y + x; and I thereby obtain the equation 2 X x + 1? + —— — 1 
2 * | 
i X i = za x LD, or 2% X 3+ 11* AE „ 
—2 x = rs 
2 x* . 2” 4a ; 
77 X1—#= ga X =; which is an equation that contains only 


one unknown number, to wit, x, and only requires to be further reduced in a 
Proper manner, according to the ordinary rules given by writers on Algebra 
for that purpoſe, to prepare it for being reſolved. 


Article 5. Divide all the terms of the 1:ſt equation by 2x*; and it will thereby be. 


e LL =* =16 x2 2 


multiplying all the terms by 1 — Zh, we ſhall haves T ID X 1—2 #8 + 


. Therefore,by 


2X +I XI—7=16x2f+xX1i—2x, that is, * + 2x +1 „ 
I—4:+4f+1I+2u—x—2%, will be (= 16 x 2x*+x— 43%— 2345 
= 16x xz—- 43) = 16x — 6435, ors? +2x+1XxX1=-4c+ 45 + 
1+x—2x* will be = 16x 64; and (ſubtracting x — 2 a* from both 
ſides,) we (hall have * +2x +1X1 — 48x + 4x ＋ 12 15* — 2 * 
— 64, that is, 4 ＋ 43 — 3ͤ« — 21 1171 will be = 15x — 204 
— 643%, or 4x*+ 4* — 3K —2x +2 will be g 154 — 2K — 64; and 
(ſubtracting the compound quantity 4 x* + 4 = 34 — 2x from both 
ſides,) we ſhall have 2 = 17x + 5, — 6845 — 4, and (multiplying all 
the terms by 4,) we hall have 8 = 68x + 20* — 27245 — 16x), or 


(placing the abſolute term 8 on the right-hand fide of the mark of equality, 
68x + 20x* — 2724 — 16x = 8. | 


Laſtly, to free * from it's co-efficient 16, and to reduce the equation to the 
ſimpleſt form poſſible, let z be put = 2x. Then will zz be = 4xx, and 2 
be 
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be = 8 *, and 2* be = 16, and conſequently 34 z will be ( = 34 x 2x) 
= 68 x, and 52z will be (=> 5 x 4ax) = 20 xx, and 3423 will be = 34 
x 8a = 272, and the r quantity 342 + 522 — 342 — 2 
will be = 68 + 20a* — 29243 — 16x*%, Therefore 342 + 52* = 34 3 
— 2* will allo be = 8, Q. E. I. 


Article 6. This equation 1s ſufficient to determine the value, or values, of 
2. And, when theſe are obtained, we may diſcover the values of the three 
numbers a, 6, and c, that were originally ſought, by tracing back the ſteps of 


: + Therefore y 


the Analyſis, For, ſince z is = 2x, we ſhall have x = 


4 — TT: 2241 . 3 2 I +> 
(which is = ————, or = = X n VI * 2 RT 


2 0 4 5 "RP . 
* ＋. Again, w is = m7, and y is = . Therefore n is , and m is 


= = 'e 3 and conſequently m is = |——= * 72 and u is (= —< 
2 5 m 


128 2 
. a - 2 
= PR ie 3 x LL = 
. EE r ſi +3 
- 1 — 2 
E x (= =, or - 


The equations of Number 4 now give us the values of a, 4, and c ex- 


preſſed by the Letters m and n. For a is = u + — and ü is = — * 
. + — and c is = — — . We muſt therefore now endeavour to ex- 
preſs theſe values by means of the Letter z and known numbers. 


Article 5, Now we have already ſeen that mis =4/ — ** on and that x 


is 2 — * = = 
is 1 * E Therefore — will be 2 n ( 
* 14 * * 
| = - 
a/ 1+z 
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* 44 — 1 1 x J 2 — XX 2 
L „ xs ITZ „ 8 VITZx V 
12 2 VIX Va 
— 2 
= „ = . PET OX v (=; and in like manner — will be 
I+%z 
T r I +2 
— —_ (= — —_ — — — IXIL x V 
— 2 a/ 1 — Z w/Z VIZ X VA dee 
* N — a x Iz X xz 
I= 2 1 2 WY ITA X 4/2 ; 


Therefore a, or n + , will be= [= = X 5 


I+z 2 

[== D WIR * [L= 2? = 3 
( N ö EL 1＋ 2 Ws oo 8 = 
z + 2 —— z+2 2&7 "023 n+ FEM .>- AY 
22 rr = f/1 += X VII- 2 a/12% 1＋2 X 12 

1 — A r 

D ſez © a/ 12% * i TX VH AL 2% 
2238 — * — 322258. — 2— * — 2K * 2 — 2— 2 — 2 * * 72 | 
222 23 M2 & V- M2 X V- 2 2 —— 


2 — 2 —2 2 2 
3 * = ; 


and, or x + >, will be= H x V vv 


_ 3 r 
=— * Z x E 4 — 
(=— 2 F Ln * | 


—— — - 


EE of 1+z2 + 1— 2 — 
1 * oft * W X /1+z 


r 122 8 
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and c, or — — m, will be = = „ Ev 
2 I 122 


1— 2 © 
1 WP. 1＋ 2 2 1 
(SV x D —2 = Cx 
i= EEE e LENS, i 222 6 nt 
w/ſ2.% a 1=z * inner VA i- Xx 172 
2 — 2 „ 1 8 2 + 2 — zz = 2 + 2 — 2% * 
2 1 2% [uz i = X Vn x Vn X 125 
. 1 21 2 - 22 * 2 
V2 „ VI 23 M2 X x% 25 9 2 7 


Article 8. The reſult, then, of the whole Analyſis is this; That we muſt, 
firſt, reſolve the equation 342 + 5 2* — 345 — 2. = 8, in order to obtain 
the value, or values, of z; and, this being done, we ſhall directly obtain the 
values of the three numbers a, , and c, that are ſought, by means of the ex- 


preſſions @ = —— * * —— 
and b = - — 
and. c 2 V ——;T vt by means of theſe, to wit, 
PR 382 — 
142 = X B, 
and c = EEZE x8. 


Article 9. The equation 342 + 5 2* — 34 — 2* = 8, which it is ne- 
ceſſary to reſolve, (being a biquadratick equation in which the two terms which in- 
volve the two higheſt powers of z are marked with the fign , or are ſubtracted 
from the other two terms on the ſame ſide of the equation,) may have more than 
one real and affirmative root: and, in order to ſolve the Problem compleatly, it is 
neceflary to find all it's roots, or at leaſt ſo many of them as are fitted to anſwer the 
Vor. VI, 3B conditions 
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conditions of the Problem from which the equation was derived. Now a very 
little attention to the nature of the expreſſions for a, b, and c, will ſhew us that 
z muſt be a fraction leſs than unity. And therefore, if the equation has any 
roots (that is, real and poſitive roots,) greater than unity, it will be ulelets to 
inveſtigate ſuch roots, as they cannot be applied to the Problem under conſi- 
deration. For the values of a, &, and ec all depend upon the radical quantity 


"4 | —— „which is poſitive only when 2 is leſs than 1, and which, in the 


language of Algebra, becomes impoſlible, or imaginary, when x is greater 
than 1. 


In reality the equation 342 + 52* — 342 — 2* = 8 will be found to 


have two roots that are leſs than 1, one of which will be nearly = = or 


=, which may be found to a great number of figures by two, or three, pro- 
/ 


ceſſes, of Mr. Raphſon's Method of Approximation, and, when ſubſtitmed 
for 2 in the foregoing expreſſions of the values of 4, &, and c, will produce a 
ſet of numbers that will anſwer the conditions of the Problem, and indeed 
will be exactly the ſame with thoſe that are found in Article 19 of Dr. Wallis's 
Solution, in pages 232, 233, and 234 of the Tracts : and the other root will 


be ſomething greater than =, and, when ſubſtituted for 2 in the ſame ex- 


preſſions found for the values of a, l, and c, will give us another ſet of numbers 

that will likewiſe anſwer the conditions of the Problem, and will be exactly 
the ſame with thoſe found in Article 16 of Dr. Wallis's Solution, in pages 228, 
229, and 230 of the Tracts. 


The End of Mr. Ivorys Solution of Colonel Titus's Problem. 
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Mr. Ivory did not ſend me a reſolution of the equation 34 z + 5 2* — 34 
— 2*= 8, But this may be performed by Mr. Raphſon's Method of Ap- 
proximation, in the following manner. 


THE 
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THE RESOLUTION OF THE BIQUADRATICK EQUATION 
342 ＋ 52 — 342 —2*t=8, 


Article 10. This equation is of that form of biquadratick equations which ad- 
mits of two roots, (that is, real and poſitive roots) and no more. Of theſe I 
will, firtt, endeavour to find the leſſer. 


Con jectural Approaches to the Value of the leſſer 
Root of this Equation, 


Now the leſſer root of this equation is equal to the lefler root of the equation 
342 + 522 = 8 + 342 + 27, and therefore is greater than the root of the 
quadratick equation 342 + 5 22 28. We will therefore, in the firſt place, 


reſolve the quadratick equation 342 + 522 8. Now, fince 34% + 522 
i5=8, we ſhall have 2 2 + a X 23 = = that is, 2 x2 + 6.8 X2= 1.6, 


and 22 ＋ 6.8 x2 + 34\*= 1.6 + 3.4 = 1.6 + 11.56, = 13.16, and 
2 + 3.4 iz. 16 =3.6, and z ( 3.6 = 3.4) = 0.2. Therefore the 
lefler root of the equation 342 + 5 22 — 342 — 3 = 8 will be greater 
than 0.2, We will therefore ſuppole,it to be = 0.3, and try the effect of this 
conjecture. 


Now, if x is = 0.3, we ſhall have zz = 0.09, and 2 = 0.027, and 2 
= 0.0081, and 342 (= 34 X 0.3) = 10.2, and 52 2 (5 X 0.09) = 0.45, 
and 342 (= 34 X 0.027) = 0.918; and conſequently 342 + 522 — 34 2? 
— 2* (= 10.2 + 0.45 — 0.918 — 0.0081 = 10.65 — 0.9261) = 9.7239; 
which is conſiderably greater than 8, or the abſolute term of the equation 
342 + 5 32 — 342 —2*= 8, Therefore 0.3 is greater than the true 
value of the leffer root of that equation. And conſequently the ſaid lefler root 
muſt be greater than 0.2, but leſs than 0.3; We will, therefore, in the next 
place, ſuppoſe it to be = 0.25, and try the effect of this conjecture. 


Now, if z is = 0.25, we ſhall have zz ( = o. 25) = 0.0625, and 23 
(= 0.25}*) = 0,015,625, and 2* (= o. 25.) = 0,003,906,25, and 34 2 
3B 2 (= 34 


* 
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"(= 34 Xx 0.25) = 8.50, and 532 (= 5 X 0.0625) = 0.3125, and 34 25 
(= 34 X 0.015,625) = 0.531,250, and conſequently 342 + 522 — 34 25 
— 2* (= 8.50 + 0.3125 — o. 531,250 — 0.003,906,25 = 8.8125 — 
0.535,156,25) = 8.277,343,75; which is greater than 8, or the abſolute term 


of the propoſed equation. And conſequently 0.25 is greater than the leſſer 
root of that equation. We will, therefore, in the third place, ſuppoſe 3 to be 


= 0.24, and try the effect of that conjecture. 


Now, if z is = 0.24, we ſhall have 2 2 (= 0.24) ) = 0.0576, and 2 
(= 0.24?) = 0.014,824, and 2* ( = 0.24") = 0.003,317,76, and 342 (= 
34 X 0.24) = 8.16, and 5zz (= 5 X 0.0576) = 0.2880, and 34z* (= 
34 X 0.013,824) = 0.470,016, and conſequently 342 + 522 — 342 — 
2* (= 8.16 + 0.2880 — 0.470,016 — 0.003,317,76 = 8.4430 — 0.473, 
333,76) = 7.974,666,24 ; which is a very little lets than 8, or the ablolute 
term of the propoſed equation. Therefore 0,24 is a very little leſs than the 
lefler root of the ſaid equation, and conſequently will be a very good founda- 


tion for a proceſs of Mr. Raphſon's Method of Approximation. 


A further Approach to the Value of the ſaid leſſer Root, by a 
Proceſs of Mr. Raphſon's Method of Approximation. 


— 


Article 11. We will therefore put e for the unknown exceſs of z, or the leſſer 
root of the equation 342 + 522 + 342 — 2 = 8, above 0.24; and we 
ſhall then have 2 = 0.24 + e. | 


Therefore 2 2 will be = 8.24 + 4*( = a + 2 X O4 X e + &c) 
= 0.0576 + 0.48 Xx e + &c, and 2* will be = 0.24 eb ( 0.24 + 
3X C. z Xe + &c = 0.24) + 3 X 0.0576 x e + &c) = 0.013,824 
+ 0-1728 X e + &c, and 2* will be = 2.24 + el, ( = 0.24* + 4 X 
0.24 „ e+ &c = 0.24* +4 x 0.013,824 Xx e + &c) = 0.003,317,70 
+ 0.055,296 X e +&c, and 342 will be = 34 X 0.24 + e (= 34 X 0.24 
+ 34e) = 8.16 + 34e, and 5 22 will be = 5 x 0.0576 + 0.48 X e + 


& (=5 X 0.0576 +5 x 0.48e + &c) = 0.2880 + 2.40 X e + &c, 
and 


342 + 522 — 342 — 2* = 8, 373 


and 24 2? will be = 34 x 0.013,824 + ©. 1728 * e + & (= 34 „ 
0.013,824 ＋ 34 X 0.1728 X e + &c) = o., ois + 5.8752 X e + 
xc. Therefore the quadrinomial quantity 34 z ＋ 522 34 — & will 
be equal to the following multinomial quantity, to wit, 
8.160,000 T 34 N e 

＋ o. 288,000 + 2.40 X e & c 

— 0.470, 16 — 5.8752 X e — &C 

— . oog, 317,76 — o. 53, 296 X e — & WG 


of 


I 


8.448, oo, oo + 36. 400, oo Xx e + &c } 
— 9.473,333,76 — 5.930, 96 Ke — &C 


7.974, 666,24 + 30.469, 304 X £ Ke. 


But the quadrinomial quantity 34z + 522 — 248 — 2 is 2 8. 


Therefore the quantity 7. 94,666, 24 + 30. 469, 504 * e &c will alſo be = 8; 
and conſequently 30.469, 504 X e will be (= 8 — 7.974, 666, 24) = 0.025, 


9:02 5133370 = erefore 
333,76, and e will be = 1 e o. ooo, 831. Ther 2, or 0.24 


+ e, will be (= o. 24 + 0.000 831) = 0.240,831, that is, the leſſer root of 
the propoſed TT 343 + 522 — 342 — 2+ = 8 will be = 0.240,831. 


Q. KEE 


Now let 0.240,831 be ſubſtituted inſtead of z in the quadrinomial quan- 
tity 342 + 522 = 348 — 27, and let the value of the ſaid quantity re- 
ſulting from ſuch ſubſtitution be compared with the abſolute term, 8, of the 
propoſed equation. This may be done in the manner following, 


If z is = 0.240,831, 2 2 will be ( 0.240,831)*) = 0.057,999,770,561, 
and 2? will be (= 0.240, 8310 = 0.013,968,141,843,976,191, and 2* will 
be = 0.003,363,961,568,426,630,054,721, and 342 will be (= 34 * 
0.240,831,) = $8.188,254, and 5 2 2 will be ( = 5 X. 057, 999,770,561) 
= 0.289,998,852,805, and 34 23 will be (= 34 X 0.013,968,141,843,970, 
191) = . 474,916, 822, 695, 190, 494. And conſequently the quadrinomial 
quantity 342 + 522 342 — z* will be = 


8.188, 


The Reſolution of the Biquadratick Equation 


8.188, 254, oo0, ooo — 0.474,916,822,69 5,190, 494,000,000 
+ 0.289,998,852,805 — 0.003,363,961,568,420,630,054,721 
= 8.478,252,852,805 — 0.478,280,784,263,617,124,054,721 = 7.999, 972, 
068,541,382,875,945,279; which is leſs than 8, or the abſolute term of the 
propoled equation, by an exceeding ſmall quantity. Therefore o. 240, 831 


will be lefs than the true value of the leſſer root of the ſaid equation, but 


will be very nearly equal to it, inſomuch that it is probably exact in all it's 
figures. 


But, in order to find the value of this root to a ſtill greater degree of ex- 
actneſs, we will now employ a ſecond proceſs of Mr. Raphſon's Method of 
Approximation; which may be done as follows. a 


A further Approach to the Value of the. ſaid leſſer Root, by a ſecond 
8 of Mr. Raphſon's Method of Approximation. 


Article 12. Let e be put for the exceſs of 2, or the leſſer root of the . 
equation 342 + 522 — 342 — 2 = 8, above the laſt near value of it, 
to wit, 0.240,831 ; and we ſhall have 2 = 0.240,831 + e. 


Therefore z z will be = 0.240,831 + e\* (= o. 240, 83 1. + 2 x 0. 240, 831 
X e + &) = 0.057,999,770,501 + 0.481,662 X e + &, and 2 will be 
= 0.249,831 +) ( 24,831 + 3 X 0.240.831? Xe + 3 X 0-240, 
831 Xx + & =. 0. 240, 831 + 3 * 0 057.999, 770,56 1 X e + 0.722» 
493 X © &c) So. 013,968,141,843,976,191 + 0.173,999,311,683 Xe 
+ 2.722,493. X „ + &c, and 2*will be = 0.240,831 + e)* (= 0.240,831)* 
+ 4 * 6,240,830 Xe+6 Xx 0.24083." x „ + &c = C. 24,8310 + 
4 X 0.043,968,141,843,976,191 & e + 6 X 9,057,999, 770, 56 * & + 
&c) = o. oog, 363, 90 1, 508, 42 6, 630, 54, 21 + 0-055,872,567,37 5.904704 
X-e + o. 349, 998,623, 366 * e + &c, and conſequently 34 z will be = 34 
x G:240,831 + e(= 34 X 0.240, 831 + 34e) = $.188,254 + 34 e, and 
5,2.2 will be = 5 x 0.057,999, 770,501 + "0:481,062 X e Te (='5 * 
o. 057, 999, 770, 61 + 5 X 0.48 1,662 X:'e+ 5X &) = 0.289, 998, 
852,808 + 2.408,310 X e + 5, and 342” will be = 34 * 

0.C13, 


342 + 522 — 342 — + = g. 375 


o. 0 13.968, 141, 843,976,191 = 0.173,999,311,053 * 7 + 0.722,493 X e 
+ &c (= 34 X o. 013,968, 141, 843,976,191 + 34 X 0.173, 999,311,683 
X e + 34 X o. 722,493 X „ + &c) = 0.474,91, 822, 695, 190, 494 + 
5.915,970,97,222 X e + 24.364,62 x & + &c, 


Therefore the quadrinomial quantity 342 + 52% — 342* — 2 will be 
= the multinomial quantity. 


8.188.254 + 342 
+ 0.289,998,852,305 + 2.408, 310 X e + 5 
— 0.474.916, 822,695, 190,494 — 5.915, 976,597, 222 Xx e 


— 24.564,70 Ke & 
— o. o03, 363,961, 568,426, 630,054,721 


— 0.05 5, 872, 567, 375. 904, 764 * e 
— 0. 347,998, 623,366 X & & c 
28.478, 282,8 52, 805 A 
— 0.478,280,784,263,017,124,054,721 
— | + 36.408, 310 Xx 
| — $5.971,849,164,597,904,704 x e 
+ F. ooo, ooo, ooo, ooo X * 


5 224.912, 760, 623,366 X e* &c. 
= 7.9997, 68, 341, 38 2,875,945,279 | 
uur tf * + 30. 436, 460, 83 5, 402, 95, 236 X e 
— 19.912, 760, 623,366 * & — &c. 


But the quadrinomial quantity 342 + 522 = 342 — 2“ is = 8. 


Therefore the quantity 7.999, 972, 068, 341,382, 875,945,279 + 30.436, 
460, 83 5, 402, 09 5, 236 X e — 19.912, 760, 623, 366 K & — &c will allo be 
=8; and conſequently (ſubtracting 7.999, 972, 068, 541, 38 2,875,945,279 
from both ſides,) we ſhall have 30. 436, 460, 83 5, 402, 095, 236 x e — 19.912, 
700,623, 366 X & — &c = o. ooo, o27, 931, 458,6 17, 124, 054, 721, and (add- 
ing 19.912, 760, 623,366 K * + &c to both ſides) we ſhall have 30.436, 
460. 835, 402, 95, 236 X & = o. ooo, 02), 931, 458,6 17, 124, 054,721 + 19.912, 


®: ooo, 8,617, 24,084,721 
760, 623,366 X * + &c, and conſequently e = Dee 124195447 
wy : 9 5 30.436, 460, 83 5.402, 095, 236 


10.912, 760, 623, 366, K e 22 | 
7 30.430, 460, 83 5, 402, 095, 236 ＋ &c = o. ooo, ooo, 917, 697, 3 + &c, There- 


fore 
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fore z, or o. 240,831 + e, will be (= 0.240,831, + 0.000,000,917,697,3 
+ &c) = 0.240,831,917,697,3 + &c, that is, the leſſer root of the propoſed 
equation 342 +522 — 342 — = 8 will be = 0.240,831,917,697,3 
+ &c, or ſomewhat greater than o. 240, 831,91, 697, 3. Q. E. 1. 


Of this number we may be almoſt certain that the firſt eleven figures 
0.240,831,917,09, are exact. But this may be ala aſcertained 1n the follow- 
ing manner. 


A Determination of the Number of Figures in the laſt 
near Value of the liſer Root of the ſaid Equation, 10 
wit, o. 240, 83 1,917, 697, 3, that are exat, 


19.912, 760,623, 366 x #* 
30.436, 4060, 83 5, 402, 095,23 


＋ &c, Now this term —-— c c 8 (which ought to be added to 


0.000,000,917,697,3 in order to obtain a more accurate value of e,) is leſs 


2 
than A 7 —, that is, than 0.65 X e, and (becauſe e, or o. ooo, ooo, 


Article 13. The true value of e is o. ooo, ooo, 917, 697, 3 + 


917,697, 3 &c, is leſs than o. ooo, ooo, 92) is, à fortiori, leſs than 0.65 X 
0.000,0C0,92}%, or 0.65 X o. ooo, ooo, ooo, ooo, 846, 4, or o. ooo, ooo, ooo, 
ooo, 55, 160; of which the firſt, or higheſt, figure 5 enters only in the thir- 
teenth place of decimal fractions. Therefore the firſt, or higheſt, figure of the 
19.912, &c X e 
30.430, &c 
place of decimal fractions, . cannot be greater than g in the ſaid 13th place;. 
and therefore it's addition to the number 0.000,000,917,697,3, or the value 
of e already obtained, cannot make any change in the figures o. ooo, ooo, 917, (, 
but can only, at the moſt, increaſe the laſt figure, 3, of the number 0.000, 
00, 917, 697,3 from 3 to 3 + 5, or 8. And conſequently the value of 2, or 
0,240,831 + e, obtained by the laſt proceſs of Mr. Raphſon's Method of Ap- 
proximation, to wit, the number o. 240, 831,917, 697, 3, will not only be exact 
in the firſt eleven figures o. 240, 831,917, 69, but in the firſt twelve figures 
0. 240, 831,917,697; which is a very great degree of exactneſs. 


cannot enter before the thirteenth 


accurate value of the term — 


The 


342 + 522 — 342? —& = 8, 377 


The ſame concluſion concerning the exactneſs of the firſt 12 figures o. 240, 
831,917,097 of the number 0.240,831,917,097,3, obtained by the laſt procefs 
of Mr. Raphſon's Method of Approximation for the value of 0.240,831 + e, or 
z, may alſo be proved in the following manner, 


Another Determination of the ſame Point, by the 
Method propoſed by Mr, Ivory. 


In the latter part of the laſt proceſs of Approximation we came to this 
equation, 30.436, &c Xx e — 19.912, &c Xx & — &c = 0.000.02 7,931,458, 


. 5 o. ooo, 27, 931,458, &c o. oo, 27, 93,458, &e 
&c. Therefore e will be = 30.436, &c — 19.912, &c Xx 2 39-430,&c—19.912,&C xe 
. . * , . 5027, & 
is greater than IT . — = or — 1 — = —, Therefore e muſt be 
+4 53-35 18 8 . U 
o. ooo, 27,93 1, &c 


greater than , that is, than o. ooo, ooo, 917, 697, 3. 


30. 436, &c 


o. ooo, oz7, 93 f, &c 
30.436, &c - 19.912, Ke Xx e 
leſs than a fraction of which the numerator ſhall be the ſame with the numera- 
tor of the former fraction, to wit, o. 000, 27, 931, &c, but the denominator 
ſhall be leſs than the denominator of the former fraction, to wit, 30.436, &c 
— 19.912, &c X e. Now, ſince the higheſt figure of the value of e is 9 in 
the ſeventh place of decimal fractions, it is evident that e muſt be leſs than x 
in the ſixth place of decimal fractions, or than o. 000,001. Therefore, if we 
ſubſtitute o. ooo, oo i inſtead of e in the quantity 30.436, &c — 19.912, &c * 
e, the new quantity thence ariſing, to wit, 30.436, &c — 19. 912, &c X 
0,000,001, will be leſs than 30. 436, &c — 19.9 12, &c X e, and conſequently 


the new fraction r e thereby produced, will be 
30.430, &c - 19.91, &c X 0,000,001 
o. ooo, 27, 931, &c 
30.436, &c — 19.912, &c x e 
o. ooo, 27, 931, &c EEE 5 
30.436, & — 19.912, &c X O. ooo, 01 will be = 


, (to which e is equal,) will be 


Further, the fraction 


, or than the true 


greater than the former fraction 


value of e. But this new fraction 


o. ooo, oꝛ 7, 93 , &c o. ooo, oz 7, 931, &c 


"30-436, Kc — 19,972,700, 62, 360 x 0,000,001 30.46, &c—0,000,019,912,760,923,306 
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378 The Reſolution of the Biquadratick Equation 


83 od. ooo, oz 7, 931,458,617, 124, 054,721 42 

230. 436, 460, 835, 402, og5, 236 — 0.900, 019, 912,700, 623, 355 
e eee ne, Treten 000 
000,917,097,9 will be greater than the true value of e. Therefore the true 
value of e will be greater than o. ooo, ooo, 917, 697, 3, but leſs than 0.000, 
0, 917, 697, 9, and conſequently the (ix firſt ſignificant figures of it muſt be 
917,697 in the ſeventh and eighth, and the four following places of decimal 
fractions. Therefore the number o. 240, 83 1,91, 697,3 found above for the 


value of o. 240, 83 1 + e, or a, will be true in the firſt 12 figures o. 240, 831, 
917,697. Q. E. D. 


— 
— 


** 


This laſt Method of tat that theſe twelve firſt figures of the num- 
ber o. 240,831,917,697,3, here found for the value of z will be exact, is in 
ſubſtance the ſame with the Method invented for this purpoſe by Mr. Ivory, 
which has been deſcribed in his own words, and illuſtrated by an example, in 
the tract which immediately preceeds the preſent tract in this volume. 


The. Computation of the Values of the three Quantities 
a, b, and c, that are deriveable from the foregoing 


Value of z, or the leſſer Rot of the Equation 34 2 
+ 5 22 — 343 — *=8, 


Article 14. Having thus found the value of 2, or the leſſer root of the biquadra- 


tick equation 342 ＋ 52 2— 34 2* — 2* = 8, to be = 0.240,831,917,697,3, 
it remains that we derive from it the values of the numbers a, b, and c, that 
are required by the Problem to be found, by computing the expreſſions to 
which Mr. Ivory's Solution above-deſcribed has ſhewn them to be equal, 
2 ww % — 22 


— * . b = 9 


Theſe expreſſions are either à = . 
— Z3 2 — 235 


and «= === x V (= S 


24 2— 2 2 


* b, and ED 


X; which latter expreſſions are rather more con- 
ciſe and convenient than the former, 


We 


342 +522 — 34 — 8 =8, 379 


We will therefore, in the firſt place, compute the value of , or 


— ́ꝓZK— — 


— 


2 22 


Now, fince 2 is = o. 240, 831,917, 697, 3, ve (hall have Z "(= 


0.240,831,917,097,3 :) = 0.05$,000,012,531,7 59,080,934, 427,29, and « 
(= Os 5.240, 5,831,917 697,3“ = . 013,968, 2 54, 2 56, 532, 567, 466,8 56,882, 683, 
391,079, 317. Therefore z — 2 will be (= o. 240, 831,917,697, 3 — 0.013, 
968, 254,256, 532, 567, 466,8 56,882,683, 391,079,317) = o. 226, 863,663,440, 
767, 432,533,143, 11,3 16,608,920, 683, and —.— will be (= 

* Coo, ooo, coO, Oo, oO, oO, Co, oo, ooo 20,000,000, 000,000 


0.226 6,863,063, 440,767, 132,5 33,1437 77, 17,310, 08,920, 683 = 8.015,867,511,203, 203. 


and conſequently — = will be (= V 8.815,867,511,203,203) = 


2.969, 152,658,790, 58 5, that is, &, or the ſecond of the three numbers a, &, and 
c, which the Problem requires us to find, will be = 2.969,152,658,790,55 5. 


And, ſince z2 is = 0.058,000,012,5$1,759,080,934, 427,29, we ſhall 
have z + zz ( = 0.240,831,917,697,3 + o. og8, ooo, o12, 581,759,080, 934, 
427,29 ) = 0.298,831,930,279,059, o80, 934,427, 29, and 2 =z—=2z2( = 2 — 
0.298,831,930,279,059,080,934,427,29) = 1.701, 168, 069, 720, 940, 9 19, 065, 


2— . » 68, , , , , 6 „5 2,7 
572,1, and —— will be (= ALLEY tat 22 2 


0. 850, 584, 034, 860, 470, 4 59, 532, 786,355; and conſequently — —.— — X 
Ar or — — * , will be ( = o. 50, 584, 034, 860, 470, 459, 


532,780,355 X 2.969, 152, 658,790, 585 =, nearly, o. 8 50, 584, 034, 860, 470 
Xx 2.969, 152, 658,790, 585) = 2.52 5,5 13,848,630,788 ; that is, a, or the firſt 
number which the Problem requires us to find, will be = 2.525, 13,848, 
630, 788. 


And, laſtly, 2 + z— zz will be (= 2 + 0. 240, 831,917,697, 3 — 0.058, 
200,012,581,759,080,934,427,29 = 2.182,831,905,115,540,919,065,572,71, 


and 2 7 — will be ( = Deren ) 1.091, 41 5, 


302 952,557, 
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— * #/ 


952,557, 770, 450,532, 786,355 and conſequently 


21 2 —2 2 


5 x B, will be (= 1.091, 415,952, 557, 770, 459,532, 786, 355 X 
2.969, 152,658, 790,585 =, nearly, 1.091, 415,952, 557,770 X 2.969, 152, 658, 
790, 58 5) 3 240, 580, 577, 383, 361; that is, c, or the third number which 
the Problem requires us to find, will be = 3. 240, 580, 377, 383, 361. 


> 


Therefore the three numbers required by the Problem 


are a 2.525, 5 13,848, 630, 788, 
and 5 = 2.969, 152, 658,790, 585, 
and c 3.240, 580, 577, 383, 361. 


Thbeſe values of a, ö, and e agree with thoſe found for them by Dr. Wallis 
in their firſt ſeven figures, thoſe values being as follows; 
a 2.525, 513,986, 744, 1 58, 
and % = 2.969, 152,768, 619,848, 
and c = 3.240, 580, 681,617, 174, 
which anſwer the conditions of the Problem to a very great degree of exaQ. 
neſs, making a4 ＋ bc to be = 16.000,000,000,000,000, and 4b + ac to 
be = 17.000,000,000,000,002, and cc + ab to be = 17.999,999,999,999, 
997. See Art. 18 of the.account given of Dr. Wallis's Solution of Colonel 
Titus's Problem in the Tracts on the Reſolution of Algebraick Equations by 
Approximation,” in pages 231,232. I expected to find the values of a, &, and 
c here obtained by means of Mr. Ivory's Solution of the Problem, and the 
ſubſequent reſolution. of the equation 34z + 522 — 3423 —2$* =8, to 
agree with the aforeſaid very exact values of them found by Dr. Wallis to 
about twelve places of figures, inſtead of ſeven places; and, as they do vot 
agree ſo far, I ſuppoſe I muſt have made ſome miſtake in ſome part of the 


— — x 18 , and vV — and 


computation of the expreſſions 


—.— * * — which are equal to a, 5, and c, and that the faid 


miſtake muſt have been about the eighth place of decimal fractions, ſo as to 


render all the following figures erroneous, But upon carefully looking over the 
ſeveral 


342 +522 342 = = 8, 381 


ſeveral operations of the calculation, I have not been able to diſcover any ſuch 
miſtake, 


The Inveſiigation of tbe greater Root of the Equation 
342 ＋ 522 — 342 —2* = 


Article 15. I will now proceed to inveſtigate the greater root of the equation 34z 
＋ 522 — 342? —2* = 8, and in this inquiry 1 will make uſe of the know- 
ledge we have already acquired, that it's lefler root is = 0.240,831,917,697,3, 
or (neglecting all the figures of this number, except the two firſt,) = 0.24, 
and this number I {ha!l denote by the Letter g, in order to diſtinguiſh it from 
the greater root of this equation, which I ſhall now call z. Then, ſince g, or 
0.24, is a root of this . 342 + 622 — 342 — 2 = 8, we ſhall 
have 348 + 334 — 34g — g = 8; and, ſince 2 is allo a root of it, we 
ſhall have 342 + 522 — * —2* = 8, And therefore 342 + 522 
— 342 — 2* will be = 342 + 588 — 348 — gf. Therefore (adding 
34 2* + z* to both ſides,) we ſhall have 342 + 62 2 = 34g + 52g + 342 
+ 2* — 34g? — 2*, and (ſubtracting 34g + 5g2 from both ſides,) 34 2 + 
522 = 348 — 588 = 342) + 2 > 344 — 8. or 343 — 34g + 522 
— 5e = 34% = 342 +2 —g*, or 34 * 2 +5 X22 —48g = 
34 * = + 2* — g. Therefore (dividing both ſides of the equation 
by the binomial quantity 3 — g, or the excels of the greater root 2 above 


the leſſer root g,) we ſhall have 34 + 5 — * 4 —= + 


25 = 


=; dat is, 34 +5 * 2 +72 will be = 34 X 2 +28 +gg + # 


2 

+ zzg + zgg + 8g, or 34 + 52 + 5g will be = 342 2 + 3429 + 
34g + 5 + z2g + zgg + 86, and conlequently (ſubtracting 5 z from 
both ſides,) 34 + 5g will be = 3422 + 342g + 342g +2 + 224 
+ 2gg — 5z + £5, and (ſubtracting 34gg + g* from both fides,) 34 + 
53 — 342g — £ will be = 3422 + 34gz +2 +gzz— 52 +&62, 
or (ranging the terms according to the powers of x,) we ſhall have 23 + 
3422 + g + 3422 +882 — 52 = 34 + 56 3488 — 4, or = 
T34+g)x 22 +348 SKE X 34 + 58 — 3485 , 
or 
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or (ſubſtituting for g it's numeral value 0.24,) we ſhall have 23 + 34 + 0.27 
X22 + 34 X 0.24 + . „ 2— 523 = 34 + 5 X 0.24 — 34 * 
0.24] — 0.243, or 2* + 34.24 K 22 + 34 * 0.24 + 0.0576) X 2 — 52 
= 34 + 1,20 — 24 X 0.0576 — 0.013,824, or 2* + 34-24 X 22 + 
8.16 + 0.0550 x 2 — 52 = 35.20 — 1.9584 — 0.013,824 = 35,20 — 
1.972,224 = 33-227,776, or 2* + 34-24 X 22 + 8.2176 K 2 — 52 = 
33-227,776, or 2* + 34.24 X 22 + 3.2176 K 2 33.227,76; which is a 
cubick equation that has only one root, We muſt therefore now endeavour to 
reſolve this cubick equation 2* + 34.24 X 22 + 3.2176 X 2 = 33-227,776; 
which may be done as follows. 


In the firſt place, it is eaſy to diſcover that the root of this equation muſt be 
ſomewhat leſs than 1. Tor, it 2 were = 1, we ſhould have 22 = 1, and 2? 
alſo = 1, and conſequently 2* + 34.24 K z2 + 3-2176 x 2 (=1 + 
34.24 + 3.2176) = 38.4576 ; which is greater than 33.227,776, or the ab- 
ſolute term of the equation 2* + 34.24 Xx 22 + 3.2176 Xx 2 = 33.227, 
776. Therefore 1 muſt be greater than the true value of z in that equa- 
tion. 

We will, therefore, ſuppoſe that z, or the root of the cubick equation 25 + 
34.24 K 22 + 3.2176 X 2 = 33.227,776, is = — 5 or 0.9, And we ſhall 


then have zz = 0.81, and 2* = 0.729, and 34.24 X 22 ( 34.24 Xx 0.81) 
= 27.7344, and 3.2176 x 2 (= 3.2176 Xx 0.9) = 2.895,84, and conle- 
quently 2˙ + 34.24 x X22 + 3.2176 X 2 (= 0.729 + 27.7344 + 2.895, 
84) = 31.359,24; which is leſs than 33.227,76, or the abſolute term of 
the equation 23 + 34.24 x 22 + 3.2176 Xx 2 233.227,76. Therefore 
0.9 muſt be leſs than the true value of z in that equation, 


We will, therefore, in the next place, ſuppoſe z to be = 0.94, And we 
ſhall then have zz (= 0.94”) = 0.8836, and 23 (= 0.94? ) = 0.830, 584, 
and 34.24 X 22 ( = 34-24 X 0.8836) = 30.254,464, and 3.2176 x 2 ( 
3.2176 x 0.94) = 3.024, 544, and conſequently 2* + 34.24 Xx zz + 
3-2176 * 2 ( = 0.830,584 + 30.254,494 + 3-024,544) 34. 109, 592; 
which is greater than 33.227, 776, or the abſolute term of the equation 2* + 

| 34-24 


342 + 522 — 342 —2*=8, 333 


34.24 X 22 T 3-2176 K 2 = 33-227,776. Therefore 0.94 mult be greater 


than the true value of z in that equation. 


We will therefore, in the next place, ſuppoſe z to be = 0.93, and try the 
effect of this conjecture, 


Now, if z is = 0.93, we ſhall have zz (= 6.93 ˙) = 0.8649, and 2 (= 
6.9%) = 0.804,357, and 34.24 X 2 2 (= 34-24 X 0.8649) = 29.614,176, 
and 3.2176 x 2 (= 3.2176 X 0.93) = 2.992, 308, and conſequently 23 + 
34-24 X 22 + 3.2176 x z (= 0.804,357 + 29.614, 176 + 2.992,368) 
= 33.40, 901; which is greater than 33.227, 776, or the abſolute term of the 
equation 2 + 43.24 K 22 + 3.2170 X 2 = 33-227,776. Therefore 0.93 
will be greater than the true value of z in that equation. But, as the differ- 
ence between the numbers 33.410,901 and 33.227,776 is but ſmall, the differ- 
ence between 0.93 and the true value of z in this cubick equation will be but 
ſmall likewiſe, and 0.943 may be conſidered as a tolerably good firſt near value 
of z in this cubick equation, and therefore of the value of 2, or the greater root 
of che biquadratick equation 34z + 53 22 — 342 — z* = 8, from which 
this cubick equation was derived, 


We will therefore now ſubſtitute 0.93 inſtead of 2 in the quadrinomial 
quantity 34 2 + 522 — 342 — 27, in order to diſcover whether the 
value of the faid quantity reſulting from ſuch ſubſtitution will be greater 
than the abſolute term 8 of the ſaid biquadratick equation, or leſs than the 
faid abſolute term. 


Now, if z is = 0.93, we ſhall have zz (= 5,9 3) = 0.8649, and 23 
(= o. %s) =. 0.804,357, and 2 ( = 0.93'*) = 0.748,052,01, and 34 z 
(= 34 X 0.93) = 31.62, and 5zz (= 5 X 0.8649) = 4.3245, and 345 
(= 34 Xx 0.804,357) = 27.348,138, and conſequently 34z + 52 2 — 
342 — 2* (= 31.62 + 4.3245 — 27.348,138 — 0.748,052,01 = 35.9445— 
28.096, 190, 1) = 7.848, 309, 99; which is leſs than 8, or the abſolute term 
of the biquadratick equation 34z + 522 — 342* = x* = 8. Therefore 
0.93 muſt be greater than the true value of z, or the greater root of the ſaid 


equation. But it will be near enough to the ſaid true value to be made the 
| | baſis, 
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baſis, or foundation, of a further approach to it by Mr, Raphſon's Method of 
Approximation, | 


A further Approach to the Value ⁊, or the greater 
Roct of the Equation 34% + 5 22 — 342 — 2 
= 8, by a Proceſs of Mr. Raphſon's Method of Ab- 


proximation, 


Article 16. We will therefore put e for the unknown exceſs of 0.93 above the 
true value of 2, or the greater root of the equation 34 2 +5 zz — 343 —2*=8, 
And we ſhall then have z = 0.93 = e, and conſequently zz = 0.93 — e* 
(= 0.93!* —2 X 0.93 X e + &c) = 0.8649 — 1,86 x e + &c, and 28 
= 0.93 —eÞ (= 0.93 — 3 x 0.99* Xx e + &c = 0.93 — 3 x 0.8649 
* e + &c) = 0.804,357 — 2.3947 x e + &c, and 2. = 0.93 —e\* (= 
0.93) - 4 X 0.931? x e + &c = 0.93\* = 4 X 0.804,357 X e + 
&c) = 0.748, 052,01 — 3.217, 428 X e + &c. Therefore 34 2 will 
be = 34 x 0.93 - (= 34 X 0.93 — 34 & e) = 31.62 — 34e 
and 522 will be = 5 x 0.8649 — 1.80 x e + & (= 5 x 0.8649 
— 5 X 1.86 x & + &c) = 4.3245 — 9.30 X e + &c; and 342* will be 
= 34 X 0.804,357 — 2.5947 X e + &c (= 34 X 0.804,357 = 34 * 
2.5947 Xe + &c) = 27.348,138 — 88.2198 x e + &c, Therefore the 
quadrinomial quantity 342 + 522 — 342 — 2* will be = the multino- 
mial quantity 


— 


— 27.348,38 + 88.2198 X e — &c 


31.62 — 34e | J 
+ 4.3245 — 9.30 Xe-+& 
— 0.740,052,01 


+ 3.217, 428 Xx e — & 


35.944,500,00 — 43.300,000 X e + &c 
— 28.096,190,01 + 91.437,228 X e — &c 


. = 7.8438, 309,99 + 48.137,228 Xx e &c, 


342 + 322 — 342 —2*=8, 385 


But the quadrinomial quantity 342 + 5 22 — 342 — 2* 15 2 8. 


Therefore the quantity 7.848, 309, 99 + 48.137, 228 X e &c will allo be 
= 8; and conſequently the quantity 48.137, 228 Xe will be (= 3 — 
— - C 0.151, 690, ol 
7.848, 309, 99) = o. 131, 690, of, and e will be = x = 0.0031. 
Therefore x, or 0.93 — e, will be (= 0.93 — 0,0031 = 0.9269, that is, the 
greater root of the equation 342 + 522 — 342% — 2* = 8) will be nearly 


= 0.9269. QE. I. 


Now let this number 0.9299 be ſubſtituted inſtead of z in the quadrino- 
mial quantity 342 + 522 — 342 — 2, in order to difcover whether the 
value of the ſaid quantity reſulting from the ſaid ſubſtitution will be greater, 
or will be leſs, than 8, or the abſolute term of the propoſed equation, and 
conſequently whether the ſaid number 0.9269 will be lels, or will be greater, 
than the true value of z in the ſaid equation, This ſubſtitution may be made 
as follows. 


If is = o. 9269, we ſhall have 3 8 (= 0.9269}*) = 0.859,143,61, and 2 
(= 0.9269)®) = 0.796,340,212,109, and x. ( = 0.9269)*) = 9.7 38, 127,742, 
603,832,1, and conſequently 342 ( = 34 X 0.9269) = 31.5146, and 52 2 
(= 5 x 0.859,143,61) = 4.295,710,05, and 34 2* (= 34 X 0.796,349,212, 
109) = 27.075, 567, 211,706. Therefore the quadrinomial quantity 342 + 
$22 — 342 — 2* will be (= 31.5146 + 4.295, 10,5 = 27.075, 867, 211, 
706 — 0.738, 127,742, 603, 832,1 = 35.810,318,05 — 27.813,694,954,309, 
832,1) = 7.990, 623,09 5, 690, 167,9; which is fomewhat leſs than 8, or the 
abſolute term of the propoſed equation. Therefore 0.9269 will be ſomewhat 
greater than the true value of z, or the greater root of that equation, 


A further Approach to the Value of x, or the greater Root 
of the Equation 34 2 + 52% 342 — z* = 8, by 
a ſecond Proceſs of Mr. Raphſon's Method of Approxi- 
mation. 


Article 17. We will therefore put e for the excels of 0.9269 above 2; and we ſhall 


then have 2 = 0.9269 - e. Therefore zz will be = 0.9269 — . (= 0.9209 
—2 X 0.9269 X e + &c) 0.8 59, 143,61 — 1.8538 X e + &c, and a 
Vor. VI. 3D will 
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will be = 0.9269 — e|* (= . 9269 — 3 x 0.9269” x e + &c = 0.9269! 
— 3 X 0.859,143,61 Xe + &c) = 0.796,340,212,109 — 2.577,439,83 
* e + &c, and z* will be = 0.9269 — e ( = 0.9269} — 4 x 0.9209 U 
Xx e+ &c = 6.9209) — 4 X 0.790, 340, 212, 10 X e + & c) = 0.738, 
127,742,603, 832,1 — 3.185,360,848,436 K e + &c; and 342 will be = 
34 * 0.9266 — e(= 34 Xx 0.9269 — 34e) = 31.5146 — 34 Xe; and 
52z-will be (= 5 Xx 0.859,143,61— 5 X 1.8538 x e + &c) = 4-295, 
718,05 — 9.2690 X e + &c; and 34 will be (= 34 & 796, 340, 212, 109 
— 34 X 2.577,439,83 X e + &c) = 27.075, 567,211,706 — 87.632, 648, 22 
X e + &c; and the quadrinomial quantity 34z + 5 zz — 342 + 2 will 
be = the multinomial quantity 

31.514, Goo, oo — 34e 

| + 4-295,718,05 — 9.2690 Xe + &c 
4 — 27-075,567,211,706 * 
| _ + 87.632,648,22 Xe — & 
— 0.738,127,742,003,832,1 
+ 3.185, 360, 848,436 * e — &c.- 


+ 35.8 10, 318, obo, ooo, ooo, o — 43.2690 x e+ & 1 
— 27.8 13,694, 954, 309, 832, 1 + 90.8 18, o09, 068, 436 x e — &c 


E 


— 


= 7.996, 623, 0g 5, 690, 167,9 + 47.549, 009, o68, 436 X e &c: 


But the quadrinomial quantity 342 + 522 342 — 2 is 8. 


Therefore the quantity 7.996, 623, og 5, 690, 167,9 + 47.549, oo, o68, 436 
X e &c will alſo be = 8. And conſequently 47.549, 09, 68,436 X ? 
will be (= 8 — 7.996,62 3,095,690,167,9) = 0.003,376,904,309,8 32,1, and 
- 0.002,376,904,309,832,1 
| 47:549,009,008,436 
— e, will be = 0.9269 — 0.000,071,019 = o. 926, 828,98 1; that is, the 
greater root of the equation 342 + 62x — 342? — 2* = 8 will be, nearly, 
equal to 0.926,828,981. Q. E. J. fo 


e will be = = 0,000,071,019: Therefore 2, or 0.9269 


Of this number 0,.926,828,981 J believe the firſt ſeven figures 0.926,923,9 
to be exact. I will, therefore, make uſe of them as the foundation of another 


proceſs of Mr. Raphſon's Method of Approximation, by which we ſhall obtain 
| | another 


342 + 522 — 34 —2z* = 8, 387 


another near value of z that will be exact to almoſt twice as. many figures as 
are exact in the preſent value of it. And with this view I ſhall begin this new 
computation by ſubſtituting the number 0.926,828,9 inſtead of z in the qua- 
drinomial quantity 342 + 522 — 342 — 2, in order to diſcover whether 
the value of the ſaid quantity reſulting from ſuch ſubſtitution will be greater 
than 8, or the abſolute term of the equation 34z + G22 — 342 — 2 
= 8, or will be leſs than the ſaid abſolute term, and conſequently whether the 
ſaid number, 0.926,828,9, will be Jeſs, or will be greater, than the true value 
of z, or the greater root of the ſaid equation. 


Now, if z is = 0.926,828,9, we ſhall have 
2 2 (= 0.926,828,9)*) = 0.859,011,%9,875,21, 

and 23 (= o. 926, 828, 9) = 0.796,156,970,833,650,021,56g, 

and 2. (= 0.926,828,9)") = 0.737,901,289,505,083,932,47 5,7 72, 54451, 
and 34 2 (= 34 x 0.926, 828,9) = 31.512, 182,6, 
and 5 2 2 (2 5 X 0.859,011,809,875,21) = 4.295,059,049,376,05, 
and 342 (= 34 X o. 796, 156, 970, 833,650, 02 1, 569) 

= 27. 069, 337, 08, 344, 100, 733, 46. 


Therefore the quadrinomial quantity 342 + 522 — 342* — 2* will be 
(= 31.512,182,6 + 4-295,059,049,376,05 — 27-069,337,008,344,100,733, 
346 — 0.737,901,289,505,083,932,475,77 2, 544,1 = 35-807,241,049,370,05 
— 27.807,238,297,849,184,005,821,772, 5441 3 = 8.000,003,351,526,865, 
334,178,227, 455,9; which is a very little greater than 8, or the abſolute term 
of the equation 342 + 522 — 342? » D 8. Therefore the number 
0.926,828,9 will be a very little lefs than the true value of 2, or the greater 


root of that equation, 


A further Approach to the Value of 2, or the greater 
Root of the Equation 342 + 522 — 342) — 2* 
= 8, by a third Proceſs of Mr. Raphſon's Method 
of Approximation, 


Article 18. Now let e be put for the exceſs of this root z, above the number 
0.926,328,9; and we ſhall bave 3 = 0.926,828,9 + e. Therefore z 2 will 


bw = 0.926,828,9 + e\? ( = 0.926,828,9]* + 2 * 0.926,828,9 Xe e 
3D 2 = 0.920, 
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= 0.9206,828,9)* + 1.853,657,8 x e + *) = 0.859,011,809,87 5,21 + 
1.853,65 7, 8 Xe + "of and 235 will be = 0.920,528,9 + 6)? ( = 0.926,828,,}" 
+ 3 * 926,825, Xe + 3 X 0.926,828,9 & „ + &c = 0.926,828,9| 
+ 3 * 0.859,011,809,875,21 X e + 24780,480,7 Xx & + & = 
0.926,828,9)* + 2.577,035:429,625,63 K e + 2-780,486,7 x & + Kc) 
0.796, 156,970, 833,650, 02 1,569 + 2.577, 035,429,625, 3 X e + 2.780, 
486,7 Xx & + &c, and à will be = o. 926,826, 9 + e\* (= 0.926, 828,0). + 
4 * 0.926,828,9 x e + 6 & 0.926,828,9]* X & + & = 0.920, 828,9 
+ 4 Xx 0.796,156,975,833.650,021,569 X e + 6 X 0.859,011,809,875,21 
Xx * + &c = 0.926,828,9)* + 3.184,627,883,334,600,086,276 x e + 
5.154,070,859,251,26 Xx ef + &c) = 0. 737, 901, 289, 505, o83, 932,473,772, 
5441 + 3.184, 627, 883, 334, 600, 86, 276 x e + 5.154, 050, 859,25 % K 
+ Kc. And conſequently 


342 will be = 34 x 0.926,828,9 + e (= 34 X 0. 926, 828,9 
+ 34 Xe) = 31.512,182,6 + 34 X e; 
and 522 will be (= 5 X 0.859,011,809,875,21 + 5 X1.853,657,8 K 
+ 5 X &) = 4.295,059,049,370,05 + 
9.268,289,0 Xe +5; 
and 34 2 will be (= 34 X 0.796,156,970,833,650,021,569 
| + 34 X 2.577, 033, 429,62 5, 63 Xx e 
+ 34 X 2.780, 486, & * + &c) 
= 27.069, 3 37, 08, 344, 100, 733, 346 
+ 87.619, 204, 60%, 271,42 X e 
+ 94.536, 547,8 & + &c. 


Therefore the quadrinomial quantity 34 2 + 522 — 342 — 2* will 
be = 


31.512,182,600,000,00 + 34.000,000,0 Xx e | 
+ 4.295,059.049,370,05 ; = 9.268,289,0 Xe TSX 
— 27.069, 33 7, 008, 344, 100, 733,340 
— 87.619, 204, 60%, 271,42 X e 

ö — 94.536, 547, 8 X & + & 

— 0.737,901,289,505,003,932,47 5,772,544-1 | 
i _ 3.184, 627, 883.3 34, 600, o86, 276 Xe PRs 
| — 5. 154, 70, 859, 25 1,26 x & — &c/ 


— 35-807, 


342 + 522 — 3432 —2*=8, 389 


{ 35.807,241,649,370,05 + 43.268,289,0 Xe + 5 W e * 


— 27.80), 238, 297, 849, 184, 665, 821,77, 544,1 


"PER 90. 803, 832,490, 606, o20, 086, 276 X « 
— 99.690, 618,659, 25 , 0 X & — &c. 3 


— 47.535,43, 490, 606, 20, 086, 276 x e 


S t. oco, ooz, 351, 326, 863, 334, 178,227, 453,9 
— 94.690, 618,659, 251,26 X & — &c. 


But the quadrinomial quantity 343 + 5 22 342 — 2 is = 8, 


Therefore the quantity 8. o00, oog, 351, 5 26, 865, 334, 173, 227, 483,9 — 47. 
533,543,490, 605, 20, 086, 276 x e — 94.690, 618,659, 251,26 X & — & 
will allo be = 8. And conſequently (by adding to boch fides the quantity 
47.333, 543,490, 600, o20, o86, 270 X e) we ſhall have 8.000, 03,351, 526,865, 
34 178,227, 4 5,9 — 94.690, 618, 6 59, 251,26 X * = 8 + 47.535,543,4902 
6.6 020,086,270 x e, and (ſubtracting 8 from both fides,) we ſhall have 
47.535,©43,490,006,020, 086,276 Xe = 0.000,003.351,526,865.334,178, 
227,455,9 — 94.090, 618 659,251,260 Ke — &c, and conſcquently e = i! 
0.900,003,351,526,865,334,178,227,455,9 2 94.690, 618.650, 25,26 Ke — | 


47.535. 43,490, 600, a0, 86, 27 47.535,5 43.40, 506, 020, 06,27 * | 
0.000,000,070, 505,702 — &c. Therefore , or o. 926,823, + e, will be | 
(= 0.929,828,9 + 0.000,000,070,505,702 — &c) = o. 926, 828,970 505, 


ml 
702, == &c, or the greater root of the equation 542 + 522 — 3423 — 25 : 1 

| 

| 


= 8 will be very nearly equal to, but ſomewhat leſs than, o. 926, 828, 970, 505, 
702, Q. E. I. | 


Of this value of z, conſiſting of fifteen figures, I believe the firſt twelve 
figures, to wit, the figures o. 926, 828, 970, 505, to be exact. But this may be 
aſcertained in the following manner. ; 


A Determination 
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A Determination of the Number of Figures that will be 
exaf? in the Value laſt-obtained of 2, or the grealer 
Reot of the Equation 34% + 52 2 — 342 — z* 
= 8, 10 wit, 0.926,823,970,505,702. 


Article 19. The more accurate value of x, or 0.926,328,9 + e, is 0.926, 
$28,9 + 0.000,000,070,505,702 — the term . cb. f 
We will therefore inquire in what place of decimal fractions the bisheſt figure 
of the value of this term, if it were known, would enter, and how far the ſub. 
traction of the ſaid term from o. ooo, ooo, oo, 505, 702, or the value of e al- 
ready found, would alter the latter figures of this value. 


6 6 6 , , 9 — 6 2 
94.690, 618 594251 26 Xe b tel "than 04.691 x e 
47.5 35,5 3,490, o, 20, o8b, 27 47+535 


is, than 1.99 X , and, & fortiori, leſs than 2&, or than 2 x 
0.000,000,070,505,702|*, and, therefore, again 4 fortiori, will be leſs than 2 
* O. oo, Coo, ih, or than 2 X 0.000,000,000,000,005,041, or than o. ooo, 
ooo, ooo, ooo, 10, 82; of which number the firſt, or higheſt, figure is 1 in 
the fourteenth place of decimal fractions. Therefore the firſt figure of the 
value of the ſaid term, if it were known, could not enter the calculation in 
any higher place of decimal fractions than the fourteenth place, and, if it en- 
tered in that place, it could only be an unit, and could only, by being ſub— 
tracted from the number o. ooo, ooo, o7o, 505, Joa, change the ſaid number into 
the number o. oco, oo, oo, 30 5, 69, &c, of which the firſt twelve figures 
o. o ooo, oo, 505, are the ſame as in the number o. ooo, ooo, oyo, 50 5, 702 
already obtained for the value of e. Therefore in the number hereby ob ain ed 
for the value of o. 926, 828,9 + e, or 2, to wit, the number o. 926, 828, 970, 
505,702, the twelve firſt figures o. 926, 828, 970, 505, will certainly be exact. 


Q. E. D. 


The number of figures that are exact in the number 0.926, 828,970, 505,702 
here found for the Jaſt near value of z, or the greater root of the equation 
342 — 522 + 342 — 2 = 8, may allo be aſcertained in the manner de- 


{ſcribed by Mr. Ivory, by proceeding as follows. 


„ that 


Now the term 


Another 


342 + 522 — 342 —z2* = . 391 


Another Determination of the ſame Point, by the 
Method propoſed by Mr, Tvcry. 


In the foregoing inveſtigation of e, or the number that was to be added to 
0.926,828,9 in order to obtain a ſtill nearer value of z, we came to this equa- 
tion, 47-535,543-490,000,020,080,276 Xx e = o. ooo, oog, 351, 526, 865, 334, 
178,227, 455,9 — 94.690, 618,6 59, 251,26 x & — &c. Therefore (ad- 
ding 94.690, 618,659, 25 1,25 X &* +-&c to both ſides,) we ſhall have 47.535, 
543,490,006,020,086,276 xe + 94.090,618,659,251,26 X & + &c = 0.000, 
003,351,526,865,334,178,227,455,9, and conſequently e = 

0.000,003,351,536,365,334,1 78,227,455,9 
47-535543-490,006,920,050,276 + 94.690, 518,59, 25,20 x e + Ke 


Now this fraction (which expreſſes the true value of e) is leſs than any 
fraction that has the ſame numerator with itſelf, but a ſmaller denominator, 
and is greater than any fraction that has the ſame numerator with itſelf, 
but a greater denominator, It therefore muſt be leſs than the fraction 


n . 2334 179+327-45519 „or than the decimal fraction 0.000,000, 
47-535»543,499,006,020,086,276 


070,505,702, but will be greater than the fraction 


0:000,003,351,526,865,3346178,227-45 5.9 if the quanti 
47-5355 43-490,000,020,086,276 + 94.690,018,059,251,20 x f © : quantity I be 


greater than e. Now e is leſs than 0.000,000,070,505,702, and, à fortiori, is 
leis than 0.000,000,071. Therefore, if we take f = 0.000,000,071, the true 
value of e will be greater than the fraction 
O. O00, 003,35 1,526, 865, 334,178, 2 27,45 5,9 
; — — _— - pA , and, a for- 
47.535,543,490, 606, ozc, o86, 276, + 94.690, 6.8, 59, 25,0 X 0.000,000,07 1 — 
3 o. oo, oz, 35 1, 526,865, 334, 178,222,479 
tori 
Herts ener than 47.535,43. 490, Co, oz20, o80, 2 70 + 94-091 Xx 0.000,000,071, 
0.000,003,:51,520,865,334,178,227,455,9 * * 
47.535. 543,400, 005, o:, 80, 270 + o. oo, O06, 723, 001 ? 
oo, oog, 351, 520, 865, 334,178, 227,455, 
Deen — „or than o. ooo, ooo, 
47.53 5.550, 213, 0 7, 20, o86, 276 
070,595,692, Therefore the true value of e is greater than o. oo, ooo, oo, 


505,692, but leſs than o. ooo, ooo, o7o, 505, 702 „ and conſequently the true 
value 


, Or 


than 


than 
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value of z, or 0.926,828,9 + e, will be greater than (o. 926,8 28, ＋ 0.009, 
ooo, oo, 505, 69 2, or) o. 926, 828, 970, 503, 692, but leſs than (0.925,828,9 + 
© 0.000,000,070,505,702, or) 0.926,$28,970,505,702, and therefore the fir{t 
twelve figures of it muſt be the ſame with the firſt twelve figures of each 
of the two numbers 0.926,828,970,505,692 and o. 920,828,970, 305, 702 
between which it lies, or muſt be o. 926, 828,90, 505; or, in other words, 
the laſt near value of z, or the greater root of the equation 342 + 522 
— 342 — 2“ = 8, obtained by the foregoing invelligation, to vit, the 


number o. 926, 828,970, 505,702, will be true in the firſt twelve figures 
0. 926,828, 970, 505. E . 


The equation 342 + 52zz' — 345 — 2 = 8 can have only two roots, 
which we have now found to be nearly equal to o 240, 831,917, 697,3 and 
0.926,828,970,505,702 ; and therefore it is now compleatly reſolved. 


The Computation of the Values of the three Quantities 
a, b, and c, that are deriveable from the foregoing 


Value of x, or the greater Roct of the Equation 34 2 
+ 52 2 — 342 — 312 8. 


Article 20. This greater root, o. 926, 828, 970, 505, 702, or (dropping the 
two laſt figures of it,) o. 926, 828, 970, 505, 7, of the equation 342 + 522 — 
342 — 2. = 8, will enable us, if it be ſubſtituted inſtead of z in the three 


expreſſions | ' — „ and —.— * Wa —— and IEEE * 


* 2 given us by Mr. Ivory's Solution of Colonel Titus's Problem, to 


find a ſecond ſet of numeral values of the three quantities, 4, a, and c, which 
will anſwer the corditions of the Problem. Theſe ſubſtitutions may be made 
in the following manner, 


— 


If z is = o 926, 82 8, 950, 505, 7, we ſhall have à 2 ( © 926, 28, 70, 00, ) 


= o. 8 50,01 1,940, 568.555.720, 513,732, 49, and 23 (= o. 920,5 28,970. 505, 75 
= 0.796, 157, 152, 329,350, 734,073,919,7 52, 426, oa9, 820, 193. Therefore 2 


DE 


342 T 512 34 —2* = 8, 393 


— 3 will be = o. 926, 828,970, 505, 500, ooo, ooo, ooo, ooo, ooo, ooo, ogo, ooo, 
— 0.796, 157,152, 5 29,350, 734,073, 919,752, 426, 029, 820, 193, . 130,71, 
817,976, 349,263,926, 080, 247, 573.970, 179.807, and — will be 


2. oo, ooo, coo, o,o, ooo, co, ooo, ooo, ooo, ooo, ooo, ooo 


I I. 19.05 08 an 
0.130, 67 1,8 17,976, 349,265, 926,080, 247,573,970, 179,907 ) 3.305, 19,053, 087, and 


b, or —— will be (= V/ 15.305, 519,055, 87) = 3.912, 226,866,515. 


And z + zz will be ( = o. 926, 828, 970, 505,7 + 99011 9% 
720, 5 13,732, 49) = 1.785, 840, 911, 74, 353,720, 313, 732, 49, and Z — 2 
will be ( = 0.926, 828,970, 505, — 0.839, 11, 940, 568, 655, 720, 5 13,732, 49) 
= 0,067, $17,029, 937,044, 279, 486, 267, 51; and 2 — 2 — 2 will 
be ( 2 — 1.785, 840,911,074, 355, 720, $13, 732,49) = 0-214,159, 
038, 925, 644, 279, 486, 267, 51, and — — will be (2 


0.214, 1 088,92 644,27 486,267, I AT, 
— — 2 —) = 0.107,079, 544, 462, 822, 139,743,133, 


755; and 2 + 2 — 22 will be = 2.067, 817, oz9, 937, 044, 279,486, 267, 51, 


212 —22 a — 2.067, 8 17,029,937, 044, 279, 486, 267, 1 \ __ 
2 will be (= 2 — 1.033, 


and — 


228 — 22 


or . x 4, will be ( = 0.107,079,544,402, 822,139,743,133,755 
* 3 912,226,866,515 =, nearly, 0.107,079,544,462,822 X 3.912,226,866, 


908, 514, 968, 522, 139, 793, 133,755. Therefore a, or 2 


212 — 22 


515) = . 418,919, 470,701, 639, &c; and c, or 3 — or 


—— 


— — 


* 3, will be (= 1.033, 908, 5 14, 968, 522, 139, 793,133,755 X 3-912, 


226 Gere =, nearly, 1,033, 908, 3 14,968,522 Xx 3.912, 226,866,515) = 
4.044, 884,669,778, &c. 


Theſe three values of a, &, and c, or the three Numbers ſought in this Pro- 
blem, to wit, o. 418,919, 470, 701, 639, 3.912, 226, 866,515, and 4.044, 884, 
669,778, agree with the values of theſe Numbers found by Dr. Wallis's Solu- 
tion, which are 0.418,919,470, 3.912, 226, 866 and 4.044, 884, 670, and which 
are found to anſwer the conditions of the Problem, or to make aa + bc = 
16, and 5 + ac = 17, and cc + ab = 18. See the Tracts on the Reſolu- 

Vor. VI. 3 E. ton 
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tion of Algebraick Equatiens, by the Methods of Approximation, pages 232, 233; 
2 34z 0 236. 


A Schelm. 


Article 21. It now appears that the two values of z in the biquadratick 
equation 342 + 522 — 342 — = 8, produced by Mr. Ivory's Solution 
of Colonel Titus's Problem, to wit, the two Numbers o. 240, 831,91, 697,3 
and o. 926, 828,970, 505, 7, will enable us, (by means of the three expreſſions, 
| A —.— X /[——\, and DEE Xx V — — given us 


* — 2 
by Mr. Ivory for the values of 5, a, and c,) to find both the ſets of Numbers, 
or values of &, a, and c, that will anſwer the conditions of the Problem. And 
this equation has no more than theſe two roots, and therefore is exactly fitted 
to ſolve the Problem that produced it, and no other Problem whatſoever : 
whereas the equation 14,937 # — 1998 xy + 80 — af = 5000, produced 
by Dr. Wallis's Solution of the ſame Problem, admits of four real and affir- 
mative roots, of which the leaſt, and leaſt but one, are fitted to ſolve the Pro- 
blem, and the other two roots are fitted to ſolve two other Problems, a little 
different from that of Colonel Titus, but which would produce the ſame final 
equation; and the equation x* — 11.54 + 21.76 * — 11.24% = 0.02, 
produced by. Mr, Frend's Solution of the ſame Problem, has three real and 
affirmative roots, of which the middle root and the third, or greateſt, root, are 
fitted to ſolve the Problem from which it was derived, but the firſt, or leaſt, 
root, has no relation to that Problem, but is fitted to ſolve another Problem a 
little different from it, but which would produce the fame final equation. Now, 
when the final equation, derived from the conditions of a Problem that is 
required to be ſolved, is exactly commenſurate to the Problem that pro- 
duced it, and has no ſuperfluous roots that are of no uſe in ſolving the 
Problem that has been propoſed, but relate to ſome other Problems differing 
a little in their conditions from the Problem under conſideration, ſuch a 
Solution ſeems to be ſomewhat preferable, in point of perſpicuity and ele- 
gance, to another Solution that produces a final equation that admits of more 
roots than are wanted for the Solution of the propoſed Problem. And in 


that reſpect Mr. Ivory's Solution of this Problem of Colonel Titus ſeems to 
x 5 be 


342 + 522 342 —z2*=8, 395 


be preferable to either of the two former Solutions of it by Dr, Wallis and 
Mr. Frend. 


End of the Reſolution of the Biquadratick Equation 34 2 + 522 
— 34 — 2* = 8, obtained by Mr. Tvory's Solution 


of Colonel Titus's Problem. 


— 


— — 


Article 22. I have alſo received another Letter from the ſame learned 
gentleman, Mr. Ivory, which relates to the Reſolution of Algebraick Equa- 
tions by the Methods of Approximation; and likewiſe contains ſome curious 
and valuable remarks on Dr. Halley's Nautical Problem, of which a Solution 
has been given in the fourth volume of this Collection of Tracts, intitled 


Scriptores Logarithmici, This Letter 1s as follows, 


A Letter from Mr. Jamzs Ivory to Mr. Baron Mas ERES, 
dated, Douglaſtown, Feb. 6, 1802. 


SIR, 


I Duly received your Letter of laſt January the 13th, 


——- ] believe that moſt of the methods that have been propoſed for the 
numerical reſolution of equations, (as Sir Iſaac Newton's, and Mr. Raphſon's, 
Methods,) as well as that which you very properly call the Differential Method, 
will be found ultimately to depend on one common principle, or property, 
of variable quantities, and all theſe methods may be conſidered as only diffe- 
rent applications of the property I allude to. This property of variable quan- 
tities may be thus deſcribed. © Let X repreſent any variable quantity that 
depends upon another variable quantity called x. In the modern Algebra X is 
called a Fun#ion of x; and you may conſider X as the ordinate of a Curve of 
waich x is the Abſciſs; or, if the inquiry is concerning equations, you may 

3E 2 conceive 


— — — —— — _—_—_ 
— — ——— — os 2 w 


— ä — 


396 The Reſolution of Algebraick Equations 


conceive X as repreſenting the amount of all that fide of an equation which 
contains the unknown quantity x in all it's terms. Now let x receive a finite 


Increment, denoted by x, and let X be the correſpondent increment of X; ſo 


that, when x becomes x + x, X ſhall become X — 2%, wh Upon thefe ſuppo- 
fitions, I ſay that, whatever be the nature of the Function X, provided that the 


finite increment x of the radical quantity x be not too great, the increment X 
of the Function X may be conſidered, without much error, as proportional to 
x; and in all caſes x may be taken ſo ſmall that the error ariſing from the 


ſappefition that X is proportional to & will be inconſiderable.” This pro- 
perty of two variable quantities, of which one depends on the other, appears. 
to me to be the common foundation of all the Methods of Approximation: 
and l believe they will all be found of the ſame degree of accuracy when the ſame 


data are uſed. If the increment X were exactly proportional to x, and not 
only nearly ſo, the Differential Method would no longer be an approximation, 
but would give a reſult that would be rigidly accurate. And in Sir Iſaac 
Newton's, and Mr. Raphſon's Methods, when you reject all the terms that 
contain &, x3, &c, and retain only the term that contains x, you in effect re- 


tain only that part of the increment X which is proportional to c, and reject 
the reſt. | 


Dr. Halley's Nautical Problem is a Problem of great difficulty; and I be- 
lieve you have formed a right judgement of the Solution of it which you have 
publiſhed, That Solution may, however, be rendered more perfect and eafier 
in practice by making a few alterations in ſome parts of it: for all the co- 
efficients C, D, E, &c, are really finite quantities, depending on the co-line 
and tangent of the Latitude ſailed- from. I have found other Sericſes for the 
Solution of this Problem: but I am not compleatly ſatisfied with any of them. 
have, however, found a rule for the particular caſe when the place ſailed- 
from is in the Equator, which is remarkable for it's ſimplicity and accuracy. 
It is as follows, 


Let ꝙ denote the given difference of Longitude, or the length of the arch 
of the Equator between the place failed-from, and the Meridian paſſing 
through the place come-to: and let d denote the given diſtance, or the length 


of 
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of the Rhumb-line paſſing through the two places. I ſuppoſe that both © 
and d are expreſſed in Nautical miles, 60 to a degree; and I further put 


R == 3437 55 „which is the number of nautical miles in the radius of the 


: R — 2? 
terreſtrial ſphere, Then will the Sine of the Courſe be = XV 1 


F _— 
and the co-fine of the Courſe will be = = X V ri "a and the La- 


. . . . p * a? — 3 a 
titude come-to will be (in nautical miles,) = R x NV 7 3 + This 


rule is not indeed ſtrictly accurate, but may be looked- upon as ſuch in prac- 
tice: for, provided the Latitude come- to docs not exceed 80 degrees, the 
error in the Courſe will ſeldom exceed a few ſeconds of a degree. In Snellius's 
example (in page 170 of the 4th volume of the S:riptores Logarithmict,) the 
angle of the Courſe comes-out 67?, 22/, 32“ by my rule; and, according to 
Dr. Mackay's calculation, in page 28 3s it is 67, 22“, 38”. 


My rule fails altogeth er when 3R*—@ is S o, or is =R x v 3, or 
when ꝙ is = 5954” = ge, 14. And in this caſe the Problem is almoſt in- 
determinate ; that is to ſav, the diſtance ſailed-over will remain very nearly 
the ſame, in whatever Latitude the place come-to is situated. Thus, ſuppo- 
ſing Þ to be 99®, 14, and the latitude come to to be 80%, I find & to be 
= 5890 miles, which is leſs than @, or than 5954 miles, by only 64 miles; 
ſo that a difference of Latitude of 80 degrees has only produced a variation of 
64 miles in a diſtance of 5954 miles. 


I am, &c, 


JAMES IVORY. 
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ARTICLE I. 


___ S Method, (which is in ſubſtance Mr, Raphſon's Method,) may be 
beſt explained by applying it to a particular example, 


The Reſolution of the Biquadratick Equation & — 6 #* + 10x 
+ 1,242,039, &c X # = 1.863, 954, &c. 


Let it therefore be required to find the root of the biquadratick equation 


* — 6 + 10K + 3 X V2 — X x#=———X9g, or * — 6 + 


10 X * + 3 * 414,213, &c * x = ———.— * 9, or ot 6 x? + IOXXx 


Vol. VI. 3 F + 1,242, 
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+ 1.242,639, &c X & = . 20%, 106, & & 9, or #— 642 + 10a% + 
1.242,639, &c x x 1.863, 954, &c, to fix places of figures. To reſolve this 
equation I proceed in the following manner. 


Conjeftural Approaches to the Value of the Root 
of this Equation, | 


Article 2. In the firſt place I know, from the nature of the Problem which 
produced this equation, that x muſt be leſs than 1.5. I therefore ſuppoſe it 
to be equal to 1. And I find upon this ſuppoſition that the compound quan- 

tity * — 645 + 10xx + 1.242,639 &c x will be 6.242,639,&c, which is 
much greater than 1.863,954,&c, or the value of the compound quantity * 
— 6x* + 10 xx + 1.242, 639, &c X x in the propoſed equation, I therefore 
conclude that 1 is much greater than the true value of x. 


Article 3. I therefore, in the next place, ſuppoſe x to be equal 2 „or o. 5. 


And I find, upon this ſuppoſition, that the compound quantity x* = 625. 
Ioxx + 1.242,639 &c, * is = 2.4338, which is {till conſiderably greater than 
1. 863,9 54, &c, or the value of that compound quantity in the propoſed equa- 
tion: from which I conclude that 0.5 is ſomewhat greater than the value of x 


in that equation. 


Article 4. I therefore, in the third place, ſuppoſe x to be equal to 0.4; and 
upon this ſuppoſition I find the compound quantity * = 64% + 10xx + 
1.242,639,&c x to be equal to 1.7386, which is leſs than 1.863, 954, &c. There- 
fore o. 4 is leſs than the true value of x in the propoſed equation. 


A further Approach to the Value of the ſaid Root, by a Proceſs 
of Mr. Raphſon's Method of Approximation. 


Article 5. I therefore, in the fourth place, ſuppoſe x to be equal to 0.4 + 2, 
and ſubſtitute this binomial quantity inſtead of » in the propoſed equation, 


which thereby becomes .4 +z!*— 6 x (4 ＋ D +10 x\.4 +2* + 


1.242,639, &c X 4 + 2 = 1,863,954, &c, or (neglecting all the terms in 
which 
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which the ſquare of 2 and all higher powers of it are involved, as being in- 
conſiderable in compariſon of thoſe which involve the ſimple power of z,) 


AX e- NK A 10 XI. +2 * 420 | 
1.242,639, &© X A ＋ 2 = 1.863,954 ; that is, . 0256 + 4 X . 0642 — 6 | 
x | . 004 +3 X. 162 + 10 X 16 ＋ 2 + 44970556 + 1.242,039,&C x, | 
= 1.863,954 &c; or .0256+.256 2 — .384 — 2.88 2 ＋ 1.6 + $2 + will be 
497,085, + 1.242, 639, &c 2 = 1.863,954, &c z or 0256 +1.0+.497,055,0 
— .384 +.2562 + 8z +1.242,639 & z — 2.88 z will be = 1.863,954,&c; 
or 2.122,65 5,60 — .384 + 9.498,639z — 2.88 z will be = 1.863,954, &c; or 
1.738,65 5,6 + 6.618,639 z will be = 1.863,954, &c. Therefore 6.618,639z 


will be = 1.863,954, & — 1.738,655,6 = 0.125,298, &c; and x will be = 
125,298, &c 
6.618,039 


n 


Article 6. This value of x is ſtill ſomewhat leſs than the truth. For, if we 
ſubſtitute . 418 inſtead of x in the compound quantity * — 6 + 10xx + 
1.242,639, &Cc x, it will become (= .030,528,212, — 6 x .073,034,032, + i 
10 X . 174,724 + 1.242,039 Xx .418 = . o30, 528,212 — .438,207,792 + (| 
1.747,240, + +519,423,102 = 2.297,191,314, — 438, 20,92) = 1.858, 1 
983, &c; which is leſs than 1.863, 954 &c, or the true value of that com- 1 
pound quantity in the propoſed equation. Therefore. 418 is leſs than the true 
value of x, | 


| 
= ,018, Conſequently . 4 + , or x, will be = .418. | 


A ſecond Proceſs of Mr. Raphſon's Method of Approximation. 


Article 7, In order therefore to find the value of x to a greater degree of 
exactneſs, I ſuppole, in the fifch place, that it is equal to .418 + v, and ſub- 
ſtitute this binomial quantity inſtead of it in the propoſed equation, neglecting, 
as before, all the powers of v except the ſimple power. Then we ſhall have 


xx (= 174,724 +2 XK 4185 + &c) 

| = 174,724 + .836v + &c; 

and conſequently 10 x x = 1.747,249 + 8.36 v + &c; 
and x (= . 73, o34, 632 + 3 X $174,724 v + &c) 

= 073,034,032 4.524, 172, vV + &C; 


23 28 | and 
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and conſequently 6 x* = .438,207,792 + 3.145,032, v + &. 


and & =.,030,528,212, + 4 X -073,034,032, v + &c) 
; = ,030,528,212, + .292,138,528, v + &c; 
and 1.242,039 x (= 1.242,639, X +418 + 1.242, 639 v) 


= 4519,423,102 + 1.242, 639 v; 
and conſequently x* — 6x* + 10 xx + 1.242, 639, x 


030,528,212, + ,292,138,528, v + &c 
— +439,207,792, —= 3. 145,032, L — &c 
+ 1.747,240, 4 8.360,v . + &c 
+ 0.519,423,102 + 1,242,6399v + &c 


={ 2, 297,191,314, + 9.894,777,528 v + &c } 
— +438,207,792, — 3.143,32, vV— &c |) 


= 1.858,083,522, + 6.749,745,528 v + &c. 


Therefore 1.863,954 (which is = x* — 64 +10x ＋ 1.242,639 x) will allo 
be = 1. 858,983,522 + 6.749,745,528v + &c ; and, (ſubtracting 1.858, 
983,522 from both ſides,) 6.749,74.5,528, v will be = 0.004,970,478; and v 


* .* , 1 3 1 
will be = 8565 * 1 = 000, 736. Therefore 418 + v, or x, is = 
. 9 b 


418,736. Q. E. I. 


Article 8. This value of x is very nearly equal to, but ſtill ſomewhat leſs 
than, the true value of x in the equation * — 6* + 10xx + 1.242, 639 ! 
= 1.863,954, as will appear by ſubſtituting it inſtead of in n the firſt, or left- 
hand, fide of that equation, as follows. 


If x is taken = 418,736, we ſhall have xx = .175,339,837, and à = 
073, 421,086, and a = ,030,744,015 ; and conſequently 10 x x = 1.7 53,298, 
and 64 = .440,526, and 1.242,639 X x (= 1.242,639 x .418,736) = 
520, 337, and * — 6 + 10 + 1.242,639, x x ( = .030,744 — 
440,526, + 1.753,398, + 520,337, 2.304, 479, — . 440, 526,) = 1.863, 
933; which is leſs than 1.863, 954, or the true value of the compound 
quantity x* — 6 x* + tox * + 1.242, 639 x in the propoſed equation, by only 
an unit in the ſeventh place of figures. Therefore .418,736 is leſs than, but 
very nearly equal to, the true value of x in the propoſed equation, 

Article 9. 
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Article 9. If it were required to find the value of x to a ſtill greater degree 
of exactneſs, we might obtain it to double the number of figures already 
known, that is, to twelve places of figures, or, at leaſt, to eleven places of 
figures, by ſuppoſing x to be equal to. 418, 736, + , and ſubſtituting that 
quantity inſtead of æ in the propoſed equation, and reſolving the transformed 
equation thence ariſing in the ſame manner as we did the laſt transformed 
equation, that is, by conſidering it as a ſimple equation, and neglecting all the 
terms that involve the ſquare and other higher powers of w. And thus we 
may proceed to determine the value of x to greater and greater degrees of ex- 


actneſs ad inſiuitum. 


A Method of diſcovering how many of the Figures of the 
Number 0.418,736, juſt now obtained for the Value 
of x, will be exact. 


Article 10, It remains that we ſhew in what manner we ought to proceed 
in order to know how many places of figures the number .418,736 gives the 
value of x exact. Now this may be determined in the following manner. 


Let .418,736 + w be ſuppoſed to be equal to x; and, for the ſake of 
avoiding intricate and unneceſſary calculations, let us ſuppoſe à to be equal to 


418,736. 


Then we ſhall have @ + ww = x, and conſequently 
xx = aa + 24W ＋ W WW, 
and * = & + 3aaw wo+ gaww + , 
and af = &f + 44 w + 6aaww + 4aw + nh, 
and 10xx = 1044 + 204W + 10 * 2, 
and 6 = 649 + 182 w + 182 + 68, 
and 1.242,639, x = 1.242,639, 4 + 1.242, 639, ww z 
and conſequently * — 6 + 10xx + 1.242,639, x 
a + 42% w + baaww + 44% + wu 
4 — 64 — 18424 20 — 184 o )·]·w— 6 
+ 104 + 204 Ä + 10 9 
+ 1.242, 639, + 1. 242,639, W, 
But 


r 


r 


—_ 


ORR og — — 4 I” aa * * 8 
o - 


| 
. 
| 


| 
q 
| 


I a a. 


406 A convenient Method of reuving Biquadratick Equations of al kinds, 


But * — 6 + 10x#x + 1.242, 639, x is = 1.863.954 Therefore 1.863, 
954 will alſo be = 
4 + 4% T 6baaww +4aw + we) 
— 62 — 182 -w — 18@ww — 6 
+ 104 + 20 + 10 u 
+ 1.242, 639, a + 1.242, 639 Wo. 
But af — 6 + 1044 + 1.242, 639, a, or . 418,736 — 6 x 418,736 


+ 10 „ 418,736“ + 1.242, 639 X 418,736, has been already ſhewn, in 


Art, 8, to be equal to 1.863,953. Therefore 1.863, 954 is = 


1.863,953 + 44 w + 6aaww + 4aw + wh © 
— 18 aa — 18a — 60 
+ 20 ô0 w- + 109 ô . [ 


+ 1.242,039, Ww 
and, ſubtracting 1.863,953 from both ſides, 0.000,00x is = 
ſ 4a w + 6baaww + 4aw + we 
j — 183242 — 18 aww — 64% 


+ 20aW + 10 0 
+ 1.242, 639 w. 


Now, fince à is equal to. 418,736, and conſequently is greater than o. 4, but 
leſs than 0.42, it follows that 20 à will be greater than 20 x 0.4, or 8, and that 
18 24 will be leſs than 18 x 0.42]*, or 18 X 1764, or 3.1752, But 8 is 
greater than 3.1752. Therefore, d fortiori, 20 @ (which is greater than 8,) will 
be greater than 3.1752, and conſequently than 18 #4; and 20 @ will be greater 


than 18 2 42 w. Therefore, again, à fortiori, 4 4 w + 20aw + nn. 


(being greater than 20 @w) will be greater than 18 a 4 w. 


Further, ſince à is leſs than. 42, the quantity 18 @ will be leſs than 18 x 
42, or 7.56, and conſequently, d fortiori, leſs than 10. Therefore 10 ww, 
and, flill more, 10 ww + 64 a ww, will be greater than 18 4 w w, 


Laſtly, fince à is leſs than .42, 4 @ will be leſs than 4 X .42, or 1.68, and 
therefore, a fortiori, leſs than 6. 


Therefore, if p be put = 44 — 1844 + 20@ ＋ 1.242, 639, 
and g 644 — 184 + 10, 
andr = 6 — 444, 
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we ſhall have 0.000,001 = pw + qww—ru + wv, Adder to both 
fides of the equation; and we ſhall have 0.000,001 + rw =pw + gww 
+ w*; and, ſubtracting q ww + w* from both ſides, we ſhall have 
Pw = 0.000,001 + ru — 4 — , 
or ÞWw = 0.900,001, —q ww + rw — “; and (dividing 
0.000,001 = qww + 14 — 2 


both ſides by p,) w = 1 - Nou, ſince à is = 


. 41 &c, we ſhall have 24 = .1681 &c, and 6 =6 x . 1681 &c = 1.0086, 
and 18a = 7.38, and 6aa— 184@'+ 10 (= 1.0086 — 7.38 + 10 = 
11.0036 — 7.38) = 3.6286 ; that is, q is nearly = 3.6286. Alſo 4@ is = 
4X +41 &c = 1.64 &c, and, conſequently, 6 — 44 is = 6 — 1.64 = 4.36; 
that is, 1 is = 4.36. Therefore, if w were equal to. 5, that is, if it were greater 
than a, or x, inſtead of being a very ſmall quantity neceſſary to compleat the value 


of the latter, r w would be (= 4.36 x 5 = 42) = 2.18, and conſe. 


quently leſs than 3.6286, or 2. Therefore, à forticri, as w is leſs than .5, rw 
will be leſs than 3. Conſequently ru will be leſs than @ , and, @ fortzort, 


t R ooo, 001 — raw? qu 
leſs than gww + . Therefore the quantity = — , 
FE ; .000,901 .000,00 
which is equal to the accurate value of w, is leſs than — or = - 
0,000,001 


is greater than the accurate value of w; that is, r 


0,900,001 
6.749 & 


I, enters in the ſeventh place of decimal fractions, ) is greater than the accurate 
value ofw, Therefore the firſt figure of the accurate value of wcannot enter in any 
higher place of figures than the ſeventh place of decimal fractions, and therefore 
cannot affect the firſt fix figures of the value of x already found, to wit, .418,736; 
but thoſe figures muſt be concluded to be exact. And thus, by calculating 
the next correction of the value of x in a coarſe manner to only one figure, 
ſo as to diſcover in what place of figures the ſaid firſt figure of ſuch correction 
will enter, we may always determine with certainty to how many places the 
figures we have already found for the root of the propoſed equation, are exact; 
which is all that was wanting to make this method of reſolving a biquadratick 
equation ſcientifick and ſatisfactory. 


„or o. ooo, ooo, 14, (of which decimal fraction the firſt ſignificant figure, 
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A Scholium, 


Article 11. This method of reſolving a biquadratick equation may be applied 
to the reſolution of an equation of the fifth, or ſixth, or ſeventh power, or any 
higher power whatſoever, and even to that of an equation of an infinite num- 
ber of terms, and is, I believe, the very beſt method that can be taken for 
the reſolution of biquadratick and all other higher equations whatfoever, and 

haps alſo for the reſolution even of cubick equations. It is, ſubſtantially, 
the ſame with Mr. Raphſon's Method, and is, in my opinion, preferable to 
Dr. Halley's Method of reſolving high equations, which proceeds by reſolv- 
ing the transformed equations, (obtained by the ſubſtitution of the binomial 
quantities .4 + 2, .418 + v, and .418,736 + , &c inſtead of x in the ori- 
ginal equation,) as if they were quadratick equations, and neglecting only 
the cubes and fourth powers, and other higher powers, of the unknown quan- 
tity, but not the ſquares. For, though this method triples the number of the 
figures of the value of x already known, by every new proceſs, whereas the 
above method of Mr. Raphſon only doubles them, yet this advantage is dearly 
bought by the greater intricacy and difficulty of the computations neceſſary to 
be gone-through in the reſolution of theſe quadratick equations, and the Jols 
of that ſimplicity of conception which is peculiar to fimple equations; ſo that, 
upon the whole, I believe it will be found eaſier to make two proceſſes by 
Mr. Raphſon's Method, and thereby to quadruple the number of figures al- 
ready known of the value of x, than to perform one proceſs by Dr. Halley's 
Method, by which we ſhould only triple them. And this will more eſpecially 
be found to be true when the number of figures of the value of x already 
known is conſiderable, as, for inſtance, five or fix. For, in theſe caſes the 
ditterence of the Jabour attending the two methods will be found to be very 
conſiderable, and the only advantage belonging to Dr. Halley's Method, — that 
of tripling the figures already known inſtead of doubling them, —will be 
thrown-away, fince a determination of the value of x, or the root of the pro- 
poſed equation, to ten or twelve figures is, on molt occaſions, as ſatisfactory 
as a determination of it to fifteen or eighteen figures. If, therefore, Dr. 
Halley's Method is at any time to be preferred to Mr. Raphſon's, it is only 
in the firſt proceſſes of the reſolution, when the value of x is known only to 
one or two, or at molt three, figures. But, as the proceſſes in Mr. Raphſon's 
Method, by the reſolution of only ſimple equations, are in” theſe caſes fo very 
ſhort and ſimple, and may be ſo eaſily repeated, (as we have ſeen above in 


Art. 5, where x is ſuppoſed equal to. 4 + 2) I ſhould be inclined to ule his 


method in preference to Dr. Halley's, even on theſe occaſions, 


Jan, 13, 1777» 
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The Reſolution of the Biquadratick Equation 14,937 * 
— 1998 xx + 8045 — af = Sooo, reſulting from 
Dr. Wallis's Solution of Colonel Titus's Problem. 


Article 12. As a further illuſtration of this method of reſolving biquadra- 
tick and other high equations, without taking away any of their terms, by 
ſubſtituting in their terms, inſtead of their roots, binomial quantities, conſiſt- 
ing of near values of their roots, together with the unknown complements of 
the ſaid near values to the true values of the roots, and conſidering the trans- 
formed equations reſulting from ſuch ſubſtitutions as if they were mere ſimple 


equations, by neglecting all the terms of them that involve either the fourth power, 


the cube, or the ſquare, of the new unknown quantity, I will here ſubjoin the 
reſolution of a celebrated biquadratick equation, which has four real roots, and 
which has been reſolved by Dr. Wallis, Mr. Raphſon, and Dr. Halley, and is 
conſidered by the latter as one of the moſt difficult biquadratick equations that 
he had ever met with. It is an equation that reſulted from a very difficult 
Arithmetical Problem that was propoſed to Dr. Wallis by Colonel Silas Titus, 
but had been originally propoſed by Dr. Pell to Colonel Titus, and which Dr. 
Wallis, by a moſt laborious Algebriical Proceſs, reduced to this biquadratick 
equation, 14,937 # — 1998 xx + 80 — x* = 5000, the roots of which he 
inveſtigates and aſſigns with great exactneſs. The Problem is as follows. 


Problem, | 


Article 13. Suppoſing a4 + bc to be = 16, and bb + ac to be = 17, 
and cc + 43 to be = 18, to find the numbers a, 5, and c. 


To this queſtion Dr, Wallis, (in a Letter of June 12, 1662,) returned the 
following anſwer, to wit, that the numbers are a =2.5255 + &c, 6 = 3.9692 
— &c, and c = 3.2406 — &c, very nearly, whoſe ſquares and rectangles an- 
{wer the conditions of the Problem. 

For a à is = 6.3782 + &c and þb is = 8.8161 — &c 

and 5c is = 9.6220 — &c and ac = 8.1841 — &c 
and a ais = 16.0002 — &c and Y bþac 15= 17.0002 — Kc 

and ce is = 10.5015 — & 

and ab is = 7.4987 — &c 


and cc+abis = 18,0002 — &. 
Vol. VI, 2G Article 14. 


= —— = 
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Article 14. By a long proceſs (for which I refer the reader to Wallis's Al. 
geora, pages 225 et ſeq.) Dr. Wallis reduces this Problem to the following 
equation of the eighth power, to wit, e* — 80 e + 19988 — 14,937 &@ + 
5000 = ©, in which ee is = 24 4. This equation, though it riſes to the eighth 
power of e, is of the form of a biquadratick equation, and, if we ſubſtitute x 
inſtead of ee, will appear as ſuch, For then it will be x* — 80 + 1998 x x 
— 14,937 ＋ 5000 = o, or, as I rather chuſe to ſtate it, 14,997 * — 1998 xx 
+ 80 * — * = 5000. Of this equation I now propoſe to find the roots. 


The Inveſtigation of the firſt, or leaſt, Rect of this Equation. 


Article 15. In the firſt place then, as I am ignorant of the limits of theſe 
roots, ſuggeſted by the conditions of the Problem that produced this equation, 
] ſuppoſe x to be equal to 1, and try what will be the value of the compound 
quantity 14,937 x = 1998 xx + 8045 — ' reſulting from this ſuppoſition, 
And I find that it will be (= 14,937 — 1998 + 80 — 1 = 15,017 — 1999) 
= 13,018; which is conſiderably greater than 5000, or it's value in the pro- 
poſed equation, I therefore conclude that 1 is very far from being equal 
to x. 


Article 16. In the next place I conſider that, if x be ſuppoſed to decreaſe from 
1 to o, the compound quantity 14,937 x = 1998 x» # + 80 — x* will likewiſe 
decreaſe from 13,018 too; and that this decreaſe will be gradual and continual, fo 
as to make the ſaid compound quantity paſs ſucceſſively through all degrees of 
magnitude between 13,018 and o. There will therefore be a point of time, dur- 
ing the decreaſe of x from 1 to o at which the ſaid quantity 14,937 x — 1998 xx 
+ 80 x3 — K*“ will be equal to 5000, or x will have a certain magnitude lels 
than 1, which will make that compound quantity equal to 5000; or, in other 
words, one of the roots of the equation 14,937 * — 1998 * + 804 — i 
will be leſs than 1. Let us therefore ſuppoſe it to be 5. | 
Then we ſhall have r=" a6, 

* = 125, 

x* = ,0625, 

and 14,937 x = 7468.5, 


1998 K* = 499-5, 
60x = 10 
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and 14,937 # = 1998 K* + 80 — af = 7468.5 — 499.5 + 10 — 0625 
= 7478.5000 — 499.5625 = 6978.9375, which is ſtill greater than it's true 
value 5000. Therefore .5 is greater than the true value of x. And, as 6978.937 5 
exceeds 5009 very nearly in the proportion of 7 to 5, I conjecture that .4, as 
well as .5, will be greater than the true value of x. 


Article 17. I therefore, in the third place, ſuppoſe x to be equal to .3, and 
try what will be the value of the compound quantity 14,937 K — 1998 xx + 
go a — x* reſulting from this ſuppoſition, 


Now, if æ is . 3, we ſhall have xx = og, and a* . oz), and & = 
.oo81, and 14,937 * = 4481.1, and 1998 x x = 179.82, and 80x* = 2.160, 
and conſequently 14,937 x — 1998 xx + 80 — a* (= 4481.1000 Ju” 179. 
$200 + 2.1600 — .oo81 = 4483.2600 — 179.8281) = 4303-4319 ; which 
is leſs than 5000. Therefore . is lets than the true value of x. 


A further Approach to the Value of the firſt, er leaſt, 
Root of this Equation by a Proceſs of Mr. Raph/on's 
Method of Approximation, 


Article 18, In the fourth place therefore, let us ſuppoſe x to be equal to 
.3 + 2, and ſubſtitute this binomial quantity initead of x in the original equa- 
tion 14,937 * — 1998 xx + Box? — * = 5000; and we (hall thereby trans- 
form it into another equation, in which z will be the unknown quantity, and 
in which we may neglect all the powers of x above the ſimple power, becauſe 
we know that is leſs than. 5, and confequently that z is leſs than (.5 — .3, or) 
2, and therefore that the higher powers of it are confiderably leſs than it's lower 
powers, every new power being leſs than the next before it in the proportion 
of 0.2 to 1, or of 1 to 5. 


Now, ſince x is = . 3 + z, we ſhall have 
xx =53 +2*(=.09 + 2 X 33 + &c) 
= O + .6z + &c, 
and x =".3 + A (= . 27 + 3X . E + &c) 
= 027 + 27 2 + &c, 
36 2 and 
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and x* = 3 + z\* (= .0081 ＋ 4 Xx .027 2 + &c) 
= ,0081 + ,108z + &c, 


and conſequently 14,937 x (= 14,937 & 3 + 2) 
= 4481.1 + 14,937 2, 
and 1998 xx (= 1998 X . 09 + .6z + &c) 
= 179.82 + 1198.8 z 82 + &c, 
and 80 * ( 80X .027 + 027 2 2 + &) 
= 2.160 + 21.60 2 + &c, 
alnd conſequently 14,937 x — 1998 K* + 8035 — * = 
| 4481. 1000 + 14,937 2 
J— 179.8200 — 1198.82 — &c = 4303-4319, + 14,959.60 2 
+ 2.1600 + 21.602 + &c — 1,198.908 & 
— 0081 — 108 2 — &C 
= 4303-4319 + 13,759. 692 X 2. Therefore 5000 (which 
is = 14,937 x — 1998 x x + 80 * — &) will alſo be 
= 4303.4319 + 13,759.692 Xx 2, and conſequently 13,7 59.692 X 2 


will be = 5000 — 4303.4319 = 696.5681, and z will be = 757551605 oß. 


Therefore . 3 + 2, or x, will be . 35. 


Article 19. This value of x is very nearly equal to, but ſtill ſomewhat leſs 
than, the truth. For, if we ſubſtitute .35 inſtead of x in the compound quan- 
tity 14,937 # — 1998 xx + 80* = „, we ſhall have xx = 1225, & = 
042, 875, and x* = ,015,006,2 5, and conſequently 14,937 x (= 14,937 X +35) 
= 5227.95, and 1998 ww (= 1998 X. 1225) = 244-7550, and 80 & (= 80 
* . 042, 875) = 3-430, and 14,937 x — 1998 xw + 80 x* — 4 (= $227.950, 
— 244-7550, + 3-430, — .015,006,25 = 5231.380, — 244.770,006,25) = 
4986.609,993,75 ; which is leſs than 5000. | 


A fecmd Proceſs of Mr. Raphſon's Method of Approximation. 


Article 20. We will therefore, in the fifth place, ſuppoſe x to be equal to 
35 + v, and ſubſtitute . 35 + wv inſtead of x in the original equation 14,937 
— I998 xx + do — * = 5000, omitting, as before, all the terms that riſe 
INE the ſimple power of v. 


Now, fince wis = ,35 + o, we ſhall have 
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xXx 2. 35 + vi? (= .1225 +2 Xx . 35 v + &) 
= . 1225 ＋ .70v + &c, 
and x* = $35 + v _ 042,875 + 3 Xx .1225wv + &c) 
= . 42, 875 +.3675v + &Cc 
and x* = 35 + dl (= .015,006,25 + 4 X . 042, 875 v + &c) 
= 015, 06, 25 + .171,500v + &c, 


and conſequently 14,937 x (= 14,937 X +35 + 9) 

= $5227.959 + 14,937 v, 
and N (= 1998 X . 1225 + .70v + &c) 
= 244.7550 + 1398.6 v + &c, 
and 80 * (= 80 X .042,875 + .3675 v + &c) 

= 3.430 + 29.400 v, 

and, conſequently, 14,937 x — 1998 xx + 80G — K* = 

5227.950 + 14,937 v 
— 244.7530 — 1398.6 v — &c = 42936, 609, 993,75, + 14,908 4000 v 


+ 3-439 + 29. 4 v + &c — 1398-7715 v 
— .,015,006,25 — .171,500 v &c 


= 4986.609,993,75 + 13567-6285 v. 


Therefore 5000 (which is = 14,937 x = 1998 xx + 8045 — *) will alſo 
be = 4986.609,993,75 + 13,567.6285 v. Therefore 13,567.6285 X v will 


be = 5000 — 4986.609,993,75, = 13-390,006,25, and v will be = 


13:390,009,2 5+ 
13,507.6285 


.000,9, Conſequently 35 T, or x,1$ .3509. 


Article 21, This value of * is ſtill ſomewhat leſs than the truth. For, if * 
is = ,3509, we ſhall have xx = .123,130,81, and * = .043,196,601,229, 
and x* = ,015,167,687,371,256,1, and conſequently 14,937 x (= 14,937 X 
3509) = 5241.3933, and 1998 x x (= 1998 X .123,130,81) = 246.015,358, 
38, and 80 * (= 80 X ,043,196,601,229) = 3.455,728,098,320 ; and conſe- 
quently 14,937 x — 1998 xx + 809 — * (= 5241.3933 — 246.015,358, 
38, + 3.455,728,098,320 — . 013, 167,687,371, 256,1 = $5244-849,028,098, 
320 — 246.030,526,067,371,256,1 „ = 4998.3 18, 502, o30, 948,743, 9; which 
is leſs than 5000, or the true value of the compound quantity 14,937 * — 1998 K 
+ 80 —-x* in the original equation. 


KP ED oe i . = ot 
_ Chao. a Cn 4 
. 
* 1 "mY - 


A third | | 


414 A convenient Method of refalving Biquadratict Equations of all kinds, 


A third Proceſs of Mr. Rapl ſon's Method of Approximation. 


Article 22. We will therefore, in the ſixth place, ſuppoſe & to be equal to 
+3509 + w, and ſubſtitute .3509 + w inſtead of * in the original equation 
14,937 *» — 1998 xx + 80 — & = 5000, omitting, as before, all the terms 
that riſe beyond the ſimple power of ww. 


Now, fince x is = 43509 + w, we ſhall have 
* * e (= . 123, 130, 81 ＋ 2 X. 3709 w + K 
= 123, 130,81 T . 7018 w + &c, 
and E = 3509 + 5 (= . 043, 196, 601, 229 + 3 X. 123, 130, 81 x &) 
= 043,196, 601,229 + +» 309,392,43 w + &c, | 
and æ = .3509 + w}* (= 015,167,687,37 1,456,7 + 4 X 043,196,601, 
| | 229, W + &c) 
= 015,167,685, 35 1,2 56,1 + 174,786,404,916, w + &c, 
and conſequently 14,937 * ( 14937 X +3599 + ®)) = 441.3933 + 
25 * 14,937 1, 


and 1998 xx (= 1998 * T23,130,81 + .7018 j +.&c) 
= 246.015, 358, 33 + 1402.1904 w + &c, | 
and 80 * (= 80 x .043,196,601,229 309,392, 43 W + &c) - 
= 3-455, 728, 099, 320 + 29.531, 394,0 W + &c, 
and 1 14,937 — 1998 xx + 80 * = x* = 


52413933 14,937 W 
— 246.015, 358,38 | 2 1402.1964 w — &c 
+ 3.455, 7 28, 098,320 4 29.557,94, 40 w + & 


* _m .015,167,087,371,250,1 — . 172,7 $0,404,916 dt 


A 4998.818,502,039948,743.9 7 + 14,966.55 1, 394.40 w + & 
N55 | — 1402 369, 186,404, 916 0 — Kc 


= 4998. $18, So, oo, gab az + 13, 564.182 gc f dag 70. 
Therefore 5000 (which is 14937 — 1998 * * + 80 * — 4 will allo 


be = 4998.818,592,030,948,743,9 + 13,564. 182, 20%, 995, 084, w. Conle- 
quently 
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quently 13, 564.182, 207, 993, o84, W will be (= 5coo — 4998.8 18, 502, ogo, 
948,743,9) = 1.181, 497, 969, 051, 256,1, and w will be ( = 


e eee 1251) = ooo, c 87, io. Therefore .3509 ＋ w, or x, will be 
13,304-1 $2,207,995 ,054, : 


= 330, 987, 10. 


Article 23. This value of x is ſomewhat greater than the truth. 
For, if we ſuppoſe x to be equal to. 350, 987, 10, or. 350, 987, 1 we ſhall 
have x x 123, 191,944, 366, 47, 
and a* = 043, 238,783, 296,527, 583, 311, 
and x* . 015, 176, 235,1 56,776,656, 536, 336, 288,1; 
and conſequently 14,937 x (= 14,937 X . 350, 987,1) = 5242. 694, 312,7 
and 1998 x» (= 1998 Xx .123,191,944,306,41,) = 249.137, 504,844,087,18, 


and go x* (= 8 x .043,238,783,296,527,583,311,) = 3.459, 102, 663,7 22, 
206,564,880; 


and conſequently 14,937 * — 1998xx + 80x37 — * (= 5242. 694,312,7 

— 246.137, 304, 844,087, 18 + 3.459, 102, 663,722, 206, 664, 880, 

— 013,176, 255, 156,776,656, 336, 336, 288,1 = 5246. 163,415, 363,722, 206, 
664,880 = 246.152, 68 1, 099, 243,0 56, 556, 536,336,288, 1) 

= $5000.000,734,204,478,2 50,008, 343,663, 11,9; which is greater than 

5000, or the true value of the compound quantity 14,937 x — 1998 xx + 

90 * — x* in the propoſed equation. 


A fourth Proceſs of Mr. Raphſon's Method of Approximation, 


Article 24. To find therefore. the value of x to a ſtill greater degree of ex- 
aCtneſs, we will ſuppoſe, in the ſeventh place, that æ is equal to. 350, 987,1 
— y, inſtead of 330, 987, 1 + , and will ſubſtitute . 350, 987,1 — y inſtead 
of x in the original equation 14,937 x — 1998 xx + 80 — * = 5000, 
omitting, as before, all the terms that riſe beyond the ſimple power of y. 


In doing this it will be convenient, in order to avoid the tedious trouble 
of copying- over the long numbers that compoſe the powers of . 350, 98 7,1, to 
put & for . 350, 987, 1, and conſequently x — y for x. 

Then we ſhall have xx (= -.) = &&k = 2ky + Kc, 

and & (= & —y})) = Þ — 3k&ky + &c, 


and 


| 
| 
' 
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and * (=k — ) = © — 4 + Kc, 
and conſequently 14,937 K = 14,937 — 14,937 Y, 
and 1998 ** = 1998 K K — 3996 & y + &c, 
and 86043 = 80 — 240kky + &c, 


and conſequently 14,937 x — 1998 * * + 80485 — * = 
14,937 k — 14,937 J] ooo. ooo, 734, 264, 47 3,250,008, 343,663, 


— 1998 kk + 3996ky | _ 711,9 
+ 805 — 240ktky [© — 14,9375 
— * + 49 + 3990 * 330, 987, 1, y 


— 240 X 123, 19 1,944, 366, 41, y 
+ 4 X . 043, 38,783, 296, 527, 383, 3110 


Cr | 5000. a4 364.478, 250,008,343,663,71 > LR. 
— 14,9379 

5 + 1402.44, 45 1, 6% N 

— 29.566, 066,64), 938, 40 

* 172,933, 133, 186, 110, 333,244, 9. 


5000. ooo, 534, 264, 478, 250, oo8, 343, 663,71 1,9, 
= — 14,906.566,066,64.7,938,40 y 
+ 1402.7 27,406, 73351 86,110, 333,244, , 


= Zooo. ooo, 734, 264, 478, 250, oo8, 343, 663,7 11, 9 
— 13, 563.8 38,6 59, 914, 752, 289, 666, 756, y. 


Therefore 5000 (which is = 14,937 # = 1998 x x + 80 — a*) will alſo be 
= 5000. 000,7 34,264, 478, 230, oo8, 343.663, 711,9 
— 13, 563.838, 659,9 14,752,289, 666,756, ; 
and 5000 + 13, 563.8 38,659, 914,7 52, 289, 666, 756, will be = 
\ 5$000,000,7 34,204,478,2 50,008,343,663,711,9 3 


and conſequently 13,563.838,659,914,752,289,666,7 56 y will be = 


.000,734,204,478, 250,008,343,063,711,9, and 7 will 15 
000, 7 34.264,47 8,2 50,003, 343,663, 71 — 2 | | 
1359 3-838,659,914,752,289,606,7560 
-000,000,054,133,97. Therefore . 350, 98 7,1 — , or x, will be ( = 
350,987, 1 — .000,000,054,133,97) = +350,987,045,866,03; which, if no 
error has been made in the calculation, muſt be true in all the figures, except 
the laſt, Therefore the firſt, or leaſt, root of the biquadratick equation 14,937 * 


— 1998 xx + 808 — * = * will be = o. 350, 987, o45, 866, o. 
Q. E. I. 


Article 25. 
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Article 25. Dr. Wallis, who does not carry the computation of this root of 
the propoſed equation quite ſo far, has made it equal to .350,987,046, which 
is as near to .350,987,045,866,03 as can be expreſſed in nine places of figures, 


The Reduction of this Equation 14,937 x — 1998 * x 
+ 8045 — * = 5000, from à Biquadratick to a 
Cubick Equation, by means of the Value of the firſt, ar 
leaſt, Rot, which is now known, 


Article 26. Having thus found one of the roots of the biquadratick equa- 
tion 14.937 * — 1998 xx + 80 * — x* = 5000, we may reduce it to a cubick * 
equation that ſhall involve all the other roots of it. This may be done in the 


following manner. 


Let d be put for .350,987,045,866,043, or the root of the propoſed equation 
already diſcovered, which is evidently the leaſt root of it. Then will 14,937 4 
— 1998 dd + 804 — 4 be = 5000; and conſequently, if the equation 
14,937 x — 1998 xx + 80 — * = 5000 has any other roots beſides 4, and 
x be ſuppoſed to repreſent any one of thoſe roots, we ſhall have 14,937 4 — 


1998 4d + 80 d — & = 14,937 x — 1998xx + 8047 — K. 


Add 1998 xx + „ to both fides; and we ſhall then have 14,937 4 + 
1998 xx — 1998 dd + 86043 + * — &# = 14,937 x + 80. 


Bur, ſince d is lefs than x, the binomial quantity 14,937 4 + 80 4? will be 
leſs than the binomial quantity 14,937 * + 80 a®, and conlequently than the 
other fide of the laſt equation, and therefore may be ſubtracted from both ſides, 


Let them be ſo ſubtracted ; and we ſhall then have 1998 x x — 1998 4d + 
x* — d* = 14,937 K — 14,937 4 + 80 — 80 &, or (ranging the terms ac- 
cording to the rank of their powers,) x* — d + 1998 xx — 1998 4d = 80 
— 804 + 14,937 x — 14,937d; that is, „ — d* + 1998 X X = dd will 
be = 860 X © — & + 14,937 K x d. But & — d,  — @, and xx — 
dd are, all of them, diviſible without a remainder by the binomial quantity 
x —- 4, Let them be ſo divided; and we ſhall then have a5 + dxx + ddx 
+# + 1998 Xx x + 4d = $0 Xx xx + ds + dd + 14,937, or + dex 
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+ dds + & + 1998 x + 1998 d = go Xx + 80dx + 80 dd + 14,937. 
Subtract 80 X + 8odx from both ſides ; and we-ſhall have 
a* ＋ dæ + dds + d | 
— 80 xx — 80d x | = 80 dd + 14,937. 
+ 1998 x +1993 4 


Laſtly, ſince 19984d + & are leſs than 14,937 4 + 8045, it is evident 
that 1998 4 + 49 muſt be leſs than 80 dd + 14,937, and therefore may be 
ſubtracted from both ſides of the equation. Let them be fo {ubtracted ; and we 
mall then have 


x* + dzx + dd x | 
— 80xx —- 80dx- 8 14,937 + 80 4d — 4, — 1998 4, 
+ 1998 x 
which is a cubick equation whoſe roots are the remaining values of x in the 
original biquadratick equation 14,937 x — 1998 xx + 80x* — 4 = 5000, 
or the remaining roots of the ſaid biquadratick equation, We muſt therefore 
now endeavour to find the roots of this cubick equation. 


Article 27. Now, in order to avoid the labour of computing the values of 4d 
and ds, upon a ſuppoſition that 4 is equal to the long decimal fraction. 350, 98), 
 045,866,03, we will ſuppoſe 4 to be equal only to .3509, whole powers we 
have already had occaſion to compute above in Art. 21. By this means we 
ſhall obtain the roots of the foregoing cubick equation, or the remaining values 
of x in the original biquadratick equation, exact to about three places of figures, 
after which it will be eaſy to inveſtigate them to a greater number of figures by 
the ſame method of approximation as has been already made uſe of to dil- 
cover the value of 4. 


Now, if we take 4 = .3509, we ſhall have 4d = .123,130,81, and & = 
.043,196,601,229, Conſequently 80 d will be (= 80 X .3509) = 28.0720, 
and 80 dd will be (= 80 Xx .123,130,81) = 9.8 50, 464, 80, 

and 1998 4 will be (= 1998 X . 3509) = 701.0982. 
Therefore 80 — du will be = 80 — .35929 = 79.6491, 
and 1998 + dd — 80d will be (= 1998 + .123,130,81 — 28.0720 
= 1999.12 3,130,81 — 28.0720) 
| ＋ 1970.05 1, 130, 81, 
and 14,937 + 804d — 4 — 1958 d will be (= 14,937 
+ 9.850, 464, 80 — .043,196,601,229 — 701.0982 


= 14,946.850,404,80 — 701. 141, 396, 601,229) = 
| 14.245, 
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14,245.709,068,198,771. Therefore the cubick equation 


| 4 tia 
E = fon, = Nj Re 
+ 1998 # — 4 — 1998 4 


will become x* — 79.6491 + 1970. 051,130, 81, x = 
14,245.709,068,198,771 ; which is a cubick equa- 


tion properly prepared for reſolution. 


Of the Number of Roots in the Cubick Equation juſt obtained. 


Article 28. Let p be put for 79.6491, and q for 1970.05 1, 130, 8 f, andr for 
14,245. 709, o68, 198,771. Then will pp be = 6343.979,130,81; and 25 will be 


= 2114.69, 710, 27; and = be = 1535.994,782,70; and 3q be = 5910. 
153,392,43; and pp = 3q be = 433-825,738,38; and 2pp — 6q be = 
867.65 1, 476,76; and V pp - 3 will be = 20.8284; and 2pp — 67 x 
v pp — 39 will be ( = 867.651, 476,76 Xx 20.8284) = 18,071.792,018, 


2 — 69 . _ 18071.792,018,547,98 
$47,984 ; and . 2 will be (= 2 = 2 — = 


669.325, 630, 316, 592; and pq will be (= 79.6491 Xx 1970.05 1, 130,81) = 
155,762.799,522,998,771; and 24 will be = 51,920 933, 174, 332,923; and 


Ty will be (= a) = 26.5497 ; and — will be (= 26.5497) > 


3 . 
704.886, 570, og; and 2 will be (= 26.5497”) = 18, 714.526, 969,9 18,4733 


and 55 will be = 37,429.05 3,939, 836,946; and 24 — 2 will be ( 
51,920.93 3, 174,33 2,923, — 37,429. 053,939,836, 946,) = 14,49 1.879, 234, 
495,977; and 21 =_ 2 — ——.— Lin be ( = 14,491. 
579,234, 495,977, — 669.325,030,316,592,) = 13,822. 553,604, 179,385. 


Article 29. It appears therefore that 3, or 1970.0 51,130, 81, is leſs than A, 
42 or 
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or 2114.659,710,27, but greater than 2. or 1585. 994,782, 70; and that x; 


or 14,245. 709, 68, 198,771, is greater than * — 2 — 22 TL 
or 13,822.553,604,179,385, but leſs than rn or 14, 491.879, 234, 


495,977. Therefore the equation x* = 79.649 ff + 1970.051,130,81 x 
= 14,245.709,068,198,771, comes under the eleventh caſe of the equation 
* — Pax + qu = r ſet down in the 16th chapter of the Diſſertation on the 
ule of the negative ſign in Algebra, Art. 249, page 210, and conſequently has 


three roots; of which the leaſt is leſs than L<L - tor —— — 


or 8 „ or 19.6069, and, d fortiori, leſs than 2 (or =, ol 


26.5497, and therefore may be ſuppoſed to be equal to 2 5, and the other 


two are greater than — or 26.5497, and therefore may be ſuppoſed to be 


equal to 5 + Y. 


The Inveſtigation of the leaſt of the three Roots of the foregoing 
Cubick Equation x* — 79.6491 xx + 1970. 051, 130, 8 1 * 
= 14.245,709,068,198,771. 


Article 30. In order therefore to find the leaſt of theſe three roots, let x be 


* 


put 2 —5. Then will xx be = EE + yy, and x* (= 27 —3 
* NXT ANGELES 275 V, and conſe- 
quently P x will be = —_— —_ + p3y; and qx will be = 2 — . 


— 222. + pyy = 7 — i + 
8 Y ATA 


Therefore * —pxx + gx will * (= 


EL py +3 =9= 


2 3 
43 
gy) = ==> —93 = — Therefore LL — 775 — 5 + 


22. 
E 
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25 — will be = r; and conſequently, adding y* + gy to both ſides, 


2 + 2 — =2— will be = £ + © + 9qy; and, ſubtracting r from both 
des, £22 + N — _ — r will be = „ + gy; and, laſtly, ſubtracting 


L2Y. ( which is evidently leſs than 2 5 = together with the excels of * — 
3 


above r, or than IA + * — — : x, and conſequently than the 


other ſide of the equation, from both ſides, * — 2 — x will be 2 


#88 " FOR | ., —= 21 ERS 
+ 79 * p 9) „ will be = - 75 ; 


that is, in numbers, 35 — 114.659, 710, 27 — 1970.05 1, 030, 8 i] x y will 
be = 14, 491.879, 234,495,977, — 14,245. 709, 068, 198,771, or 3* — 144. 
608,579, 46, y will be = 246. 170, 166, 297, 206; which is a binomial cubick 
equation properly prepared for reſolution, and which (as the ſquare of the un- 
known quantity is wanting in it,) is capable of being reſolved either by 
Cardan's ſecond rule, or by the triſection of a circular arc. 


Article 31. In order to determine whether this cubick equation y* — 144. 
608, 579,46 K y = 246.170,166,297,206 does, or does not, come under Car- 
dan's ſecond rule, we will put c = 144.608,579,46, and 4 = 246.170,166,297, 
206 ; and we ſhall then have ® = cy d. 


Since c is = 144.608,579,46, we ſhall have Vc = 12.0253, and e Wi = 
144.608,579,46 X 12,0253 = 1478.606,150,580,338; and 2c © = 2957. 


: S _ 2cy/c___ _ _2957-332,301,160,676 __ 
2c e 


569.138,86. Therefore d, or 246.170, 166, 297, 206, is leſs than 1 and 


conſequently this equation y* — cy d does not come under Cardan's ſecond 
rule, but it's root will be equal to the ſum of the two roots of the oppoſite 
equation cy - = d, of which the roots may be found by the triſection 
of a circular arc. The roots of this latter equation cy — P = d, or 

144.608, 
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144 608,579,46 K y — * = 246.110,166,297,206, muſt therefore now be 
ſought, 


Article 32. Theſe latter roots are equal to the chords of two circular arches 


which are the third parts of the two arches whereof — is the common chord, 


in a circle whoſe radius is 2. Now, ſince c is 144.608, 579, 46, and 4 


3 
is = 246. 170, 166,297, 206, we ſhall have 3 738.5 10, 498,891,618, 
34 — 238.510, 408,891,618 144.608.579.460 — 
8 98 144-608,57946 8 1 >= 3 8 


202, 8 59, 82; and Ry = * — = 48.202, 8 59, 82 = 6.9428. Say there- 


fore, as the radius 2 or 6.9428, is to the chord 2, or 5. 10696, ſo is 


10, ooo, the tabular radius, to a fourth proportional; and that fourth propor- 


tional will be the tabular chord of the ſame arch, or it's chord in a circle whoſe 
5.10696 * 15000 


radius is called 10,0. Therefore this tabular chord is = Cn 


— 7355.76. Tberefore — — 7 , or 3677.88, is the tabular fine of half the 


leſſer of the two arches FAY common chard is 7355.76. But 3677.88 ap- 
pears by the tables of ſines to be the ſine of an arch of 21 degrees and 33 
minutes. Therefore the leſſer of the two circular arches of which 73 58.76 is 


the common chord in a circle whoſe radius is 10,000, is = 2 X 21. 357, or 


43% 107%; and conſequently the greater of thoſe arches is 360%? — 43, 10', or 


316 500. Therefore the third part of the leſſer of thoſe arches is 145, 2;'; 
and the third part of the greater of them is 10557 36%. And the halves of 
theſe laſt arches are 7, 11, and g2*, 48, of which the tabular fines are 1250, 
446, and 7965.299. Therefore 2 x 1250.446 and 2. X 7965.299, that is, 
2500.892 and 15930.598 are the tabular chords of the third parts of the two 
arches whoſe common chord is 7335. 76; and conſequently 2500.892 x 


— and 15930.598 X — . — ——, or o. 2 50, 89,2 X 6.9428 and 1.593, 059,8 
X 6.9428, that is, 1.7 e * 11.060, 296 are the chords of the third 


| . 3d : 
parts of the two arches whoſe common chord is 2, or 5.106,96, in the circle 
whole 
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whoſe radius is _ or 6.9428. Therefore 1.736,319 and 11 060, 295 are 


the two roots of the equation cy — Y = d, or 144.608, 579, 46% — 39 = 
246.170,166,297,206 z and their ſum 12.796, 614, is the root of the oppoſite 
equation - cy , or y — 144-608, 579, 40 y = 246.170,166,297,206, 
which was to be found, 


Article 33. This value of y in the equation 3˙ — 144.608,579,46y = 
246.170, 166,297, 206, is ſomewhat leſs than the truth. For even 12.8, which 
is greater than 12.796, 614, is ſomewhat leſs than the true value of y in that 
equation, as will appear by trying it as follows. Let y be ſuppoſed to be 
equal to 12.8, Then we ſhall have yy = 163.84, and y* = 2097.152, and 
144.608, 579, 465 ( = 144.608, 579,46 Xx 12.8) = 1850 989, 817,88; and 
conſequently © — 144.608, 579, 46% (= 2097. 15 2, ooo, ooo — 1850. 989, 87, 
o88,) = 246.162, 182,912; which is ſomewhat leſs than 246. 170, 297, 206, 
or the true value of the compound quantity 3 — 144.608, 579, 46% in the 
foregoing equation. Therefore 12.8, and, à fortiori, 12.796, 614, is leſs than 
the true value of y in that equation. 


The firſt near Value of the leaſt Root of the Cubic Equation 
* — 79.6491xx + 1970.05 1, 130, 8 1 X * = 
14, 245. 709, 968,198,771, or of the leaſt Root but one, 
or ſecond Root, of the Biquadratick Equation 14, 937 
— 1998 xx + 80x* — x* = 5000, 


Article 34. It follows. therefore that TR 12.8, or 26.5497 — 12.8, that 
is, 13.7497, is greater than the true value of the leaſt root of the cubick equa» 
tion * — 79.6491 xx + 1970.051,130,81 x = 14,245.709,068,198,771, or 
of the leaſt root but one of the original biquadratick equation 14,937 # — 
1998 K* + 80 * — x* = 5000, 


A Proof 


— = anne 0025» Ty : — 


— * — — 
= * RD 3 1 


4 
| 
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A Proof that the ſaid firſt near Value of the ſecond 
Root of the Biquadratick Equation 14,937 x — 1998 4 * 
+ 804® — x* = 5000 is greater than the truth, 


Article 35. That this value of æ in the aforeſaid biquadratick equation is 
greater than the truth, may be ſhewn allo in the following manner. 


Let x be ſuppoſed to be = 13.7. Then we ſhall] have xx = 187.69, and 
* = 25714353, and * = 35,227.5361; and conſequently 14,937 x ( 
14,937 X 13.7) = 204, 636.9, and 1998 xx (= 1998 X 187.69) = 375, 
004.62, and 80 * (= 80 X 2571.353) = 203, 708.240; and conſequently 
14,937 x 1998 xx + 80x* — * (= 204,636.9 — 375,004.62 + 205,708, 
240 — 35,227.5361 = 410,345.1400 — 410,232.1561) = 112.9839, which 
is much leſs than 5000, or the true value of the compound quantity 14,937 x — 


1998 xx + 8045 — * in the original biquadratick equation 14,937 x — 


1998 xx + 8043 — x* = 5000.. Therefore 13.7 is not the exact value of 
the ſaid root of that equation. But, whether it is greater or leſs than that 
root, does not as yet appear. This we will therefore now proceed to en— 


quire. 


Article 36. We have ſeen, above, in Art. 15, that when x is = 1, 
the compound quantity 14,937 # = Ig98xx + 80 — x* is = 13,018. 
And it has juſt now appeared, upon trial, that, when x is = 13.7, the ſame 
compound quantity 1s equal to 112.9839. It follows therefore that, while x 
increaſes from 1 to 13.7, the compound quantity 14,937 x — 1998 xx + 
80x* = x* will decreaſe from 13,018 to 112.9839. Conſequently there will 
be a point of time during the increaſe of x from 1 to 13.7 at which that quan- 
tity will be equal to 5000, or, in other words, there will be a certain val e of 
x, greater than 1, and leſs than 13.7, which, being ſubſtituted inſtead of æ in 
the quantity 14,937 * — 1998 xx + 80 * — , will make it equal to gogo; 
that is, one of the roots of the biquadratick equation 14,937 x — 1998 x x 4- x* 


= x* = 5000 will be greater than 1 and leſs than 13.7. 


A further 
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A further Approach to the Falue cf the ſecond Root, 
er leaſt Reot but ove of the Biquadratice Equation 
14,937 x — 1998 xx -+ 804% — af = 50co, by a 
Proceſs of Mr. Raphſoi's Methed of Approximation, 


Article 37. In order therefore to find this value of x more exactly, let us 
ſuppoſe it to be equal to 13.7 — z. Then we ſhall have 
x x = 13-7 — N (= 187.69 — 2 Xx 13.72 + &c) 
= 187.69 — 27.42 + &c, 
and a8 = 13.7 — 2} (= 2571.353 — 3 X 187.69 X 2 + &c) 
= 2571.353 — 563.07 X 2 + &c, 
and 4 = 13.7 — 2 (= 35,227.5361 — 4 X2571.353 X 2 +&c) 
| = 35,227.5301 — 10,285.412 x 2 + &c; 
and 14,937 x (= 14,937 X 13.7 —2) = 204,036.9 — 14,937 2; 
and 1998 ws (= 1998 X 187.69 — 27.42 + &c) 
= 375,004.02 — 54,545.23 + &c; 
and 80 (= 80 X 2571.353 — 503.07 2 + &c}) 
= 205, 708.240 — 45,045.602 + &Cz 


and conſequently 14,937 * — 1998 K* + 803% — 4K —= 


0 204, 636.9 — 1449372 
— 375,004.02 + 54,745. X 2 — QC 
+ 205,708.240 — 45,045.60 X 2 + &c 
— 35,:27.5301 + 10,285.412 K 2 — &C 


— 112.9839 — 59,982. 602 + 65, 30.612 K 2 — & 


— 


= 112.9859 ＋ 5048. 01 Xx z — &c. Therefore 5000 ( which is = 
14,937 * — 1998 xXx + 80 * — .,) will alſo be = 112.9839 + £c048.012 
Xx z == &C; and conſequently 3048.01 X 2 will be = 5000 — 112.9839 


45887,0161 


of 
— — wa * 9. 
5048.02 9 


= 4887.0161 ; and z will be = 


Therefore 13,7 — 2, or x, will be (= 13.7 — .96) = 12,74. 
Vor. VI, 31 Article 38. 
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Article 38. This value of x is ſomewhat leſs than it's true value. For, if 
we ſuppoſe x to be equal to 12.74, we ſhall have xx = 162.3076, and a5 = 
2067.798,824, and y* = 26,343.757,917,76 ; and conſequently 14,937 x (= 
14,937 X 12.74) = 199,297.38, and 1998 xx (= 1998 X 162.3076) = 
324,290. 5848, and 80 x* (= 80 X. 2067.798,824) = 163, 423.905, 920; and 
14,937 x — 1998 K * + 80x} — x will be (= 190,297.38 — 324, 290.5848, 
+ 165,423.905,920 — 20,343.757,017,70 = 355,721.28, 920 — 350,034. 
341,817,760) = 5086.944, 102,24; which is greater than 5000, or the true 
value of the compound quantity 14,937 x — 1998 x» + 8045 — a“ in the 
propoſed biquadratick equation. Therefore 12.74 is Jeſs than the true value 
of x in that equation. 


A further Approach to the Value of the ſaid ſecond Roct, 
by a ſecond Proceſs of Mr. Raphjon's Method of Ap 
proximation, 


Article 39. Let us therefore, in the next place, ſuppoſe xy to be equa! to 
12.74 + v. 


Then we ſhall have x x = 12.74 + »} 
(= 12.74* + 2 K 12.74 X v + &) 
= 162.3076 + 25.48 x v + &c, 
and 12.746 + 3 * 12.740 X v + &c 
= 2067.798,824 + 3 x 162.3076 X v + &c) 
= 2007.798,824 + 486.9228 X v + &c, 
and af = 12.74* + 4 X 12.74% X v + &c 
(= 20,343-757,017,76 + 4 & 2067.793,324 & v + &c) 
= 26, 343.757, 17,76 + $271.195,296, & v + &c; 
and 14,937 * (= 14,937 X 12.74 + v) = 190,299.38 + 14,937 v, 
and 1998 x x (= 1998 x [162.3076 + 25.48 v + &c) 
= 324,290.5848 + 50,909.04 v + &c, 
and 80 * (= 80 x [2067.798,824 + 486.9228 X v + &c) 
S 165,423.905,920 + 38,953.8240 K v + Kc, 
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and conſequently 14,937 x — 1998 xx + 8047 — * = 


190, 297.38 + 14,937 v | 
— 224,290. 5848 — $0,909.04 X v & c 
+ 165, 423.905, 920 + 38,953-$240 X v & ſ * 


— 26, 343.757,017,76 — 8271.195,296, X v — & c 


5 5086. 944, 102,24, + 33,890.98 240 K v + &c 
ot — 59, 130.235, 296 K v — & 


— ——— — 


= 5086.944, 102,24 — 5289.411296 X — &C. 


* — — > 


— 22 — — 2. r 
2. 6 —2— wy AC * * 
= T7 77 — 
© DDE US ä —— —_— — — — - = 


— — 


Therefore 5000 (which is = 14,937 K 1998 u + 80 — „,) will alto 
be = 5086.944,102,24 — 5289.411,296, K v — &c; and conſequently 
5000 + 5289.411,296, & v will be = 3086.944, 102, 24 — &c ; and 5289. 
411,296 X v will be = 86.944,102,24 — &c; and conſequently v will be = 


— — 
ES 
— 


"I 


- 2 
— ——— — . — 


a — 
» A — 
_=y > 
2 2 
= * 1 


86.944, 102,24 6 I ; 
„ . erctor . v, or x, will be = 12. 
5289,411,290 gee. Therefore 12 74 ＋ , b 2.74 + 


0164, or 12.7564. 


Article 40. This valve of x is lefs than the truth. For, if we ſuppoſe » 
to be equal to 12.7564, we ſhall have x x = 162.72 5, 740, 96, and a* = 2075. 
794,041,982,144, and x* = 26, 479.666, 770, 98 1,021, 721,6; 
and conſequently 14,937 * ( 14,937 X 12.7564) = 190, 642.3468; 
and 1998 xx (= 1998 X 162.725,740,96,) = 323, 126.030, 438,08; 
and 80 x3 ( 80 X 2075.794,041,982,144,) = 166,063.571,358,571,520. 
Therefore the compound quantity 14,937 # — 1998 xx + 80 — x will 
be ( 190, 542.3468 — 325, 126.030, 438,08 + 166,063.571,358,571,520, 
— 26, 479.666,70, 981,021, 721,6 356, 605.918, 158,71, 520, — 351,605. 
697,209, 06 1,02 1,721, 6,) = 5ooo. 220, 949, 5 10, 498, 278, 4; which is greater 
than 5000, Conſequently 12.7564 is leſs than the true value of x. 


« 


31 © A further 
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A further Approach to the Value of the ſaid ſecond Rost, 
by a third Proceſs of Mr. Raphſon's Method of Ap- 
proximation. 
Article 41. Let us therefore, in the next place, ſuppoſe x to be equal to 


12.7564 + w. And, to avoid the repetition of long numbers, let & be ſup. 


poſed equal to 12.7564. 


Then we ſhall havex = & + , and 
conſequently xx = # + w}* (= Þ + 214% + &c, 
= KK + 2 X 12.7564 & w + &c.) 
= KR* + 25.5128 x w + &c, 
and a =F + w\® (= ＋ 3 w + &c 
= + 3 x 162.725,740,96 X w + &) 
= k* + 488.177,222,88 X W + we, 
and = I + w (= © + 4ÞPw + &c 
= H + 4 x 2075.794,641,982,144, X « + &c) 
= A + 8303. 178, 67,928, 576, X w + &c; 
and conſequently 14,937 x 14,9374 + 14,937 , 
and 1998 xx (= 1998 x #* + 25.5128 Xx ww + &c) 
= 1998 K + 50,974.5744 w + &c, 
and 80 * (= 80 K Þ + 488.177,222,88 x w + &c,) 
= 80 * + 39,054-177,830,40 X w + &c; 


and conſequently 14,937 x — 1998xx + 80 — 4 = 


\ 


14,937 * + 14,937 9 | 


— 1998 K — 50, 974.5744 — & 
+ 808 + 39,054: I77,830,40 Xx w + &c 
— * — 8,303. 178, 50,928,576, X w — & } 
= $5000.220,949,510,498,278,4 
+ 53,991.17), 830, 40 Xx w + &c 
246 59,277-752,967,928,576, * WW — &c 
= 5000.220,949,510,498,278,4 — $5286.575,137,526,576, % — &c. 
Therefore 
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Therefore 5009(which is=14,937x - 1998 xx + 804% =) will alſo be = 5000. 
220,949,510,498,278,4, = 5286.575,137,528,576,w — &c; and conſequently 
5000 + 5286.575,137,528,576, w will be = 5000.220,949,510,4989,278,4 ; 
and, (ſubtracting 3000 from both ſides,) 52 86.573, 137,528, 576, X will be = 
o. 2 20, 949, 510, 498,278, 
5280.575575 28,570, 
= . oo, o41, 794, 4, and conſequently 12. 7564 + , or x, will be = 12.756, 
441,794, 4; which agrees with the values of x found by Dr. Wallis, Mr. 
Raphſon, and Dr. Halley, (who have, all of them, reſolved this equation, 
and therefore may be concluded to be exact in all it's figures. 


Q. E. I, 


Article 42. The value of * aſſigned by Dr. Wallis is 12.7 56, 441,794,462, 
744; that of Mr. Raphſon is 12.756,441,794,481,11 ; and that aſſigned by 


Dr. Halley is 12.7 56, 441, 794, 480, 744. 02. 


o. 220, 949,5 10, 498, 278,4. Therefore w will be = 


A Proof that the laſt near Value of the ſaid ſecond 
Root of the Equation 14,937 * — 1998 xx + 
GO x* — x* = 5coo is exadt in all it's Figures. 


Article 43. It remains that we ſhew that the number 12.756,441,794, is 
exact in all it's figures. And for this purpoſe it will be neceflary to reſume 
the conſideration of the transformed equation reſulting from the ſuppoſition 
that x was equal to 12.7564 + , or & + , and to inquire into the magni- 
tude of thoſe of it's terms which involve the ſquare, cube, and fourth power 


of w. 


Article 44. Now, if x is = & + , we ſhall have 
ax = kk + 2kw + ww, 
and & =ÞB + 3E T 34 -x wu, 
and * = &# + 4 T 6bkkww 1 41409 ＋ u; 
and conſequently 14,937 x = 14,937 K + 14,937 w, 
and 1998 xx (= 1998 kk + 2 x 1998 kw + 1998 wi47) 
= 1998 K + 3996 kw + 1998 w ww, 
and 80 * (= 8045 + 3 x 80kkw + 3 x804ww + 8049) 
= 80#* + 240 kkw + 240 kww + 80 w, 
Therefore 
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Therefore 14,937 x = 1998 ** + 804% — xt is =, 


14,937 E + 14,937 w | ? 
— 1998 kk — 3996 k w — 1998 ww 
+ 802 + 240kkw + 240 kww + 80 ww 
— 4 — 46 — G6kkww - 44 — 20 \ 


But we have already ſeen that 14,937 + — 1998 kk + 80 — His = 
5000.220,949,510,498,278,4, and that 3996 + 4 — 240 kk — 14,937 is 


= 5286.57 5, 137,528,376, when E is ſuppoſed to be = 12.7364. There- 
fore 14,937 * — 1998 xx + 80 — * will, upon this ſuppoſition, be = 
5000.220,949,510,498,278,4 — $2806.575,137,528,570 w 
— 1998 W ww 
+ 240ktww + 80 50 
— G6kkww=—- 44 — wv, 
But 14,937 » — 1998 xx + 80 — 4 is = 5000. Therefore 5000 will 
alſo be = 5000.220,949,510,498,2 78,4 
— 1998 * W 
— 5286. 575, 137,528,576 20 + 240kww + 80 90 
— GCkkww=— 4kw — 22“. 
Therefore 3000 + 5286.5 75, 137,828, 576, ww will be = 
5000. 220,949, 5 10, 498, 278,4, — 1998 ww 
+ 240 kw w + 80 w8 
— G6kkww — 4 kw — wh; 
and conſequently (ſubtracting 5000 from both ſides) 
5286.575,137,528,576, ww will be = ,220,949,510,498,278,4 
— 1998 W 7 
+ 240kww + 80 w? 
— G6Ckkww-— 4k 0 — “; 
220, 949, 5 10, 498, 278,4 3 240 þ wv av 28 
5286.57, 137,528,576 3286.575,137,5 28,770 
[64k + 10981 x 70 30 v 15 4 
5286.57 5, 137,528,576 5286.57 5, 137,528,576 5286. 575, 137,528,576 
20 2 240 k wo wv (6k k+ 1998) * av WW 
5280.575175. © 541,794,435 1,935, T 86. Kc Tab: &e 
4 _Bow3 4k ⁰ <4 
528 C. & c 5286, & 8 5286, KC 


and to will be accurately equal to 


We muſt therefore inquire in the firſt 


place, 
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place, whether this whole ſet of terms, which exprefles the accurate value of 
de, is greater or leſs than it's firſt term, or the number . oo, 041,794, 451,933, 2, 
and, ſecondly, in what place of figures it may happen that the firſt figure of 
240 ww od (GH +1999) x Le, 
5280. &c en &c 
ſhall enter, and what is the greateſt poſſible magnitude of ſuch firſt figure. 
For, when this is aſcertained, we need only add, or ſubtract, the figure fo 
found to, or from, the number .000,041,794,451,935,2, and all the figures of 
that number which remain unaltered, after ſuch addition or ſubtraction, may 
be concluded to be exact. 


tae difference of the ſecond and third terms, 


Article 45. Now, fince & is = 12.7564, we ſhall have K = 162.725,740, 
96. Therefore 240k is (= 240 X 12.7564) = 3061.5360; and 6&& is 
(= 6 X 162.725,740,96) = 976.3 54, 445,76; and 6 && + 1998 is (= 976. 
3541445,76 + 1998) = 2974.3544445,70; which is leſs than 3061. 5360. 
Therefore 240 & is greater than 6 k k + 1998. 


And ſince do is leſs than 1, . will be leſs than ww, Conſequently 4k u 
+ w* will be leſs than 4 * w* + &:?, or than 4 X 12.7564 x ww + 8, or 
51.0256 u + 223, or 52.02 56 . But 52.0250 w3 is leſs than 80 ww, There. 
fore, a fortiori, 4 K w* + <w* will be leſs than 80 we. 


_240tww_ d F Togs) x ww 
Therefore . 000, 41,794, 43 1,9355 + E  ——c-—- 


80 qy3 4k 203 204 ; 
R ge vmEy — — the accurate va | 
5286. Tc 5286, Kc 5286.&c? or the accurate value of w, is greater than 


.000,041,794,451,935,2, or it's near value; which was the firſt thing we were 
to determine, 


Article 46. In the next place we are to inquire in what place of figures the 


otw aw 161 1998) X Wa 80 23 
h 2 — ——— 
igheſt figure of the quantity - =. r 


— — — —= (which is to be added to .000,041,794,451,935,2, 
in order to expreſs the accurate value of w,) may poſſibly enter. Now, this 


may be determined in the following manner, 


Article 47, Let m be put = 240k — 64k — 1998, and n = 80 - 4. 
And 
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mM % Ty 


And we ſhall have w accurately equal to. ooo, o41, 794, 451,93 5,2 + 8 7256. Kc 


3 20 
+ Jide. Ke Cc of which it is evident the third and fourth terms, 


which involve w s and ud, will be much leſs than the ſecond term r 


56286, & ? 


and conſequently their 8 figures will enter in much lower places than the 


higheſt figure of —- 5 72 =, We therefore need only determine in what place 


of figures the higheſt figure of —— * may poſſibly enter. Now, ſince 
240k is 3061. 5360, and 611 + 1998 is = 2974. 354,445, 76, we ſhall 
have 240k — 6 kk — 1998 = 306.5360 — 2974.354,445,76 = 87.181, 


554,24, that is, m will be = 87. 181, 554, 24. Therefore 22 2 5 


D But, ſince w is equal to. ooo, o4 1,94, 431,935, 2, together 


m c Bw n t 


; 2 
with the quantity, — 3 ( which involves the 


ſquare, cube, and fourth. power of ww, and eee will be leſs than 


win a very great proportion, fo as to enter in a place of decimal figures 
many places lower than the firſt figure of the value of w, or of it's 
firſt and principal member, ,000,041,794,451,935,2,) we may ſafely con- 
clude that it is leſs than . 00, 42. Conſequently w w will be leſs than 


—— 


500,042 %, or. oo, oo, 01, 764, and m ww will be leſs than m X .000,000, 


001,764, or 87.18 1,554, 24 X . ooo, ooo, oo1, 764, and, 2 fortiori, leſs than 
87.182 „ . oco, ooo, oo 1, 764, or than . ooo, ooo, 153, 789,48. Therefore 


m cu tu ooo, ooo, 153,789,045, 
— will be leſs than ——— 
" 5226. Kc will tels 1 & 


or. ooo, ooo, ooo, a9. There- 


fore the two higheſt figures of — 3 cannot be greater than 29 in the eleventh 


and twelfth places of decimal fractions, and conſequently cannot, by then ad- 
dition to the number ooo, 41, 794, 451, 935,2, or the fiiſt member of the ac- 
curate. value of , make it greater than .0C0,041,794,45 I,935,2 + . ooo, ooo, 
000,029, or ooo, 41,794, 480, 935, 2, or alter the firſt fix ſignificant figures of 
it, to wit, .000,041,794,4. Therefore thoſe figures may be concluded to be 
exact, Therefore 12.7 56, 441, 794, 4 is the true value of & + w, or 12.7564 
+ w, or &, as far as it can be expreſſed by twelve figures. Q. E. D. 

An 
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An eaſy Mecthed of obtaining the Value of the ſaid ſecond 
Not of the Equitic 14,937 » — 1998 ax + 80437 — 
* = 5000 exa#? to three or four more Figures than 
in tbe laſt near Value of it, 12.7 56,441,7944, with- 
cut a new Proceſs of Mr. Raphbſon's Method if Approvi- 
mation, 


Article 48, If we are deſirous of finding the value of x to a ſtill greater 
degree of exactneſs, it may be done, without raiting the powers of the long 
m X WW 
5280.55, 137.528,53 70, 
to four or five places of figures, upon a ſuppoſition that w is equal ro .o00, 
041,794,4, than which we know it to be ſomewhat greater. For, it this be 
done, the 1eſult will be the true value of wv in all the figures preceeding that 


1 4k) x w3 
5286. c would 


number 12.7 56, 441,794, 4, by computing the expreſſion 


place of figures in which the firſt figure of I. Ke or 


enter. 


Now, if ww be ſuppoſed = . ooo, o41, 794, 4, we ſhall have ww = . ooo, ooo, 


001, 746, 77 1, 871, 36, and m w, or 87 181, 554, 24 X W4 = ,000,000,1 52, 
8281,54. 4 X 09 b 
5280.5 75,137,528, 576 


= Oodo, ooo, ooo, oz28, 806, 2. Therefore ww 


286,286,647, 878, 142, 566,4, and conſequently 
ooo, ooo, 162, 286,2 80,647. 78, 142, 566,4 
5256.5" 5,1 37,525,570 
is = ,000,041,794,451,935,2 ++000,000,000,028,806,2 =. ooo, o4 1.794, 480, 
741,4, and 12.7564 + , or x, is 12.756, 441,794, 480, 41,4; which agrees 
with Dr. Halley's number in the firſt ſixteen figures, 12.750, 441,794, 480, 74, 
and differs from it only in the two laſt figures, which are 14 inſtead of 40. 


The Inveſtigation of the third and fourth Roots, or the 
Iwo greater Reots, of the Biquadretice Equation 
14,937 # — 1998 xx + 80 — x* = 5000s, 


Article 49. Having thus found two of the roots of the biquadratick equa- 


tion 14, 937 * — 1998 K* + 80 * - = 5000 to be. 350,987, 045, 866, oz 
Vol. VI. | 3 K an 1 
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and 12.756,441,794,480,74, we may find the remaining roots by the reſolu— 
tion of a quadratick equation. But, as the doing this to the fame degree of 
exactneſs as we have aſſigned the two roots already found, namely, io the 
fourteenth place of decimal (rations, would require the raiſing the powers of 
the long numbers that expreſs thoſe roots, which would be exceedingly treuble. 
ſome, I think it will be better to ſuppoſe thoſe roots to be equal only to 
3509 and 12.7564, in performing the operations neceſſary to depieſo the afore- 
ſaid biquadratick equation to a quadratick equation, and ſo to determin', by 
the 1eſolution of the quadratick equation thereby obtained, the two remaining 
roots of the biquadratick equation to about three places of figures, afier which 
it will be eaſy to determine them with greater exactneſs by the proceſſes of ap- 
proximation thut have been before defcribed. 


The Redufticn of the Biquadratick Equation 14,937 x — 
1998 xx + 80x* — x* = 5000 % 4 Quadrati k 
Equation, by means of the firfl and ſccond Roots of the 
ſaid Equation, which have been already inveſtigated. 


Article go. Now we have already ſeen that, if the leaſt root of the biquadra. 
tick equation 14,937 x = 1998 x x + 804% — * = 5000 be called d, the 
remaining roots of that equation will be the fame with thoſe of the cubick 

equation & + d + ddx | 


— x 
—— 


— 80 * — &O Ax 

+ 1998 x 

14,937 + 804d — 4 — 1998 d; and that, if. 3309 be ſubſtituted inſtead 
of d in this equation, it will be converted into this, to wit, x3 — 79.6491 # 


+ 1970.051,130,81x = 14,245.709,068,198,771. 


Article 51. Now let c be put for the leaſt root of this cubick equation, or 
the leaſt root but one of the original biquadratick equation, 14,937 x — 1998 
+ 80 ** — * = 5000, which we have found to be = 12.7564 &c; aid 
let p be = 79.6491, and g = 1970.051,130,81, and r = 14, 243.7 00, 068, 
198,771, as above in Art. 27. And, ſince c is one of the values of x in the 
equation * —pxx + qa = r, we ſhall have & - pg e e = . There- 
fore, if x repreſents either of the other two roots of the equation a? — p xx 

| + 72 
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+qz=#, the trinomial quantity c — pee + 96 will be equal tothe trinomal 
quantity * — pxz -+ qx. Therefore, (adding p wx to boil tides) e“ + pay — 
fee + will be = 3 + qx; and, ſubtracting & + ge (winch are leis 
than as + gx, becauſe c is leſs than c, and therefore are lets than the other 
fide of the equation,) from bath fides, p — pre will be = * — 4 


— — — 


+ qx — 9, or p * X — cc vill be A —&f + q xx , and, 


(dividing both ſides by x = cr) N x + c vill be = XX + cx + 6 + 6, 
that is, px + pe will be = xx + ex +$£e6 . Tuereſore, ſubtract ing » 
+ «x (rom both hdes, we ſhall have px =» cx — xx +pe=cc + g. But 
pc, or 79.6491 X 12.7564, is 1016.035, 779,21, which is leſs than 1970. 
051,130, 81, or 4, and therefore, à fortleri, lels than cc + q, and coniequently 
thin the other tide of the equation. Let it be ſubtrated from both fides ; 
and we (hall have px —cx — xx = cc + q— Pc, that is, ia numbers, 
79-0491,x — 12.7504 * — xx = 162.725,40, 96 Þ+ 1970.0;51,130,31 — 
1010.035,779,24, or 66.8927 x — xx = 2132.776,871,77 — 1916.535,77), 
24, or 66,8927 x — xx = 116.741,92, 53; which is a quadratick equition 
of the third form, and therefore has two roots, which may be found as fol- 
lows. | 


Article 52. Subtract both ſides of this equation from the ſquare of half the 
co- efficient of x, that is, from the ſquare of half 66.8927, or the {quare of 
33.4453, which is = 1118.654,983,69 ; and we ſhall have 1118.654,983,59 


— 65.8927 x + xx = 1113.654,983,69 — 1116.741,092,53, = 1.913, 
091,16, | 


Therefore 33.4463 — the leſſer value of x is = 1-913,891,16 = 1.39343 
and 33.4463 is = 1.3834 + the lefler value of x; and the leſſer value of & is 
= 33-4463 — 1.3334 = 32.0629. 


Alſo the exceſs of the greater value of x above 33.4463 will be = 


V1-913,891,16 = 1.3834; and conſequently the greater value of x in this 
equation will be = 1.3834 + 33-4493, = 34.8297. 


Therefore the two roots of the quadratick equation 66.3927 x — ## = 
c116.741,092,53, and conſequently the two greateſt roots of the biquadratick 
equation 14.937 x — 1998 xx + 80 — * = 5oco, (from which that qua- 
dratick equation was derived, ) are 32.0629 and 34.8297, or, (neglecting the 
wo laſt figures as probably not exact, becauſe, in depreſſing che biquadratick 

| 3K 2 equation 
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equation 14,937 x — 1998 xx + 80x* - = 5000 to a cubick equation, 
we made ule of only the four firſt figures, .3509, of it's leaſt root. 330, 93, 
045,866, o3,) 32.06 and 34.82, or rather, (becaule the next figure of this greateſt 


root 34.8297 is a 9,) 32.06 and 34.83. 


Article 53. We will now proceed to determine theſe two greateſt roots of 
the biquad:acick equation 14,937 * — 1998 x x + 80x? — * = 5000 to the 
ſame degree of exactneſs as we have already found it's other roots, And firſt 
we will conſider the leſſer of the two, which is 32.06. 


A further Inveſlizatio of the Value of the third Root 
of the Equation 14,937 * — 1998 xx + 80 * — 
** = 5000, 


Article 54. Now, if -x be ſuppoſed equal to 32.06, we ſhall have xx = 
1027.8436, and & = 32,952.665,816, and af =-1,056,462.466,060,96, and 
14,937 x (= 14,937 Xx 32.06) = 478,880.22, and 1998xx (= 1998 x 1027. 
8436) = 2,053,631.5128, and 804% (= 80 Xx 32,952.665,816,) = 2, 636, 
213.265, 280; and conſequently 14,937 x — 1998 xx + 80x53 — K“ (= 478, 
880.22 — 2,053,031.5128, + 2,036,213.265,280 — 1,056,462.466,062,96, 
= 3.115,993-48 5,280, — 3,110,093.97 8,860,96) = 4,999. 506, 419,4; which 
is very nearly equal to 5000, Therefore 32.06 is very nearly equal to this 
value of u in the equation 14,937 x — 1998 xx + 80 A — * = 5000. But, 
whether it is greater or leſs than the true value of x, remains ſtill to be de- 
termined. | 


Article 55. Now, in order to diſcover whether the true value of x in the 
equation 14,937 X — 1998 xx + 804% — * = 5000 is greater, or is leſs, 
than 32.06, we mult inquire, whether, when x is about the magnitude of 32.09, 
the compound quantity 14,937 x — 1998xx + 80x% — * ( which we have 
before obſerved to increaſe at ſome times, and at other times to decreaſe, 
while x increaſes,) is in a ſtate of increafing or of decreafing. For, if it is ina 
ſtate of increaſing, it is evident that 32.06 will be leſs than the true value of ; 
bur, if it is in a ſtate of decreaſing, 32.06 will be greater than that true value. 
Now, whether or no that compound quantity is in a ſtate of increaſing with the 


increafe of x when x is about the magnitude of 32.06, will appear by ſuppol- 
ing 
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ing æ to increaſe from 32.06 to ſome other value a little greater, as, for in- 

Lance, to 32.1, and trying whether the compound quantity 14,937 * — 1998 xx 

+ 8045 — * will be increaled, or will be diminithed thereby. Let us there- 
fore ſuppole x to be equal to 32.1. 


Article 56. Then we ſhall have x x = 1030.41, and * = 33,076.161, and 
x* = 1,051, 744.768 1; and conſequently 14,937 x ( = 14,937 X 3224) = 
479,47 7-7, and 1998 x x (= 1998 X 1030.41 ) = 2,058,759.18, and 89 x* 

= 80 X 33,076.161) = 2,046,092.880z and conſequently 14,937 x — 
1998 * + 804% — if ( = 479,477-7 — 2,058,759.18 + 2,646,092.880 — 
1,061,744-7681 =. 3,125,570.580 — 3,120,503.9481,) = 5066.63 19. It 
appears therefore that while x increaſes trom 32.96 to 32.1, the compound 
quantity 14,937 x — I998 xx + 8045 — “ will increaſe from 4999.506,41 9, 
o to 5066.6319g., Therefore that compound quantity is in an increaſing ſtate 
when x is about the magnitude of 32.06; and conſequently the value of x, 
when tha: compound quantity is equal to 3000, will be greater than when that 
quantity is equal io 4999.506,419,04, that is, the value of x in the equation 
14,937 # — 1998 xx + 80 — x* = 5200 will be greater than 32.06. 


A further Approach to the Value ibe ſaid third 
Roc, by a Proceſs of Mr. Raphſon's Method of Ap- 


proximation, 


Article 57. Let us therefore ſuppoſe x to be = 32.06 + 2. Then we ſhall 
have xx = 32.06 + 2}* (= 34.000“ + 2 X 32.06 x 2 + &c) 
1027.84.36 + 64.12 x 2 + &c, 


and & = 32.00 + 2} (= 32.00P +3 X 32.00 x 2 + &c, 
= 32,952.665,816, + 3 X 1027.8436 x x + &c) 

| = 32,952.00;,816 + 3083.5308 2 + & c; 

and x* = 32.06 + D (= 32.00” + 4 „ 32.00? x 2 + & 


1,056, 462.466,00, 96 | 

+ 4 X 32,952.665,816 x 2 + &c) 
= 1,056, 462.466,60, 96 + 131, 8 10.663, 264 X 2 + &Cc. 
Therefore 
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Therefore 14,937 x will be (= 14,937 X 32.00 + 2) 
| = 479,000.22 + 14937%z 
and 1999 xx will be (= 1998 Xx 1025.8436 + 64.12z Ni) 
— 2,953,031.51:8 + 123,111.76 Xx 2 + &cz 
and 80 4 will be (= 80 * [32,952.065,816 + 3083.5308 z + &c) 
= 2,030,213.295,260 + 246,682 56, K K + &c; 


and conſequently 14,937 x — 1998xx + Conf — * will be 


ſ 478,880.22 + 14,937 2 ? 
* — 2,053, 631.5128 — 123,111.75 2 — &c 
—} + 2,6;6,213.265,280 + 245,082.4640 z + &c 
— 1,036, 462.466, 00, 96 — 131,810.663,264 2 — & 


4999.06, 419,04 + 261,619.4640 X 2 + &c 
ws” — 259,922.423,204, X 2 — &c 


= 4999.506,419,04 + 1697.040,736, X 2 &c. 


Bit 14,937 x — 1998 + $0 — a* is = 5000. 


Therefore 5000 will be = 4099. 506, 419,04 + 169.040, 736, X 2 &c; 
and 1697. 040, 736, x z will be ( = Food. ooo, ooo, oo — 4999. 506,41 9,04) 


0.493» 580,96 hs 
7597.00, 30 = +009, 290, 
Therefore 32.06 + z, or x, will be = 32.060, 290. 


= 0.493,580,96; and conſequently z will be = 


Article 58. This value of x is leſs than the truth. For, if we ſuppoſe x to 
be = 32.060,290, we ſhall have xx = 1027.82, 194, 884,1, and 2 = 32, 
95 3.560, 48, 020, 762,389, and * = 1,056, 509.691,071,959,568,210,432,81. 
Therefore 14,937 x will be (= 14,937 & 32.050, 9) = 478,684-551,73; 
and 1998 xx will be ( = 1998 x 1027.862,194,854,1,) = 2,053,968 655, 
378,431,8; and 80:3 will be (= 480 Xx 32, 953.550 048,020, 762, 389,) = 
2,636, 284.803 841,660,991, 120. Conſequently 14,937 x = 1958 xx 80 
— will be ( = 478,884.551,73 — 2.053,608.665,378,431,8 + 2,636,284, 
803,841,060,991,120, — 1,055, 500.60 1,7 1,959,508, 210, 432,81, = 3,115, 
169.55 571,060, 991,1 20, — 3, 110, 169. 357,050, 391, 368, 210, 432,81) = 
4999 998,521,269, 622,909, 567, 9; which is leſs than 5000. Therefore 32. 
060.290 is leſs than the true value ot x in the equation, 14,937 » — 1998 KK 
+ 89 — x* = 5090, 


A further 


without firft takins away their ſecond Terms. 439 


A further Afproach to the Valve of the ſaid third Reat 
ty ea ſerd Proceſs of Mr. Rophſon's Method of Ab- 


proximation. 


Article 59. In order therefore to obtain this value of x to a flill greater 
degree of exactneis, we muſt ſuppoſe it to be equal to 32.060, 290 + v, or | 


32.060, 29 + v. ; | | 


Let + be ſubſtituted for 32.060, 29, to avoid the unneceſſary repetition of nn 
the very long numbers that conſtitute the powers of 32.060, 9. And we ſhall 1 
have à * ‚τ + v* (= kk + 2tv & 
= kk + 2 x 32.0060, 29, X v + &c) 
= kk + 64.120,58, X v + &c 
and = & + *(=#i + ghkv + & 
| | = &* + 3 X 1027.862,194,884,1, x v + &c) 
= + 3083.586.584,632,2, Xx v + &cz 
and * = * + 4 + &c 
= k* + 4 * 32,953-565,c48,020,762.389, v + &c) 
= # + 131,3:4-240.192,083,049, 56, v + & 
Therefore 14,937 x will be = 14,937 & + 14.93; v; 
and 1998 xXx will be er 1948 X k k —+ 64.120,58 V 4- &c) 
= 1998 * + 123, 112.918,84 v + & 
and 30 * will be (= 80 x. * 4 3083.80, 384,52, x v + &c}) 
—= doi? + 246, 086.926,77 2, 184, o, v + &c; 


and 14,937 x — 1998 * + 804% — „ will be 


14,937 K + 14,937 v | | 
2 1908 && — 128,112 918,040 — &c 

=—":}. + $0.4 + 246,636 926,772, 184, v + &c 

4 — kf — 131,8 14 240, 192,003, 49,5 50, v & 
ſ 14.937 K + 261, 623.926,7 2.194, v ] 

2 . 199" ks — 259,927.159,032,98 3,049, 556, v 
| + 80 K. 
141 — * 


— 4999 
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= 49599-998,521,269,522 909,507,19 
3 169.767, 740, 100, 950 444 X v. 
Therefore $000 (which is = 149937 * — 1998 x a + 80 ** — .,) will alſo 
be == 4999. 998, 521, 269,622, 909, 567, 19, 
+ 10690.767 740, 100, 930, 44a, Xvz 
and conſequently 1696.767.740,100,959,4-.4 v will be (= 5000 — 
4999- 958,521,269,622,909,507,'9 ) = o. 01, 478, 730, 377,090, 432, 81; and 


8 ; 8 
v will be = Dee = 0.000 ,000,871,498,403. There- 


1696.77, 740, 100, 950, 444 
fore 32.060, 290, + v, or z, will be = 32.060, 290, 871, 498, 403, or (dropping 
the two laſt figures 03 as poſſibly not exact,) = 32.060, 290, 871, 498, 4, that 
15, the - root but one of the biquadratickequation 14,937 x — 1998 x x 
+ 80 * — * = 5000 will be. 32. 060.290, 1,498,4- Q. E. I. 


Article 60. The number afligned for this root by Dr. Wallis is 32.060, 290, 
88, which differs from that found above only in the laſt, or tenth, figure, 
which ſhould be a 7 inſtead of an 8. 


A further Inveſtigation of the Value of the fourth, or 
greateſt, Root of the Equation 14,937% — 1998 x x 


Article 61. It remains that we diſcover the fourth, or greateſt, root of the 
aforeſaid biquadratick equation to as great a degree of exactneſs as the other 
three, Now this root we have already found in Art. 52. to be nearly equa! 


to 34.83. 


Article 62. Now, if x be ſuppoſed equal to 34:83, we ſhall have xv = 
1213.1289, and a* = 42,253.279,587, and * = 1,471,681.728,015,21 ; 
and conſequently 14,937 x (= 14,937 X 34.83) = 520, 255.71, and 1998xx 
(= 1998 X 1213.1289) = 2,423,831. 5422, and 80x* (= O X 42,253-279, 
587) = 3,380,262.366,960 ; and 14,937 x — 1998 xx + 80x* — * (= 
520,255.71 — 2, 422,83 1.5422 + 3, 380, 262. 366,960, — 1,471,681.728,015, 
21 = 3,900, 518.076, 960 — 3,895, 5 13.270, 215, 2) = 5004. 806, 744.78; 
which differs but little from 5000, or the value of the compound quantity 
14,937 * 
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14,997 x — Ig998xx + 804% = x* in the propoſed biquadratick equation. 
Therefore 34.83 muſt be nearly equa] to the root of that equation. 


Article 63. But whether 24.83 is greater, or is leſs, than the true value of 
x, remains ſtill to be determined. Now this will appear by ſuppoſing x to 
increaſe a little from 34.83 to ſome quantity a little greater than 34.83, as, 
for inſtance, to 34.9, and ſubſtituting that quantity inſtead of æ in the com- 
pound quaniity 14,937 * — 1998 xx + 80 — , ſo as to diſcover whether 
that quantity will have increaſed or decreaſed, while x increaſed from 34.83 to 
34.9. For, if we ſhall find that it has increaſed, we may conclude that the true 
yalue of x in the equation 14,937x — 1998 xx + 80 — „ = 5000 is leſs 
than 34-83, which made the compound quantity 14,937 # — 1998 x x + 80x? 
— * equal to 5004.806,744,78 ; but, if we ſhall find that it has decreaſed, 


we may conclude that the ſaid true value of x is greater than 34.83. 


Article 64. Now, if x be ſuppoſed to be = 34.9, we ſhall have xx = 
1218.01, and x* = 42,508.549, and x* = 1,483, 548.3601, and conſequently 
14,937 x ( = 14,937 X 34-9) = $521,301.3, and 1998xx (= 1998 Xx 
1218.01) = 2,433,583.98, and 804% ( = 80 X 42,508.549) = 3,400,683. 
920, and 14,937 # — 1998 xx + 80 * — & (= 521,301.3 — 2,433,583.98 
+ 3.400, 08 3.920. — 1,483, 548.3601 = 3,921,985.220 — 3,917,132.3401) 
= 4832.8799. It appears therefore that, while x increaſes from 34.83 to 
34.9, the atoreſaid compound quantity decreaſes from 5004.806,744,78 to 
4852.8799. Therefore, while x increaſes from 34.83 to ſome quantity leſs than 
34.9, that compound quantity will decreaſe from 5004.806,744,78 to 5000, or, 
in other words, the true value of x in the biquadratick equation 14,937 * 
— 1998 x x + 804% — x* = 5000 is greater than 34.83. 


A further Approach to the Value of the ſaid fourth, or 
greateſt, Root, by a Proceſs of Mr. Raph/on's Method 
of Approximation. 


Article 65. In order therefore to determine this value of x to a greater de- 
gree of exaciucls, we will ſuppoſe it to be equal to 34.83 + v. 
Vol. VI. 3L Then 
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Then we ſhall have x x = 34.83 + »)} 
(= 34-83) + 2 x 34483 * v + &) 
= 1213.1289 + 69.66 v + Kc, 
and af = 34.83 + v (= 34.830 + 3 X 34.83% Xx v + & 
= 42,253.279,587 + 3 Xx 1213.1289 & v + &c) 
= 42,253-279,587 + 3039-3807 X v + &c, 
and & = 34.83 + 5 (= 34:83 + 4 x 3483* Xv + & 
= 1,471,081.728,015,21 + 4 X 42,253.279.587 v + &c) 
= 1,471,681.728,015,21 + 169,013.118,348, x v + &c; 
and conſequently 14,937 x ( = 14,937 X 34 83 +-Y} = 
520,255.71 ＋ 14,937 v; 
and 1998 x x (= 1998 x 1213-1289 + 69.66 v + Kc) 
= 2,42 3,831.5422 + 139,180.68 v + &c; 
and 80 * (= 80 x 42,253-279,587 + 3639.3867 X v + &c) 
= 3,380,202.366,960 + 291,150.9360 v + &c. 


Therefore 14,937 x — 1998 xx + 80 * — * will be = 


520,255.71 + 14,937 5 
— 2, 423,83 1.5422 — 139,180.68 v — &c 
+ 3,380,262.366,960 + 291,150.9360 v + &c 


| 1,471, 681.728,01 5, 21 — 169,013.118,348 v — &c 


_ 3,900, 518.076, 960, + 306,087.9360 v + &c } 
1 3,895, 513.270, 215,22 — 308, 193.798, 348, v — &c 


= Socq. 806, 744,78 — 2, 105.862, 348, v — &c. 


Therefore 5000 (which is = 14,937 # = 1998 * + 80 * — ,) will alſo 
be = 3004. 806, 744,78 — 2,105.862,348, v &c; and conſequently ;900 
_ + 2,105.862,348, v will be = 5004.806,744,78 z and 2,105.862,348, v will 


IF" .806,744,78 
be = 4.806,744,78 ; and v will be = ———— 7 = +902, 282, There- 


fore 34.83 + v, or x, will be = 34.832, 282. Q. E. I. 


Article 66, This value of x is ſomewhat greater than the truth, as will 
appear by ſubſtituting it inſtead of æ in the compound quantity 14,937 * — 
| 1998 


1998 xx + 80 — ab, For, if x be ſuppoſed equal to 34 832,282, we ſhall 
have x x = 1213.287,869,327,524, and a* = 42,261.585,211,595,166,329, 
768, and a* = 1,472,067,453,357, 322, 953, 119,983,970, 576. Therefore 
14.937 x will be ( — 14,937 X 34.832, 202) —— 520, 289.796, 2343 and 
1998 xx will be (= 1998 X 1213.28, 809, 327,524) = 2,424,149.162,916, 
392,952; aud 80 a? will be ( = 80 Xx 42,261.585,211,595,4606,329,768, ) 
= 3, 380, 920.8 16,927,637, 306, 38 1,440; and 14,937 * — 1998 xx + 80x 
:— will be (= 520,289.790,2 34 — 2,424,149-162.916,492,952, +3,380,926. 
$16,927,037,396,381,440, — 1,472,007.453,857,322, 953,119,983, 970,576, 
= 3,901, 216.613, 161,637, 306.38 1,440, — 3,896,216.610,77 3,714,953,119, 
983,970, 576,) = 4999.99, 387,922, 353,261, 456,029, 424; which is leſs than 
5000, or the value of the compound quantity 14,937 » — 1998 K + 8048 
— % in the propoſed equation 14,937 Xx — 1998 x x + 80x* — x* = 5000. 
It appears therefore that, while x increaſes from 34.83 to 34.832, 28a, the 
compound quantity 14,937 — 1998 xx + 804? — K* will decreaſe from 
5004.306,744,78 to 4999.996,387, 922,353, 261, 456,029, 424. Therefore, 
while x increales from 34.843 to ſome quantity a little leſs than 34.832,282, 
that compound quantity will decreaſe from 5004. 806, 744, 78 to 5000 ; or, 
in other words, the true value of x in the equation 14,937 # — 1998 xx + 
80 * — x* = 5000 will be leſs than 34.832, 282. QE. D. 


A further Approach to the Value of the ſaid fourth, or 
greateſt, Root, by a ſecond Proceſs of Mr. Raphſon's 
Method of Approximation, 


Article 67. In order therefore to determine this value of x to a (till greater 
degree of exact neſs, let us ſuppoſe it to be equal to 34.832,284 — w, or, 
(putting k = 34.832,282, in order to avoid the needleſs repetition of long 
numbers,) to x — w. 


Then we ſhall have xx = = w\* (= 
* —2kw + ww = kk —2 X 31.832,282 Xx w + ww) 
= k k — 69.064, 54, w + -e; 
and * = — i= - 3kkw+ 3htww = w 
= — 3 x 1213-289,859,327,524, K W + 3&*w w— wv?) 
= * — 3639.863,607,982,572, w + 3kww —w; 
3L 2 and 
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and . =F—w} (= F—4 Pw + 6bkkww —4kw + wv 
= * — 4 & 42,261.585,211,595,466,329,768, w 
+ 6kkww — 4 kw + v9) 
= — 169,046.340,846,381,865,319,072, w + 6k&twcroi 
— 4E W* + 1. 
Therefore 14,937 x is = 14,937 & — 14,9297 w; and 
1 is (= 1998 K — 1998 X 69.664, 564 w + &c) 
= 1998 * K — 139, 189,798,872, w + &c; 


and 80 * is (= 80 * — 80 x 3639. 863, 60%, 982, 57, w + &c,) 
= 80# — 291, 189.088, 638,605, 760, w + & c; 


and conſequently 14,937 x — 1998 * + 804 — * is = 


14,937 & — 14,937 w | 1 
— 1998 k& + 139,189.798,872 w — &c 
+ 80#5 — 291,189.088, 638,0 5.760, w + &c 
— * + 169,046.340,846,381,865,319,072, % — &c 


14,937 k + 308,236.129,718,381,865,319,072, w 
— 1998 kk — 30(,125.088 638,605, 760, W 
+ 80h 
— * 


14.87 + + 2, 110.051, 079, 776, 105, 319,07 2, w 
— 4 — 1998 4 
8 + 80 * 

— k* 


I 


— 4999. 996,38 7,922,353, 261, 456,029,424 
+ 2, 110.051, 79,776, 105,319,072, W 


Therefore 5000 (which is = 14,937 x — 1998 K + 8049 — *) will 
be alſo = 4999.996,387,922,353,261,456,029,424 + 2,110,051,079,770, 
105,319,072, ; and, (ſubtracting 4999.996,387,922,353,261,450,029,424 
from both ſides,) 2, 110. 5 1,079, 776, 105, 319, , w will be = o. 003,012, 
077,645,738, 343,970, 576; and conſequently w will be = 


003-67 2,077-640,738,543:9725710 = 000:001 711,843,6. Therefore k — , 
2,110,051,079,776,105,319,072 5 


or 34.83 2,282 — w, or x, will be (= 34.832, 282 — .000,001 It, 843,6) 
= 34. 832, 
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= 34.832, 280, 288, 156, 4, of which the firſt thirteen figures, 34.832,280,288, 
15, are probably exact. Q. E. I. 


Article 68. The value of this root of the biquadratick equation 14,937 * — 
1998 xx + 8 — x* = $020, aſſigned by Dr. Wallis, is 34.832, 280, 28; 
of which all the figures are exact, if no miſtake has been made in the foregoing 
calculations, by which it's more accurate value has been found to be 34.832, 


280, 288, 1 56,4. 


Article 69. It appears therefore, that the four roots of the propoſed bi- 
quadratick equation 14,937 * — 1998 K + 804% — * = 5000, are 
0.350,987,045,866,03, 
12.756, 441, 794,480, 74, 
32.060, 290, 871, 498, 4, 
and 34.832, 280, 288, 156,4. 


Q. E. 1. 


Article 70. Of theſe four roots the ſecond, to wit, 12.756, 441, 794, 480, 74, 
has been ſhewn with certainty (in Art. 47.) to be exact in the firſt twelve 
figures, to wit, 12.756,441,794,4, and with a high degree of probability to be 
exact in the four remaining figures .000,000,009,080,74, ſo that the whole 
ſixteen figures, 12.7 56,441,794,480,74, may be ſafely concluded to be exact. 
See Art. 48. But the like inquiries have not been made concerning the other 
three roots, to wit, 0.350,987,045,866,03, and 32.060,290,871,498,4, and 
34.832, 280, 288, 1 56, 4, ſo as to enable us to determine with certainty how many 
of their figures are exact. The Method of conducting ſuch inquiries con- 
cerning thoſe three roots has, however, been ſo fully explained in the caſe of 
the ſaid ſecond root, that it ſeems to be unneceſſary to exhibit new applica- 
tions of it to the caſes of thoſe other roots. And therefore I ſhall here con- 
clude this paper. 


ITY 


 Nete, This Paper was drawn-up in the year 1777, and communicated to the 
learned Mr. Charles Hutton, (now Dr. Hutton, ) Profeſſor of Mathematicks at the 
Military Academy at Woolwich; who returned it to me with the following ap- 
probation of the Method I had employed in the reſolution of the foregoing 
equations, though not of the Method I had uſed to determine the numbers of 

figures 
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figures that were exact in the values of the roots which had been obtained, 
which he thought rather tedious. Speaking of the, papers containing the fore. 
going Tract, he ſays, ** They are very clear and methodical ; and the Method 
„is, I think, be beſt general one that can be applied to the numerical Solution 
* of all equations above a quadratick, and is that which I myſelf always ute; 
* for I think it not worth while either to remember, or to turn to, any of Raph. 
s ſon's particular rules, or to exterminate either the ſecond, or any other terms, 
* And I think the approximation by ſimple equations much better than by qua- 
© draticks. As to your Methods of verifying the number of figures found in 
* the root, I think them too tedious ; nor can TI think of any ſo ſhort as that of 
e ſubſtituting the number found in [the firſt, or left-hand, fide of ] the equation, 
* and then [ſubſtituting in it in the ſame manner] the ſame number a little 
t increaſed, & * ; nor ſhould Iuſe any other Method myſelf, if I were perform. 
ing ſuch an operation.“ 


I agree with Dr. Hutton in thinking the Methods uſed in the foregoing 
Tract to verify the number of figures found in the root, to be too tedious, and 
I therefore would adviſe my readers to have recourſe rather to Mr. Ivory's 
Method above-deſcribed in pages 353, &c - - - 359, for that purpoſe, or to 
the other Method uſed above in pages 376 and 390, which is the ſame in ſub- 
ſtance and principle as the Method employed in this laſt Tract, but more con- 
ciſely expreſſed, and rendered eaſier and fitter for practice by the omiſſion of 
ſome unneceflary computations. | | 


I will further obſerve on the foregoing Tract, that all the calculations con- 
tained in Art, 26, 27, 28, &c, - - - - 38, (by wbich we obtain the number 
12.74 for a near value of the ſecond root of the equation 14,937 x — 1998 ## 
+ 80 * — x* = 5000 by means of the knowledge we have already obtained 
of the value of the firſt, or leaft, root of it, which has been found to be = 0.350, 
087,04 5,866,03,) might have been ſpared, and the ſame near value of the 
ſaid ſecond root, to wit, the number 12.74 or a ſtill nearer value of it, might 
have been obtained much more eafily in the Method recommended by Ste- 
vinus and Kerſey, that is, by two or three conjectures and trials, as, for inſtance, 


* An example of the Method of verifying the number of figures that are exact in the value of 
the root that has been obtained by one of theſe approximations, that is here alluded to by Dr. 
Hutton, may be ſeen in my octavo volume of Tracis on the Reſolution of Equations by the Methods 
Approximation, publiſhed in the year 1800, in pages 317, 318, 319, and 320, by 
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by ſuppoſing this ſecond root to be equal, firſt, to 10, and then to 12, and 
trying the effects of theſe conjectures. For the labour of making thele con. 
jectures and trials would have been much leſs than that of reducing the biqua- 
dratick equation 14,937 * — 1998 x x + 80 — K* = 5000 o the cubick 
equation * — 79.6491 x xx + 1970.05 1, 130,8 1 X & = 14,245.709,068, 
198,771, (as is done in Art. 27,) and afterwards putting Þ = 79.6491, and 


q = 1979.051,130,81, and r = 14,245.709,068,198,771, and computing 
the values of p p, . E. 39, PP — 34 2p — 67. VPP = 37 


bo po Þ e # 
2p 7 x Opp =39 —— „r 
1 2 LTL, (as is done 
B. - 3 27 27 
in Art. 28,) and comparing theſe quantities with each other in order to diſ- 
cover that the ſaid cubick equation * — 79.6491 x xx + 1970.051,130, 


$1 X x = 14,245.709,068,198,771 has three roots, (that is, real and poſi- 


tive roots,) of which one is leſs, and the other two are greater, than ＋ or 


26.5497, (as is done in Art. 29,) and then reducing the trinomial cubick 


equation x® — 79.6491 x xx + 1970.06 f, 130, 8 1 2 14,45. 709, 68, 198,771 
to the binomial cubick equation © — 144 608, 379,46 X „ = 246. 170, 166, 


297, 206, by ſubſtituting — — y inſtead of x in the former qua tion, (as is 


done in Art, 30, ) and determining whether this binomial cubick equation 
comes under Cardan's ſecond rule, or whether it may be reſolved by the tri- 
ſection of a circular arc, (as is done in Art. 31,) and then reſolving the faid 
binomial cubick equation by the triſection of a circular arc (as is done in Art. 
32,) and performing ſome further computations in Art. 33, 34, 35, 36, 37, 
and 38. Yet, though theſe computations do not lead us by the ſhorteſt and 
eaſieſt road to the number 12.74, which is a pretty good near value of the ſaid 
ſecond root of the equation 14,937 x — Ig998xs + 80 * — x* = 5000, 
which we were then inveſtigating, I cannot conſider them as uſeleſs ; becauſe 
it is fit that Students of Algebra, who are learning the Methods of reſolving 
Algebraick equations, ſhould know the connexions which different roots of 
the ſame equation have with each other, and how the knowledge of one of them 
may be made inſtrumental to the diſcovery of the others. When they are well ac- 


quainted with theſe connexions, they will be able to uſe their own diſcretion and 
judgement 


— 


| 
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| judgement to determine, in each particular equation, that they may have occaſion 


to reſolve (when ſuch equation has more than one root,) whether it will be 
moſt convenient, when one of the roots of the equation is known, to make uſe 
of that root as an inſtrument to aſſiſt them in diſcovering the other roots, or 
to drop all further confideration of the root already known, and ſeek for the 
others by the ſame methods which they would have reforted to, if the former, 
or known, root had not been known to them, I believe it will be found that 
the former Method of proceeding will be moſt convenient in ſome caſes, and 
the latter Method of proceeding, in ſome others. And the diſtinction of theſe 


. caſes from each other cannot well be pointed-out by any general rules, but muſt 


be left to the ſagacity and experience of the calculator in every particular equa- 
tion of that kind that he has occaſion to reſolve. 


Inner Temple, July 17, 1804. | * 
FRANCIS MASERES, 
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Performed in the Year 1777, 
BY MR. CHARLES HUTTON, (now Dr. HuTrTox,) 


PROFESSOR OF MATHEMATICKS IN THE ROYAL MILITARY ACADEMY AT 
WOOLWICH, IN KENT, 


ormmmmm__—__________________= 


A ſhort Account of the following Computation, 


15 is well known to Mathematicians that the Computation of the length of 
the Sine of an Arc of one Minute is a Problem of fundamental importance 
in Trigonometry towards forming a Table of the Sines and Tangents and Se- 
cants of circular arches to every minute of a Degree throughout the whole 
Quadrant, And the uſual Method of folving this Problem in the middle of 
the ſeventeenth century, (or before Sir Iſaac Newton had found- out and pub. 

3 M 2 liſhed 
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liſhed 1 1d h 3 8 4 a3 as , a? 
_ liſhed to the world the infinite Series @ — 2.3.77 2.3.45 = 2.3.4.5. 6.7. f 


a? an 
+ 2. 3.4. 5.6.7. 8.9.8 825 2. 3. 4.5. 0.7. 8.9. 10. 11.7 
any arc called @ in powers of the ſaid arc and the radius ,) was to biſect the 


+ &c for expreſſing the ſine s of 


. . * - . 
arc of 3o degrees, (of which the fine 1s = — continually, or to inveſtigate 


the ſines of the halves of the ſeveral arches of which the fines ſucceſſively be- 
come known, till the calculator had obtained the value of the fine of an arch 
that was leſs than an arch of one minute. This required no fewer than eleven 
ſucceſſive biſections of the arch of 30 degrees, by the laſt of which we ſhould 
obtain the length of the fine of an arch of 52“, 44”, 3 , 45 *. Theſe 
numerous biſections require a great deal of laborious calculation; and, when 
they have been performed with due care, they do not give us the value of the 
ſine of one minute, which was ſought, but only that of an arch that is leſs than 
one minute; from which we are afterwards obliged to derive the value of the fine 
of one minute by means of the rule of Proportion. This made me conjecture 
that it might be more convenient to employ quinquiſections and triſections of 
an arch as well as biſections, in this Inveſtigation, becauſe then we ſhould arrive 
at laſt at the very quantity which we were ſeeking, to wit, the length of the ſine 
of one minute. And, when I mentioned this matter to Mr. Hutton, in the year 
1777, be agreed with me in this opinion, and, at my deſire, undertook and 
performed, with great tkill and ſucceſs, the following Computation of the 
length of the Sine oi an Arch of one Minute in the manner that had been ſug— 
geſted. He ſuppoſes the radius of the circle to be called 1, and conſequently 
the chord of an arch of 60 degrees (which is equal to the radius of the circle,) 
to be equal to 1 Iikewile. And he then begins bis calculation by quinqui— 
ſecting the arch of 60 degrees, or finding the chord of it's fifth part, or of an 
arch of 12 degrees, by reſolving, by Mr. Raphſon's Method of Approxima— 
tion, the equation 4 — 58 + 34a = þ, which expreſſes the relation be- 
tween thole. two chords, upon a ſuppoſition that þ denotes the chord of the 
greater arch, of which the chord is given, to wit, in the preſent caſe, the chord 
of 60 degrees, and that the leffer of the two values of à denotes the chord of 


CY * - 299 
* The intermediate arches are as follow; to wit, an arch of 155 of 50, zo“; of 3“, 45 3 of 
0 Ti 1 . — ba 7 3 v1 P , "4 fy ON * ſs [71 LM 7 a 
19, 52, 30 ; of 56, 15 „% kd 3346305 als 52:9.393 U.3> 301 
1 Fare , -— o * 7767 Hun 
$0, 15; and of 1, 45, 28, 7“, 30”, 


it's 
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ir's fifth part, or of an arch of 12 degrees. And he finds this latter chord to 
be = o. 209, 066,926,535, 307; and he afterwards proves this number to be 


true in all it's fifteen figures. 


He then triſects the arch of 12 degrees, or finds the chord of it's third 
part, or of an arch of 4 degrees, by reſolving, by Mr. Raphſon's Method of 
Approximation, the equation that expreſſes the relation between the faid two 
chords, to wit, the equation 34 — & = c, in which c denotes the chord of 
the greater arch, to wit, 12 degrecs, and is therefore o. 209, 056, 926, 535, 
307, and the lefler of it's two roots, or the leſſer value of a, denotes the chord 
of the third part of the ſaid greater arch, or the chord of an arch of 4 degrees. 
And he finds this latter chord to be = 0.069,798,993,405,002 ; and he after- 
wards proves this number to be true in all it's fifteen figures, 


The next operation is to biſe& an arch of 4 degrees, or to find the chor 
of it's half, or of an arch of 2 degrees, by reſolving the equation that expreſſes 
the relation between the chords of thoſe arches, to wit, the equation 4 a* — 
a* = c, in which c denotes the chord of the greater arch, to wit, 4 degrees, 
and is therefore = o. 069, 798, 993, 405, 0, and the leſſer of the two values 
of @ denotes the chord of it's third part, or of an arch of 2 degrees. And 
he finds this latter chord to be = 0.03 1,904,812,874,509; and he afterwards 
proves this number to be true in the firit 14 places of figures, to wit, 0.034, 
904, 8 12, 874, 56, and very nearly true allo in the laſt figure 9, which muſt be 
either an 8 ora g. 


The next operation is to biſect an arch of 2 degrees, or to find the chord 
of 12's half, or of an arch of 1 degree, by a calculation fimilar to that em- 
pioyed in the biſection of an arch of 4 degrees. And Dr, Hutton finds the 
chord of the latter arch, or of an arch of 1 degree, to be = 0.01 7,453,070, 996, 
7533 and he afterwards proves this number to be true in all it's fifteen figures. 


Having thus found the chord of an arch of 1 degree, or 60 minutes, to be 
= 0.017,453,070,996,753, Dr. Hutton then proceeds to quinquiſect this arc, 
or to find the chord of it's fifth part, or of an arch of 12 minutes, by reſolv- 
ing, by Mr. Raphſon's Method of Approximation, the equation a* — 5 4 + 
5% = bh, which expreſſes the relation between thoſe two chords, upon a ſuppo- 
tion that þ denotes the chord of the greater arch, of which the chord 1s 

given, 


| 
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given, or known, to wit, in the preſent caſe, the chord of an arch of 1 de- 
gree, or 60 minutes, (which is = 0.017,453,070,996,7 53,) and that the leſſer 
of the two values of à denotes the chord of it's fifth part, or of an arch of 
12 minutes. And he finds this latter chord to be = 0.003,490,656,731,798; 
and he afterwards proves this number to be true in the firſt 14 places of 
figures, to wit, in the figures 0.003,490,656,731,79, and very nearly true in 
the 15th figure 8. | | | 


He then triſeQs the arch of 12 minutes, or finds the chord of it's third part, 
or of an arch of 4 minutes, by reſolving, by Mr. Raphſon's Method of Ap. 
proximation, the equation that expreſſes the relation between thoſe two chords, 
to wit, the equation 33 — & c, in which c denotes the chord of the greater 
arch, to wit, 12 minutes, and is therefore = 0.003,490,656,731,798, and the 
lefſer of the two values of @ denotes the chord of it's third part, or of an 
arch of 4 minutes. And he finds this latter chord to be = 0.001,163,552, 
269,027 ; and he afterwards proves this number to be true in the firſt 14 
places of figures, to wit, 0.001,163,552,769,02, and very nearly true in the 
laſt figure 7. 


He then biſects the arch of 4 minutes, or finds the chord of an arch of 2 
minutes, by reſolving the equation that expreſſes the relation between the 
chords of thoſe two arches, to wit, the equation 44 — a* , in which c 
denotes the chord of the greater arch, to wit, 4 minutes, and 1s therefore = 
0.001,163,552,769,027, and the leſſer of the two values of @ denotes the 
chord of it's half, or of an arch of 2 minutes. And he finds this latter 
chord to be = o. ooo, 581,776, 409, 127; and afterwards proves that this num- 
ber is true in the firſt 14 places of figures, to wit, o. ooo, 58 1,776,400, 12, and 
chat it is very nearly ſo in the laſt figure 7. 


He then divides this number o. ood, 58 1,776, 409, 127, (which is equal to 
the chord of an arch of 2 minutes,) by 2, and the Quotient o. ooo, 290,888, 
204, 563,5 will be equal to the fine of half the ſaid arch of 2 minutes, or to 
the ſine of an arch of 1 minute, which is che quantity that was to be found by 
the calculation. And he afterwards proves that this value of the ſaid fine, to 
wit, the number o. ooo, 290, 888, 204, 663, 5 is true in the firſt 15 places of de- 
cimal fractions, to wit, in the figures o. ooo, 290, 888, 204, 5663, and that it's 


laſt figure, 5, in the 16th place of decimals, differs from the truth by only an 
unit. 
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unit . And thus the length of the fine of an arch of only 1 minute is, by this 
valuable and well-conducted computation, found exactly to 15 places of decimal 
figures, without the help of Sir Iſaac Newton's Series for expreſling the fine of a 
given arch of a circle in terms involving the powers of the arch and radius, which 
is obtained by firſt inveſtigating, by means of Sir Iſaac's Method of Fluxions, 
the infinite (cries for expreſſing the arch of a circle in terms involving the 
powers of it's fine and the radius, and afterwards reverting the ſaid fenes ac- 
cording to the known methods of reverſion, which are very abſtruſe and dit- 
ficult to underſtand clearly, and likewiſe often very laborious in the practical 
application of them to particular ſerieſes. 


Dr. Hutton's opinion reſpecting this Method of computing the fine of an 
arch of one minute is thus expreſſed in a Letter to me, dated at Woolwich, on 


the 13th of March 1777. 


Sir, 

Having ſome leiſure time at the receipt of your Letter deſiring the 
Computation of the Sine of 1 Minute to 12, or 14, places of figures, I have 
made that computation myſelf in the manner you withed to have it done, 
and I have herein incloſed you the whole proceſs at large. Each equation is 
carried to 15 places of decimals, the laſt figure being always that which is 
nearcſt to the truth in the 15th place of decimals.—You will perceive that 
my manner of performing the Diviſions, Multiplications, and Extractions of 
roots (which are ſtrictly true,) faves a great deal of trouble in ſuch opera- 
lions. —I was always of opinion that Raphſon's was an eafier and readier Me. 
thod of reſolving high equations than Halley's, &c, as it is both clearer and 
requires leſs time. But this Method of obtaining the Sine of 1“ is far inferiour, 
in point of expedition, to that of Infinite Serieſes. However, it is both quicker 
and more ſatisfactory than the old way, by the continual biſections of the arc 
of zo degrees, as you very properly remark. 


I remain, &c. 
: C. HUTTON. 


* The more exact value of the fine of an arch of 1 minute, as derived from Sir Iſaac New- 
a3 as a? 
f 67 + 1207 F504 
1s true in all it's figures. See the third volume of this Collection of Tracts, intitled, Scripfores 
Logarithmici, pages 407, 408. | 
In 


ton's Series 5 = 4 


+ Ke, is o. o00, 290, 888, 204, 563, 424, which 


Y — 
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In another Letter from Dr. Hutton, dated from Woolwich, on the 2 5th of 
Auguſt of the ſame year 1777, I find the following obſervations on this Com- 
putation of the Sine of an Arch of 1 Minute, 


Sir, 

You herewith receive again the Computation of the Sine of one Minute, 
with the proof of each of the ſeven extractions, or ſections; which indeed 
took=up more time than I at firſt expected, the Labour being hereby nearly 
doubled. I have had a fair copy taken, in order to place each Proof on the 
right-hand page facing it's. own proper ſection, as you will perceive.—You 
will perceive that I have availed myſelf of the Method you mentioned, of 
raiſing one power of a large number from [the ſame power of] another differ. 
ing from it by an unit in the laſt place of figures; and in theſe powers I have 
omitted ſuch terms as I perceived would be too ſmall to take into the general 
ſum. 

I am, &c, 


CHARLES HUTTON. 


The Method, alluded-to in tliis Letter, of raiſing one power of a large number 
from the ſame power of another number differing from the former number by an 
unit in the laſt place of figures, is illuſtrated by an example in my Trad, intitled, 
% Obſervations on Mr. Raphſon's Method of reſolving Equations by Approximation,” 
in the oftavo volume of Tracts on the Reſolution of Affected Algebriick 
Equations by various Methods of Approximation, that was publiſhed in che 
year 1800, and fold by Mr. John White, Bookſeller in Fleet es, in pages 
317, 318, 319, and 320 of that volume. 


After theſe preliminary obſervations on Dr. Hutton's valuable Computation 
of the Sine of a circular Arch of 1 Minute in a Circle of which the radius 
is called 1, I ſhall preſent my readers with the Computation itſelf, as it is 
drawn-up and exhibited in the fair copy of it mentioned in -the foregoing 
Letter. 


Dr. HUTTON'» 
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DR. HUTTON'S COMPUTATION 
OF THE 
LENGTH OF THE SINE OF A CIRCULAR ARC OF ONE 
MINUTE OF A DEGREE. 


A 


; PROBLEM I. 
To quinquisect an Arc of 00 Degrees. 


THE Equation for the quinquiſection of any Arc, is 4 —5# ＋ 5 2 S Hg, 
where b is the chord of the given arc, and à the chord of it's fifth part. And 


0 . þ + 53 — 26 2 h = Go 6 —5 2 
Raphſon's Theorem is x = 1 'B 
« S+58g* = 158% *Þ $x1+g%= 38% 


22 2 1. I 
Here h = 1 the chord of 60? .04=g* oa g o. oo 16e g. 
oo =g* +1.04 + 1.0010 
Leg = 23 001628 ——— ” 1 
oo 0293208 LE 
1. : hen h+ ;g*—g* — 58=+0.3968 1.0 = * 
& — = 408 DI. o0032 1 
5 +52 | 58 ＋ 4.4 [ +.03908 4.4080 | 
Therefore -þ+ 4.408) +.03968 ( +.009 * . 209 f 1. =&- 
122 209 o. 04 5, 646,65 = 527 
1881 + 1.045,046,65 
418 9 _ 
«2 8 1.043 * 
＋. oog 043, 68 1 -000, 399,78 =g* 
Hence g S. 209 —— —1.045,398,78 
— A — 393129 ＋. 000, 247,87 
2. Again, + 53 - — g= ＋. 000, 247,87 ©7302 — — 
57 58.— 15. = ＋4.354,325,15. -009129329=g 7.00908, 321, 
4.354, 3 23,15). 000, 247,8 7(＋. ooo, 56,92 = go2 inverted — 0.131043 = 325 
3015 1825860 + 870, 865, og 
402 82164 X5 
Fax m .o01908030=g* +4-354»32515 
3 = _ = 
288 SS ne 381606 
3 Bo 17172 
.000398778 =g* 
* Raphſon's Diviſion of this is wrong. 
3. Again, 
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209, 56, 92 2 
8 209,056, 02 
3. Again, h+ 5g* =g*—52= ＋. ooo, ooo, o: 8, 454, 586 41817384 

5x I+g*—3g t. 353,978, 608,88 1,255. 188151228 
4+ 353-979,0 608 5881,25 5). O00, ooo, o28, 454, 586(.000,000,006, 125434152 

2 2330714 [s35, 30% ansage 
5 153725 183151228 
23100 41811384 FI 
375 543,7 4,79 5790, 580, C 


29% 50902 
+.20905692 7 $7499591 59977 
+ ,000000006535307 347 
Therefore 209, 36,920, 535,307 the chord of 12%, 262228775 
| 39334310 
874096 _ 
76809, 130,789,999, 753 
296 50902 
1827357999831 
82231109992 
456839500 
54820740 
8223111 
18582736 
001, 910, 109, 175, 9 10 gg 
295350902 
382021835182 
17190982583 
95595459 
11460655 
1719098 
20202 _ 
__:900,399: 321,541, 17958 


— 


N. B. From this proceſs, it may be obſerved _0.045,683,949.995,765 5% 
that Mr. Raphſon did not carry his approxi- +1.:045,083,949-995,705 
mations out fo far as he might have done, 1.045, 545,284,002 * 57 


perhaps owing to his miſtake of putting an 8 ooo, 399, 321,541,179 = & 
for a 9 in the firſt quotient. 


—_— — 1.045,003,921,541,179 179 
+ —+.000,000,028,454,580 _ cn 
+1 001,910,109, 1 75,910=! 1 
—0. 131, 114, 387,390,659 = 
0.870,795, 721,770, 75 


. 7555575 608 1115050 


Proof 
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Proof of the foregoing Quinquisectton. 


« 


209, 56, 926, 53 55307 = # | ' | 
a inverted 7035350290 50902 For the next or 5, take a — 1*24— . which 
8530706 | 
eee, won kin the ag pc ou 
10452846326 
1 Then S =a*— 5a*X.1"* 
18815123388 ——= ga +154 X. 1 - &c. 
418113853 + 6b = +54—5X.1"s 
125434150 5 
10452846 5 Sa- gx. 1 — 34 +154 Xx. 1 + 54—5 X. 1 
2 But the | 
2 firſt Y was = a —5³ + 54 
| a .. IMAM : 
843,04, 798, 532, 388, 69 
703535629650 Take che upper 
87409597004777 from the under, : : 
3933431907915 and the difference 1s . — — 
21852399266 8 * oy 
2622287912 or 5 X — 
393343187 8 
8740960 Now &+1= 1. 001,910, 109, 414,756, 6 
2622288 —34 = 0.627, 170,779, 605, 92 I, 
218524 
13111 4 
2185 Divide by“). 374. 239,3 29.808,83, 4 —34LL1 
131 3 a* —34 T1 
2 | Then — . = .000,000,000,000,000, 374,74 
-009,130,790,850,025,9=4 Gy. = 5 
7033356296 50902 and 5X ————— = .000,000,000,000,00 1,87 3,70, 
1827358171202 and this number is the difference between the firſt 
822311177042 or greater value of &, and the next leſs, or that which 
4508395428 reſults by taking à leſs by 1 in the 15th place of 
548207 282 decimals. Confcquently 
2 From I. oo, ooo, ooo, ooo, ooo, 8 
5 43207 1 Take + - 0.000,000,000,000,001 587 = 
* Leaves „ = . 999,999, 999,999, 998,93, 
741 CN | : ; 
457 which is ſomething too little, and is rather more be- 
27 
1 3N 2 001,910, 
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001, 910, 109.414. 5, O 
7035256246 50902 
3820718829813 
171909847328 
955054707 
114606565 
17190985 
382022 
114607 
9551 
513 
96 
6 
oo, 369, 321,603, 595, 3 s 
1.045,284,032,070,535, =5a 
1.045, 68 3,954, 280, 130, 3 a ＋ 5a 
Subt. . 04,683, 0 64. 2 80, 129,5 2 64 
1. ooo, ooo, ooo, ooo, ooo, 8 , 
but ſomething too great. 
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= (1) the true value than the other is above it, 
Conſequently the true value of à lies between 7 and 
6 in the 15th figure, but nearer to 7 than to 6, 
And the number à is rightly found. 


PROBLEM II. 


To trisect an Arc of 12 Degrees. 


The Equation for the triſection is 34 — 4 c. 


And Raphſon's Theorem is x = 


Here c = -209,056,926,535,307- 
Let g = +07 
1. Then c+£ — 32 = 000,600, 
and 3 — 3g* ＋ 2.9853 


Therefore + 2.9853)—.000,600{—.0002=s 


+.07 
— 0002 


g=+ .o698 


| tg =23e_ .. 


c+8*=32 
3x 1-42 


* 


3.0 N 
0.0147 238 
2.9853 


049 = 
1 
＋. oo, 343 
+.209,057 =c 
+:209,400 
— = 3? 


— — 


— 000,000 


2. Again, 
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2. Again e + gf — 3g = — . oo, oog, co | 8698 =. 
"& 3 —- 38* = 2.985,383.85 28 Z-0 
5 2.98 5.383,88) — .000,003,00(—.000,001,01 =x £554 ©.01461612 
»S 2 6282 2.98535358 
4183 
1 N 


12 004,872,042 f 


8960 inverted 


27232 
4385 
＋. 0698 | 

3 — 
—— oo, 340, 7 =2 
3 ＋. 09, 798,99 209,056,93=c 

-209,39/,00 
«2094 — 338 


-. ooo, oo3, oo 


— 


— 


— —é 


3. Again c + g — 3g ＋ . ooo, ooo, o10, 165, 239 069.798,99 2 
& 333. 2˙985, 384.302, 984.940 — 9.228592 
2. 98 5,384, 3) T. ooo, ooo, o 10, 165, 239 ＋. ooo, ooo, oo3, 405, oo: =x 
P 1209086 

14932 
5 


62819091 
62819091 
55839192 
62819091 
43859293 
62819091 
41379394 
.004,871,899,005,020,1=#z* 
99897960 
292313940301 
43547091045 
3410329304 
433470910 
38975192 
4384709 
435471 
ooo, 340, 053, 629,932, = 
200, 056, 9206, 523, 307, — C 
209, 396, 980, 165,239, 
-209,396,97 =32 
ooo, ooo, 10, 105, 239, 


+3.0 


＋. 069, 798,99 


T. ooo, ooo, O03, 405, 02, 
7. 069,798,993, 405, O02 S the chord of 4*. 


461 


_—0.014,615,697,01 5,050, 38 
+2.985,384,302,984,94 


Prof 


— — At. ee ESD — 


| 
| 


462 A Computation of. the Length of the Sine of 


Proof of the Trisection of 12 Degrees. 


Here 32 — @ muſt be = c, where à is = . 069, 798,993, 403, oo, &C = .309,055, 


926, 535,307. 


4 ©09,798,993:405,002, 
200504399897 960 


_— 


41879396043001 


62819094064 50 


488592953835 


62319094065 


5583919472 


628190941 

62819094 

2093970 

278196 

3490 

I 

a*=.004,87 1,599,450,351,5 
200 504399897960 

29231 39688211 


438470953232 


34103290302 

4384709532 

389751958 

43847095 

4384710 

146157 

19488 

| 44 
-a . ooo, 340, 053, 679, 698,9 

33. 209, 306, 980. 215, 00, 

34 — 4 S. 209,056, 920,535,307 

c = 209, 056,926, 52, 307, o 
Too great in the 16th place by 1. 


For the next or 5, take a — gr =a—1" 


Then 35 = 3a — 


1015 


and — =- 4? + 3 &c. 


ngh —O * 362 — = * = 


which taken from za — 4 the other value, 


— 


1— 4 I 
leaves 3 Xx —z= tor the Gilerence be- 
tween che two values. 


Therefore from 1 oo &c, 
take O 004,87 I 899,480. 35 1 5 — gh 


leaves . 995, 128, 100, 5 &c. 214 
| 3 

101) 2. 985,384,301, &c. 3x 1-4 

hos. 


.000,000,000,000,002,935, &c=3 ** 


| This difference taken from the greater value, 


or. 209, O56, 926, 53 5, 307, 1, leaves, for the 


leſs value, . 209,056, 926,535, 304, 115, 

which is much more below the true value of c than 
the other 1s above it, and therefore the true value 
lies between 2 and 1 in the 15th place, but much 


-nearer to the former than to the latter, 


PROBLEM 


4 circular Arc F one Minule of a Degree. 463 


PROBLEM III. 
To bisect the Arc of 4 Degrees. 


The Equation for the biſeQion is 4 —- 4 = &, where c is the chord of 
the whole arc, and @ is that of the half-arc. | 


By reſolving this quadia ick equation we find a= 2 — Wa -. And 
by uſing *069,798,993,405,002 for c, this Theorem will give the value of 
a= .034,904,812,874, 509, as below. 

069, 798,993,403, oo, c X 
200 504399897960 
4187939604 ;001 
6281909406450 
488592953835 
62819094065 
55953919472 
628190941 
62819094 
2093970 
279196 
3490 
I 


004, 871, 899,480, 351, 5 = 
++ 4.00 
$995, 128,100,519,648,5(1.999,781,654,038,191,4=v/ 4 = 
0 


1 


— —————_ 


_29)209 _ 0, 218,345,961, 808, 00034, 904, 8 12, 874, 669, =the 
289ꝰ3881 9 chord of 2 degrees. 
_ 3988); 5028 64)318 

39907 312410 689)6234 _ 

399745 )3204105 69804) :35901 _ 

2975695012119 6980838) 5074550 

3997-920 }201.45 5864 Go95401 ,8957080 1 

3997$0325)210-2 10885 698c962)2c00725(2874569 


399750339 )10142,26C(40381914* **** 610533 


ABST H0 1525748 52056 
327459 3139 
705 397 
3656 = 
3 ; 
* N. B. This laſt extraction might have been omitted. 


as the ſquare is the Number uſed in the 
next operation over the leaf. 
| Proof 


| | 464 


a = .034,904,812,874,509 
905478218409430 
_  10471443862371 
1396192514982 
314143315871 
1396192515 
279238503 
3499484 
698096 
279239 
24433 
1396 
175 
21 
3 
a* = . 001, 218,345,961, 808, 6 
the ſame inverted 6808 1695438 12 100 
12183459618 
2436691924 
121834596 
97467677 
3655038 
4873.8 
60917 
10955 
731 
12 
I 10 
= — 4 —. o, 001, 484, 360, 882, 
9 44 . oc 873:3837847,284.4 
| | 44 —4 g. 04. 871,899, 480, 351, 8 
| cc 2.004,871,899,480,351,5 
| 4a —4 c . ooo, ooo, ooo, oOo, ooo, 3 


= Therefore the value of a is abore the 
truth. 


Yo 2 RT Iran . 
* 2 » ” = * my , ” (I 


— 


A Computation ef the Length of the Sine of 


Proof of the Bisection of 4 Degrees. 


Here 44 — 4. muſt = d, where @ =+.034,904,812,874,569,&c = , 069, 798, 90z, 
405,002, or c =. oog, 871, 899, 480, 351, 5, as was found by the laſt proving, 


Take therefore the next value = 1 leſs in the 
laſt or 15th place, ſo that þ [hall be 4 


I 
— 
1013 


. n 8 4 
Then 4 * 2 44 , 


and “= of — 


Therefore 4/*— {+= 40 — 44 —— 
ſubtracted from 47% — a 


leaves 4a X 


difference between the two values. 


2.000 

a*=0.001,218,345,991.808.6 
2-4 —=1.y98,781.054,035,191,4 

44 inverted is 672894152916941 

1949875 i0540385191 

599634490211457 

1758748863437 

1199268992429 

199878165404 

179899340863 

3997563308 

999390827 

19987817 

7995127 

1798903 

159993 

3992 

1399 

120 


— 


10”).279,008,398,445,298,3=44X2-6 
the di- 


.000,000,000,000,000,3 = 0 
ference between the two valucs of c, and ich 
being taken from the laſt or former num", 
there remains the exact value of % ® 
therefore the 15th figure is either an 8 012 % 


'PROBLE) 


2 circular Arc of one Minute of a Degree, 465 


PROBLEM IV. 
To bisect an Arc of 2 Degrees. 


Viing the laſt theorem here again, viz. @ = 92 Va when c is 
now . 34.904, 8 12,874, 569, or = . 01, 218, 345,961, 808,6, the value of 
a will be found as below. 

+40 
— = — 0.2901,218,245,961,808,6 


3-998,781,654,038,191,4(1.999,695,390,312,782,5 = 4c 
I : 
29)? .99 
389)3887 
3989038581 
3999922805 
3009200844942 3 
3993857025573 8 
3973903) 150101319 
300030069) 26 11961014 
399939978) 125095 „ 
CCC 511221 
111282 
31294 
3298 
099 
19 


+ $4 
=W4=*==— 1.900, 60g, 29538258 


ooo. dos, oog, boy 17, 50 017,453,070, 996, 7 53 = the chord 
of 1 degree. 


1 
ö | 344) 5% _ 
7 3485018499 
its | 24903)107187 
ch 3420-24 82128 
et, 0014) 2000996 
7 3490014) * 3479 (0996753 
. oO 33771 
N 202 
18 
I 


Vor, VI, , 3 O Proof 


466 A Computation of the Length of the Sine of 


Proof of the Bisection of 2 Degrees. 


Here again 44* — 4. muſt = , where @ = .017,453,070,996,753, and c = oo; 


218,345 961,808, 6. | | 
a = .01 1:453-070,996,753 
3572990703454710 | 
1745307099675 | Like as in the laſt extra ion, the diſſcrence 
1221714999773 | of the values will here be 44 * fn 
69812283987 o 
8726535498 


2.00 
9 a*=0.000.304,0 & c. 


157078 | 10) 1:999,095.39 &c. = 2 — 2 


15708 ooo, co, ooo, ooo, ooa2 = 
1047 10's 
122 069,812, 283.987.012 = 4a 

g OO, O 0,0C0,000,000, 14 = the he difference. 
& = ,000,204,009,687,217,5 201,218,345 .961.805.50 
inverted 5712786906403000 | „ 01, 218, 345,0 , 08 4 
915829062 c = 001,218, 345,961, 808, 60 

121843 87 .000,000,000,000,000,04. Therefore 


1827658 the next value is too great by 4 in the 17th 
figure, 
27415 
1828 And the root is right. 
243 
21 
1 
a* = . ooo, ooo, o92, 787, 061,5 
4 —= 001, 218,438.48, 8 o, o 
44 — 4 = . 001, 218, 345,901, 808, 5 
c* = . 001, 218, 345, 961,808, 6 
* 44 4 = . ooo o, ooo, ooo, ooo, i. 


Therefore 44 — 4“ is too little by 1 in 
the 16th figure. 


PROBLEM 


a circular Arc of one Minute of a Degree, 457 


PROBLEM V. 


To quinquisect an Arc of 1 Degree. 


The equation is 4 — 5 + 5a = b = . 01,453,070, 996, 753. 
EI 


and the theorem is x = =—= 
$5 X 1+ g*—3g* 


Takes = 0 


1. Then h + 5 — g& — 5g = + 017,453, &c. | 

and g & 1 ＋ g — 39 = + 5. | 
Therefore + 5) + .017,453,&c (T. oog, 490, 6 = x 

o. o [ 

To. oog, 490, 

g So. 003, 490, 6 


8 


2. Again 5 + 5gÞ — 9* — 5g= T. ooo, ooo, 28 3, 648, 578, . .003,490,6=g - 
and 5 x 1 + g — 3g* = + 4.999,817,236,416,885, 03:49 _ | 
4.999, 817, 236, &c.) + .000,000,28 2,648,621( + .000,000,056,731,798 209436 l 
. 33657769 314154 
3658856 139624 
158984 104718 
3990 000, 12, 184, 288, 30 8g 
3990 6094300 inverted 
* 30552865 
* 4873715 
1096 586 
++003,490,6 7311 
2:000,000,056,731,798 ooo, ooo, og 2, 5 30, 477 25 
7.003, 490, 656, 731,798 = the chord of 12 minutes. 6094 300 
127591 
17012 
3828 
: 26 
.000,000,000,148,457 =g* 
6094300 


302 445 


— — — =_ : - . - 1 = 5 
= — — 28 — 4 — ——— = oo 2 - * 
— dy a — * I — 
1 9 FER. v3 * i n „ — ten ' 2 
— A ow * - T e G - — — r W * " 2 as. © — A 
T : TE 2 l n L — * N ; 8 
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A Computation of the Length of the Sine of 


445 

59 

14 3 
,000.000,C09,000,517 =p5 


=== = — — 
ooo, 00, 2 12.0 52,385 38 


1248327 0. 09,5 h 
+.017 45329 34049; 130 =b + Tay 


=:917+453:000,050,517 - —g*=; 


—— 
— 


T. ooo. ooo, 283.648.621 


+ I ,.O00, ©10,0<CU, 148,457 214 g* 
— 0,00 5.035,52, 803.0808333 


299 -9-3244/325335377 
X5 
S 


—— — 
— 


— — — —— ẽw . x · ·¶ — my 


Proof of the Quinquizeotion of Degree. 


4 . 00g. 490, 656,731,798 

inverted 897137656004 200 

104719701954 

13962626927 

31415910358 

20943940 

1745328 

209429 

24434 

1047 

35 

24 

i 3 

2 = C, O12, 184, 084, 418,9 
897137656094 300 
305549532 

45735738 

10906216 

73108 


—— 


45 = ,000,000,042,532,550,0 


Now by the Provf of the iſt Extraction it 
appears that the difference between the two 
values of 4 — 5 + 5a anil — 5% 4 56, 


. *.- Ys [ . 
is 5 * = Li, when the difference be- 


» I 
tween @ and “ is g. 
Now a! + 1 l. ooo, ooo, ooo, 148,466, 5 
and 32. So. ooo, o30, 554, 53.2 36,7 
0. 999,963, 440,09 5, 209, 8! - 3 
5 
10"5)4.999,8:7 230,476.049,0 
.00c,c00,000.000,005 the difference, 
2 —54. + gag. 017.4 53:070, 996, 755 
5 —5b + % =. 017,453, 70, 990, 750 
— 212 453,070,996,7 53 
: | .000,000,000,000,003. Error 
is here 3 in defect. Therefore the 15th figure 
is between 8 and 7, 


1— — 


_— 


* = ,000,000,042,532,550,0 
$97137050094300 

1275977 

170130 

38279 

255 

21 

EY 3 

4 = ,000,000,000,148,496,5 
& c 43 Oo 

4454 

594 

133 

3 3 

a* , ooo, ooo, ooo, ooo, 5 18, 2 
5a = .017,453,233,059,990 _ 
6 +54= . 017, 453, 283,659, 508,2 
54% . ooo, ooo, 212,662, 753.0 


434 + 5% =. 017, 453,070, 996, 7352 
5 = 017,453, 70. 990,7 53 
Error ooo, ooo, ooo, ooo, oo2. 

The error is here in excels by 2 in the 

15th place, 


—— 9 


2 circular Arc of ove Minute of a Degree. 
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PROBLEM 


1 — __ Pu ——_— — — D — 
——ͤ—U —— — — x . ——9— — 


—_ - ns A Computation of the Length of the Sine of 


PROBLEM VI. 


To trisect an Arc of 12 Minutes, 


The equation is 34 — 4 c. And the theorem x = 


is . 003, 490, 656, 73 1, 798. 
Take g o, 


1. Then = ho = .001,163,558&Cc. = &. 


; 9 
Hence o 
o. 001, 163, 55 


g = 01, 163,55 


2. Again c + g? — 3g = + ooo, ooo, oo8, 30), o61 
and 3 — 32 = + 2. 999,995,938, 454,192. 


a 
„ z Where c 


3-3g8* 


0 1, 163, 55 = g 
801.163,85 
581775 


581775 
349065 


*,*2.999,995,938,&c.).000,000,008,307,070(+ .000,000,002 769,027 698130 


„„ 0 0% + 2307078 
207081 

27081 

OOST 

O21 

0 


001, 163,55 . 
+.000,000,0 2,769,027 
—,001,163,552,769,027 = the chord of 4 minutes. 


116355 
116355 
.000,001,353,848,002, 5 =g* 
55361100 inverted 
1353949 
135385 
81231 
4062 
677 
68 


.000,000,001, 575727 r 
+:003,499,656,731,798=c___ 
.003,490,658,307,070=t+£ 


—.003,490,65 — 38 
+ .000,000,008, 307,070=c+8*—YV 
+3. 


o. ooo, oo4, C61, 545,808 =—3g" 


e 


Pref 


of 


a circular Arc of ene Minute of a Degree. 47! 


Proof of the Trisection of 12 Minutes. 


a = ,001,163,552,769,027 
inverted 720967255391100 
11635527090 
1163552769 

6981310661 

34900583 

5817764 

581776 

23271 

8145 

698 

105 


& = . ooo, oo 1, 353,85 5, 040, 2 
720967255361 100 


13538550 


# = .000,000,001,575,281,7 
3a = ,003,490,658,307,081 
34=4"=.003,490,056,731,799,3 

72 


= __:903,490,655,731,798, 
I 


The error is in the 15th place 
4111 exceſs, 


| 


— 


By the proof of the third Extraction, it 13 


found that the difference between the two 


| . t — as 
values is 3 X g= 


Now from 1.00 
take a* = 


10”) .999,998,046,144,953,8 
| ,000,000,000,000,001 


: 


0.000,001,353,855,040,2 


The difference .000,000,000,000,003 
taken from ga — 4 .0043,490,056,731,799 
leaves next leſs value S. 003, 490, 050,731,790 
Sue eV 03, 490, 656,731,798 


The difference is in defect in the 1 5th place 
a 2. And therefore the true value is between 
J and 6 in the 15th place. 


PROBLEM 


— — 
py — 


1 
1 

g 

| 

| 
|| 
\ 

1 
j 


8 - - __ — - - 


473 A Computation of the Length of the Sine of 


PROBLEM VII. 
To bisect an Arc of 4 Minutes. 


The equation is 4a* — 4. = c, the root of which is a = / 2— ES a 


where c* 1s = . 01 163,552,769,027} = ,000,001,353,855,040,309, 
2096725 5361 100 
1163552709027 
116355270903 
69813166141 
3490058307 
581776385 
58177038 


: 8 
. ooo, oot, 353, 855,46, 309 = — c 
4.0 
3.999.998, 646, 144,953,911 999,999,661, 336, 209,838 = 
29229 
38993399 
3989) 39898 
39989) 309764 
— — 
3999989) 38646044 
222929890 264514305 
399999926)2451447930 
349 199321) 614453809 
3999999322) 2144838 7700536209783 
#* ++ 5+ + 144839109 
24839129 
839133 


a circular Arc of one Minute in a Degree, 4735 


2.0 
1:999-999,661,536,209,783 
ooo, ooo, 33 8,463, 790, 21 7 (ooo, 58 1,776, 409, 12 = the chord of 2. 
108)884 | 
1161)2063 
11627) 90279 
116347) 88900 
1163546)7457317 _ 


1163552 ) 476041(409127 | 
a 


—— * 
1 . 2 


2). ooo, 58 1, 776, 409, 127 = the chord of 2 minutes 


000, 295,888, 204, 563, 5 = the fine of 1 minute, within an unit in 
the 16th place of decimals. 


- 
- - E — — » CIS 
> ST Le, A. — —ͤ— = 


vol. VI. 3 E Proof 
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Proof of the Bisection of 4 Minutes. 


a = ,000,581,770,409,127 
7219046771850 


2908882045035 


405421127 302 
5817764091 
4072434804 

407243486 
34990584 
2327106 
52360 


582 


116 
41 


* ="000,000,338,463,790,210,7 


20973648 33000 0 


1015391 
101539 
27077 
1354 
203 
1 

2 


taken from 


ag. ooo, ooo, ooo, ooo, 114, 5 57, 6 

44. . ooo. oo, 353, 855, 160, 866,8 

44 4 . oco, oO l, 353, 885,046, 309, 2 
* ooo, oo 1, 383, 8 5 5, 46, 309 


Error in exceſs in the 19th place by 
2 only. 


Therefore the true value lies between 7 and 6 in the 15th place, but much 


nearer to 7 than to 6. 


End of Dr. HuTT@w's Computation of the Length of the 
Sine of an Arch of one Minute of a Degree in 
a Circle of which the radius is called 1. 


A Computation of the Length of the Sine of a circular Arc, &c. 


By the proof of the third Extract ion, the dif. 


5 — 42 
ference of the two values is 44 * — 


Now, from 2.0 | 
Take a* = 0. ooo. ooo, 338. 463, 790, 
10). 999,999, 1,336,209, 
bs .000,000,000,000,002 
| 44 = .002,327,105,6 & c. mult, by 
The difference .000,000,000,900,000,00; 


44* — 44 gg. ooo, oo 1, 35 3˙8 55, 046, 309, 
leaves the next aps 
value 2=.000,001,353,8 5 5,046,304,2 
But c 1s =,000,001,353,855,046,309 


The error is therefore in defect, and amounts 
only to 5 in the 18th place of decimal fractions. 
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Ejuſque uſùs in utraque 
Tngonometria, ut etiam in 
omni Logiſtica Mathematica, 


Ampliſsimi, Facillimi, & 


expeditiſsimi, explicatio, 


— —— — 


Authore ac Inventore, 
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E DINBUR GI. 


Ex officinà ANDREA HART 
Biblio pol, clo. De. xiv. 


. 
— _ 
— —— 
—— whos 


Flluftriſſmo, C. optime ei 
PRINCIPI CAROLO, 


Potentiſſimi, & Inviétiſſimi, 


I ACORBE 6. 


magnæ Britanniæ, Franciæ, & 


Hiberni Regis, ſilio unico, Wallice Prin- 
cipi, Duci Eboraci, & Rotheſaiæ, magno Scotiæ 


Seneſcallo, ac Inſularum Domino, &c. 
D. D. D. 


QUUM nullum fit ſtudium, vel doarine genus, {Tlluftriſſime Princes 
quod generoſa ac heroica ingenia, ad preclara queque & ſublimia 
magis acuat, contraque tarda & inſulſa pectora magts obtundat, quam 
matheſis : non mirandum eft eruditos & magnanimos primeipes eam mage 
nopere preteritts omnibus ſeculis in delicus habuiſſe, imperitos vero & 
ignavos homines eandem, velut ignorantie ſuæ & ignavie hoſtem, ſemper 
odio acerrimo proſequutos efje, Cur non gitir novitium hoc noftrum 
inventum, cum obtuſa ingenia & humi repentia refugiat, ad ſublime 
Celſitudinis tuæ ingenium & flatrocinium confugiet & tranſoolavit ? 
Preſertim cum nova heac Logarithmorum methodus, omnem illam pris 
tine Matheſers in calculo diſcultatem (que aliogqu] generoſam tuum in- 
dolem offendere profſet ) fienitus E medio tollat: & ad ſublevandam me- 
moriæ imbecillitatem ita ſe accommodet, ut illius adminiculo facile fit, 
plures quaſtiones mathematicas unius hore ſhatio, quam ſiriſtin & con 
muntter receptil forma ſinuum, tangentium, & ſecantium, vel integro dic 
abſalvere. Ide que tuæ Celſitudini tanto gratius hoc invenlum fore ſpe— 
Pamus, quanto facilem magis & expeditam reddit Logiſticam : quid enint 
Jucundius, & in omni diſciplinarum genere præſtantius eſſe paſſit, quam 
preclara guægue & ſublimia, exatFe, ex tempore, facili negotio, nullyque 
vel temhoris vel laboris diſpendio eæpedire? Rogamus igitur {ſerent{/tme 
Princefs } ut munuſculum hoc, licet exiguum, & longe infra mertitorn 
>< 
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& dignitatis tue faſtigium, cerliſſimi tamen obſequii pignus & ſymbolum, 
fro humanitate tud boni conſulas. Quod fi te feciſſe mtellexero, vel hc 
fold ratione animos mihi, jam morbis pene confefo, addideris, ad alia pro- 
pediem, his fortaſſe majora & tanto principe mage digna, moliendum, 
Interim illuſiriſimos tuos parentes, magna magnæ BRITANN1E luminaria, 
teque praclarum tam praclare ſtirpis ramum, & future nojtre tranquil. 
litatis ſpem, di nobis incolumes ſervet & protegat ſummus ile Rex 
pie 29h Dominus dominantium, cui omnis honor & gloria in æternum 
tribuatur. 


Sereniſſimæ tuæ Celſitudinis obſe- 
quio addictiſſimus 


- TOANNES NEPERVS. 


IN MIRIFICV MM 


Logarithmorum Canonem 


Prefatuo, 


UUM nihil fit (chariſſimi mathematum cultores) mathematicæ 

praxi tam moleſtum, qu6dq; Logiſtas magis remoretur, ac retar- 
det, quam magnorum numerorum multiplicationes, partitiones, qua- 
drataeque ac cubice extractiones, quæ, præter prolixitatis tædium, lus 
bricis etiam er:07:2u5 plarimam ſunt obnoxiæ: Cœpi igitùr animo 
revolvere, qui. arte certa & expedita, poſſem dicta impedimenta 
amoliri. Mulas ſabinde in hunc finem perpenſis, nonnulla tandem 
inveni præclata compendia, alibi fortaſſe tractanda: verum inter omnia 
nullum hoc utilius, quod una cum multiplicationibus, partitionibus, 
& radicum extractionibus arduis & prolixis, ipſos etiam numeros 
multiplicandos, dividendos, & in radices reſolvendos ab opere rejicit, 
& eorum loco alios ſubſtituit numeros, qui illorum munere fungantur 
per ſolas additiones, ſubtractiones, bipartitiones, & tripartitiones. 
Quod quidem arcanum, cum (ut cætera bona) tit, quo communius, eo 
melius: in publicum mathematicorum ufum propalare libuit. Eo 
itaque liberè fruamini (matheſeos ſtudioſi) & qua a me profectum eſt 
benevolentid, accipite. Valete. 


Ad 


Ad Leftorem Tri gonometriæ 
ſtudiofum, 


Vi Cceli, atque ſoli, & ſinuoſos æquoris arcus 
Metiri, & curvos vis numerare gradus; 
Quique per expanſum tenſas cognoſcere rectas, 
Menſurat radio quas GRODRTA ſuo: 
Macte animo, inſta operi, LoGARITHMIs utere, quos hic i 
Rara Caledonii, dat Baro, gemma ſoli. | 
Fruſtrà erit hinc multis tabulas extendere chartis : 
Fruſtra erit & calamo crebra litura tuo. 
Quz niſi multiplici nunquam potuere priores, 
Actu uno hic facili tu numerare queas. 
Ad SophiAu quid ferto novi, quod priſtina vincat, 
Quiſquis ab ingenio nomen habere cupis. 


Patricius Sandzus. 
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r fertur per aphæreſin, atque 

Proſtheſin ignotos elicuiſſe ſinus: 

Atque aliquos aliquot ſinuum quæſita Logiſtas 
Conſimili legimus notificàſſe modo: 

Nemo tamen cunctos poterat fic ſolvere nodos, 
Aut certa rectam lege docere viam. 

Muſarum NEERVSs honos, & gloria gentis 
Scotigenæ, parvo præſtat utrumque libro. 

Nomine fic NEPAR, PARILI fit & omine Nox Pax, 
Quum non hac habeat NEPAR in arte Pa REM. 


Aliud. 


B tibi NE PERVM adſciſce ſodalem, 
Floreat & noſtris Scolia noſtra viris: 
Nam velut ad ſummum culmen perducta Poèſis 
In te ſtat, nec quo progrediatur habet: 
Sic, etiam ad ſummum eſt culmen perducta Matheſis, 
Inque hoc ſtat, nec quo progrediatur havet. 


Ad Lectorem:. 


He liber eſt minimus, fi ſpectes verba; ſed uſum 
Si ſpectes, Lector, maximus hic liber eſt. 
Diſce; ſcies parvo tantum debere libello 

Te, quantum magnis mille voluminibus. 


ANDREAS Ivnrvs 


Philoſophiz Profeſſor in 


Academia Edinburgena. 


vor. VI. 30 IN 
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IN LOGARITHMOS. 


9 bibi cunque ſinus, tangentes, atque ſecantes, 
* Prolixo præſtant, atque + labore gravi: 
Abſque labore gravi, & ſubito, tibi, Candide Lector, 
Hac Logarithmarum parva tabella dabit. 
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MIRIFICI 


Logarithmorum canonis deſcri- 


ptio, guſgue uſiis in utrague 1ngonome- 
tria, ut etiam in omni Logiſtica mathematica, 
amęiliſtimi, facillimi, & eæpe- 


ditiſimi, explicatio. 
LIBER I. 


CAPVT. I. 


De Definitionibus. 


I. Def. CL Tnea æ9 ualiter creſcere dicitur, quum punctus eam deſcribens, equalibus 
momentis per æqualia intervalla progreditur. 


I 


FT 
„ JO EY þ $6 


Sit punctus A, à quo ducenda fit linea fluxu alterius puncti qui 
fit B. Eluat ergo primo momento B; ab A in C, ſecundo momento 
a C in D, tertio momento à D in E; atque ita deinceps in in- 
finitum, deſcribendo lineam A C D E F, &c. intervallis A C, CD, 


3Q 2 DE, 
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D E, E F, & cæteris deinceps æqualibus, et momentis æqualibus de. 
ſcriptis. Dicetur hæc linea, per definitionem juperiùs traditam, æqualiter 
creſcere. | 


Co- Unde hoc incremento quantitates £qui-differentes temporibus equi-difſcrentih,s 
rol- product eſt neceſſe. 
lari- | 
um, Ut in ſuperiori ſchemate unico momento B ab A in C, & ribus 
momentis .ab A in E progreflus eſt, fic ſex momentis ab A in H, 
& octò momentis ab A in K. Sunt autem illorum momentorium 
unius & trium, & horum ſex & otto, differentiæ æquales, ſcilicet, 
duorum, Sic etiam erunt quantitatum illarum A C, & A E, & 
= | harum A H, & A K differentiæ CE, & H K, æquales. Agui-dif. 
| ferentes ergo, ut ſupia. 


| 2.Def. Tinea proportionaliter in breviorem decreſcere dicitur, quum punclius cam 
tranſcurrens equalibus momentis, ſegmenta abſcindit eju/dem continud rationis 
ad lineas q quibus abſcinduntur. 
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Exempli gratia. Sit linea ſinũs totius &. @ proportionalitèr mi- 
nuenda. Sit punctus tranſcurſu ſuo eam minuens 8. Sit denique 
ratio ſegmentorum fingulorum ad lineas à quibus abſcinduntur, ut Q. 
R. ad Q. S. Quaergo ratione ſecatur Q. S. in R. eãdem ratione (per 
10. 6. Eucl.) ſecetur . win . atque nc &. tranſcurrens ab æ in y 
primo momento ab æ. % abſcindat æ. , relictà linea, ſeu finu, y. u. 
Ab hac autem . w procedens g ſecundo momento abſcindat ſimile 
ſegmentum quale eſt Q. R ad Q. 8, quod fit . 8, relicto ſinu 5. w, 
A quo proinde tertio momento abſcindat G ſimili ratione ſegmentum 
8. 6, relicto ſinu e. . A quo ſimilitèr quarto momento abſcindatur 
(fluxu 8) ſegmentum a” relicto ſinu C w. Ab hoc C, quinto 
momento abſcindat & eadem ratione ſegmentum & , relifto finu i. . 
& ita deinceps in infinitum. Dico itaque hic ſinùs totius lineam 
&, w (ex premilſſa definitione) proportional tir decreſcere in finum 1. u. 
aut in alium quemvis ultimum in quo ſiſtit & & fic in aliis. 


Cor . 
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Cor. Unde hoc e@qualibus momen'is decremento, egjuſi'em etiim rationis proper- 
tionales lineas relinui eft necelſe. 


Quæ enim ſuperiùs eſt continua proportio ſinuum minuendorum, 
& co, / w, d , c , C . uw, tw, & * , KC, atque ſegmentorum ab 
eis abicitlorum à , 5, ds, 6 C Ch, 14 1% & Xx XM. Eadem erit ne- 
ceſſariò ctiam ſinuum reh ctotum propottio, fcilicet, 5 , 9 , E , 
Cw, 1w, tw,%w, & N , ut ex 19. prop. 5. & 11. prop. 7. Eucl. 
patet. 


z. Def. Quantitates ſurda, ſer numero ine plicabilet, numeris quam proxim? defniri 
dicuntur, quum numeris majuſculis, qui @ veris ſurdarum veloribus unitate nun 
differant, definiuntur. 


Vt fit ſemi-diamcter, ſeu finvs totus, rationalis numerns 10,000,000, 
erit ſinus, 45. graduum raix quadrata 200, ooo, oco, ogo, ooo, qu 
{urda, ſeu ir rationalis, & numero inexplicabilis cit, atque inter terminos 
7,07 1,067, minorem, et 7,07 1,268, majorem, includitur. Ab horum ita» 
que uirovis non differt unitate, Surdus igitùr finus ille 45 graluum 
quam proxime dicitur chunt et explicari, quum per numeros integros 
7,071,067 vel 7,071,068. neglectis fractionibus, definitur, In magnis 
etenim numeris ex tragmentis unitatis ſpretis nullus error ſenfibilis 
emergit. 


4. Def. Synchroni motus ſunt, qui fimil & eodem tempore funt. 


Vt in ſuperioribus, eſto quod B. moveatur ab A in C. eodem tem- 
pore quo & movetur ab & in . dicentur rectæ A C, & & Hu- 
chrono motuo delcri bi. 


5. Def. Quum quolibet motu & tardior & velocior dari pofſit, ſequetur neceſſarid cui- 
& po- que motui æqui velocem (quem nec tardiorem, nec velociorem definimus ) dari 


ſtul. Poſſe. 


6. Def. Logarithmus ergd cujuſque fin's, eſt numerus quam proxim? d:finiens lineam, 
gue equaliter crevit intered dum ſiniis tottus linea proportionalit-r in ſinum illum 
decrevit, exiſtente utroque motu ſynchrono, atque initio equivelace. 
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Exempli gratia, Repetantur ambo ſuperiora ſchemata, & movca— 
tur B. ſemper & ubique eadem ſeu æquali velocitate qua cœpit mo. 
veri & initio quum elt in &. deinde primo momento procedat B. ab 
A in C, & eodem momento procedat & ab æ in . proportionaliter; 
erit numerus definiens A C logarithmus line, ſeu fins, 1% Tum 
ſecundo momento promoveatur B à C in D, & eodem momento 
promoveatur proportionalitèr & à % in ; erit numerus detiniens A 
logarithmus fintis à . Sic tertio momento procedat æqualitèr B A 
in E, & eodem momento promoveatur proportionalitèr & a9 in e; 
erit numerus definiens A E Iogarthmus ipſius ſinüs s . tem 
quarto momento procedat B in F, & 4 in C; crit numerus A F Lo- 
garithmus finus C @. Aique codem conunuò ſervato ordine erit 
(ex definitione ſuperius tradita) numerus A G logarithmus firtis 4 w; 
A H logarithmus finus iw; Al log. finis Kw; A K log. finis Aw; 
& ita in infinitum. 


Unde finiis totius io, oco, ooo nullum ſeu o, eſt logarithmus : & per conſequens, 
numerorum majorum ſinu loto logarithmi ſunt nibilo minores. 


num enim ex definitione pateat, quod a finu toto decreſcentibus 
ſinibus, A nihilo accreſcant logarithmi, ideo contra, creſcentibus nu— 
meris (quos adhuc ſinus vocamus) in finum totum, ſcilicèt, in 
10,000,000. decreſcant, in o, ſeu nibilum, logarithm eſt neceſſe. Er 
per conſequens numerorum creſcentium ultrà ſinum totum 10,020,000, 
(quos ſecantes aut tangentes, & non amplius ius vocamus) logarithmi 
erunt minores nihilo. 


Taque logarithmos ſinuum, qui ſemper majores nihilo ſunt, abundantes voca- 
mus, et hoc ſigno ＋, aut nullo, pranotamus. Logarithmos autem minores nihilo 
defectivos vecamus, pranotantes * eis hoc ſignum —. | 


Admonitio. 


Rat quidem initio liberum cuilibet ſinui, aut quantitati nullum 
ſeu o, pro logarithmo attribuiſſe: ſed præſtat id præ cæteris 
ſinui toti accommodaſſe: ne unquam in poſterum vel minimam mo- 
leſtiam parturiret nobis additio & ſubtractio ejus logarithmi | in omni 
calculo frequentiſſimi. Cæterùm etiàm, quia ſinuum & nume:orum 
ſinu toto minorum frequentior eſt uſus, eorum igitùr logarichmos 
abundantes ponimus; aliorum vero defeF#ivos: etſi contra feciſſe initio 
hberum erat, 


CAP, 
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CA. 


De Logarithm. propoſitionibus. 


pro- PRoportionalium numercrum, aut quantitatum, æqui-diſſerentes ſunt Lag a- 
pol.l. rithm, 


Vt proportionalium ſinuum, ſcilicet, „, qui ſe habet ad e ut 
46. ad Aw, Logarithmi reſpectivè ſunt numeri definientes A C, A E, 
AH, & A K, (ut per def. 6. patet) differunt autem A C, & AE 
differentià C E: atque AH, & AK differentià H K. Sunt autem 
(ex 1. def. & ſuo cotollario) CE & H K æquales. Aqui-differentes 
igitüͤr ſunt Logarihmi præfatorum ſinuum proportionalium. Et ita 
in omnibus proportionalibus. 


Nam quas affectiones & ſymptomata Logarithmi ab ortu & geneſi 
{ua acquiſiverint, eas in poſterum retineant eſt necefle. Ab ortu 
autem & in geneſi {va imbuuntur hac affectione, & hæc lex illis præ- 
ſcribitur, ut tint æqui-differentes, quum eorum ſinus ſeu quantitates 
ſint proportionales (prout ex def. Logarithmi, & utriuſque motũs 
patet, & in conſtructione logarthmorum ampliùs aliquando pate- 
bit.) Proportionalium eigò quantitatum æqui-differentes ſunt Loga- 
rithmi. 


Pro- Ex trium proportionalium Logarithmis, duplum ſecundi, ſeu medii, minutum 
pol.2.primo, æquatur tertio. 


Quum, per prop. 1. differentia logarithmorum primi & ſecundi 
æquctur differentiz logarithmorum ſecundi & tertii, id eſt, ſecundus 
minutus primo æquetur tertio minus ſecundo: Ideò, addito ſecundo 
ad utrumque æquationis latus, proveniet bis ſecundus, ſeu duplum 
ſecundi, minutum primo, æquale tertio: quod erat probandum. 


Pro- Ex trium proportionalium logarithmis, duplum ſecundi, ſeu medii, æguatur ag- 
poſ. 3. gregato extremorum. 


Ex præcedente prop. 2. duplum ſecundi minutum primo æquatur 
tertio. V:rique æqualium laterum adde primum, & exurget duplum 


ſecundi æquale primo & tertio, id eſt, aggregato extremorum : quod 
erat demonſtrandum. 


Pro- 
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Pro- Ex quatuor proportionalium logarithmis, aggregatum ſecundi et tertii minutum 
pol, . primo & quatur quarto, 


Quum per 1. prop. ex quatuor proportionalium Jogarithmis, ſecyn. 
dus minutus primo, æquetut quarto minus tertio, uirique æqualitatis 
lateri, adde tertium, & fient ſecundus & tertius minuti primo @quales 
quarto: quod erat propoſitum. 


Pro- x quatuor propertionalium Iegarithmis aggregatum mediorum ( ſecundi, 


pol. g. /cilicet, & tertii)) zquatur aggregato extremerum, primi, videlicet, & gquarti, 


Per prop. 4. præcedentem, ſecundus & tertius minuti primo erant 
æquales quarto : utrique æqualitatis lateri adde primum, & fiet ſe— 


cundus, plus tertio æqualis quarto, plus primo: quod demonſtran— 
dum erat. 


Pro- Er quatuor continut proportional um logarithmis triplum alterutrius mediorum 
poſ. G. equatur aggregato extremi remoti, et dupli vicini. 


* Potids 
tra r- 
entes, ſeu 


differentes. 


Per ſecundam prop. duplum ſecundi, ſeu medii, minutum primo 
eſt æquale tertio: & per tertiam prop. duplum hujus, quod eſt, 
quadruplum ſecundi minutum duplo primi, æquabitur aggregato 
ſuorum extremorum, videlicet quarto plus ſecundo. lam ſi ab 
utroque æqualitatis latere ſubduxeris ſecundum, fiet triplum ſecundi 
minutum duplo primi zquale quarto. Hujus rurſts æqualitatis lateri— 
bus adde duplum primi, & exurget triplum ſecundi æquale quarto 
plus primi duplo: quod probandum ſuſcepimus. 


Admonitio. 


II* uſque logarithmorum geneſin & ſymptomata explicavimus: 
quo verò calculo, quave logiſticæ methodo, habeantur, hoc 
loco explicandum foret. Sed, quia ipſum canonem integrum, ejuſ⸗ 
que logarithmos omnes cum ſuis ſinibus, ad ſingulas quadrantis mi- 
nutias primas, exhibemus, ideò in tempus magls idoneum doctrinam 
conſtructionis logarithmorum tranſilientes ®, ad eorum uſum propera- 
mus, ut, prælibatis priùs uſu & rei utilitate, cetera aut magis pla- 
ceant poſthac edenda, aut mints ſaltèm diſpliceant filentio ſepulta. 
Piæſtolor enim eruditorum de his judicium & cenſuram, priuſquam 
cætera, in lucem temerè prolata, lividorum detrectationi exponantur. 


CAP. 
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Deſcriptionem complectens tabulz logarithmorum, 
& ſeptem ejus columnarum, 


Se- Rima columna eft expreſſ? arcuum ab o. in 45. Gradus creſcentium : et ſub 
ctio. 1. intelligitur efſe etiam ſuorum ad ſemirirculum religuorum f. Potidis 
Se- Seßtima autem columna eſt arcuum d quadrante in 45. gradum decreſcentium : corundem ar- 
ctio.2. et ſubintelligitur oe etiam ſuorum ad ſemicirculum reliquorum. +1 3 
Se- Unde alterius columnæ arcus, ſunt arcuum alterius è regione reſpondentium plementorumt. 
ctio. 3. complementa. 
4. Atque in primd exprimitur omnis trianguli rectilinei redanguli angulus acutus 
minor. 
5. In ſeptimd autem ei è regione collocatur ejnſdem [trianguli] rectanguli angulis 
acutus major. | 
6. In ſecundd columnd ſunt ſinus arcuum prime columnæ. 
7. Sintque hi crus minus ſubtendens minorem angulum [ trianguli ] rectanguli, 
cujus baſis, ſeu hypotenuſa, ejt ſinus lotus. | 
8. In ſerid columnd ſunt ſinus arcuum ſeptime columne. 
9. Süntque hi crus majus ſubtendens majorem angulum ejuſdem [tri anguli] rectait- 
guli, cujus, ſcilicet, hypotenuſa eſt ſinus lotus. | 
10. Unde omni triangulo rectilineo rectangulo fit equiangulum et fimile ex ſinu toto, 
et finu ſecunde — — et ſinu ſertæ ei > regione reſpondente. 
11. Jertia columna continet Logarithmos arcuum, et ſinuum ſiniſtrorum. 
12, Qu ſunt Logarithmi provortionis cruris minoris rectanguli ad ejuſdem Hypo- 
tenu/am. 3 | 
13. It-mgue hi ſunt arcuum, el ſinuum dextrorun Logarithmi complementorum, quos 
antilogarithmos appellamus. 
14. Quinta columna continet I ogarithmos arcuum, et ſinuum dextrorum. 
15. Lui ſunt Logarithmi proportionis cruris majoris | trianguli] rectanguli cd 
ejujdem by potennſam. 
16. Itemque hi funt arcuum et finuum ſiniſtrorum antilogarithmi, ſeu Lo garithm: 
complementorum. 
17. Quarta denique, ſeu media, columna continet differentias inter logarithmos tertie 
columnæ, et quinte, Unde duplex eft hc columna, Abundans et defectiua. 
13. A4bundantes, ſunt differentie que oriuntur ex ſubtractione logarithmorum quint@ 
a l-garithmis tertice. 
19. Defefive verd, ſunt differentie ortæ ex ſubduftione logarithmorum tertie d 
logarithmis quintæ: que ide) ſunt minores nibilo. 
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20. Diferentie abundantes dicuntur differentiales numeri arcuum ſiniſtrorum. 

21. Hunt ue logarithmi proportionis minoris cruris, | trianguli | refanguli ad 
ejuſdem crus majus. 

22. Jtinique ſunt Logarithmi facundorum, five tangentium arcu'm finiſtrorum. 

23. Differentie auttm defetirve dicuntur numer uifterenuales arcuum dex. 
trorum. | 

24. Sintque Logarithmi proportionis majoris cruris [ trianguli] rectangnli ad ejuſ- 
dem crus minus. 

25. Jt-mque ſunt Logarithmi fecumdorum, five tangentium arcuum dextrorum. 


26. Omnis eltam arcus ſiniſter, egiſque ad ſemicirculum reliquus, dicitur arcus 


complementi arcuum, ſinuum, et Logariihmor um aextrerum, atque differentialiun 
defetitvorum. | | 

27. Ft contra, omms arcus dexter, cjiſque ad ſemicirculum reliquus, dicitur arcus 
complementi arcuum, ſinuum, & Legarithmorum ſiniſtrerum, atque differenti- 


alium abundanutium. 


Admonitiones. 


28. e notandum eft, fi Logarithmos tertiæ colummæ defefives feceris (præ- 


Poſito, ſcilicet, — figno, ) fient Logarithmi hypotenuſarum, ſive ſecantium 
arcuum dextrorum ſeptime column. 
29. Et hi etiam fient Logarithmi proportionis bypotenuſe [trianguli] rectanguli 
ad ejuſdem crus minus. 
30. Et fi Logarithmos quintæ columne defettivos feceris, fient Logarithmi hypote- 
nuſaram, five ſecantium arcuum finiſtrorum prime columng. 


31. Fient etiam hi Logarithmi proportionis hypotenuſz [irianguli] rectanguli ad 


ejuſdem crus majus. Verim quia ad [ triangulorum | rectilineorum ſcientiam 
comp: randam, ſoli finus, eorlimque arcus, & logarithmi cum differentialibus : 
ad Spharicorum autem, /fretis ſinibus, ſoli arcus, & eorum logaritbmi, & 
differentiales ſufficiunt : ided hypotenuſas & fæcundos tabuld excluſimus: ficuti 
& ſinus ipſos in ſphericis negligi volumus. Oftendemus tamèn obiter te poſſe 
i libuerit ) eis omnibus ſafts expedit? in [triangulis] rectilineis uti, in ſpharicis 


wernd minimè. 
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CAP. IV. 


De uſu tabulæ, & numerorum ejus. 


Se- Clnuum, tangentium, & ſecantium praciſe in tabulis ſuis repertorum, Loga- 
&io.l, rithmos non minas praciſe dare. 


Per ſect. 11. & 14. cap. 3. reperto ſinu dato in ſecundà, aut ſep- 
tima, column noſtræ tabulæ, reperietur ejus Logarithmus in ejul- 
dem linez tertia vel quinta column. Habentur igitur fic exactè 
ſinuum tabulatorum logarithmi. Tangentium autem & ſecantium 
numeris in ſuis tabulis repertis habentur arcus. Ex arcubus verò 
cognitis noſtra tabula exhibet tangentium logarithmos ſeu differen- 
tiales cum ſignis ſuis in media columnã per ſet. 22. & 25. Et [exhibet 
ſecantium logarithmos reciproce in tertia & quinta columnà; præpoſito 
tamèn his ſigno per ſect. 28. & 30. Habentur igitur ſinuum, tan- 
gentium, & ſecantium tabulatorum logarithmi, 


Exempla ſinuum. 


* 6946584 Logarithmum quæro. Sinum illum præciſè | 
reperio in ſecundã columna reſpondentem arcui 44. Gr. o. m. & j 
in eadem linea tertiæ columnæ adftat illi 3643349 ſuus logarithmus, 
quem quæſivi. 

Item finiis 7213574 quæratur logarithmus. Sinus hic invenietur 
reſpondens arcui 46. Gr. 10. m. & ei vicinus 3266204 logarithmus 
ejus quæſitus. | 


— 
— 
A rr 


Exempla tangentium, 


Væratur tangentis 2186448. logarithmus. Huic tangenti in ſua 

tabula reſpondet arcus 12. Gr, 20. m. & huic arcui in media 
columna tabulæ noſtræ reſpondet logarithmus, ſeu differentialis abun- 
dans 15203064. quæſitus. Item, fi tangentis 457 36291 logarith- 
mum quæſiveris, offendes in tabula tangentium ejus arcum 77. Gr. | 
40. m. hujũſque arcùs in tabula noſtrà differentialem eandem, defec- | 
tiwam tamen, ſcilicet, — 15203064. | 


41 Exempla 
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Exempla secuntiuni. 


Ecanti 18118009 reſpondet in tabula ſecantium arcus 55, gr. 46, 
m. & huic arcui in tabula noſtra convenit reciproce def: &ivus — 
5943212, logarithmus ſecantis 18118009 ſupraſcripti. Sic ſecantis 
13118337 invenies logarithmum — 2714255; & lecantis 13960592 
offendes logarithmum — 3336533. | 


| 2. Numerorum datorum, & in tabulis ſmuum, tangentium, & ſecantium non 
| repertorum, logarithmos a@ftimare. 


| Numerum dato ſimillimum, five is fuerit dati decuplus, centuplus, 
| millecuplus, 10, oooplu foo, oooplus aut 1000,00cP1W, quære in ſecunda, 
aut ſextã columna tabulæ noſtræ, aut, fi mavis, in tabulis tangentium, 

| aut ſecantium : & hujus arcum nota. Ejus enim logarithmus e tabula 
| N © noſtri elicitus, eſt quem quæris: mente tamen reſervando, aut, me- 
| : moriæ gratia, notis exprimendo, numerum locorum, ſeu figurarum 
multiplicitatis. Vt, fi quæratur logarithmus numeri 137, in tabulis 
non reperti: reperies inter ſinus numeros 14544, 136714, & 1371564; 
& inter tangentes 1370 5046; inter ſecantes vero numerum 13703048; 
qui eſt omnium dato fimillimus, dummodd <jus ultimæ vel dextimæ 
quinque figure deleri ſubintelligantur. Hujus ergo ſecantis 13703048, 
&& ſui arcs 43. gr. 8. m. logarithmus (per præced. aut per ſect. 28. 
& Jo. Cap. 3.) quæratur; & invenietur — 3150332, qui pro loga- 
rithmo dati numeri 137 etiam habetur: recordando tamen ultimas 
quinque figuras abſcindendas eſſe, aut, memoriz gratia, expreſſè hoc 
modo ſignandas — 3150332. — c0000. Similitèr, fi per tangentem 
1370 046, ſuperiùs expreſſum, quæſiveris logarithmum numeri 137 
ex tangentis illius arcu 53. gr. 53. m. invenietur (per ſect. 25.) in 
media columna — 3151790, logarithmus illius tangentis 13705046: 
qui quia excedit 137 datum quinque locis ſeu figuris, 1ded — 
3151790 — 00000 erit logarithmus numeri dati 137. Tanto ta- 
men minds exactus eſt hic logarithmus, quanto magis 13705046. 
eſt diſſimilis numero 13700000. ſeu centies millecuplo dati: ſed hic 


046 SETS i 
error partes — —_ unitatis non exuperat. Si tandem per ſinum ſupra 


ſeriptum 1371564 quæſiveris logarithmum dati 137, is (per hanc, 
& 11. ſect. cap. 3.) deprehendetur eſſe 19866327 — oo. Nec 
ſecùs operandum erit ſigno + quando numerus figurarum datæ 
quantitatis excedit numerum figurarum ſiuũùs ei ſimillimi; quod ratò 


contingit. Ur, fi quzratur numer), ſeu diſcrete quantitatis, 232702. 
| logarithmus, 


logarithmus, invenies in tabula finum 23271 ei ommum | fimillt- 
mum; ſed unica deeſt huic figura. Hujus ergo logarichmo tabulato 

per ſect. 17. cap. 3.) reperto, qui eſt 60631284, adjiciatur unica 
cyphra ſigno + interpoſito; & fiet 6053 1284 + © pro logarichmo 
numeri 23270 quæſito. Sed modus logarithmos zliumandi omnium 
optimus eſt, quo primò creati ſunt: de quo alibi, 


4 Vude, ut ſuperiore primi ſectione Irgarithmi ſimplices, et puri exbißentur 
ita bac præcedente, appojitis cyphris, impuri emergunt. 


4. Similium fignorum logarithmos addere, eft aggreg atum utriuſque cum ſigno 
communi exbibere. 


Vt ex additione — 563 12. ad — 73495. provenient — 129807. 
Itemque addito 4216. ad + 5392. producuntur 9608. Sic 3219 
— oo. ad 4360 — ooo. faciunt 7579 — 00000, 


s. Difiimilium fignorum legarithmos addere, eft differentiam eorum cum Hg 
majoris numeri exhibere. 


Vt ex additione — 210. ad 332. producitur + 122, Item ex 
additione — 210, ad 192. producitur — 18. Sic — 210. + 000, 
ad 332 — oo. ſunt 122 + o. Item — 210 — ooo, ad 192 + 
oOo. funt — 18 — ©, 


6. Duorum logarithmorum, Hic illius defectivus, ille autem hujus abundans f ro- 
riè dicitur ; cum & numerum, & cyphras communes ſeu eoſdem : ſigna verd 
omnia + & penitùs contraria habeant. 


Vt abundantis 56312 defectivus eſt — 56312. Item abundan- 
tis 56312 — oo detectivus eft — 56312 + oo, Sic abundantis 
56312 + oo defectivus eſt — 56312 — 00, 


7. Mundantem ſubtrahere, eſt ejus dęfecti vum addere, 


Vt ſubtrahere abundantem 56312, ex — 73495. idem erit, quod 
addere illius defectivum, qui (per 6.) eſt — 46312, ad eundem — 
73495. fiẽntque (per 4. præmiſſam) — 129807. Sic ſubwabere 
56312 + oo ex — 73495 — coo eſt idem quod addere — 56312 
+ oo ad — 73495 — ooo; fiuntque (per 4. & 5. præcedentes) — 
129807 — ocooo. | 


8. Defetivum 


- 
r 


{ 
(4 
| \, 
j 
þ 
þ 


— 


" v Y ; Sz IE - . 
r 446 „ —...—— — — A 


W2- > 


8. Defefivum ſultrabere «ft gur abundantem addere. 


Vt ſubtrahere defectivum — 4216 ex + 5392 eſt idem quod 
addere 4216 ad 5392 & (per 4.) producere 9608. Sic idem eſt 
ſubtrahere — 4216 + oo cx 5392 + © quod addere 4216 — 00 
ad 53y2 + o & producere 9608 — o. | 


9 . Logarithmum numero-teniis augere, vel minuere, ſalvo valore priſtino, eft ad 
illum addere, aut ab eo ſubtrahere, quemvis ex logarithmis ſequentibus, ſcilicet, 
2 0 5842 + o, vel 45051682 + oo, vel 69077527 + 000, vel 92103369 

＋ C000, vel 115129211 -+ o0co00, nihil prorſas ſignificantibus. 


Vt fit Logarithmus 39156 — o; cui ſi addideris illorum quemvis, 
ut, exempli gratia, 23025842 + o, fiet inde 23064998, major nu. 
mero, valore autem prorlùs idem qui 39156 — o. Namque hujus 
39156 — o. logarithmi, quantitas (eu valor numeralis (per 12. & 13, 
lect, ſeq. hujus) eſt 9 9 609 2c. A quibus deme unicam figuram 
ultimam, prout — o notat, & fiet 996092, Illius autem Logarithmi 
23064998. valor numeralis (per ſeq. ſect. 1a. & 13. hujus) eſt etiàm 
996092, idem qui prius, 


Exemplum minutionis. 


It Logarithmus 25451769. minuendus, à quo fi ſubduxeris 

23025842 + do. relinquitur 2425927 — o. ejuſdem valoris, cu- 
Jus prior hic 25451769. Nam ſimplicis & puri Logarithmi 2425927 
valor eſt decuplus valoris utriuſvis eorum. Sunt ergò eorum va- 
lores invicem æquales. Nihil enim aliud ſignificat additio Loga- 
richmi 23025842 + o, quam quod valor numeri cui additur, fit 
decupartiendus, & huic decimæ parti cyphra unica fit adjicienda : 
ſubtractio vero ejuſdem ſignificat valorem logarithmi à quo ſubtra- 
hitur decuplari, & ab hoc decuplo cyphram unicam abjici, rema- 
net itaque in utraque priſtinus valor. Sic 46051684 + oo additus 
ſignificat ad centeſimam partem valoris duas cypbras adjici : & ſub- 
tractus, quod A centuplo duæ cyphtæ rejiciantur: & fic de reliquis 


- ſupra expreſſis. 


10. Si itaque ad logarithmum minulum aliquot cyphris addideris, aut @ logarithine 
aucto cyphris ſubtra reris aliguem ex logarithmis ſupraſcriptis totidem cyphrarum, 
producetur ex impuro logarithmus purus ejuſdem valoris. | 


Vt 
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Vt in ſuperiore primo exemplo fit logarithmus impurus 39186 — 

o. purgandus àcyphrã ſua & — figno. Adde ergo illi 23025842 +0; 

fiet inde, ut ſoprà, 23004998, logarithmus purus pi iſtini valoris. 

Sic à logarithmo 63584408 -+ 00, imputo, fi ſubtraxeris 46051684 

 +c0o totidem, ſcilicet, cyphrarum, relinquetur logarithmus 17532784 
purus, & ejuſdem valoris, cujus prior ille impurus. 


ir. Si ad bgarithmum numero deſebivum addideris, aliquem ex ſupradicbis lo- 
garithmis none ſectionis numero majorem, proveniet logarithmus ejuſdem wvaloris 
numero abundans. 


Vt ad logaritbhmum — 28595250 — o000. adde quemvis ex 
numeris nonæ ſectionis numero majorem. v. g. 46051684 + oo. & 
fiet inde 17456414 — oo. ejuſdem valoris, & numero abundans. 


12, Logarithmorum in tabul i naſtrd rumero-tentts inventorum ſinus, tangentes, 
ſecantes, ſeu numerales valores quoſcunque, exbibere poteris, per cap. 3. ſect. 11. 
14. 22. 25. 28. 30. five fint puri, five impuri. 


Vt logarithmo 36 graduum & 40 minutorum, qui eſt 5155724 
in tertia columna, reſpondet ſuus ſinus 5971586 in ſecunda : & 
ejus defectivo — 51545724 reſpondet in tabula ſecantium 1674970 
ſecans 53 gr. 20 m. Item logarithmo differentiali 2950794, in 
quarta columna, reſpondet tangens (in ſua tabula) 7444724. & ejus 
defectivo — 2950794 reſpondet tangens 13432331, graduum, ſei- 
licet, 53. & 20. minut. Sic logarithmi 2204930 in quinti columni 
numeralis valor eſt in ſexta columna 8021232, ſinus, ſcilicet, gr. 53. 
& 20, m; & ejuſdem defectivi, ſcilicet, — 2204930, numeralis valor 
eſt ſecans 12466913, conveniens gradibus 36 & 40 min. 


U „ „ Ce = | - 
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Exemplum impurorum. 


Os logarithmi impuri- 97796 — o inquirendus valor. Huic numero- 
tenùs reſpondet in tabula noſtra ſinus 9902681; a quo aufer 
dextimam figuram (prout — o indicat) & fient 990268, valor loga- 
rithmi 97796 — o quæſitus. Sic logarithmi 25 451769 +00 
valor eſt 58459100, quia logarithmo 25451769 puro reſpondet in 
tabula noſtra ſinus 784591. Item logarithmi — 349136 — oo in 
quarta columna apud gradum 46 reperti, valor erit 103553; quia 
tangens 46 graduum eſt 10335302. Sic logarithmi — 6350305 
— OO, in tertià columna apud gradum 32 reperti, valor eſt 188708, 
quia 
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quia ſecans complementi 32 graduum, ſcilicet, 38 graduum, eſt 
188 70800; cujus due ultimæ & dextimæ figure oo delendæ ſunt 


propter — o o annexa logarithmo. 70 1 25 
5 | | g eg") £ 22 


13. Logarithmorum datorum, in tabuld noftra non repertorum, numerales valores 
a/timare. EL mee 36 | 


—_ 


Ad vulgares Geodeſias ſufficit plerumque, logarithmi tabulati pro- 
pinquioris dato, numeralem valorem pro dati accipere. Verim, fi 
propius ad metam accedere deſideras, logarithmum datum per no- 
nam hujus numero-tends auge, vel minue, ſalvo valore priſtino, do- 
nec aut in tabula reperiatur, aut alicui tabulato ſatis, ſimilis devenerit : 
& hujus logarithmi valor per præmiſſam inventus, eſt quem quzris, 
Ut, exempli gratia, quæratur valor hujus logarithmi 23149721 + o; 
cui in tabula non reperitur ſimilis vel ſatis propinquus. Verùm, fi ab 
illo ſubduxeris 23025842 + o, relinquetur 123879 cui ſub 81 

radu reperietur ſatis propinquus & ſimilis 1238813; cujus ſinus 


9876883, per præmiſſam inventus, eſt valor oblati logarithmi 23149721 


+ o quzſitus, 
Admonitio. 


Ro hac ſectione, & ſecunda hujus, monitum volumus, numero- 
rum datorum logarithmos, &, contra, logarithmorum datorum 
numerales valores (ubi non reperiuntur in tabula) omnium accura« 
tiſime exhiberi per modum ipſum quo creantur, aut reſolvuntur, lo- 
garithmi, qui eſt, ut à ſinu dato per media Geometricè proportio- 
nalia deſcendas, donec in proximè minorem ſinum tabulatum perve- 
neris: fimiliter ab hujus logarithmo tabulato deſcendas etiam per 
totidem media Arithmetica congrua; & horum ultimus erit illorum 
primi logarithmus: & contra per reſolutionem, ut à logarithmo 
dato per media Arithmetica in Logarithmum tabulatum proxims 
minorem deſcendas, & ab bujus valore tabulato ſimilitèr etiam de- 
ſcendas per totidem media Geometrica & congrua; & horum ulti- 
mus erit numeralis valor illorum Logarithmorum primi. Verùm, 


* que æqui- differentia Arithmetica cuique continuatæ proportioni Gco- 


ce metricæ conveniat & fit congrua,“ exquirere non eſt mediocris in- 
genii, Quare de his (Deo aſpirante) ubi de Logarithmis condendis 
& creandis agetur, ampliùs aliquando diſſeremus. cup 


CAP, 
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CAP. u. 


De ampliſſimo Logarithmorum uſu, & expedità 
per eos praxi. 


Pro- FX trium proportionalium Logarithmis, dato logarithmo medio et altero extre- 
ble- mo, religuum extremum, ejifue proportionalem, vel arcum, per unicam du- 
ma 1. plationem et ſubtractionem dare. 


Quum (per ſecundam prop. cap.2.)duplum medii (ſcilicèt, logarithm) 
minutum altero extremorum, æquetur reliquo, ideo a duplo medii loga- 
rithmi dati aufer logarithmum extremi datum, et relinquetur logarithmus 
extremi quæſiti: cui in tertia, quarta, aut quinta columna tabulæ in- 
ventæ reſpondet arcus in prima & ſeptimà: ſinus autem in ſecundi, 
aut ſextà: & ſui ſecantes aut tangentes in tabulis ſuis per cap. 3. 
ſect. 1. 2. 6. 8. It. 14. 22. 25. 28. 30. pro extremo quæſito haben- 
tur. 


1 


| 
| 
| 


Eremplum. 


Entur 10,000,000, primum proportionale, & 7,071,068 ſecun- 

dum; quzratur tertium. Id vulgò exquiritur medium in fe 
quadratè multiplicando, & hoc quadratum per primum dividendo. 
Sed nos faciliùs, medii logarithmum 3,465,735 duplando, & ab hoc 
duplo, (quod eſt 6,931,470) logarithmum primi (qui eſt o) auferendo: 
& ita reſtat 6,931,470. logarithmus quæſitus: cujus arcum 30. gra- 
duum, & ſinum 5,000,000, (ſcilicer, proportionale quæſitum) juxtà eum 
invenies. Sunt ergò 10,000,000, 7,071,068, 5,000,000, tria pro- 
portionalia, quorum ultimum ſolà duplatione & ſubtractione acqui- 
ſivimus; quod polliciti ſumus. 

Item duo proportionalia, 10,562,556 primum, & 7,660,445 

ſecundum, aut faltem eorum logarithmi, — 547302 & 2,665,149, 
dentur: Tertium fic habebis. Ab hujus duplo, 5,330,298, 
aufer — 547,302, & (per 8. ſect. cap. 4.) producitur logarithmus 
5,877, 600, 33. graduum, & 45. min, cujus ſinus, 5,555,702, eſt 
tertium proportionale quæſitum. 


r 


Prob. Ee trium proportionalium logarithmis, datis logarithmis exiremit, medium, 
2. eju/que proportionale, et arcum, per unicam additionem et bipartitionem dare. 


Vor. VI. 38 Quum 
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Quum (per ſect. 3. cap. 2.) duplum Logarithmi medii zquetur ag. 
gregato extremorum, deò extremorum Logarithmos adde [inter ſe]: 
productum [ſeu ſummam] bipartire ; & emerget Logarithmus medii: 
aique inde medium, & medii arcus, 1anoteſcit in columnis, & per ſec- 


tiones, ut ſupra, 
Exempli gratid. 


Dentur extrema 10,000,000 & z, ooo, oco; quæratur medium. Id 
vulgò acquiritur multiplicando data illa invicem, & producti radi— 
cem quadratam extrahendo, Verùm nos fic facilitiss Datos cxire- 
morum Logarithmos, o primi, & 6,931,470 ultimi, addimus, & 
aggregatum 6,931,470 bipartimur, fieique 3.465, 735 optatus medii 
Logarichmus. Vande ipſum medium 7,071,068, & ejus arcus 45. gr, 
ratione ſupradictà habentur, 

Item, fint extrema data 10,562,556 &5,555,702; eorum Logarithmi 
— 547,392 & 5,877,600, Horum additorum ſumma eſt 5, 3 30,298 
per ſect. 5. cap. 4; quam bipartimur, & fit 2,665,149 Logarithmus, 
& ejus arcus 30 graduum: Et ſinus, ſeu medium proportionale 
quæſitum, eſt 7, 660, 445, ſola additione & bipartitione inventum. 


Prob. Ex quatuor proportionalium Logarithmis, datis tribus, eorumde arcubus, in- 
3. + venire quartum Logarithmum, ejtiſque ſinum, et ar cum, per unicam additicnem, et 


ſubtradlionem. £0 


In hoc problemate quæſitum ſemper pro quarto ſtatuimus, ita ut 
datorum primum ſe habeat ad ſecundum, ut tertium ad quæſitum. 
Quumque ita conſtitutorum aggregatum ex Logarithmis ſecundi ct 
tertii, minutum Logarithmo primi, æquetur quarti Logarithmo per 
4. ſect. cap. 2; Ideò Logarithmos ſecundi & tertii adde [inter le], 


& hinc aufer Logarithmum primi, & proveniet Logarithmus quart 


quæſiti: & inde ipſum quartum, et ejus arcus. 
Exempli gratid. 


Sit, ut 7,660, 445 ad 9,848,078, ita 5,000,000 ad quartum, quod 
quærimus. Hoc vulgus acquirit ducendo ſecundum in tertium, ct 
dividendo per primum. Tu autem fic faciliùs: Logarithmos ſecundi 
153,088, & tertii 6,931,469, addes; fiet 7,084,557: à quo auferes Lo- 
garubmum primi, qui eit 2,065,149, & relinquetur 4,419,408, Loga- 
rithmus quarti ; cujus ſinus 6,427,876 eſt ipſum quartum deſideratum, 
& ejus arcus eſt 30. graduum. Idem proveniret fi (ipretis ſinibus) 


folum darentur tres {ui arcus 50. gia. 80. gr. & 30. gr. Namque 
ex 
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ex Logarithmis arcuum 80. gr. & 39. gr. ablato Loguithmo go. gr. 


remanebit Logariihmus 40. gr. Et ita ipſe arcus 49. gr. innoteſcet 
abſque ſinibus, eumve multiplicatione aut diviſione; prodt 1nitio 


polliciti n 


Aliud e ,um. 


It ut tangens, ſen fœcundus numerus, 43 er. ad finum 57 gr., ita 
feecundus, leu tangens 35 gr. ad finum quartum tacitum, cujus 
rcum, neglectis et {pretis tam finibus quam tangentibus, fic invene- 
mus. Logarithmum differentialem 35 gr. ſcilicer, 3,563,784, in me- 
dia columna inventum, ad Logarithmum 57 gr., videlicet 1,750, 372. 
in quinta columna locatum, addimus : a produdo [ſeu ſumma] vide- 
Ber, 5323150, differentialem 43 gr. (qui eſt 693,698,) fubducimus, 
et relinquitur 4,624,459, Logarithmus quarti (finus, (cilicet,) quo in 
tertia columna per 11. fect, cap. 3. reperto, reperies juxtà eum in 
prima columna 3 9. grad. 2. minut, ferè; qui eſt arcus quæſitus quarti 
proportionalis, ſeu ſinùs ſpreti. 
Hac ratione proportionalium arcus, abſque eorum ſinibus, tangen- 
tibus, ſecantibus, aut proportionalihus quibuſcunque, acquiruntur. 
nod certe compendium ad triangulorum planorum angulos di— 
metiendos, et ad univerſam fpharicoram Trigonometriam, conducit 


plurimum: ut ſuo loco patebit, 
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Prob. Puatuor continu? Pproportionalium aatis extremis eortimve arcubus, mediorim 
4. quo: odvis , eortimve arcuum quemvis, invenire, inducta ſiniplici tripartitione pro 
ardud cubice radicis extratione. 


Quum in horumLogarithmis, triplum cujuſque medii æquetur aggre- 
gato extremi remot er dupli vicini, per prop. 6. cap. 2 ; Ideò tluplum 
Logarithmi extremi alterutrius ad Logarithmum extremi reliqui adde, et 
productum tripartire; e proveniet Logarithmus medii pr.ort extrema 
Proxi aii: et eodem modo [ 1nve nietur] - terum medium. Vt, cxea:pli 
gratia ; Sint extrema, primum 4,029, 246, ultim eum vero 10,562,550, 

Ueruntur media; UE abigue extractione radicis cubice tic inveiiles, 
Datorum Logarit'mi lunt 9,090,051 & — 547,302: ad nius dupium 
13,180,102 adde hunc; & lict 17,032,800; qi, * urtitus, produit 
5, 877,600L. ;gartthmum, cujus finus, 5,555, 02.0 prius medium qu 
ſitum. Item fimili modo ad. Jus, — $547,:02, duplum, quod e -— 


1,094,004, adde 1l}m 9,090, 51; et producer 7,095,447 5 qu, 
Partitus, producit 2,545, Logarit hmum, cujus nus 7,000,445 tt 
poſterius medium etianm quæmmum. Q Naque rope ea 


continua ſunt 4, 029, 240, 5,555,702, 7,000,445, ct 10,5 „ | 
38 2 Aliud 


Aliud exemplum. 


Int extrema data 14,142,135 et 5,000,000, Illius, in tabula ſecantium 
inventi, Logarithmus in tabula noſtra eſt — 3,465,735; hujus vero, 
5,000,000, Logarithmus eſt 6, 93 1, 470; cujus duplo 1 3,862,940, adde 
— 3,465, 735; fiet 10, 397, 205; quem tripartire, et fit + 3,465,735, 
logarithmus medii proportionalis minori extremo, 5, oco, ooo, proximi, 
quod eſt 7, o) 1,068. Sic duplo — 3,465,735 (quod eſt — 6,931,470) 
adde + 6,931,470; et fiet inde o, ſeu nihil, quod, tripartitum, etiàm 
reddit o, cujus ſinus et valor eſt 10,000,000, pro reliquo et majore 
medio. Quatuor itaq. hæc continue proportionalia ſunt 14,142,135, 
10,000,000, 7,071,068, 5,000,000. 


CONCLYVSIO. 


VA his prelibatis judicent eruditi quantum emolumenti adferent illis 
= logarithmi: quandoquidem per eorum additionem multiplicatio, fer 
fublrattionem diviſio, per Lipartitionem extraftio quadrata, per iriparti'i- 


Id eſt, pros onem Cextractio] cubica, et per alias faciles praſtaphæreſes omnia 
theſes - . graviora calculi opera evitantur : cujus rei ſpecimen generale hoc priore 
i. ++ = libro exhibuimus. Sequente autem de eorundem proprio et particulari uſu 
ablationes, ſeu in nobili illa Geometria ſpecie, que Trigonome!ria dicitar, tractaturi 
ſubtractiones. Jumus, 


Finis prioris libri. 


LIBER 


LIBER SECUNDYS. 


De canonis mirifici Logarith- 


morum præclaro uſu in 


Trigonometria. 


CAP. I. 


Vum Geometria ſit ars bene metiendi; Dimenſio fit mag- 

nitudinum propofitarum ; Magnitudines figuram (potentia ſal- 

tem) conſtituant; Figura fic triangulum, aut triangulatum : Jriangula- 

tum vero compoſitum fit ex triangulis, quibus ſuilque partibus men- 

ſuratis, menſurabitur et illud, illiũſque partes omnes: Certum igitùr 

eſt ex triargulorum doctrinà omnis Geometric quæſtionis Soluti- 
onem Lai pendere. 

Triangulum aut rectilineum eſt, aut Sphæricum. 


De [triangulis] rectilineis, prop. 1. 


Prop. ReZilinei [trianguli] tres anguli equantur duobus rectis. 
I, | 
Vnde, duobus datis, aufer eorum aggregatum ex 180. gradibus, et 
proveniet tertius. Item unico ex 180, gradibus ablato, teſtat reli- 
quorum duorum aggregatum, 
Rectilineum [triangulum} aut rectangulum eſt, aut obliquangulum. 


In 


* 
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In rectangulis crura vocamus, [lineas] que rectum angulum 
ambiunt ; hypotenuſam, | lineam] quæ [cum | ſubtendit. 


Prop. In | triangulo] rectangulo Ligarithmus cruris aquatur aggregato ex Lygarithms 
2. anguli ei oppoſiti, et Ligaritomo hypctenuj@.. 


| aum ex Trigonometriæ principiis pateat, alterutrum vis crus ſe 
habere ad ſinum ang li ei oppoſiti, ut hvpotenuſa a] ſinum totum: 
et (per prop. 5. cap. 2. lib. 1.) horum q atuor proportionaitum lo. 
garichmi ſecundi et term, æquentur lonatichmis primi et quarti: 
quarti autem Logarithmus fit o, ſeu nihil {per corollarium 6, def, 
cap. 1. lib. 1.) Ideò (ut ſupra) Logarithmus cruris æquatur aggregato 
ex Logarithmo anguli quem fubtendit, et Logarithmo by potenvſe, 


Corol. Jude hypotenuſe, cruris, et anguli quem ſul tendit, duobus quibuſcunque aatis, 
tertium, atque inde reliquæ omnes ti ianguli] rectangui partes 


Quia enim hæc tria cum ſinu toto conflitmnt 
quatuor proportionaila, certum eſt eorum quodvis 
quarto loco poſſe conititui, et per 3. probl. cap. 5. 


* 


YT Vt trianguli oblati ABC in A rectanguli, de- 

tur hypotenuta B C 9385, cum crure A B 9284. 
Quæruntur anguli obliqui C. & B. Ex Log vith- 
mo igtùr A B 535,870 — 000, aufer Logurithmum 
B C 634, 99 — 000. Swupeiriut 1071, Logarith- 
mus anguli C, cui in tabula reſpondent 89 $%%4$ 
pro angulo C, et, ex adverio, og. 50% pro cjus com- 
plemcuto, angulo, ſcilicèt, B. 


9h 


A C 


> 


Vice vera, ſi detur angulus C, cum crure recti anguli A B, 
& queratur hypotcuula B C. 


"= 
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Ex Logarihmo A B, 635,87 0 - ooo aufer Logarithmum 
anguliC 10 7 1, et provenient 6 34,7 99 — 00 o, Logarithmus 


B C, 9 38 5 bypotenuſæ queliz, 


Tertiò, fi, datis [hypotenuſa] BC, & angulo C, quæraturſerus] 
A B: adde Logwithmum B C, 634, 799 —0 00, ud 1-71 
Logarithmum anguli C, et producentur 635,870— 020, Logarithmus 
numcr! 9384 cru A B quæſito reſpondentis. Nee ſecùs iplum crus 
reliquum A C ex angulo B (qui eſt complementum anguh C) jam 
cognito habetur. Atq.e ita omnes hujus | uiangult ] rectanguli partes 
innoteſcunt. 


Prop. Ir [triangulo] rectang ulo Lagaritſimus cujuſuis cruris, eft ægualis 

1 . pH; eo i Py Py. : 7 . . 0 *S. 1 3 

3. aggrezu's ex difjeren'iaii o;Pyiti ang”, 1 Logarithino reliqui craris. 
Quum ex vulgari doctrind triangulorum conſtet, quod al- 
terutrum crus le habeat ad tangentem ſibi oppoftiit ange, ut reli- 
quum Crus ad finum totum: et quum (per prop. 5. cap. 2. lib, 1.) 
ex his quatuor proportionalibus Logarithmi mediorum (id eſt, dit— 
ferentialis angull, et Logarichmus cruris eum ambientis) æquentur 
Logarithmis c:uris cundem fubtendentis, et ſinùs totius (qui eſt 
nihil, ſeu o.) ideò Logarithmus cruris eſt æqualis aggregato, &c. 

ut ſupra. 


Corol. Vude ex cruribus [anguli] recti, & angulo alteri eorum ofppoſito, 
duobus quibuſcunzue aatis, lertium (perbanc, ) atque proiude cler omnes 
[ trianguli | redtanguli partes (per preced.) iunoteſcent. 


Quandoquidem hxc tria cum ſinu toto conſtituant qua- 
tuor proportionalia, certum eſt eorum quodvis quarto loco potle 
collocari, & per 3. probl, cap. 5. lib. 1. acquirt. 


Ve 


— 


2 
* _ = | 
- * 7 22 . hn Ain OE; 
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Vt rrecedentis trianguli ABC, in A re&an. 
guli, datis cruribus A B, 9384 & A C, 137. 
Queratur angulus B. Ex Logarichmo A C, 
42,924,534 — 000. Aufer 635,870 — odo, Loga. 
ritbmum A B, & provenient 42,288,604, diff-cen. 
tialis anguli B, o gr. 5o m. ii, queſiti, Von, fi 
dentur crus A C, 137, & angulus B. og o'. ii, 
habebitur crus A B auferendo 42, 288, 64, differen. 
tialem anguli B, a Logarihmo A C; qui eſt 
4 2, 9 2 4, 5 3 4 = 000, Inde enim proveniens 
635,870 — oco, eſt Logarithmus numeri 9384, 
qui crus eſt A B quefium. Teri, datis crure 
A B, 9384, & angulo B. o gr. 50 m. ii. ut hab eatur 
crus A C. adde 635,870 — ooo, Logarith mum 
cruris A B, ad 42,288,664, differentialem ang li B, 
& provenient 42,924,534 — 000, Logarthmus 1 37, 
cruris AC, quæſiti. Hypotenuſa autem B C yer 
præced. prop. habetur. Angulus etiàm C, patet, 
quum ſit complementum anguli B, jam cogniti. 
Et ita per hanc, & præmiſſam, ex laterc quovis, & 
parte alia quavis | trianguli ] rectanguli, datis reuquæ 
*”/ omnes ejus partes innoteſcent. 


Wy * 


Sd 


A 


Completam ergd habes ſtriangulorum] rectangulorum rectilineorum 
ſcientiam. Sequitur obliquangulorum. 


— a 
SA. I. 
De triangulis rectilineis, præſertim obliquangulis. 


Prop. IN omni triangulo, aggregatum ex Logarithmis anguli cujuſuis, 
S lateris cum ambientis, &quatur aggregato ex Logarithmis /ateris, & 


anguli eis oppoſitorum. | 


uia omnium laterum ad oppoſitorum angulorum finus eadem eſt 
ratio: et ita factum cx anguſi cujutvis ſinu recto, & latere quovis 
eum ambiente, æquatur facto ex latere ſubtendente priorem 
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& ſinu anguli ſubtenſi à priore latere. Ided (per prop. 5. cap. 2. lib. 1.) 
aggregatum ex Logarithmis &c. æquatur. ut fupra, 


Corol. Vnde ex duobus angulis quibiſrungue date fpeciei, & ſuis ſubtendentibus, fi 
tria dantur, quartum quodcungue, atque inde cæicn omnes trianguli partes, 
innoteſcent. 5 


Horum enim quatuor proportionalium quodvis quæſitum poteſt 
quarto loco conſtitui, & per 3. probl. cap. 5. lib. 1. inveniri. 
Pt trianguli] obliquanguli ABC 

detur AE 26, 302, & BC 57,955, & an- 

gulus C 26 graduum : Quætatürque 


5,454,707 — oo Logarithmum BC 
ad 8,245,889 Logarithmum, ſcilicet, 
C 26 graduum, & ſient 13,701, 596— 
oo. Hinc aufer Logarithmum A B, 
qui eſt 13,354,921 —00; reſtant 346,675, Logarithmus 75 graduum, 
& paulo pluris, anguli, ſcilicet, A quæſiti, fi A prædicatur acutus: 
alioqui 105 gr. (per 1. & 2. fect. cap. 3. lib. 1.) fi pronuncietur 
obtuſus. | | 

Vice verſa, fi detur angulus A jam 75 graduum, atque angulus C, 
& latus B C, ut ſupra: & quæratur A B. Adde 5,454,707 — oo 
Logarithmum B C, ad 8,246,889, Logarithmum anguli C; fient, ut 
ſupra, 13,701,596 — oo; à quibus aufer 346,675, logarithmum anguli 
A; provenient 13,354,921 — oo, Logarithmus lateris AB, et numeri 
ejus 26,302 quæſiti. Habitis jam angulis A. 75 gr. & C. 26 gr. erit 
angulus B. 79 gr. per 1. hujus. Ex quo jam habito, non ſecùs ac- 
quiritur latus ei oppoſitum A C 58,892, quam nuperrime ex angulo 
C innotuit latus ei oppoſitum A B. Itaque jam patent omnes hujus 

e [crianguli] obliquanguli partes. 


In ſtriangulis ] oliguangulis crura vocamus, Clineas] gue angulum quem vii 
embiunt : baſim [ lineam ] gue eum] ſubtendit. 


Prop. In (triangulis ] obliquangulis, Logarithmus aggregati crurum ſubducusd ſummd 
5. Fadld ex I ogarithmo differentie crurum, & differentiali ſemi- aggregati dorum 
oppeſitorum angulorum, relinquit differentialem ſemi- diſferentiæ eorundem. 


Quia, ut aggregatum crurum ad differentiam crurum, ita tangens 
ſemi-aggregati ſuorum oppoſitorum angulorum, ſe habet ad tangen- 
tem ſemi - differentiæ eorundem. Vnde analoga ſunt, & (per prop. 


Vor. VI, c_ "ll 1. cap. 


angulus A, qui fic habetur. Adde 
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1. cap. 2. lib. 1.) eorundem differentiæ, ſeu exceſſus, ſunt æquales. 
Neceſſariò igitùr (per prop. 4. cap. 2. lib. 1.) concludimus ut fupri, 


Corol. Vnde ex duobus cruribus, & angulo comprehenſo, innotgſcunt (per hanc) 
anguli religui oppefiti : atque inde (per præmiſſam) reliquum latus. 


Nam, ſubducto Logarithmo aggregati crurum a ſumma facta ex 
logarithmo differentiæ crurum & ditferentiali ſemi-aggregati oppo- 
ſitotum angulorum additis, proveniet differentialis ſemi-differentiæ 
eorundem angulorum: qua ſemi-differentia addita ad ſemi- aggre- 
—_— dictum, proveniet angulus major, & [eadem ſemi-differenua} 
ubtractã [a dicto ſemi-aggregato, provenit angulus ] minor, 


Vt repetiti ſuperioris [trianguli] obliquanguli AB C dentur crura, 
AB 26,302, & BC 57,955, & angulus comprehenſus B 79 graduum : 
Quærantur autem reliqut anguli A & C. Aggregatum crurum A 

| 8 & B C eſt 84,257, ejũſque Logarith- 
mus eſt 24,738,819 — 0; difterentia 
autem eorundem AB & BC elt 31, 653, 
ejũſque Logarithmus eſt 34, 5 29, 210-0. 
Quümque B angulus detur 79 g. erit 
a (per 1. hujus) aggregatum angulorum 
” A & C, graduum 101, ſemi-aggre- 
gatum verò 50 gr. 30 m. cujus differen- 
tialis eſt — 1, 9 3 1, 7 6 6; quo ad 34,529,210 — o addito, fient 
32,97, 4440; hinc ablatis 24,7 38,819 — o, provenient 7, 8 58,625 
differentialis graduum 24. 30 m. qui ſunt ſemi-differentia angulorum 
A & C quæſitorum. Hanc ergo ſemi-differentiam 24 g. 30 m. adde 
ad ſemi-aggregatum 50 g. 30 m.; fient 75 gradus, pro angulo A, quæſi- 
torum majore; & ſubtrahe eoſdem 241 gradus ab eiſdem 503 gra- 
dibus, & relinquentur 26 gradus pro angulo B, quæſitorum minore. 


Defi- In [triangulis] obliguangulis vera baſis ſemper eſt vel aggregatum caſuum : & 
nitio. unc differentia caſuum baſis alterna vocatur : vel vera baſis eſt differentia 
caſuum: et tumaggregatum caſuum vocamus alternam. 


Vt trianguli A B C, caſus minor 

B eſt AD: caſus major et D C. Ca- 
ſum aggregatum A C eſt baſis vera. 

Et in hoc triangulo aufer caſum 

minorem A D, ſeu ei æqualem DE 

a caſu majore D C, relinquetur dif- 

* C ferentia caſuum E C, quam bafm 


alternam vocamus. Contrà verò in 
triangulo 


- xy —— 
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triangulo E B C caſus minor eſt D E (cui æquatur D A.) Caſus 
major eſt D C, & caſuum differentia E C eſt baſis vera, Caſuun 
autem aggregatum, ſcilicèt, A C, bajim alternam vocamus. 


Prop. In It riangulis] obliguangulis ſumma Logarithmorum aggregali et differentie 
6. crurum, ęſt aqualis ſummæ Logarithmorum baſium, Tere, et alternz, 


| 
4 
, 
2d 
6 


WM 
; 
9 
| 


via baſis vera ſe habet ad aggregatum crurum, ut differentia 
crurum ad baſim alternam; Ideò (per prop. 5. cap. 2. lib. 1.) ne- 
ceflarid concludimus, baſium Logarithmos zquari Logarithmis aggre- 
gati & differentiæ crurum, ut ſupra, 


Corol. Vnde ex [triangulo] obliguangulo datorum laterum, fiunt duo [triangula] re 
tangula notarum hypotenuſarum cum altero cujuſque * crure, que (per 2. hujus) * polis, utri- 
reliquas etiam omnes (trianguli] obliguangult partes notas reddunt. A 


1 —— ——— 


Nam, addito Logarithmo aggregati crurum ad Logarithmum differ- 
entiæ crurum, & hinc ablato Logarithmo baſis veræ, proveniet Lo- 
garithmus baſis alternæ, per prop. 4. cap. 2. & probl. 3. cap. 5. lib. 1. 
Harum itaque baſium ſemi-aggregatum eſt caſus major: ſemi- differentia 
verò caſus minor. Vt, [exempli gratia ] ſuperioris trianguli ABC dentur 
latera, videlicet, crus A B 26, 302, & crus B C 57,955, & baſis AC 
58,892, & quærantur cætera. Aggregatum crurum elt 84,257, ejũſ- 
que Logarithmus eſt 24,738,819 0. Differentia crurum eſt 31,653, 
ejũſque Logarithmus eſt 34,529,210 — o. Hos Logarithmos adde; 
fient inde 59,268,029 — oo; à quibus aufer 5,293,461 — oo Loga- 
rithmum balis A C; reſtant 53,974,568 Logarithmus numeri 45,286 
baſis alternæ: quam ad veram adde; fient inde 104,178, quorum di- 
midium eſt 52,089, D C, caſus major. Eandem ab eidem aufer; 
fient inde 13,606, quorum dimidium eſt 6803, A D, caſus minor. 

ReQanguli itaque [trianguli] A D B, habiis jam, hy potenuſa AB, & 
crure altero A D; atque rectanguli ſtrianguli] B D C habitis, hypo- 
tenuſa B C, & crure D C, innoteſcunt (per 2. hujus) anguli ſtriangu- 
lorum] rectangulorum apud A & B & C, &, per conſequens, omnes 
etiam | trianguli] obliquanguli oblati partes ex præmiſſis propalantur. 

Nec ſecùs agendum foret fi darentur latera trianguli E B C, & 
cæteræ partes quærerentur. Ex cruribus enim & baſi vera E C, in- 
eg balis alterna A C, atque ex his uterque caſus, & cetera, ut 
opta. 


317 2 CONCLYSIO, 
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CONCLVSIO, 


Erfefam igitur et completam jam babes omnium triangulorum refilin?or1yjy 
aoctrinam, que fi aliquantulum operoſa in Logaritbmis reflarum Tariabiliun 
indeniendis videatur: In motibus tamen planetarum computandis (in quibus, 
ſcilicèt, eccentricitates orbium, elongationes Augium et apogæorum, epicyclorum 
diametri, et aliæ rect, eædem et invariabiles permanent) eorum Logarithmi, 
eractè ſemèl notali, ſempèr in poſterum, fine ulld mutatione ſubſervient, miranda 
cert? facilitate, et certitudine. | 
Sequuntur jam Spherica triangula, omnium difficillima, ut vulg) ab aliis tra- 
duntur; per Logarithmos tamen noſtros, omnium facillima. 


CAP. ML 


De Triangulis Sphericis, 


Sen- Triangulis Sphæricis angulus omnium quadranti quantitate proximus, et 
rentia * latus eum ſubtendens dubia ſunt, An ejuſdem, an diverſe, ſint ſpeciei, niſi id 
1. aut computus, aut bypothefis, prodat. | | 
2, Duorum verò obliquiorum angulorum quilibet eſt ejuſdem ſpeciei, cujus eſt 
latus eum ſubtendens. Vnde, alterius | ſpecie | datd, reliqui patet ſpecies. 
3. Si trianguli angulus aliquis propinquior fit quadranti, quam latus eum ſub- 
ftendeus, erunt duo ejus latera ejuſdem ſpeciei, et tertium quadrante minus. 
4. Si verd trianguli latus aliquod propinquius fit quadranti, quam eo ſubtenſus 
angulus : erunt duo ejus anguli ejuſdem ſpeciei, et tertius quadrante major. 
5. Triangulum Sphæricum aut eſt quadrantale, aut non. 
6. Quadrantale eft cujus aut latus, aut angulus, æquatur quadranti. 


Vnde, [trianguliJnon-re&anguli quadrantalis ſcientiam æquè facile 
ac [trianguli] rectanguli comparari poſſe, docemus. 


7. Quadrantale triangulum aut eſt multiplex, aut ſimplex. 
. Multiplex quadrantale aut eſt trirectungulum, aut biretangulum. 
9. Trirectangulum eſt cujus fingulz partes quadranti equantur. 
10. Vnde onne triangulum, cujus trium partium non oppoſitarum ſingulæ quadrant! 


equaniur, Trireftangulum eſt. 
| 11. D Trian- 
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11. Triangulum_ Birecfangulum eſt, cujus duo tantim anguli, et ſua ſubtendentia 
altera, figillatim quadranti «quantur. 

12, In omni [triaugulo] birettaugulo angulus obliquus vquatur ſuo ſubtendents 
latert. | | <7 3M 

13. Omne 'Triangulum cujus pars aliqua æquatur quarranti, & angulus aliquis 
obliquus equatur ſuo ſubtendenti. PireFangurum eff. | 

14. Omne triangulum habens duas quaſcungue partes ſigillat.m quadranti aquales, 
et tertiam ine qualem, Bireclangulum e/t. 

15, Cetera quadrantalia fimplicta dicuntur. 


CAP. IV. 


De [triangulis] ſimplicibus Quadrantalibus, 


1.[Triangulum ] 0 Vadrantale ſimplex eſt, cujus unica tantim pars quadranti æquatur, 
cæteræ autèm quinque partes ſunt non-quadrantes. | 


2. Harum quinque partium non quadrantium, Tres quæ d redo angulo, ſeu 
quadrante latere, fitu remotiores ſunt, in ſua complementa convertimus, et retents 
priſtino ordine omnes quinque in circularem, ſeu pentagonalem, /itum ftatuimus, et 
circulares Vocamus. 


Sit, primo, triangulum BP S in B rectangulum. 
Ejus quinque partes oblique, ſeu non-quadrantes, 
ſunt hæ: BP latus ambiens [angulum] rectum; P 
angulus obliquus alter; P S latus ſubtendens 
rectum; S angulus reliquus obliquus; S B re- 
liquum latus ambiens Cangulum )] rectum. Pro 
quibus nos, facilioris calculi gratia, aſſumimus latus 
B P ipſum ; complementum anguli P; Comple- 
mentum lateris PS; complementum anguli S; 

atque ipſum latus SB : &, ſervato naturali ſitu, has 
quinque partes ordine ſtatuimus, ut a margine, & circulares vocamus. 


Similiter fit, ſecundd, triangulum quadrantale ſimplex, non-reQtan- 
gulum (ex centris ſolis orientis, poli, & zenith factum) S PZ, in 
| latere 
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latere Z S quadrantale. Ejus quinque partes non- 
quadrantes priſtine ſunt: Z, angulus alter ambi. 
tus A latere quadrante; Latus P Z, dliſlantia poli 
a zenith; P, angulus ſubtenſus a quadrante; La- 
tus P 8, diſtantia poli a Sole; & angulus denique 
8, alter angulorum quos quadrans ambit. Pro 
quibus nos, ad faciliorem computum noſtrum, aſ- 
ſumimus ipſum angulum Z, ſeu P Z 8, qui et 
arcus plagæ Solis a ſeptentrione; Complemen- 
tum PZ, quod eſt ipſa ele vatio poli ; Complemen- 
tum anguli P, ſeu anguli Z P'S, quod eſt differ- 
entia aſcenſionalis, id eſt, differentia temporis 
ortũs vel occaſùs Solis ab hora ſextà; Comple- 
mentum lateris PS, quod eſt Solis declinatio: 
& angulum ipſum 8 ſeu PS Z, quem angu/um 
' poſitions Solis (reſpectu, ſcilicet, poli & zenith) vocamus. Has 
quinque partes etiam circulari vel pentagono ſitu ſtatuimus, ut I 
margine, & circulares vocamus. Nec aliæ fient circulares partes ſu- 
| perioris trianguli rectanguli BP 
8, ſi P polum, S ſolem, & B 
cardinem borealem, ſeu ſepten- 
trionalem, poſueris. Fient enim 
latus B P elevatio poli, com- 
plementum P differentia aſcen- 
ſionalis, Complementum P 8 
declinatio ſolis, complementum 
S angulus poſitionis ſolis: ac 
denique B S plaga ſolis. Quæ 
ſunt eædem prorſùs circulares 
partes, que ſupra, & codem 
ſitu lævorſùm, quo illæ dextror- 
ſum, diſpoſitæ. Et ita in omni- 
bus [triangu]is] quadrantalibus, 
tam rectangulis quam non-rect- 
angulis, 2 


Corol. Hinc fit quod plurima int triangula in partibus ſuis naturalibus haud 
conformia, que in partibus bis circularibus prorſis conveniunt, & hac neſtrd 
circularium methodo reſoluuntar, 


Vt fatis lucidè apparet in duobus ſuperioribus triangulis B PS, & 
PZ S conjunctis. In quibus omnes naturales partes (præter PS & 
B S hujus, & PS & PZ S illius) proritis differunt: circulares vero 
partes omnes (ut ſuprà dictum eſt) conveniunt. 


4. Hat 
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Hee circularium partium uniformitas mani ſcſiiſimò patet in redtangulis factis, 
in ſuperficie globi ex quinque circulis mag is, quorum primus fecet ſecrnaum, 
ecundus tertium, tertins quartum, quer us q rium, quints deni. Pt te 
mum ad rectos angulos : religuæ verd ſectiones omnes ad angulos obliquos fient. 


Exempli gratia : Meridianus regionis D B, ſecat horizontem B E, 
in puncto B. Horizon B E ſecat circulum E C, qui ſolem ambit (id 
eſt, qui circa ſolem tanquam polum ducitur) in puncto E. Circu- 
lus E C, qui ſolem ambit, ſecat me- 
ridianum ſolis C F in puncto C. Me— 
ridianus ſolis C F æquatorem F D 
in puncto F: & tandem equator F 
D ſecat meridianum regionis D B in 4 
puncto D. Et omnes he quinque „ 
ſectiones in punctis B. E. C. F. D þ 
orthogonalitèr & ad rectos angulos 
fiunt: factis ceteris ſectionibus in 
punctis Z. P. S. O. Q ad angulos 
obliquos. Fientque ex his ſectionibus ; 
[triangula] rectangula quinque PBS, SFO, OEQ,QDZ,&ZC | 
P, quorum quamvis partes naturales differant, & in ſingulis trian- 
gulis varientur, circulares tamen quinque partes eædem ſunt, quæ 
ſupra, abſque ullo diſcrimine. 


5, Zadem circularium partium unif:rmitas patet etiam in [triangulis]quadrantalibus 
non- rellangulis. fattis in ſuperficie globi ex quinque pun/tis, quorum primus diſtet à 
ſecundo, ſecundus à tertio, teriius d quarto, quartus & quinto, & quintus d primo 
diſtantiis & arcubus ægualibus quadranii, alia verò punclerum diſtantie 
inequeles ſint quadrants. 


Vt in eodem præcedente ſchemate puncta, PA Q, Qab 8, Sab 
Z, Z ab O, atque O a P, diſtant ſpatiis quadranti æqualibus: at vero 
P ab Z, Z à Q. Qab O, O ab 8, & Si P, diſtant ab invicèm arcubus 
non- quadrantibus. Et fient ex his diſtantiis ſtriangula] quadrantalia 
non- rectangula quinque, PZ Q, Z QO, QOS, OS P, & SPZ: 
quorum quamvis naturales partes differant, partes tamen circulares 
exdem & immutabiles hic permanent, quæ ſupra : Scilicet, elevatio 
poli, differentia aſcenſionalis, declinatio ſolis, angulus poſitionis ſolis, 
& plaga ſolis: quæ omnibus ſuperioribus triangulis ex æquo con- 
veniunt, nec his duntaxat ſolis, verumetiam omnibus triangulis que 
oriuntur ex interſectionibus ceteris horum decem arcuum ad integros 
circulos productorum : quæ, quia plurima & confuſa ſunt, miſſa hic 

tacimus. 
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facimus. Hic epitome fatis eſt monuiſſe omnem confuſionem nat. 
rallum partium, & ſuarum regularum, his paucis circularibus partibus 
& [ua regula unica-evitari ac tolli, | 


' 6, Quingue circularium partium, tres ſemper in quaſticnem cadunt, quarum due 
dantur, terlia quæritur. | 


7. Atque harum trium una eft intermedia, & duæ ſunt extreme, que, ſcilicet, 
iner medi aut circumponuntur, aut opponuntur. 


Verbi gratia, Sint partes tres in quæſtione propoſitæ hz, plaga 
ſolis, elevatio poli, & differentia aſcenſionalis: quarum, elevatio poli 
pars intermedia dicitur, & reliquæ duæ extreme ci vicine, aut circum- 
poſitæ vocantur. Verùm, fi tres partes in quæſtionem cadentes forent, 
declinatio ſolis, elevatio poli, & angulus poſitionis ſolis, vocabitur 
(ut prids) elevatio poli intermedia: fed declinatio ſolis, & ang us 
poſitionis ſolis, extremæ à media remote, ſeu ei oppoſitæ, dicentur, 
Par ratio eſt in reliquis quinque. | 


8 Logerithmus intermediæ æquatur differentialibus circumpoſitarum extremarum, 
ſeu antilogarithmis oppaſilarum extremarum. 


Hoc theorema probatur inductione omnium trium partium ſeu tri- 
licitatum, quæ ex quinque circularibus partibusſtrianguli ]quadrantalis 
prioris B P'S tectanguli, conſtitui poſſunt, & in quæſtionem cadere, 
Poſterioris autemſ trianguli] non- rectanguli PZS triplicitates omittimus, 
quia ejus omnes partes circulares (ex 18, & 19, & 20 præmiſſis) eædem 
prorſùs ſunt quantitate, que prioris. Quinque ergò partium circularium 
[trianguli] rectanguli B P'S, (quæ ſunt B S, ſeu plaga ſolis orientis; 
complementum B S P, ſeu angulus poſitionis ſolis; complementum 
S P, ſeu declinatio ſolis; complementum SP B, ſeu differentia aſ- 
cenſionalis; & P B, ſeu elevatio poli;) tres illæ quæ in quæſtionem 
extremarum circumpoſitarum caduat, ſunt, aut, primò, B S, comple- 
mentum B S p, & compl. S p: aut, ſecundò, complem. B S P, com- 
plem. S P, & compl. S PB: aut, tertid, comp. S P, compl. S P B, 
& PB: aut, quarto, compl. SP B, P B, & B S: aut, quinto, ſunt P. 
B, B S, & complem. BSP. | 
Verdm, quia in omnibus his triplicitatibus, Tangens alterius ex- 
treme eſt ad ſinum rectum intermediæ, ut ſinus totus ad tangentem 
reliquæ extremæ (proùt ex vulgaribus demonſtrationibus Trigono- 
metriæ patet,) ; Ideò (per noſtras demonſtrationes prop. 5. cap. 2. 


lib. 1.) Logarithmi mediarum (qui ſunt Logarithmus ſolius intermediæ 
per 
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per corol. 6. def. cap. 1. lib. 1.) æquantur logarithmis tangentium 
utriuſque extreme, Sed Logarithmi tangentium harum extremarum 
ſunt differentiales earundem (ex ſect. 22. & 25. cap, 3. lib. 1.) 
Logarithmus igitùr ſolius intermediæ æquatur differentialibus circum 
poſitarum extremarum, ut in priore parte Tneorematis afſeruimus. 
Sequitur poſterioris partis confirmatio. 

Earundem ergo quinque partium circularium, tres illæ quæ in 
quæſtionem extremarum intermediæ oppoſitarum cadunt, ſunt aut, 
primo, P B, comp. BSP, & compl. SPB: aut, ſecundò, B 8, 
compl. S P, & P B: aut, tertio, compl. BS P, compl. SP B, & 
B S: aut, quartd, compl. S P, PB, & compl. BSP: aut, quinto 
denique, compl. SPB, BS, & compl. SP. 

Sed in omnibus his triplicitatibus ſeu quinque caſibus, ſinus rectus 
complementi alterius extremæ ſe habet ad ſinum rectum intermediæ, 
ut ſinus totus ad ſinum rectum complementi reliquæ extremæ (quod 
fuſins 3 Regiomontano, Copernico, Lanſbergio, Pitiſco, & aliis de- 
monſtratur, quam ut brevi hac epitome repetendum fit.) Ideò per 
noſtras demonſtrationes (prop. 5. cap. 2. lib. 1.) Logarithmi com- 

lementorum harum extremarum æquantur Logarithmis mediarum, 
id eſt, (ut dictum eſt) Logarithmo ſolius intermediæ. At Loga- 
rithmi complementorum harum extremarum oppoſitarum ſunt earun- 
dem ipſarum partium antilogarithmi (ex def. ſect. 13. & 16. cap. 3. 
lib. 1.) Sequitur ergo in his cafibus, quod logarithmus ſolius inter- 
mediæ æquetur antilogarithmis ſuarum extremarum oppoſitarum, ut 
aſſerit poſterior theorematis pars. Totum itaque thcorema con- 
ſtat, Prater hanc probationem per inductionem omnium caſuum, 
qui occurrere poſſunt, poteſt idem theorema lucidè perſpici ex 190 
& 2c# præcedentibus, in quorum ſchemate, homologa circularium 
partium conſtitutio earundem analogiz ſimilitudinem arguit : ita ut 
quod de una intermedia & ſuis * extremis circumpoſitis, aut oppoſitis, « potide, «jus; 
vere enuntiatur, de ceteris quatuor intermediis & ſuis F extremis re- + Potiis, 
ſpectivè cirmcumpoſitis, aut oppoſitis, negari non poſſit. 2 


Porisma generale. 


9. Illuc ſequitur in [triangulis] quadrantalibus fimplicibus, quod ex duabus partibus 
2828 datis tertia quævis innoteſcet. Semper enim aut intermedia quart- 

tur, & ejus logarithmus habetur addendo differentiales circumpoſitarum extremarum 
datarum : aut altera extremarum quaritur, & ejus differentialis emergit ex ſubtrac- 
tone differentialis reliquæ extreme date A Logarithmo intermedice nota: ut in quin- 
que prioribus triplicitatibus [trianguli] rectanguli pracedentis theoremaits, et tott- 
Vor. VI. 30 dem 
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dem Ctriangulii] non-refanguli : aut intermedia quæritur, et jus Legarithmus pro. 
venit addendo antilogarithmos oppoſitarum extremarum datarum : aut denique altera 
exrremarum oppoſitarum queritur : et ejus antilogarithmus ex ſubductione antiloga- 
rithmi reliquæ extreme oppoſite datz ex Logarithmo inter mediæ not@ habetur. Vt 
in quinque poſterioritus caſi:us [trianguli] redlanguli pravedentis theorematis, et 
totidem [trianguli] non-reFanguli. Horum autem Logarithmorum, antilogarith. 
morum, et differentialium jam inventorum cuilibet reſpondent duo arcus diver/arumn 
ſpecierum. Ex pecie igitur quayſitt arcuis, per ſecundam, tertiam, quartam, hujus, 
aut per hypotbeſim notd, ipſe arcus verus innoteſcet, 


t in priore exemplo ſeptimæ, Tres quæſtionis partes circulares ſunt, 
plaga ſolis, ele vat io poli, & differentia aſcenſionalis, id eſt, In ['triangilo] 
rectangulo BP S, parties BS, PB, et complem. SP B: vel inſtriangulo] 
non rectangulo, quadrantali, P Z S, partes PZ 8, compl. PZ & compl. 
SPZ: quarum trium dentur extremæ circumpoſitæ, ſcilicet, plaga 
ſolis orientis B S, vel PZ S. 70 gr. & differentia aſcenſionalis compl. 
S P B, vel compl. S P Z, 16 gr. 24. 25”: & queratur inter- 
media pars P B, vel compl. P Z, quz eſt elevatio poli, Addatur ergo 
differentialis 70. gr., viz. — 10, 106, 827, ad differentialem 16 gr. 
24. 27”. videlicet, ad 12, 226, 180, & provenient 2,119,353, Loga- 
rithmus 54 graduum pro clevatione poli quæſita. 


Admonitio. 


Ræter elevationem poli hoc modo inventam, habetur etiam, 
ſecundò, cadem praxi plaga ſolis ex elevatione poli, & angulo 
poſitionis ſolis. Itèm, r-rt1o, angulus poſitionis ſolis ex plaga ſolis, & 
cjuſdem declinatione, datis Quarto, declinatio folis ex angulo pofi- 
tionis ſolis, & differentia aicenſionali. Quinto, differentia aſcenfionalis 
ex declinatione ſolis, & ele vatione poli. 


Secundum exemplum. 


3 plaga ſolis ricatis B S, ſeu P 2 8, 70. graduum: & 
elevatio poli 54. graduum, gue eſt P B, aut comp l. Z. 
Quratur autem differentia aſcenſionalis, ſcilicet, compl. 8 3, 
vel ompl. S PZ. Et, quia hic ſimilitèr extreme partes cid un- 
ponuntur intermiediæ, ergo aufer differentialem plagæ tolis {eu 7 
graduum, qui eſt — 10,106,827. ex Logarithmo elevationis poli 54 
graduum, {cilicer, ex 2, 119, 3533 & provenient inde 12,220,100, i- 

| h ferentialis 
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ferentialis graduum 16. 24” 27” fere, arcus differentiæ aſcenſionalis 
quæſitæ. 


Admonitio. 


D hujus exempli imitationem habetur, ſecundd, deelinatio ſolis 

ex differentia aſcenſionali, et elevatione poli, datis. Item, tertio, 
angulus poſitionis ſolis ex declinatione ſolis, & differentia aſcenſio- 
nali. Quartò, plaga ſolis ex angulo poſitionis ſolis, & declinatione 
ejuſdem. Quinto, elevatio poli habetur ex plagà ſolis, & angulo 
poſitionis ſolis. Itèm contri habetur, Sexto, differentia aſcenſionalis 
ex declinatione ſolis, & angulo poſitionis ſolis datis: Septimò, de- 
clinatio ſolis ex angulo poſitionis ſolis, & plaga ejus: Otavo, angu- 
lus poſitionis ſolis habetur ex plagi ſolis & clevatione poli, datis: 
Noo, plaga ſolis ex elevatione poli, & differentia aſcenſionali: De- 
cimò, tandem, elevatio poli habetur ex differentia aſcenſionali, & 
declinatione ſolis, datis. 


Tertium eremplum. 


FF poſteriore exemplo ejuſdem ſeptimæ tres quæſtionis partes cir- 
culares proponuntur hz, declinatio ſol's, elevatio poli, & angulus 
poſitionis ſolis. Eæ ſunt in [triangulo] rectangulo B PS compl. P 8, 
BP & compl. BSP, & in Ctriangulo] non- rectangulo, quadrantali, 
PZ. S ez ſunt, compl. P 8, compl. Z P, & ZS P. Quarum trium 
dentur extreme oppoſitæ, ſcilicet, declinatio ſolis, quæ ett compl. P S 
11 gr. 35“. 51”, & angulus poſitionis ſolis, qui eſt compl. BS P, 
ſeu Z S P, 34 gr. 19". 21” fere, Et quzratur intermedia pars B P, 
ſeu compl. Z P, que eſt elevatio poli, Addatur ergo antiloga- 
rithmus 11 gr. 35%. 51”, qui eft 206,271, ad antilogarthmum 34 gr. 
19. 21”, qui eſt 1,913,082; provenient 2,119,353, Logarithmu- 
54 graduum pro elevatione poli quefita, 


Ræter elevationem poli hoc jam modo inventam, poteris, ſecundo, 

per candem praxim habere plagam ſolis ex ejuſdem declinatione, 
& cifferentia aſcenſionali, datis, Tertiò, angulum polition:s ſolis ex 
differentià aſcenſionali & elevatione poli, Quarto, declinationem 
30 2 ſolis 
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ſolis ex elevatione poli & plagà ſolis. Et quinto, invenies differen. 
tiam aſcenſionalem ex plaga ſolis & angulo poſitionis ſolis datis. 


Quartum eæemplum. 


Etur declinatio folis, compl. S P. 11 gr. 35. 51“, & elevatio 

poli B P, ſeu compl. PZ graduum 54. Quzratur autem an- 
gulus poſitionis ſolis, compl. BS P, ſeu PS Z. Et, quia hic ſimili- 
ter extremæ partes intermediæ opponuntur, igitùr auferendus erit 
antilogarithmus 11 r 357. 517%. qui eſt 206, 27 1, ex logarithmo 
54 graduum, qui eſt 2,119, 333; & ſupererunt 1,913,082, antiloga- 
rithmus 34 graduum 190. 21”, fere, qui ſunt angulus poſit ionis ſolis 
quæſitus. | 


Admonatio. 


3 — angulum poſitionis ſolis hac prima praxi acquiſitum, ha- 
betur, ſecundò, eadem praxi declinatio ſolis ex datis ditfcrentia 


aſcenſionali & plagi ſolis. Tertiò, habetur differentia aſcenſionalis ex 


datis clevatione poli & angulo poſitionis ſolis. Quartò, elevatio poli 
invenitur ex plaga ſolis & ejuſdem declinatione datis, Quinto, plaga 
ſolis acquiritur ex angulo poſitionis ſolis & differentid aſcenſionali. 
Sexto, (contrario ordine) angulus poſitionis ſolis invenitur ex plagi 
ſolis & differentia aſcenſionali datis. Septimò, declinatio ſolis habe- 
tur ex angulo poſitionis ſolis, & elevatione poli, datis. Octavo, dit- 
ferentia aſcenſionalis ex declinatione ſolis, & ejuſdem plaga inveni- 
tur. Nonò, elevatio pol: habetur ex data differentia aſcenſionali, & 


- angulo poſitionis ſolis. Decimo, tandem, acquiritur plaga ſolis, ex 


ele vatione poli, & declinatione ſolis, datis. 

Atque ita ad imitationem horum quatuor exemplorum, triginta 
variæ ſolvuntur quæſtiones circularium partium, hoc eſt, triginta variæ 
quæſtiones in [triangulo] quadrantali, rectangulo, & totidem in | trian- 
gulo] non · rectangulo ſolvuntur hoc poriſmate, beneficio unius tantum- 
modo additionis vel ſubtractionis. Cæterùm ad intelligentiam poſteri- 
oris partis hujus poriſmatis, de arcuum ſpeciebus, vide exempla, 
(tertium quartum, quintum, & ſextum) ſequentia. 
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C A P. V. 
De [triangulis] non- quadrantalibus mixtis. 


FAfents [triangulorum] quadrantalium: ſequitur triangulorum Sphericerum 
non- quadrantalium doctrina. 

1. Mon- quadrantale eft triangulum Sphericum, cujus nec lalus, nec angulus 
quadrans ft, 

2. Non-quadrantale reducitur ad bina quadrantalia, fi d vertice ad ejus 
baſim (prout opus fuerit extenſam) dimiltatur perpendicularis, aut quadrans 
arcus. 

3. Perpendicularis cadit intra triangulum, fi anguli apud baſim fint eju/dem 
ſpeciei : extra verd, fi diverſe: & contra. 

4 QNuadrans arcus cadit extra triangulum, fi crura ſint ejuſdem ſpeciet : Intra 
verd, fi diverſe : & contra. 

5. Ex non-quaarantalis ſex partibus, tres dite ſolim ſufficiunt ad reliquarum 
ſcientiam comparandam : nift forſan irium datarum, quarum una alteri oppona- 
tur, tertia fit propinquior quadranti, quam attera ejuſdem generis data. In hoc 
— caſu requiritur etiam dari ſpecies partis que tertia opponitur, ut reliquæ 
ciantur. 


Hujus caſus exempla ſunt quartum & ſextum exemplum ſequen- 
tium. 


6. Partes tres datæ aut miſcellanee ſunt, aut purœ. 
7. DMiſcellanee ſunt, quarum una eſt diverſi generis d reliquis duabus. 


Ve cum dantur duo latera, & angulus aliquis : aut duo anguli cum 
latere aliquo. 


v In fartibus miſcellaneis datis, fi ab illo termino lateris dati in cnjus religuo 
termino fit angulus datus, cadat ad baſim perpendicularis aut quadrans datum 
illum angulum ſubtendens, reducetur non-quadrantale ad bina quadrantalia per 
nonam ject: cap. 4. hujus ſcibilia. | 

Vnde & [ t1anguli | non quadrantalis partes (quia cum horum quadrantalium 
partibus, aut partium religquiis, communes ſunt) facile innoteſcunt; cognitis tamen 
prius per 2. 3. & 4. ſett, cap. 3. hujus, aut ex hypotheſi, part um fpeciebus. 


Exenplum 
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4 


Exemplum duorum laterum, & anguli interpoſiti datorum. 


T fit (uſũs & exercitii gratia) Triangulum Sphæricum non- qua- 
drantale in ſuperficie primi mobilis deſcriptum PZ 8, po. 
lum, Zenith, & ſolem referens: cujus ſex partes ſunt, latus P 7, 
quod eſt interſtitium poli & Zenith, ſeu com- 

ial plementum elevationis poli; Latus Z 8, in. 
terſtitium Zenith & ſolis, ſeu complementum 


altitudinis ſolis; Latus P 8, interſtitium poli 
& ſolis, ſeu complementum declinationis ſolis 
A . 2 ab æquatore; Angulus Z P 8, hora diei, ſcu 


69 tempora horaria æquatoris; Angulus P 2 8, 
quæ plaga eſt, ſeu azimuth ſolis à ſeptentri- 

one; Angulus P'S Z, qui angulus 

=, eſt ſitns & poſitionis ſolis ad polum 
& zenith. Harum ſex partium den- 


F tur tres quæcunque miſtellancæ. 
Verbi gratia, angulus horarius Z P 

P 7 a 
8 42. 29“. 59“. (qui horam ſe— 


T7 cundam 49“. 5g”. 56.” pomeridi- 


anam notat.) & latus P Z 34. 
complementum elevationis poli; Atque latus, P S, 695, comple- 
mentum declinationis ſolis. Ex quibus, ut acquirantur tres re- 
liquæ partes, ab Z, termino lateris P Z dati, dimittatur perpen- 
dicularis Z M, aut, fi mavis, quadrans Z H angulum datum ZP 8 
ſubtendens, reducenſque [triangulum] non- quadrantale oblatum PZ S 
ad duo triangula in angulo M quadrantalia, quæ ſunt PM Z & Z 
M S, ut in primo ſchemate: vel (ſi varictate delecteris) ad duo 
triangula in latere Z H quadrantalia, quæ ſunt Z HP & Z HS, 
ut in ſecundo ſchemate: Quorum quadrantalium omnes partes 
per 9 ſect. cap. 4, hujus acquires, Nam ex datis P Z 34, atque 
Z PM. ſeu Z PS, 42. 29%. 59”, invenies perpendicularem Z M 22. 
110 47”, & angulum P Z M. 52. 46. 38“, & latus P M 26. 26, 
29”, quo ablato à PS 69, reſtat MS 42. 33“. 31“. quo & perpen- 
diculari Z M jam cognitis, invenies, per g. ſe. cap. 4, hujus, an- 
gulum MS Z, ſeu quæſitum PS Z, 31. 60 5“. & latus quæſitum 
S Z 47. atque angulum M Z 8 67. 38. 11”, quo ad PZ M 52. 
460. 38”. addito, fit angulus reliquus quæſitus P Z S 120. 24. 
49”. Tres itaque habes partes quæſitas officio perpendicularis Z 
M, primi ſchematis. Eaſdem quoque officio quadrantis Z H ſe- 
cundi ſchematis venari poteris, Ex datis enim, ut ſupra, P wh. 
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& ZPS, ſeu Z PH. 42. 25“. 55”, invenics (per eandt m om. fect. cap. 
4. hujus,) ang1:hum Z H P. 22. 11. 47", & angulum T Z H 142. 40. 
38”, & la- us P H 16, 20“. 29“; ex quo auter PS 69; reſtat S Fl 
47. 20. 29” , quo ct, angulo apud H, 22. 11 497% Jam habitis, in- 
venies per 9. cap. 4. bujus, angulum H S Z 148. 53. 55”. cjatque 
ad ſeinicirculum reliquum, ſcilicet, 31. C. 5”, angulum P S Z qua» 
fitum 2 atque latus quæſitum S. Z. 47; Denique aogulum HAZAS 
22. 217. 49“; quo ex H Z P 142. 40“. 38”. ablato, reſtat angulus 
reliquus quæſitus PZ S 120. 24. 49“; prorſùs ut lupia. 


Admonitto. 


HII exempli imitatione novem variæ ſolvuntur hujus & cujuſ- 
que trianguli quæſtiones. Ex datis enim elevatione poli, 
hora diet, & declinatone ſolis illius diet, habetur (ut ſupra) primò 
azimuth ſeu plaga ſolis, fecundo altitudo ſolis, Tertiò angulus poſiti- 
onis ſolis. Item datis declinatione ſolis, angulo poſitionis ſolis, & 
altitudine ſolis, habetur, quarto, plaga ſolis, quintò elevatio poli, ſextò 
hora, ſeu arcus horarius. Item datis altitudine ſolis, plaga folis, & 
elev1tione poli, haberur, ſeptimò, hora diei; octavò, declinatio folis ; 
nonò, denique, angulus poſitionis ſolis. 


Secundum exemplum daorum angulorum, & lateris interpoſiti, datorum. 


Ræcedentium ſchematum datis angulis, horario, ſcilicgt, Z P S 
42. 297. 59“. & plagæ folis PZ S 120, 24. 497%, cum com- 
plemento elevations, poli, latere, ſcilicet, interpoſito PZ 34; Tres 
cæteræ partes exquiruntur. Nam habitis primo (ut ſupra) Z M. 
22.11. 4 & PM. 26 gr. 26“. 29”. & angulo PZ M. 52 46. 38”. 
quo ex PZ S. 120. 24. 49“. abiato, relictoque angulo M Z S. 67. 
38”. 11”, ex hoc atque Z. M. jam notis, invenientur tandem latus 
quæſitum Z S. 47. & Z 8 M. five angulus quæſitus, Z S P. 31. 
60. %. atque MS 42. 33“. 31”, quo ad P M addito, fit reliquum 
latus quzfitum PS 69. Haſque beneficio perpendicularis primi 
ſchematis habes; nec ſects eaſdem officio quadrantis ſecundi ſchematis 
acquirere poteris: acquiruntur enim (per nonam quarti hujus) ex datis, 
angulis 


e 
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angulis PHZ & PZ H, & ex hoc ſubducto P Z S. dato, reſtat 
S Z H, quo & angulo-P H Z, jam nous propalantur cæteræ omnes 
partes, 


Admonitio. 


HW exempli imitatione novèm variæ ſolvuntur hujus, & cu- 
juſque trianguli quæſtiones. Ex datis enim (ut ſuprà) hora 
diei, elevatione poli, & plaga ſolis, habetur, primo, declinatio ſolis; 
Secundò, angulus poſitionis ſolis; tertiò altitudo ſolis. Item datis 
hora diei, declinatione ſolis, & angulo poſitionis ſolis, habetur, 
quariò, altitudo ſolis; quintò, plaga ſolis; ſextò, elevatio poli. Item 
datis angulo poſitionis ſolis, altitudine ſolis, & plaga ſolis, acquiritur 
ſeptimò, elevatio poli ; octavò, hora diei ; nonò, declinatio ſolis. 


Tertium e emplum duorum datorum laterum, quorum quadranti 
propinquius ſubtendit angulum datum. 


Ræcedentium ſchematum dentur latera PZ 34. & eo quadranti 
propinquius Z 8 47: cum eo quem hoc ſubtendit angulo Z PS 
42. 29“. 50% acquirantur (per 9. ſect. cap. 4. hujus) Z M. 22.11, 
4)“. & PZ. M 52. 40“. 38“. & PM 26. 46“. 29”. & ſimili modo ha- 
bebis Z S M. ſeu quæſitum angulum Z S. P: certiſſimè enim ſcitur 
hic per 2. ſect. cap. 3. hujus, minor quadrante, ſcilicèt, eſſe 31. “ 
3%. & non eſſe 148. 53“. 55”. Habebis etiam angulum M 2 S. 67, 
39.11”; quo ad PZ M $52. 460. 3b”, addito, fit reliquus quæ- 
ſitus angulus PZ 8 120. 24. 49”. Habebis denique & M S. 42. 
33+ 3% quo ad PM. 26. 26“. 29“ addito, fit quæſitum latus PS 
6g, Nec ſects eadem acquirere poteris (fi libet) officio quadrantis 7. 
HA ſecundi ſchematis, | 


Quarium 
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Quartum exemplum duorum datorum laterum, quorum guadranti 
minits propinguum ſubtendit angulum datum: ma, s autem 
Propinquum ſubtendit angulum date 
tantùm ſpeciei. 


— in ug 
I. ©. 
=— = \ 


Entur latera Z S 47, & eo quadranti minds propinquum PZ 34, 
D cum eo quem hoc ſubtendit angulo Z S P 31. 60. 5”. deturque 
quod [angulus] quem Z S ſubtendit (angulus, ſcilicèt, 8 PZ.) tir 
ipecie minor quadrante. Dimiſſo itaque ab Z ad baſim P S per- 

pendiculari Z M, (ut priùs) aut qua- 

* drante ZI (ut hic) ſubtendente an- 

gulum datum Z S P. Acquirantur 

per 9. ſect. 4. hujus cæteræ partes, ut 

L S lexercitii, & varietatis gratia) ex hujus | 

| ſchematis quadrante Z I acquires an- ; 

P gulum ZIS 22. 11. 47. & I ZS 

157. 38'. 117%. & S 132. 33. 31”. & 

ſimili modo habebis angulum 1 PZ, &, per conſequens, angulum 

quelitum 8 PZ 42. 29. 59% Quia ex hypotheſi expreſſè qua- 

drante minor declaratur: alioquin, niſi ejus daretur ſpecies, foret 

(ex prima, cap. 3. & quinta ſect. hujus cap.) incertus: potuit enim 

aliter fuiſſe 137. 30%. 1“. Habebis etiam fic angulum IZ P 37. 

13. 22”; quo ex IZ S 157. 38“. 11”. ablato, relinquitur reliquus 

queſitus angulus P Z S 120. 24. 49”. Habebis denique & IP 

63. 33. 317% quo ex 18 132. 33. 31”. ablato, remanet quæſitum 

latus PS 69. | 

Eaſdem etiam metas attinges fi, beneficio perpendicularis Z M 

primi ſchematis, partium logiſticen quæſiveris. 


— 


S rr CxS 
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Ræcedentis tertii & hujus quarti exemplorum imitatione octo- 
decim variz ſolvuntur hujus & cujuſque trianguli quæſtiones. | 

Ex datis enim (ut in tertio exemplo) elevatione poli, altitudine ſolis, 

& hora diei, habetur, primo, plaga ſolis; ſecundò, angulus poſitionis 

ſolis; tertiò, declinatio ſolis. Item datis (ut in hoc quarto exemplo) 
elevatione poli, altitudine ſolis, & angulo poſitionis ſolis, habetur, | i 
quarto, plaga ſolis; quinto, hora diei ; ſextò, declinatio ſolis. Item, | 

Vor. VI. | 3X datis 


Admonitio. | 
| 
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datis altitudine ſolis, declinatione ſolis, & hora diei, habetur, ſeptimd, 
angulus poſitionis ſolis; octavò, plaga ſolis; nonò, elevatio poli, 
Item, datis altitudine ſolis, declinatione ſolis, & plaga ſolis, habetur, 
decimò, angulus poſitionis ſolis; undecimò, hora diei; duodecimo, 
clevatio poli. Item, datis declinatione ſolis, elevatione poli, & angulo 
poſitionis ſolis; habetur, decimotertiò, plaga ſolis; decimoquartò, 
altitudo ſolis; decimoquinto, hora diei. Item, datis declinatione ſolis, 
clevatione poli, & plagi ſolis, habetur, decimoſextò, hora diei; de- 
cimoſeptimò, angulus poſitionis ſclis ; &, decimo- octavò, altitudo 
ſolis. 


Quintum exemplum duorum daterum angulorum, quorum quadranli 


propinquiorem latus datum ſubtendit. 


Engel P Z S primi ſchematis, dentur anguli PS Z 31. 6, 
5”. & eo quadranti propinquior S P Z 42. 290. 59g”. cum 
latere ZS 47. hunc ſubtendente. Ex quibus PS Z & S Z habetur 


(per nonam quarti hujus) perpendicularis Z M 22. 117, 47”. & cæteræ 


partes [ trianguli ] quadrantalis S Z M, ſcilicèt, M Z 8 67. 38“. 11”, & 
MS 42. 3. 31”. Sicut & ex perpendiculari hoc cum dato Z PS, ſeu 


Z PM, angulo, habentur partes omnes trianguli] quadrantalis Z MP. 


Scilicèt, primò, latus quæſitum PZ; certiſſimè enim ſcitur hoc (per 


2, ſentent. cap. 3. hujus) [ efle] minus quadrante, videlicet, eſſe 34. 
non autem eſſe 146. Deinde habetur PZ M 52. 460. 38“; quo ad 
S Z M. 67. 38“. 11”, addito, fit quæſitus angulus PZ S. 120. 24 
49”. Viimo, habetur PM 26. 26”. 29% quo ad M S 42. 37. 31”. 
addito, fit reliquum latus quæſitum PS 69. Hagetiam ipſas partes 
aliter (fi mavis) ex duobus proxime præcedentis Schematis[triangulis] 
quadrantalibus Z IS & ZIP acquirere poteris. 


Sextum exemplum duorum datorum angulorum, quorum quadrant 
minis propinquum ſubtendit latus datum, magis 
autem fropinquum ſubtendit latus 
date tantim ſpeciet. 


Rianguti P Z S primi Schematis dentur anguli Z PS 42. 29, 
59”. & eo quadranti mintis propinquus Z S P 31. 6. 5”. cum 
eum ſubrendente latere PZ 34. Detũrque quod [Latus] angulum 


Z PS ſubtendens, (ſcilicèt, latus Z S) fit ſpecie minus 9 
x 


LIBER UE NV. 523 


Ex his datis quæratur perpendicularis 7. M 22, 11. 47 · & cæieræ 
Ctrianguli] quadrantalis P Z M partes, ſcilicèt, P Z M 52. 4%. 38 . & 
P M 26. 26. 29“. S cut & ex perpendiculari hoc cum dato, Zz 8 M, 
ſeu Z 8 P, 31. (. 5”. quærantur partes omnes | triangult ] quadrantalis 
Z Ms; ſcilicet, primò, latus optatum ZS 47 ; quia ex hypotheſi expreſlè 
quadrante minus declaratur, alioquin potuit fuiſſe 133. Nam (per 
1. cap. 3. & quintam hujus) incertum eft niſi cjus expreſſè detur 
ſpecies. Deinde angulus M Z 8 67. 38“/. 11”; quo ad MZ P. 52. 
400. 38”. addito, fit optatus angulus P Z 8 120. 2. 49”. Denique 
babetur 8 M 42. 37. 31“.; Quo ad P M. 26. 26“. 29". addito, 
fit optata baſis PS 69, Eaſdem etiàm partes ex duobusſ'triangulis ] 
quadrantalibus PH Z & S HZ ſecundi ſchematis, quam facillime 
acquirere poteris. 


Admonitio. 


113 quinti & hujus ſexti exemplorum imitatione, octo- 
decim variæ ſolvuntur hujus, & cujuſque trianguli, quæſtiones. 
Ex datis enim (ut in quinto exemplo) angulo poſitionis ſolis, hora 
diei, & altitudine ſolis, habetur, primò, elevatio poli; ſecundò, plaga 
ſolis ; tertiò, declinatio ſolis. Item, datis (ut in hoc ſexto exemplo) 
hora diei, angulo poſitionis ſolis, & elevatione poli, habetur, quartò, 
altitudo ſolis; quintò plaga ſolis; ſextò, declinatio ſolis. Item, datis 
hora diei, plaga ſolis, & altitudine ſolis, habetur, ſeptimò, declinatio 
ſolis; octavò, angulus poſitionis ſolis; nonò, elevatio poli. Item, datis 
hora diei, plaga ſolis, & declinatione ſolis, habetur, decimò, altitudo 


ſolis; undecimò, angulus poſitionis ſolis; duodecimò, elevatio poli. 


Item, datis plaga ſolis, angulo poſitionis ſolis, & declinatione ſolis, 
habetur, decimotertiò, elevatio poli; decimoquartò, hora diei; decimo- 
quintò, altitudo ſolis. Itèm, datis plaga ſolis, angulo poſitionis ſolis, 
& clevatione poli, habetur, decimoſextò, declinatio ſolis; decimoſep- 
timo, hora diei; decimo- octavò, altitudo ſolis. Atque ita hujus ſolius 
canonis methodo, quinquaginta quatuor variæ ſolvuntur quæſtiones 
ejuſdem trianguli non- quadrantalis. Cæteræ inferiùs ſolventur. 
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9. Ex his itaque patet quod duorum angulorum & ſuorum ſubtendeniium Iaterum 
tribus datis, quart! ſa tom Logarithmus innoteſcet, tacitä etiam | triangulorum] 
quadrantalium deſcriprione. Ab aggregato enim ex Logarithmis anguli & lateris 

ſibi adjacentis datorum, aufer Logarithmum tertii dati, et proveniet inde Loga. 
rithmus quarti quefiti, ipſimque quartum, niſi fit incert@ ſpeciei, innoteſcet. 


Vt ex ſuperioribus, tertio, quarto, quinto, & ſexto, exemplis per- 
cipi poteſt. Angulorum enim baſis Z PS, & 2 8 P, & ſuorum 
ſubtendentium crurum Z S & Z P, dentur tria, quæ (verbi gratia) 
ſint crura Z S 47. ejũſque Logarithmus 3,128,580, & Z P 34. 
ejuſque Logarithmus 5, 8 12, 606, cum huic adjacente angulo ZP S 42. 
29. 59g"; cujus Logarithmum 3,921,720 adde ad 5,812,606, [et] fit 
0,7 34,326 (Logarithmus, ſcilicet, taciti & ſuppreſſi perpendicularis 
Z M, vel anguli ZH S, ſeu Z IP,) à quo aufer 3,128,580; rema- 
net 6,605,746 Logarithmus quarti Z S P, quæſiti. Ipſum itaque 
quartum Z 8 P, erit 31. 60. 5 Quoniam per 2, ſe. cap. 3. 
minus quadrante arguitur. Contra autèm, datis Z P 34. ejũſque 
Logarithmo 5,812,606, & Z S 47. ejüſque Logarithmo 3,128,580, 
cum huic adjacente angulo Z SP 31. &. 5%; ad cujus Logarithmum 
6,605,746, adde 3,128,580, [et] fit aggregatum (ut ſupra) 9, 734, 326; 
a quo aufer 3, 8 12, 606, [et] provenient 3,921,720 Logarithmus quarti 
quæſiti, ſcilicèt, Z P8&, cujus arcus per 1 ſect. cap. 3. incertus eſt an 
fit 42. 29“. 59”. an 137. 300. 1“. niſi declaret hypotheſis maj6rne, an 
minor, ſit quadrante. 


CAP. VI. 


De [triangulis] non- quadrantalibus puris. 


Actenùs de partibus miſcellaneis datis: Sequuntur 
4 puræ. 


1, Pure ſunt tres partes ejuſdem generis date. Siintque aut tria latera data, ti 
quaruntur anguli : aut tres anguli dati, et querumur latera, + 
Admonitto. 
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Admonitto. 


Vre, quamvis ſimplicitate priores, ob difficultatem tamen earundem, meritd 
hic paſteriorem ſortiuntur locum. 


In triangulis Spharicis, primd, ſumma ex Lo garithmis crurum ſubdufa d 


ſumms er Logarithn:is aggregeti & dilferentia ſemi. baſis et ſemi-differentis 
crurum, relinguit duplum Logarithmi dimidii anguli verticalis. 


uia docent Regiomontanus libro g. cap. 2. de triangulis, & ahi, 
ut rectangulum comprehenſum ſub ſinibus rectis crurum, fe habet 
ad quadratum ſinũs totius; Ita differentiam ſinuum verſorum baſis 
& differentiæ crurum ſe habere ad ſinum verſum anguli verticalis: 
quum autèm ut illa differentia ad hunc ſinum verſum, ita rectan- 
gulum factum ex ſinibus rectis aggregati & differentiæ ſemi- baſis & 
ſemi- differentiæ crurum, fe habet ad quadratum ſinùs recti dimidii 
anguli verticalis (eſt enim noviſſimum hoc rectangulum ad illam 
differentiam ſinuum verſorum, & hoc ultimum quadratum ad illum 
ſinum verſum, in ratione 5,000,000 ©, & intellige quinquies millies 
millecuplaà, exiſtente ſinu toto 10,000,c00). Ideò ſequetur quod, ut 
rectangulum ſub ſinibus rectis crurum ſe habet ad quadratum ſinùs 
totius, ita rectangulum fact um ex ſinibus rectis aggregat! et differentiæ 
ſemi · baſis & ſemi · differentiæ crurum, ſe habebit ad quadratum ſinùs 
recti dimidii anguli verticalis: & per conſequens (ex corol. def. 6. 
cap. I. & prop. 4. Cap. 2. & probl. 3. cap. 5. lib. 1,). Summa ex 
Logarithmis crurum, ſubducta ex Logarithmis aggregati & differ- 
entiæ ſemi- baſis & ſemi-differentiz crurum, relinquit duplum Loga- 
rithmi dimidii anguli verticalis, ut ſuprà. 


Secundꝰ, Summa ex Logarithmis crurum ſubducta & ſumm ex Logarith mis 


aggregati et differentie ſemi-baſis et ſemi aggregati crurum, relinquit dupliun 
antilogarithmi dimidii anguli verticalis. 


Non enim aliter ſe habet ſumma ex Logarithmis aggregati & 
differentiæ ſemi - baſis & ſemi-aggregati crurum hujus propolitionis 
ad ſummam ex Logarithmis aggregati & differentiæ ſemi-haſis & 
ſemi · differentiæ crurum præcedentis propoſitionis, quàm duplum 
antilogarithmi dimidii anguli verticalis hic, ad duplum Logarithmi 
ejuſdem dimidii anguli verticalis ſuperitts : quod alterius loct eſt de- 
monſtrare. 
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Admonitio. 


5. JN Sphericis etiam, baſes veram & alternam, eodem ſenſu cafimus, quo in 


6. 


alternæ. ſ 


reclilineis, nimirùm, alteram pro aggregato, alteram fro differentia, caſuun. 


Tertib, differentialis ſemi-baſis vere date, ſubdufius ex ſummd differentialiun 
ſemi- aggregati & ſem 


7 
4 


-differentie crurum, relinquit differentialem ſemi-baſi; 


Hujus ratio fundamentalis eſt, quod ut tangens ſemi-baſis veræ ſe 
habet ad tangentem ſemi-aggregati crurum, ita tangens ſemi. differ- 
entiæ crurum ſe habeat ad tangentem ſemi- baſis alterna: Tangen- 
tium enim Logarithmi ſunt ſuorum arcuum differentiales per ſect. 
22. & 25. Cap. 3. lib. 1. Vnde hanc tangentium analogiam ſeque- 
tur illa ſuorum logarithmorum, ſeu differentialium æqualitas per 
prop. 4. cap. 2. lib. 1. Verùm, quia hujus analogiz tangentium 
fundamentalis, hactenùs ignotæ, demonſtrationem a me forte requitent 
Lectores, eam ideò, quantum hujus compendii brevitas patitur, hic 
explicabimus. 

Sphæra itaque A FP G incumbat plano HI K Q ut ſe invi- 
cèm tangant in communi puncto A; à quo, per Spherz centrum O, 
erigatur recta A © P ſecans ſupremum Sphæræ Hemiſphærium in 
puncto P. Eritque ita A © P perpendicularis plano H I K Q. De- 
inde angulo A deſcribatur in Sphere ſuperficie triangulum A A y 
in y acutum, aut AAP in  obtuſum; &, protractis ſemi-circulis 
ARP, & Ay P, ſu APP, polo a, intervallo a y, ſeu ei æquali 
a g, ducatur circulus £8 Þ , ſecans a Pine, &> A in à, &þBy in 
punctis g & Y. Ex puncto a in arcum A By dimittatur perpendi- 
cularis arcus h. Erunt itaque bic A a crus majus; A y, vel >, 
crus minus; Ay & Ag baſes, altera vera, reliqua alterna; A 6 difter- 
entia crurum, & A « aggregatum crurum, quia At, & A &, ex con- 
ſtructione, ſunt æqualia minori cruri ay ſeu > 8, His peractis, & 
ſuppoſito P vicem gerere oculi aut [pun&ti] lucidi cujuſpiam, ab eodem 

P in ſubjectum planum H I K Q dimittantur, radius Py ſecans planum 
in c, & radius P g ſecans planum in b. Et, quia y Þ A in eodem 
plano, ſeu circulo, ſunt cum [puncto] lucido P, erunt ſuæ umbræ cb A 
in eãdem rei, Similiter ab eodem puncto P, in idem planum di- 
mittantur radius P ſecans planum in e, & radius Pò ſecans planum in 


d. Et, quia :ù A in eodem ſunt plano & circulo cum ſ puncto] 8 
ided 
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ided ſuæ umbræ c d A erunt in eadem rectà. Prætereà, quia PO A 
eſt plano orthogonalis ſeu rectangula, ideò triangula P A d, & 
P A e, atque P A b, & PA c, ſunt in A reQangula, atque ideò 
etiam A d eſt tangens anguli A Pe, ſeu AP d, & A e eſt tangens 
anguli AP e, vel AP e; ſic etiàm A b eſt tangens anguli AP g vel 
AP üb, & Ac eſt tangens anguli AP y, vel A P c, poſito gnomone 
ſeu ſinu toto PA. Et, quia Ad eſt tangens anguli A P, & APs 
eſt dimidium anguli A © per 20. prop. 3. Eucl. (quod hic fit in 
centro, ille in circumferentia) ided A d eſt tangens dimidii anguli 
A © 8, ſeu (quod idem eſt) dimidii arcùs A 9, quod eſt ſemi-differ- 
entia crurum. Similiter, quia A e eſt tangens anguli A Pe, angulus 
autem AP; in circumferentià fit dimidium anguli A © « in centro, 


ided A e eſt tangens dimidii A Or, ſeu dimidii arcùs A s, Pp elt 
emi- 


r . 
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ſemi-aggregatum crurum. Simili modo in baſibus vera & altern; 
g erit A b tangens anguli A P g, ſeu dimidii anguli A © 8, ſeu dimi— 
| dii arcùs A g, quod eſt altera femi-baſis : atque A c erit tangens an. 
guli AP y, ſeu dimidii anguli A © y, feu dimidii arcùs Ay, quod 
eſt reliqua ſemi- baſis. Quiimque jam oſtenſum fit quod A b fir 
tangens alterius ſemi-baſis, & A c tangens reliquæ ſemi- baſis, atque 
Ad fit tangens ſemi- differentiæ crurum, & A e tangens ſemi- aggregati 
crurum; Dico quod, ut A b, tangens ſemi- baſis veræ, ſe habet ad A e, 
tangentem ſemi-aggregati crurum, ita A d, tangens ſemi-differentiz 
crurnm, [ſe habebit] ad A c, tangentem ſemi - baſis alternæ: vel contri, 
ex alterna veram faciendo, ut A c, tangens ſemi-baſis veræ, ſe habet ad 
A e, tangentem ſemi- aggregati crurum; Ita A d, tangens ſemi- differen- 
iiz crurum, [ſe habebit] ad A b, tangentem ſemi- baſis alternæ. Quod 
ſic probo. Si puncta b c d e ſint in eodem circulo, erit (per 36 prop. 
3. & 16 prop. 6. Euclidis) ut A b ad A e, ita A d ad Ac; & con- 
tra, &c. ut jam diximus. Verum puncta be die cadunt in eodem 
circulo: Omnis enim circuli in ſuperficie Sphæræ deſcripti umbra a 
[punto] lucido in eadem ſuperficie, quod non eſt in circuli peripheria, 
procedens, circulum facit perfectè rotundum in plano orthogono adrectam, 
quæ à [puncto] lucido per centrum Sphæræ progreditur, ut ex Opticis, 
& aſtrolabii fabrica, patet. At hic circulus 8Þ y in ſphere ſuperficie 
deſcribitur, & | punctum ] lucidum P, eſt extra circuli peripheriam, 
quaẽ que ab eo procedit recta per centrum (videlicet, P © A) eſt ad 
planum orthogona. Neceſſariò ergò ejus circuli umbra, que in 
puncta d b ce incidit, circularis eſt, & perfectè rotunda. Ergo, ut 
ſe habet A b ad Ae, ita [ſe habebit ] A d ad A c; et contra ; id eſt, ut 
tangens ſemi-baſis vere ad tangentem ſemi - aggregati crurum, ita | erit] 
tangens ſemi - differentiæ crurum ad tangentem ſemi - baſis alternæ: &, 
per conſequens, differentialis ſemi- baſis vere, ſubductus ex ſumma 
differentialium ſemi. aggregati & ſemi- differentiæ crurum, æquatur 
differentiali ſemi-baſis alternæ: quæ demonſtranda ſuſcepimus. 


Vnde, Trianguli Spharici datis tribus lateribus, habetur triplici modo angu- 
lorum qui vis. | ; 

8. Primus modus eft, ut latus quodvis (pracipue quadranti proximum) pro baſi 
flatuas. Inde ſemi-differentiam crurum, & ad ſemi baſim addas, et a Jemi-bafi 
ſubtrahas : produtti et ręſidui Logarithmos addas, [inter ſe ;] hinc auferas 
aggregatum ex iis fun crurum ; reliqui bipartiti Logarithmi arcum duplicet, 
et proveniet angulus verticalis, atque ita cateri. 


Vc trianguli P Z 8 repetiti, dentur latera PZ 34 gr. & ZS 47 
gr. & SP 69 gr. Quærantur anguli; prim6que quadranti 1 
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P Z. S angulus, quem SP 69 (latus, ſcilicèt, 

> quadranti proximum) ſubtendit. Hoc itaque 

S P 69 pro baſi ſtatuatur. Inde ſemi-differ- 

BT entiam crurum P Z, & ZS, videlicet 6. 30“, 

et adde ad ſemi- baſim 34. 30“; fientque 41 

S aggregatum : et ſubtrahe ab cà; fientque 28. 

69.7 reſiduum. Logarithmos graduum 41, ſcilicèt, 

4,215,044, & graduum 28, ſcilicèt, 7,561,472 

adde; [et] fient 11,776,516, Similitèr crurum P Z 34, & Z 8 47, 

L ogarithmos 5,812,606 & 3, 128, 580 adde; fientque 8,941,186; 

quibus ex 11,776,516 ablatis, fient 2, 835, 330: cujus dimidio Lo- 

garithmo 1,417,665, reſpondentem arcum, videlicet, 60. 12“. 244 

duplica, [et] provenient 120. 24. 49. angulus verticalis P A S quæ- 

ſitus. Nec ſecùs angulos reliquos, fi libet, invenire poteris: facilits 

tamen per 9. cap. 5, hujus innoteſcent, quia per 2. ſentent. cap. 3. 
ſunt certæ ſpeciei. | 


. - 


9. Secundus modus eft, ut latere quovis (præœcipuè quadranti proximo) pro 
baſe ſtatuto, Sem:-baſim et ad ſemi-aggregatum crurum addas, et ab eodem ſub- 
trahas : producli et refidui Logarithmos addas, et hinc auferas aggregatum ex 
legarithiats crurum, reliqui bipartiti autilogaritbmi arcum duplices, et proveniet 
inde angulus verticalis: atque ita cœteri. 


Vt ejuſdem trianguli P Z S, (conſtituti ut in præmiſſa) ſemi- 
baſim 34. 30“ & ad ſemi- aggregatum crurum 40. 30“ adde; fiënt- 
que 75; & ab eodem ſubtrahe; fientque 6: quorum 75 & 6 gra- 
duum Logarithmos 346,083 & 22,582,951 adde; fientque 22,929,634. 
ing auler aggregatum ex Logarithmis crurum, quod (ut ſupra) 
e'! 5,941,186; fientque 13,988,448. Que bipartire, het) ſient inde 
6,994,224 antilogarithmus conveniens arcui 60. 12“. 244%. cujus 
duplum 120. 2. 49”, eſt (ut ſuprà) quæſitus angulus PZ S verti- 
calis. Cæteros, licet etiam hoc modo, faciliùs tamen per 9. cap. 5. 
bujus, invenies angulos. Sunt enim per 2. ſentent. cap. 3. notæ 
ſpecici. | 


Vor, VI, LS 10. Tertlius 
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Tertius modus eft, ut, latere quowis pro Laſi poſilo, differentialem ſemi-agpre. 
gati crurum ad differentialem ſemi-differentis crurum addas, et d produc 


 auferas differentialem ſemi-baſis vere ; et proventet inde d:jferentialis ſemi-baſis 
| alterna: quarum ſemi-baſium ſumma eſt caſus major, et diſſerentia caſus minor, 


duo diſtinguentes rectangula, que et ſuas, ei ipfius oblati trianguli partes omnes 
(per nonam cap. 4. et octavam cap. 5. hujus) notas reddunt. 


Vt propoſiti trianguli P Z 8, datis lateribus ut ſupra, quærantur 
anguli apud baſim, Z PS & Z S8 P. Semi- aggregatum crurum 
| PZ & Z 8, eſt 40, 3o'. Semi-differentia cru- 
rum eſt 6, 300. Illius differentialis eſt 1,577,296, 
— hhupjus verò eſt 2 1,721, 209. Quos adde, [et] fient 
23, 298, 505, Hinc aufer ſemi-baſis veræ 
34, 30“, differentialem 3, 750, 122; remanent 
S 19,548,383, differentialis 8, 3“, 31”, pro ſemi- 
N baſi alterna, Adde ergò ſemi- baſes 34, 30 & 8, 
3 31”; fient inde 42, 33“, 31“, pro majore 
caſu MS; & ſubtrahe 8, 3“, 31” à 34, 30“; relinquentur 26, 26”, 29”, 
pro minore caſu PM. Horum itaque caſuum officio habes duo jam 
Ftriangula] rectangula in M, ſcilicèt, PM Z & SM Z: quæ & per- 
pendicularem 2 M, & angulos verticales PZ M& S Z M, aut, ſi 
libet, ipſum P Z. S, patefaciunt (per nonam cap. 4. & octavam cap. 5. 
hujus). Sed, his omiſſis, ad quæſitos baſis angulos Z S & Z SP, 
redeamus. Caſus PM, 26, 26, 29“, jam acquiſiti, differentialem 
6,985,518 (per 9. cap. 4.) adde ad differentialem complementi P Z, 
ſcilicet, ad differentialem 56, qui eſt — 3,937,709 ; [et] provenient + 
3,047,809, Logarithmus complementi anguli Z PS; quod comple- 
mentum eſt 47, 30, 1”. Similiter caſũs 8 M 42, 33”, 31“, jam etiam 
acquiſiti, differentialem 853, 239 (per eandem nonam ſect.) adde ad 
differentialem complementi P Z ſcilicèt, ad differentialem 43 gr. qui 
eſt 698,698 ; [et] provenient + 1,551,937, Logarithmus complementi 
anguli Z SP; quod complementum eſt 58, 53, 55 Memor autem 
hic ſis non ipſas partes PZ 34 & Z P'S, aut P Z 47, & Z 8 P, led 
ſua complementa, viz. 56 gr. & 47, 30', 1”, & 43 gr. & 58, 53“ 
55”, circulares partes hic dici per ſecundam cap. 4. hujus. Verus 
itaque angulus quæſitus ZPS eſt 42, 29, 59”, & ZSP eſt 31, 6, 
5” z ut etiam ex ſe. octavà, cap. 5. hujus patet. 


Aliud 
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Aliud ejusdem trianguli exemplum. 


— 


2 — 


Odem triangulo PZ 8, alio ſitu conſtituto, fit 8 Z baſis, &, datis 
lateribus ut ſuprà, quæratur angulus PZ S. Crurum itaque 

S P 69, & PZ 34, ſemi- aggregatum eſt 51, 307, ejüſque differentialis 
— 2,288,650; ſemi-differentia verò eſt 17, 30, ejüſque differen- 
tialis eſt + 11,542, 341. Quos differen- 

p tiales adde; ſet] erit ſumma 9, 253,691; 

9 L a qui aufer differentialem dimidii baſis SZ, 
videlicet, differentialem 23, 307%, qui eft 

8 X 8,328,403, [et] remanebit 925,288 differ- 
entialis arcùs 42, 21”, 11”, pro ſemi- 

423K, ® baſi alterna. Adde ergd ſemi-baſes 42, 21”, 

11”, & 23, 30“. [et] provenient 65, 51”, 

11”, pro majore caſa S T; & tum ſubtrahe 23, 30“ à 42, 2 11”; 
remanent 18, 51”, 117, pro minore caſu T X, vel T Z. Hujus ergo 
differentialem + 10,745,201, adde ad differentialem complem. Z P, 
ſcilicet, ad differentialem grad. 55, qui eſt — 3,937,700, & prove- 
nient inde + 6,807,492, Logarithmus complementi anguli P Z T. 
Arcus autem in tabula reſpondens huic Logarithmo 6,807,492 ex 
adverſo, eſt graduum 59, 357, 11”, pro angulo P Z T, cujus an- 
guli PZ T, quum angulus quæſitus PZ S fit ad ſemi-circulum 
reliquus (quod ſemper occurrit quum baſis alterna eſt major vera) 
erit neceſſe PZ 8, eſſe graduum 1 20, 24 min. 49 ſec. alioquin, fi baſis 
vera alternam ſuperaverit, coincident anguli PZ T & PZ 8, & 

æquales erunt. | 
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Admonitio. 


Res jam habes veros modos inveniendi angulos ex datis lateri- 
bus, quorum unoquoque tres variæ folvuntur hujus, & cujuſque 
trianguli quæſtiones. Ex datis enim elevatione poli, altitudine ſolis, & 
declinatione ſolis, dubitantibus ſatĩsfit ad quæſtionem qui vel [ primò,] 
plaga ſolis, vel ſecundò, angulus fits & poſitionis ſolis, vel, tertiò, hora 
diei quæritur. | 


: Huc uſque ex lateribus invenimus  angulos, Supereſt ex angulis invenire 
alera. 5 
11. i on ni triangulo ſpharico mutari poſſunt latera in angulos, et anguli in latera : 
aſſumptis tamen prins pro unico quo vis angulo, et ſus* ſubtendente latere, ſuis ad * Potids qus. 
ſemi- circulum reliquis, | - Cane 
3 * 2 Exempii cor um. 


332 


* Potids /. 
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Exempli gralid. 


Eſto triangulum Q RT, cujus ſint anguli Q 47. 
R III. & T 34. Sumamus, primo, pro angulo 
quovis, videlicet, pro R 111, ſuum“ ad ſemi-circu- 
lum reliquum, quod eſt 69 grad. Dico hos an- 
gulos 47, 69, & 34, mutari poſſe in latera, & fict 
ſuperius triangulum P Zz 8, in quo P eſt 34 
grad. Z S eſt 47 grad. &P S eſt 69 grad. Ut 
etiam ex illius trianguli, P Z 8, angulis, fient 
hujus mutuò latera. Nam Z 8 P angulus grad, 31, 
6 5”, [trianguli] ilius, eſt Jaws Q R hujus: & angulus ZPS grad. 
42, 29, 59”, illius, eſt latus R T hujus: & tertii angull illius, qui eſt 
grad. 120, 24, 49”, reliquus ad ſemi-circulum, qui eſt 59, 35 11”, 
eſt latus QT hujus. Cujus rei demonſtrationem exhibent Bartholo- 
mæus Pitiſcus, Adrianus Metius, & alii. Eam igitùr hac epitome 
minimè repetendam cenſeo. 


Vnde, Trianguli Spherici datis tribus angulis, facili converſione acquiruniur 
latera. | 


Vt, (fi, exempli gratia] præcedentis trianguli QR I dentur anguli Q 
47, Rim, & T 34; quærantur autem latera. Pro angulo quovis unico, 
verbi gratia (ut ſuprà) pro R 111, ſumatur ſuum ad ſemi- circulum re- 
liquus, 69 grad. Inde, poſitis 47, 69, & 34, pro lateribus, ut in trian- 
gulo ſuperiore PZ S factum eſt, per quemvis ex tribus modis ſupra- 
{criptis, quære illius angulos, & invenies contra latus 47, angulum 
42, 297, 59“; & contra latus 34, angulum 31, 6“, 5"; & contri 
latus 69 (quod pro 111 poſuimus) reperies angulum 120, 24, 49 
Ided in triangulo oblato QR T, pro latere R T, ſubtendente an- 
gulum Q 47. pone 42. 20. 59”. Et pro latere QR, ſubrendente 
angulum T 34, pone 31, 6, 5“; verùm, pro latere QT, ſubtendente 
angulum R 111, pone 59, 35%, 11”, que ſunt [angulus] reliquus 
ſanguli] graduum 120, 24, 49”, ad ſemi-circulum : quia priùs 111 
tumpſeras ſuum ad ſemi-circulum reliquum, ſcilicèt, 6g, Et ita cx 
angulis per converſionem acquires latera. 


Admonitio. 
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Admonitio, 


X hac laterum per angulos datos inventione tres variæ ſolvun- 
tur bujus, & cujuſcunque trianguli, quæſtionès. Vt in trian- 
gulo P Z 8. Ex datis, hora diei, plaga ſolis, & angulo ſitüs vel 
poſitionis ſolis, hæc præcedens ſatisfacit quæſtioni, qua vel, primo, 
eicvatio poli, vel, ſecundò, altitudo ſolis, vel, tertiö, declinatio ſolis 
quæratur. Ex octavà itaque ſect. præcedentis, cap. 5. & ſeptima ac 
duodecimà hujus, ſexagintà habes vgriarum quæſtionum ſolutiones, 
quæ ia quodque triangulum cadunt. Nec his plures ex multiplici 
trium quarumlibet partium compoſitione oriri poſſunt variationes. 
Perfectam igitùr habes & abſolutam triangulorum, tam Sphæricorum 
quam planorum, doctrinam. 


CONCLYVYSIO. 


C4Ns ergo jam oftenſum eft quod fins, quid int, et cujus uſas ſint, Logarithmi : 

Eorum enim beneficio abſque multiplicationis, diviſionis, aut radicum extrac- 
tionis, moleſtid, omnis Geometrice quaſtionis ſolutionem logiſticam promptiſſim# 
erbiberi, tum apodeiftice demonſtravimus, tum exemplis utriuſque Trigonometrie 
docuimus. Promiſſum itaque mir;ficum Logarithmorum canonem habetis, ejii/que 
ampliſſimum uſum : que fi vobis eruditioribus grata fore ex reſcriptis veſtris 
intellexero, animus mihi addetur, ad tabulæ condende methodum in lucem etiam 
Proferendam. Interim hoc brevi opuſculo fruamini, Deôque opifici ſummo, mm- 
amque operum bonorum opitulatori, laudem ſummam et gloriam tri uite. 


Sequitur Tabula, ſeu canon, Logarithmorum. 


( 534 ) 


O 

o | 1 
min Sinus | Logarithmi Differentie [Lo ee Sinus | 
O 2 Infinitum | Infinitum 2 10,000,000[60 
I 2, 909 81,425,681 81,425,680 1 10,000,000[59 * 
2 5,018 14494, 213] 74,494, 211 2 9,999,999158 
3 8,727 || 70,439,564 | 70,439,56 4 9,999, 996057 
4 11,636 || 67,502,746] 67,562,739 71] 9999993156 
5 14,544 || 65,331,315| 65,331,304 110 9,999,999]; 5 
6 17:453|| 03,508,099] 63,508,083 100 9,999,986|54 
7 20,302 || 61,966,595| 61,966,573 224] 9,999,9801[53 
8 14 23,2711|60,631,284| 60,631,256 280] 9,999,97 4152 
9 26,180 59,433, 453 59,453,418 35]] 9,999, 967051 
10 29,088 58,399,857 58,399, 814 431} 9⸗999,95950 
217 31,997 57,446,759 57,446, 707 52] 9-999, 95049 
12 34,906 | 56,576,646 | 56,576,584 621] 9,999, 940048 
13 37.815 [55,776,242 55, 776, 14 73] 9999,928[47 
14 40,724] 55,035, 148 55,035,06 844] 9,999,917 46 
15 | 43,632 54,345,225 54·3465129 | 96 95999590545 
16 46,541 53,599,843 53,599, 734 10g 9,999,8 9244 
17 49,450 53,093, 600 33,093,577 TY 9,999,878]43 
— — 9 — —— — 
18 52 359 [| 52,522,019] 52,521,881 1380] 9.999, 863042 
19 55,268 f 1,98 1, 356 51,981, 202 154] 9.999,84741 
20 58,177 [151,468,431 | 51,468, 361 1700] 9,999,931[40 
21 61,086 || 50,980,537 50,980,450 187]| 9,999, 8 13039 
22 63,995 || $0,515,342 50,515,137 2051] 9,999, 79538 
23 0,904 || 50, oyo, 82) 50,070,603 224 9,999, 77007 
24 9,8 13[49,645, 239 49,644,995] 244 9,999, 56136 
25 72,2149, 237, 30 49,236,765 205]| 929993730135 
20 75,030 [148,844,826 48,844,53 287]} 9999714134 
27 78,5391|48,467,431 43,467,122 309} . 9,999,092 
28 1,448 ||48,103,703| 48,103,431 3320 9,999,668 
29 4357 47,752,859 47,752,503 350}! 9,999,044 
30 87,265 4,413,852 47,413,471 3810 9,999,619 

| | | 

89 


( 535 ) 


Gr. O 
0 * 
min. Sinus 1 ogarithmi | Differentie Logaritbmi] Sinus | 
30 97,268 474413852] 47,413,471 381]} 9,999,619 30 
31 90, 174 47,085,961] 47,085.55 407]] 9999-592] 29 
32 93,033]| 46,703,483] 46,708,049 434]] 95999,56E| 285 
33 95:99A| 46,460, 773] 46,460,312 4610 9,999,539] 27 
34 98,9010 40, 162, 254 46,101,705 489]] 9,999,511] 26 
35 101, 809 45,872,392] 45,971,874 5180 9,999,482] 25 
36 104,7 180] 45,590,088] 45,590,140 5480] 9,999,432 24 
37 10%, 627 45,316,714] 45,316,135 579} 9.999,42 23 
3 110,530} 45,050,041] 45,049,430 611} 9,999,389] 22 
39 113,445]] 44799, 296| 44,789,052 6441] 9,999,357 21 
40 116,353] 44+537,132] 44,536,455 677]| 9999323] 20 
41 119,262|| 44,290, 216 44, 289, 505} 7110] 9,999,209] 19 
122, 171 44,040, 2550 44,048,509, 740 9:999,254] 18 
125,079] 43,813,959 43,813,177 782] 9.999, 218 17 
127,988|| 43,584, 58 43,583, 2 59 819] 9,999,181} 16 
130, 896] 43,359,360] 43,358,503 $57]] 92999143] 15 
133, 80f] 43,139,582, 43,138,086 8960 9,999,105] 14 
136,714 42,924, 534 42,923,399 9350 9,999,065 13 
139,622 42,714, 014 42, 713, 039 975 9,999,025] 12 
142,531]| 42, 50%, 833] 42, 506, 81 1, 016] 9,995,984] 11. 
145, 439/42 „305, 826 42, 304, 768 15, 580] 9,998,942] 10 
148,348] 42,107,812 42,106,711 1, 1010 9,998,900) 9 
151, 25% 41, 9713,64, 41,912,499] 1145} 9,998,850 8 
154, 165/41, 723,175 1,189] 9,998,811 7 
157,074|} 41,536,271 9,998,766] 6 
19,9820 41,352,795] 41,351,515] 1, 2800] 9,998,720 5 
162,890 41,172,626 41,171,299 1,327] 9,998,073 4 
165,799] 41,006,643] 41,005,268 I,375]| 9,998,025] 3 
168,705|| 40, 821,746 40,820,322 1,4244] 9,998,577 2 
171,016 40, 650, 8 160 40,649,343 1,473] 9,998,527 1 
174,524, 40, 482,764] 49,481,241] 1,52] 9,998,477] © 
| min. 
| Gr. 
| 89 89 


{ 535 ) 


Gr. I 

I + — : : 
min. | Sinus Logarithmi |- Differentie |Logarithmi 
"= 174,524|| 40,482,764] 40, 481, 241 1,523 
I 17,433] 40,317,483] 40,315,909] 12574 
2 180,341 40,154,899 40, 153,273 1,026 
3 183,2 50 39,994,918 39,993,230] 1,679 
4 186,158] 39,837,448] 39,835,715 1,733 
5 189,066|| 39, 682,421 39,680, 633 1,788 
6 [197,975] 39,529,765] 39,527,922 1,8430 
7 194,883 39,379, 40% 39,377,508 1, 899 
8 197,792 39,231, 274 39,229,315] 1,956 
9 200, 7000 39,085,307 39,08 3,293 2,014 
10 | 203,608|| 38,941,441] 38,939,308] 2,073 
11 206,17 38,799,012] 38,797,479] 2,133 
12 209.425 38,059,767] 33,657,573] 2,194 
13 212, 3330] 38,521,058] 38,519,603] 2,255 
14 215,24 10] 38,385,824] 38,383,507] 2,317 
15 | 218,14 33,251,613] 38,249,233 2,380 
10 221,057 38,119, 183] 38,116,739 2,444 
17 223,965 37,988,481] 37,985,972] 2, 509 
18 226,873] 37,8 59,41 37,856,896] 2,575 
19 229,780 37.732, 105 37,729,404 2,641 
20 232,689 37,000,339] 37,603,031] 2,708 
21 235,597 37,482, 135 3724794359] 2.776 
22 238,505 37359, 4580 37,350,013] 2,845 
23 241,413 37,238, 209 37,235,354 2,915 
24 244,321 37,118,532 377115,546 2,986 
25 247,229|| 37,900,208] 36,997,150] 3.058 
26 250,137|| 36,083,272] 36, 880, 144 3,130 
27 253045 36,767, 690 36,764,487 3,203 
28 255,955] 36,053,428] 30,650,151 3,277 
29 258,80 10:36, 840, 445] 36,537,090 3,363 
30 261,769 30,420,740] 36,425,320 3,428 
| 


Smus 


9,998,477 
9,999,426 
9,998, 74 


9,999,321 
9,998,267 
9,998,212 


9,998,157 
9,998,101 
9,998,044 


9,997,996 
9,997:927 
9,997 ,807 


9,997,900 
9,997,745 
9,997,083 


9,997,620 
9,997,556 
9,997,491 


9,997,425 
979977359 
9,997,292 


88 


9,997,224 
9,997,155 
9,997,085 


9,997,214 
9,990,943 
9,996,571 


N ——— — — —— — 


9,999,790 
9,990,724 


95,996, 49 


9,990,575 


' 


| ( 537 } 
1 
+ Þ= 
Sinus L ogarithmi | Diferentie \Logarithmi | Sinus 
261,769 36,428,748} 30,425,320 3,428 9,990,573 39 
264,077, 36, 318,272 36,314,708] 3,504 9,996,496 29 
267,555, 36,209,0c9| 36,205,427 3-582]| 9,996,419| 2 
270,493 36,100,924 36,097,204. 3,060 9,990,341 2] 
27 3,401]| 35,994,000] 35,990,201 3,739!| 9,990,262] 26 
2706, 3080] 35,888, 207 35,884,388 3,8190] 9,996,182] 25 
270, 160] 35,783,520 35,779,020] 3,900|| 9,996,101 24 
282,124|| 35,079,917] 35,675,935 37982] 9,996,019] 23 
3 285,032|| 35,577,380 35,573,310] 4,064 9,995,937] 22 
39 | 287,940|| 35,475,892] 35,471,745] 4,147 9,995,854 2% 
40 290, 847] 35 375,415 354371194] 4,2310 9,995,770| 20 
41 293+755|| 35,275,935 35,271,619 4,3160 9,995,685] 19 
42 296,663] 35,177,444 35,173,042 4,402 9.995,59 90 18 
43 299,570] 35,079,909 35,075,470 4,489] 9,995,512] 17 
44 302,478 34,933,320 34,978,743 4,377] 9,995,424] 16 
a —— „. 
45 305,385 34,887,652 34,882, 87 4.665 9.995,36 15 
46 308,293, | 34,792,895 34,788,141 4, 754] 9,995,247] 14 
47 311,200, 34,99. 029 34,094,185 4, 844 9,995,157 13 
48 314,108 | 34,606,030 34,601,101 4,935 9,99 5,66 12 
49 317,15 34+ 513,899] 34•508,872 5,027] 9,994,974 11 
50 319,922 34,422,006| 34,417,480] 656, 1200] 9,994,881] 10 
51 322,839, 34,332,140 34,326,920 5,2144 9,994,787] 9 
52 | 325,737, | 34,242, 4840 34,237,176] &5,308}| 9,994,693] 8 
53 328,645] 34,153, 34,148,226 65,403] 9,994,598] 7 
3 . "Se +: M 
54 331, 552] 34:076,549] 34,071,050] 5,499 9,994,502] 6 
— 334,459] 33,978, 40 33,972,050 5.590] 9,994, 405 5 
2337.37 33,891,010 33,886,007] 65,694 9.994,30 4 
7 34, 74 33,805, 8930 33,800,100] 5,793]| 9,994,208] 3 
5 343,18 0] 33.720, 820 33, 714,97 65, 893] 9,994,109] 2 - 
59 340. 088] 33,636,404 33,630,471 5,993] 9.994, 0 ( | 
% | 348,995|| 33.552,81) 33,546,723] 6, oha] 9,993,998] 9 
min 
jj 1 2 
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Gr. 
2 4 — 
min Sinus Logarithmi | Differeatie * garithmi i Sinus | 
0 348,995]| 33,552,817 33, 546,23 6, 94] 9,993,993] 60 
1 351,902] 33,469,860] 33,463,064 6,960] 9,993,806 59 
2 354,v00]| 33,387,588] 33,381,209 6,299]| 9,993,703] 55 
3 357,716 33,305,993] 33,299,590 6, 403/[ 9,993,599 57 
4 360, 623 33447750 33,218,549] 6, 507 9,993,495] 56 
5 363, 5300] 33,144,770 33,138,158] 6,12] 9,993,390] 55 
6 366,437] 33,065, 1280 33,058,410] 6, 7180] 9,993,284 54 
7 369,344] 32,986,107] 32,979,282] 6,8250 9,993,177] 53 
8 372, 2510 32,907,712] 32,900,775] ©,933]| 9,993,069] 52 
375, 158|| 32,829,923| 32,822,881 7,042] 9,992,960 
10 378,004 32,752,740 32,745,588 75152 9,992, 8 50 
11 380,971 32,576, 149 32, 668,887 7,2620] 9,992,740 
12 383,878 32,600,139] 32,592,866] 7,373] 9,992,625 
13 386,785] 32,524,706] 32,517,221 7,485] 9,992,517 
14 389,692 32,449,837 32,442,239 75598] 9,992,404 
15 392,598] 32,373, 5 260 32, 367,81 7,712] 9,992,290 
16 395,505] 32,301,761] 32, 293,9344 7827] 9,992,175 
17 398,412] 32, 228,539 32, 220, 596 7,9430] 9,992,000 
18 401,318] 32,155,852] 32,147,793] 8,059 9,991,944 
19 404,225|| 32,083,092] 32,075,510| 8,1760] 9,991,827 
20 407, 1310 32,012,045] 32,003,751 8,2940] 9,991,709 
21 410,038|| 31,940,909] 31,932,496] 6, 4130] 9,991, 590 
22 412,944 31,870,276 31,861,743 8,533 9,991,470 
23 415,851} 31,800,141] 31,791,487 8,054 9,991,340 
* 418,757] 31,739,492] 31,721,716 8,770 | 9,991,225 
25 421,630] 31,651,332] 31,652, 4344 8,898] 9,991,106 
26 4241570]|| 31,592,644] 31,583,623] 9,021]| 9,990,983 
27 427:476]| 31,524,424] 31,515,279] 9145]| 9,990,859 
_ 430,302]| 31,456,672] 31,447,402 92700] 9,999,734 
29 433:238}| 31,339,371] 31, 379,97 9,396 9,950,009 
39 436,194]| 31,322, 5240 31,313,001] 9,523} 9,990,482 
| | 


* 


( 


Gr. 2 
2 W e 
min Sinus || Lagariubmi Differentie ¶ Logarithm. Sinus 
30 436,194] 31,322,524] 31,313,001] g,525]| 9,900, 482] 30 
31 439,100 31,5 „21 31,246,471] 9, 6500] 9 990,355] 29 
32 442, 06] 31, 190, 159/ 31,180,380 9,778 9,990,227] 28 
33 444,9 31,124, 6231, 114,719 9.907]| 9,990,098] 27 
34 447,818]; 31,059,521] 31,049,484 10,037]| 9,989,905} 26 
35 | 4 50,7 24 30,994,841 30, 984,673 10, 168 9,989,537 25 
36 453,630 30,930, 577 39,920,277] 10, zoc 9,989,705 24 
37 450,53“ 39,806,722] 30,856,290] 10, 432] 9:959,574| 23 
38 4597442 39,803,277 30,792,712 10,565 9,989,441 22 
39 462, 348] 30,740,230| 39,729,531] 10, 69] 9,989,307] 21 
40 465,253] 30,077,578| 30,066,744 10, 834 9,989,172] 20 
41 468, 159] 30,915,317| 39,604,347] 10,970]| 9,959,930] 19 
42 471,065]| 30, 553, 442] 39,542>335] 11,107]| 9,999,899] 18 
43 473,970 30, 491, 949 30,480,704] 11, 2450] 9,993,701] 17 
4+ 476,876 30, 430, 834 30,419,451 11,383 9,988,623 16 
45 479,781]| 39,379,090] 30, 358, 5680 11,522] 9,988,484] 15 
46 482,687] 30,309,715] 30,298,053] 11,662]| 9,988, 344] 14 
47 485,592]| 39,249,702| 30,237,899] 11,803]| 9,988,203] 13 
48 488,498] 30,190,049] 30,178,104 11,945 9,988,061 I2 
49 491,403]] 30,130,749] 30,118,661] 12,088|| 9,987,918] 11 
50 494,308]| 39,071,797] 39,059,505] 12, 232] 9,987,775] 10 
51 497,214] 30, 013, 193] 30, ooo, 817 12,370 9,987,031 9 
52 500,119]| 29,954,933] 29,942,412] 12, 5210] 9,987,436] 8 
53 503, 240 29,097,014] 29,584,347] 12,067|| 9,987,340 7 
54 505, 929] 29,8 39, 423] 29,826,610! 12,814] 9,987,193 © 
55 508, 8340] 29,782,165] 29,709, 203 12,962] 9,987,045 5 
56 511,740| 29,725,236] 29,712,125] 13, 1110 9,980,897] 4 
57 514,645]| 29,668,628 29,655,367] 13,261]| 9,986,748] 3 
59 517,550 29,012,331 29,598,920] 13, 4110] 9,986,598] 2 
59 | $520,455] 29,550,358] 29,542,796 13,56:]| 9,980,447] 1 
60 523,360] 29,500,706 29,486,992 13,714 9,980,295 © 
[ min. 
| | Gr: 
87 87 


(IP I 


3 

3 e 

min Sinus Logarithmi | Differentie |Logarithm | Sinus | 

© 52 3,300]| 29,520,700] 29,486,992] 13,714] 9,986,295] Go 
1 632, 265 29,445.354| 29,431,477 13,867 9:986,143] 5g 
2 529, 70 29,399, 397] 29,376,266] 14,0210 9,985,985 53 
3 532,075|| 29,335,565] 29,321,389] 14,76 9,985,835 57 
4 534,990}| 29, 281,122] 29,260,791 14,3310] 9,985, 6800 50 
5 537,884]| 29,226,973] 29,2 12,480 14,487 9,985,524] 55 
6 540, 789 29,173,115] 29,158,471] 14,044|| 9,983, 367 54 
7 543, 694 29,119,548] 29,104,746] 14,502|| 9,985,204] 53 
8 5+6,598|| 29,066,270] 29,051,309 14,961|| 9,985,050} 52 
9 549,503 29, 013, 27] 29.998,152] 15,12] 9,984,891| 51 
10 552, 40728, 960, 557 28,945,276] 15,2810 9,984,731] 50 
11 555,312] 28,908, 117 28,892,075] 15,442] 9,934,570] 49 
12 558,216] 28,855,951] 28,840,347] 15,604 9,984,408 48 
13 561,120 28, 804, 05) 28,738,290] 13,767] 9,984,245 47 
14 564,024 28, 752,430 28,730,499] 13,9310 9,984,081 40 
15 566,928 28,701,071] 28,684,975] 16,096|| 9,983,917 45 
16 569,832]| 28,649,975] 28,633,714 16,2610 9,983,752 44 
I7 572,736 28,599,142] 28,592,715] 16,427 9,983,586] 43 
19 57 5,040|| 28,548,570] 28,531,976] 16,594] 9,983,419| 42 
19 578,544 28, 498, 247 23,481,435 16.762 9,983,251| 41 
20 381,448 28, 448,177 28,431,246] 16,9310] 9,983,082 40 
21 584,350 28,398,354| 28,381,253] 17, 1010 9,982,912 39 
22 887, 250] 28, 348,782] 28,331,510] 1), 272 9, 982.742 38 
23 590, 1600] 28,299 459 28,282,015] 17, 444] 9,982,355, 37 
24 5935064, 28,250,377] 28, 232,76 17,016] 9,982, 399 36 
25 59,90% 28,201,535] 28,183,746] 17,789] 9,982,226 35 
26 598,871] 28,152,930] 28,134,967 17,96, 9,982,052 34 
ꝗ——än — — — — — . — — — % my — 
27 601,773|| 28,104,561] 28,086,423] 18,138|| 9,981,877) 33 
28 604, 5780] 28,056,428] 28,038,114 18,314|| 9,981,700 32 
29 00 7,82] 28,008,524] 27,990,033} 18,4910 9,981,525 31 
30 610, 485] 27,960, 8480 27,942,178} 18,6700 9,981,348 30 
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80 


( 6a F 


3 
, * N 
Sinus - || Logarithmi | Differentie Le garithmi|| Sinus 
30 610,485 27,990.848| 27,942,175} 18,670 9,981,348 20 
31 613,389 | 27,913,490] 27,894,552] 18,8480] 9,987, 70 29 
32 616,292 | 27 860,180} 27,847,154] 19,027] 9,990,991] 28 
33 619,196|| 27,819,184 27,799,977] 19,207] 9,980,311] 27 
34 622, 990] 27,772,408] 27,753,020] 19,380|| 9,980,631] 26 
35 625,02] 27, 723, 848 27,700,275] 19,570] 9,980, 4500 25 
36 627,905|| 27,679, 504] 27,059,752] 19,752|| 9,980,268] 24 
37 630,808|| 27,033,374} 27,013,439] 19,935]| 9,980,085] 23 
38 033,711] 27,537,457] 27,507,338] 20,119}| 9,979,901} 22 
39 636,014|| 27,541,753 27,521,449] 20,304|| 9,979,716} 21 
40 6:9,517|| 27,490,257] 27,475,707] 20, 490 9,979,530] 20 
41 642,420|| 27,450,908| 27,430,291] 20, 677 9,979,343] 19 
42 645,323] | 27,405,885} 27,385,020] 20,865]|. 9,979,156] 18 
43 648,226|| 27,301,003| 27,339,950] 21,053]| 9,973,908] 17 
44 651,129!] 27,316, 3230 27,295,081] 21,242] 9,978,779] 16 
45 654,030 27,271,043} 27,250,411] 21,432| 9,978,589 15 
40 656,934 | 27,227,563| 27,205,940] 21,623]| 9,978 395] 14 
47 659,837] 27,183,476 27,161,661] 21,615]| 9,978,207] 13 
48 662,739|| 27, 139,38 10 27,117,573] 22,008|| 9,973,015} 12 
49 663,642] 27,095,878] 27,073,076] 22,202]} 9,977,322] 11 
50 663,544 | 27, 052, 3730 27,029, 976] 22,397]| 9,977,025} 10 
51 671, 447 27, oog, o57 26,986,405] 22,5920 9,977,433] 9 
52 674,349] | 20,905.926| 26,94.3,133] 22,788] 9,977.227} 8 
53 677,2514| 26,922,980 26,899,995] 22,9850] 9,977,040} 7 
54 680,153]] 26,880,248] 26,857,035] 23,183] 9,970,843] 6 
55 633,055]| 26,837,039] 25,314,257} 23,3321] 9,976,664 5 
39 | 685,957]| 20,795,243] 26,771,661] 23,582 9,976,446] 4 
57 688,8 500 26,753,027] 26, 729, 2444 23,783}| 9,976,245} 3 
55 691,761]] 26,710,988] 26,687, 03] 23,985] 9,976,045] 2 
59 094,653] ] 26,659,120 26,044,939] 24,137] 9.975843] 1 
bo 697,565 20,027,442] 26, 603, 52] 24,390]| 9,975,040 © 
min 
| | | | Gr. 
80 86 
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| Gr, 4 
14 4 : = — 
min Sinus | Logarithmi | Diferentice \Logarithmil| Sinus 8 
o 697,56 ][ 26,027,442] 26,603.02] 24, 3900] 9,975,040 
1 700, 407] 26,85 929 26,561,325] 24,594] 9,975,437 
2 703,369 26,544,587] 26,519,788] 24,75% 9,975,233 
Þ 706, 2700] 26, 50 3, 4160 26, 478, 411] 23, 005] 9,975,026 
4 709, 172] 25,402,418] 26, 437, 207] 25,2110] 9,974,822 
5 712,0 % // 26,421,589] 26,396,171 25,418] 9,974,615 
6 714,075] 26, 380,927] 26,355, 301 25,5200] 9,974,408 
7 717,876] 26, 340, 4280 26,314,593] 25,835|| 9,974,200 
8 720,777] 26,300,094] 26,274,050] 26,044] 9,973,991 
9 723,678 26,259,923] 26,233,669 26,254 9,973,791 
10 726, 579 26,219,913] 26,193,443] 20,465] 9,973,570 
11 729, 4800] 26,180,067] 26,153,390] 26.677]| 9,973,356 
12 732,381|| 26,149,377 26,113,487| 26,890] 9,973,145 
13 733,282] 26, 100, 842 26,073,738 27, 104] 9,972,931 
14 738, 1830] 26,061,465 20,034,146] 27,39] 9,972,717 
15 741,084 26, O22, 244] 25,994,709] 27, 335] 9-972,502 
16 743,985 25,983,170 25,955,424] 27,752] 9,972,250 
17 740,880|| 25,944,260] 25,916,290 27,97-|| 9,472,009 
18 749,787] 25,905,496] 25,877,308] 28,185] 9,971,051 
19 752, 688 25,866, 884 25,838,477] 28,40% 9,97, 
20 155,588|| 25,828,423] 25,799,796] 28.62 || 9,971,414 
21 758,489] 25,790, 1100 25,751,262] 28,848] g,97 1,194 
22 701,389, 25,751,942] 25,722,872] 29,07c|| 9,970,973 
23 764, 2900 25,713,920] 25,684,727] 29, 2930 9,979,751 
24 767,180 2 5,070,043 25,646,527] 29,516|| 9,970, 29 
25 770, ogo 25,038,310] 25,608,570] 29, 40 9,979,304 
26 772,990] 25,000,722 25,570, 757] 29,965|| 9,970,075 
27 775,891] 25,563,273] 25,533,082 30,1910 9.969.854 
28 778, 910 25,52 5.960 25,495,548] 30, 4180 9,909,020 
29 781,69] 25,488,798] 25,458,152] 30, 6460 9,969,401 
30 784.5910 25,451,709] 25, 420, 8944 30,875|| 9,999,173 
| | | 
| DI 


(' $68] 


Gr. 4. 
4 | 1 
uin Sinus if Legarithmi | Differentie |Logarithmi| Sinus | 
3o | 7844591]| 25,451,769] 25,420,894] 30,878] 9.969,173] 30 
31 787,491] 25,414,376] 25,383,772] 31,104] 9,968,944] 29 
32 790, 3910 25.378, 119 25,346,785] 31,334] 9.968,71] 28 
793,291] 25,341,498] 25,309,933] 31,565] 9,968,485 27 
796,191 23, 305, 13] 25,273,216] 37,797] 9,968,254] 20 
799, og 25,208,062] 25,230,632] 432,030]| 9,968,022] 25 
801,990|| 25,232,442] 25,200,178] 32, 264]] 9,967,789] 24 
804,339|| 254199,355] 25,163,857] 32,498][] 9,907,555] 23 
807,789!] 25,160,394] 23,127,666] 32,733] 9,967,320] 22 
810,688] 25 124,571] 25,091,602] 32,969 9,967,085 21 
$13,537j| 23, 088,88 25,055,004] 33, 206] 9,966,349] 20 
$16,490 25,053,298 250196054) 33,444 9,966,012 19 
849,385 25,017,853] 24,984,170] 33, 6830] 9,956,374] 18 
822,280] 24,98 2,33] 24,948,010} 33,9230] 9,906,135] 17 
$25,153|| 24,947, 3400 24,913, 77 34, 1630] 9,965,895] 16 
828,082] 24,912,272 24,877,868] 34,404 9,905,655] 15 
830,98 1]| 24,877,326] 24,842,680} 34,646]] 9,965,414] 14 
833,880] 24,842,502] 24,807,013] 34,889] 9,905,172] 13 
— — —ůůůůů— 4 —— — —— * 
836,778] 24,807, 799 24, 772,666 35,1330] 9,964,929] 12 
839,077 24,773,219] 24,737,841] 33,3780] 9,904,085} 11 
842, 5750] 24,738,761] 24,703,138] 35,623] 9,964, 440 10 
845,474] 24, 704, 42c 24,068,551 35,869 9,904,194 9 
$48,372]| 24,670,196] 24,634,080) 36, 1160] 9,963,948] 8 
851, 2710] 24,636,09c] 24,599,726 36,364] 9,963,701 7 
854, 169 24.602, 100 24,565,487] 36,6130] 9:903,453 6 
857,67] 24,508,228] 24,531,365 36,863] 9,993,204 5 
859.9651} 24, 534,473] 24,497,350 37, 114 9,962,954} 4 
862,863 | 24,500,929] 24,403,403] 37,3600] 9,962,703 3 
865,761 24,407,298 24,429,079 37,019 9,902,45: 2 
868,059] 24,433,80c| 24,396,008 37,872] 9,962,200 1 
$71,557]! 24,400, 578 24,302,452 38,126 9,901,947 G 
| | min, 
| | Cr. 
85 85 


2 


* 


( 544 ) 
Gr. 
55 8 
min Sinus Logarithmi | Differentie [Logerithmi Sinus | 
0 271,557 2445,58 24,302,452) 38,160 9,961,947] bo 
1 874,455] 24, 367,384 24, 329, 0 38,380 $9,961,693] 59 
2 877,353]J 24, 334. 392] 24, 295,665 38,637 9,991,435| 58 
3 880,25c|| 24,301,329 24,262, 43 38,894] 9,961,183 55 
4 883, 1480] 24,268,467] 24, 229 3160 39,130] 9,962,927] 56 
5 850,045 24,235,712 24,190,303] $39,404| 9,960, 670 55 
6 $88,943|] 24,203,064| 24,163,396] 39,6680] 9,960,412] 54 
7 891, 8400] 24, 170, 823] 24,139,595] 39,9280] 9,950, 1530 53 
8 894,737] 24,138,089] 24, 097, 9 40,189] 9,959,893] 52 
9 897,634] 24, 105, 7600 24,065,309] 40,450] 9,959,632] 51 
10 900, 5310 24,073,540] 24, 032, 827 40,7 130] 9,959,379] 50 
11 903, 428 24,041,422] 24,000,440] 40, 9760 9,959,107] 49 
12 906, 3250] 24, oo9, 408] 23,968,168] 41,240] 9,958,844 48 
13 909,222 23,977,495] 23,935, 9% 41,5] 9.958,58 47 
14 912,119 23,945,685] 23,903,914] 41,770 9,958,315] 46 
— — — — 0 — 3 ů cor en — 
15 915, 16] 23,913,978] 23,871,940} 42, 0380] 9,958,049 45 
16 917.9130] 23,802,373] 23, 840,67 42, 300] 9,9577820 44 
17 920,809 23,850,807 23,008,292 42,575]} 9,957,515] 43 
18 923,706] 23,819, 460 23,776,615] 42,8450] 99575247] 42 
19 926,602]} 23,788,153] 23,748, 380 43,11 9,956,979] 47 
20 929,498] 23,756,943] 23,7 13,557 43,386] 9,955,708] 40 
21 932,395] 23,725, 832] 23,682,174] 43,650] 9,956,437] 39 
22 9352910 23,694,318] 23,650,887] 43,9310 9,956,165 39 
23 938,187] 23,663, 900] 23,619,695] 44, 205] 9,955,393} 37 
24 941, 08 30] 23,633, 080] 23,585,601] 44,479] 9,955,020 36 
v5 943:979]| 23,602, 385] 23,557,601] 44754] 9,955,346 35 
20 940,075]} 23,571,725 23,526,695] 45,0300] 9,955,070 34 
27 949,771] 23,541, 1900 23,495,833} 45,307] 959543795] 33 
28 952,067 23,510,748 23,405,103 455951] 9,954,515] 32 
29 953,563] 23.480, 399] 23,434,535] 45:904|| 9,954,240] 3] 
30 [958,560] 23,450,143] 23,403,999] 46,144 9953-962] 3 
| | 


( as 7 


4 


Gr. 5 + | — | 
b : bmi Sinus 
8 Su, || Logarithni | Diſſerentia |Logor "_ 
1111! . 6 15 ING — 1 30 
— | 46,44] 9,95349 
30 958,458 23,450,143 ee 46,424 9,953,633] 29 
— 914354] 23,419.980] 23,373.85 9,705|| 9,953,403] 28 
31 26 . 23,389 908 23,343,203 + 422 
_ 5 2 2 940 46,987 9953122 4 
99844 2258.2 33•334•26 47,70 9,952,84c| 2 
33 o, 390] 23,330,036| 23, 282,7 444 9,952,557] 25 
* og 2 3,390,235| 23,252,001 kn: — — 
= iN 2 222,686 47,839} 99524274 oy 
5 97 5,829 23,270,525 3 , 8 48 125 G,951,990] 23 
- 18,724)| 23,249,90 23.192. 8,412]| 9,951,705] 22 
37 dep op 23,211,366! 23,102,956] 40,4 as "Mm 
wy 1 | 4 2 azol 48,500 9,951,419] 21 
30 3454 23,181,920] 23,133:220 3,9880 9,951,132] 20 
35 * 408 23.152, 560 23,103,572] 43,9 5 930, 8444 19 
40 i 23,123,287 23,074,010 49,27 9, == 
I 9 — 255 | 3 49,507 9,950,555 18 
2 993197 23,094,100 aan 49,8580] 9,950,266 17 
4 6 09 23,064,999 23,015,14 * 9,9497970 16 
4 998.585 23,035,995| 22,995,836] $50,149 ee 
5 — eee 684 15 
— - N l 949, 5 
# bee e ee Fore eee 1: 
- 52 7 , 
46 = 0 440 22,898,421] 51,028 ba =» 
47 2007s Ae "IDE —— - 
— — 122" ,943,807 
JEL ESR. Fr. 
/ | 5172 9 . ; IO 
JEHEECHELESL 
50 1,0! 5803, ED ISR e, 
1 , 47.922 9 
u we e ne e pared 8 
2 7 " , F 
MB nn $i on 
5 925. j — 6 
— * 5111 9,947,020 
54 1,027,926 2247 50,420 + OY 9,940,729 5 
92 . * 22,640, 569 53,714] 9,940,429] 4 
5 „034571. » 5 1 * | 
PEER — ee ; „946,128 3 
1,036, 6000] 22,656,332] 22,012,316] 54 7 Cad 2 
2 : : | 9 22,638,461 22.584, 140 oy 5 15 23 l 
5 „ 22,610,667 22,556,041] 54,02 994552 — 
39 | 22 2, - > 2 7 — Ws £- | 30% 
7 3 1 932 9,945,219} © 
Hy 1.045,29 5 22,582,951 22,528,019 54 93 2 
84 34 
B 
Yor. VI. 


1 


pp Gr, 5 
6 + | — 
min Sinus || Togorithmi | Differentice {Logarithmij| Sinus | 
© 1,045,285 22,582,951 22,528,019] $4493%| 9,945,219] 60 
L *$1,043,178]] 22,555,313] 22, 500, 075 55/38 97944914 59 
2 1,051,071]| 22,527,752] 22,472,207] $5,54%'| 9,04, 609 58 


Ts — — — — — ——_—_—_ — 


| — — — — 
9 


3 1,053,904 22,500,267 22,444,414 55,053 0,944,303] 57 
4 1,050,857] 22,472,359] 22,416,697 56,162] 9,943,996 56 
5 1,059,749] 22,445,527] 22,339,055] 56,472 9,943,053] 55 
6 1,062,642|| 22,418,272 22,351,490 56,7821] 9,943,379] 54 
7 1,065,534]| 22,391,091] 22,333,998] 57,093] 9,943,069 53 
8 1,008,426] 22, 363,984 22,306,579] 57,405] 9,942,759] 52 
9 1,071,318]| 22,235,051] 22, 279, 232 57,7180] 9,942,440 51 
10 | 1, 074, 2100] 22,309,991] 22, 251959 58,0320] 9,942, 1306 50 
11 1,077,102|| 22, 283, 104 22, 224,757 38,347 9,941,823] 49 


12 1,079,994|| 22,256,290| 22,197,627] $8,663]] 9,941,509 48 
; 13 | 1,082,886|] 22,229,549] 22,170,570] 58,97% 9.941194 47 
| 14 1,085,778|| 22, 202, 881] 22,143,585] $59,296|| 9.940, 879 46 
15 1,088,669, 22,176,285] 22,116,671] 39,614] 9,949,503] 45 
16 1,091,561] 22,149,762] 22,089,829] 59,9330] 9,940, 2400 44 
17 1,094,452] 22, 123, 308] 22,063, 33] 60, 253] 9,939,928] 43 


8 


18 1, 97, 344] 22, 096, 925 22, O36, 35 60,574 9,939,609 a 
19 1,109,235 22,070,012 22,009,717 60,895 ' 9,939,290 41 
20 1, 103, 1260] 22,044, 3680 21,983,151] 01,217]| 9,938,970) 4? 


21 1,106,017 22,018,195 21,950,05 - 61,54c]| 9,935,949} 39 
22 1,108, 9080] 21,992,090| 21,940,226] 61,864|| 9:935,527 38 
23 1,111,799] 21,966,054] 21,903,865 62,1890] 9,938, -4| 37 
24 1, 114, 090] 21,940,086| 21,877,571 62,515 9,937,050 36 
25 1,117,580] 21,914,186] 21,851, 3444 62,842] 9,937,355 35 
26 | 1,120,471] 21, 888, 355] 21,825,185 63,1700] 9,937,029 34 


27 1,123,361] 21,862,590] 21,799, 9 1 3,99 9,930,703 
28 1, 126,2 52]] 21,836,892] 21,775,004 63,828 9.930537 
29 1,129,142] 21,811,261] 21,747,104 4.5/5, 936,048 


30 1,132,032 | 21,70 5,098] 21,721,200 * 979457719 


"0 | 
| 4 05 


( 547 ) 


6 1 
+ | — 1 
Sinus Logarithmi | Differentie ¶Togaritbm ] Sinus 0 
zo 1,132,320 21,785,598] 21.72, 64,89 9.938.776 30 1 
Zi 1,134,922]} 21,700,194} 21,095,37% 64,820] 9,935,399] 26 "it 
32 1,137,812]| 21,734, 76, 21,669,613] 65,154}| 9,935,058] 28 1 
33 1,140, 02] 21,09, 400] 21,643,912] 65, 488] 9,934,727] 27 i | 
34 1,143,592] 21, 684, 1000 21,618, 278] 65,822] 9,934,395] 26 4 
35 1,140,482] 21,658,865 21,592,708] 66,157 9,934,002] 25 4 
——— —＋——— —ä— ͤ 6—2—).— — | 
56 1,149,372] 21,633,605] 21,507,202 66,4930] 9,933,728] 24 1 
27 1,152, 2610 21.608, 389 21,541,756] 66, 8300 9,933,393] 23 * 
38 I,I45,15! 21.383,54 21,516,372 67,168 9,933,057] 22 4 
39 1,138,040 21 358.857 21,491, f 6,50% 9,932,721] 21 10 
40 1, 160.929 21,333,639 21,465,793] 67,8460] 9,932, 844 20 1 
41 1,163,518 21,508,781 21,440,595} 68,186}] 9,932,046] 19 it 
Ger NETS Se? — ———— Ii 
42 1,166,707]| 21,48 :,986| 21,415,459] 68,527]] 9,931,707] 18 | 
43 1,169,596|| 21,459,254] 21,390, 3851 68,869]] 9,931,367] 17 * 
44 15172, 4850] 21,434,585] 21,365,373] 69, 212] 9,931,026] 16 i 
45 1,175,374] 21,429,974 21,340,423] 69,556]| 9,930,035] 15 l 
46 | 1,178,2631] 21,335,434] 21,315,533 69,9010] 9,930,343 14 ö 
47 1,181,510] 21,560,949} 21,290,702] 70, 247] 9,939,000] 13 
481,84, 40 21,336,524} 21,265,931] 70, 3930] 9,929,656 12 
49 1,190,425] 21,312,.6-j 21,241,220] 70,940] 9,929,311] 11 
50 1,189, 8100 21,237,855] 21,216.567] 71,2888] 9,928,965 10 
Ci 1,192,701 21,263, 609 21,191,972] 71,037 9,923,618] 9 
52 1,195,592} 21,239,423] 21,167,436} 71,989]| 9,929,271 8 
53 119,40 21,215,297] 21,142,959} 72, 338] 9,927,923 7 
54 1,201,308 21,191,230] 21,118,540} 72, 6900] 9,927,574 6 
55 15204, 2550] 21,107,222] 21,094,179] 73,043!| 9927, 2244 5 
56 1,207,143|| 21,143,273] 21,009,877] 73,396]] 9,920,873] 1 
57 1,210, 0310 21,119,381] 21,045,631] 73,7500] 9,926,521 3 
38 1,212,918] 21,095, 546 21,021,441 74, 105] 9,920,169] 2 
59 10 21,07 1,769 20,997,308] 74,4610] 9,925,810 A 
to CI 21,048,049 20,973,231] 74,018 9,925,401 
| | 
| 59 


6548) 


Up 


Gr. 7 

7 Fer” RE | 

min | Sinus || Logarithmi | Differentie \Logarithmi Sinus 

8 1,218,693] 21,048,049] 20, 973, 231 74,818 9,925,491 

I 1,221,58c|| 21,024,385] 20,949,209] 75,1700 9,925,106 

2 1,224,407|| 21,000,779] 20,925,245] 75,534 9,924,750 

3 1,227,354 20,977,230] 20,901,337] 785.8930 9,924,393 

4 1, 230, 241] 20, 953,738] 20, 877, 485] 76, 253] 9,924,036 

5 1,233,128|| 22, 930, 302] 20,84 3,688] 76,014]| 9,923,678 

6 1,230,015 20,906,922 20,829,946] 76,976]] 9,923,319 

7 1,238,901]| 20, 883,595] 20, 806, 256 77,339] 9,922,959 

8 1,241,788] 20,560,323] 20,782,620] 77,703|| 9,922,598 

9 244,67 [l 20,837,106] 20,759,038] 78,068|| 9,922,236 

10 1,247,560 20,813,945] 20,735,512] 78,433]| 9,921,874 

11 1,250, 446 20, 790, 838 20,712,039] 78,99] 9,921,511 

12 1,2534332|| 20,767,785 20,688,619 79,1660] 9,921,147 

I3 12 56, 2180] 20,744,795| 20,605,251] 79,874 9,y20,782 

14 1,259,104 20, 721,828] 20, 641, 935 79,993}| 9,920,411 

15 1,261,990] 20,698,940] 20,618,674] 80, 25 9.920,49 

16 1,264, 8 76 20,676,107] 20,595, 465 80, (42 9.929.682 

17 1,267,761 20, 653, 321] 20, 572, 308 81,01] 9,029,314 
18 1,270, 647 20, 630, 5880 20,549,203] 81,385] y,918,945| 42 
19 1,273,532 20, 607, 906 20, 5 26, 1488 81,7580] 9,918, 57% 41 
20 1,276,417] 20,535,276 20,503,149] 82,1.2]| 9,918, 20 40 
21 1,279,302 20,502,70i| 20,480,194] 82,507 „ 
22 1,282,187 20,540,176 20, 457,29] 82,8830] 9,974 % 38 
23 1,285,072 20,517,703] 20,434,444] B3,259 9,917,086] 37 
24 1,287,957 20, 495,28 10 20,411,645] 83,630|| 9,916,712 36 
25 1,290, 841 20,472,999] 20, 388,89] 84.014 9,916,337 35 
26 1,293,726 20,450,507 20, 366,194 84,39, 9,91991 24 
27 1,296,610|| 20, 428, 316 20,343,543] 84,73 9,915.584| 33 
28 1,299,494|| 20,400,090] 20,320,942] B5,154|| 9,915,200] 32 
29 | 1,302,378 20,383,925] 20,298,389] 85,53% 9,9 14,8280 31 
30 | 1,305, 262 20,361,806| 20,275,887] 35,919 9,914,449 39 


( 549 ) 


7 
* ; A | 
min . Sinus Logarithmi | Differentie | Logarithmi | Sinus 
30 1, 305, 262] 20, 361, 806 20,275,387] 85, dof 
31 | 1,308,146|| 20,339,73” 20,253,435] 8,36% 9.914.069 29 
32 5 20,317,717] 20,231,031] 86,680, 9,913,688 28 
33 1,313,914] 20, 295,746 20. 208, 6 87,07 SPE 
34 12 18232 20, 273, 822 — 508 1 9 4 
- — ; 9 
35 | 1:319,681] 20,251,947] 20,164,103] 87,844 9,912,540) 25 
36 1,322,504 20,230,120| 20,141,988 88,232 "x 
37 | 1:325,447|| 20,298,341 20,119,720 $8,621 _— ” 
* 1,328, 330 CCD of 20,097,600] 89,0110] 9,911,385] 22 
39 1,331, 130] 20, 164, 9310 20,075,530] 89, 40 58 
40 1.334, 900] 20,143,301 — . nu * 
41 | 14335979 Diana ni 20,031,533] 90, 184 9,910,221 19 
42 1,339,862] 20, 100, 1800 20,009,603 o | 
43 1342-744 20,078,689 19,987,718 4 9 15 
- 1, | þ , 4 
44 345,527 20,057,245] 19,965,950] 91,365 9,909,051] 16 
45 1,343,509 20,935,846 19,944,086 1960 lil 
— 257,992 20.014, 494 19,922,338 92156 7 — 5 
1 13541274 ' 9993+ 199 19,900,036 92,553] 9,907,872] 13 
+3 1,357,156|| 19,971,931] 19,878,980 2 | 1 
SEE ee e e ee 
py ,302,920|| 19,929,552 1 9,935,502 93,750 9,906,688] 10 
51 1,365, 802] 19,908,432| 19,814,281 1 | 
52 | 74 29,887,357 T 
32864 19,866,327] 1% 7] 94:954|| 9:905,494] 7 
54 | 1,374,446|| 19,845,341] 19,74 ad 
54 845, 749.984 N N 
+ * 19,824, 4000 19,728,039 a Tg Te ; 
3 : i * » b. 
3 390,20 1 9,903,504 19,707,338] 96, 166 9,904, 294 4 
97 1,383,089 19,782,652 1 
3 3 9,086,080 6, 7” 
8 1, 385,97] 19,761,844] 19,664, 86 — — 9,903,092 2 
59 1, 388,85 0 19,741,081 — boy n 
ae Debs, , 5 9,04 3,994 97-387] 0,993,035 1 
bo 5 3 
1,391,731]| 19,720, 362 19,622,566 97,7960 9,992,651] 0 
| min. 
| r. 
or. VI. wi 


( 550 ) 


Gr. 8 
8 + | —» 
nin] Sinus || Logarithmi | Differentie | Sinus | 
0. 1,391,730] 19,720,362 19,622,566 9,992,681 * 
I 1,394,012]| 19,699,087] 19,601,482 9,902, 2760 59 
2 1,397,492 19,679,054] 19,580, 439 9,901,870 58 
3 | - 1,400,373|| 19,658, 464] 19,559,438 9,901,463] 57 
4 1,403, 253 19,037,917] 19,538,479 9,90, 55] 56 
5 1,406, 1330] 19,617,413] 19,517,562 9,900, 6400 5; 
6 1,409,013 19,596,952 19,496,657 9,900,237] $4 
7 I,411,893|| 19,576,535] 19,475,850 9,899,327] 53 
8 1,414,772 19,556,160] 19, 455,06 9,899,416 52 
9 1,417,052 19,535,827 19,434,317 101, 510 9,599,004. 51 
10 1,420, 5310 19,515,538} 19,413,011] 101,927] 9,898,591} 50 
11 1,423,410 19,495,290] 19, 392,945 102, 345] 9.898, 177 49 
12 1,426,289) 19,473,084 19,372,320] 102,764|| 9,897,762 48 
13 1,429,168] 19, 454,918] 19,351,734] 103, 184] 9,897,347 47 
14 1,432,047 19, 434,794 19,331,190] 103, 604] 9,896, 9310 46 
15 1,434, 9260 19,414,711] 19,310,086] 104, 0250] 9,896,514 45 
16 [1,437,805] 19,394,669] 19,290,222} 104, 447] 9,896, 90 44 
17 1,440, 6840] 19,374,668] 19,269,798] 104, 8700 9,893,677 43 
18 [1,443,562 19,354,708] 19, 249,414 103, 2940] 9.895,25) 42 
19 1,440,441 19,334»7 87 19,229,068 105,719 9,894,837 41 
20 1,449, 319] 19,314,908| 19,208,763] 106, 145] 9,894,416| 40 
21 1,452,197|| 19,295,072 19,188,501] 106, 710] 9,893,994 39 
22 1,455,075] 19, 275,275] 19,168,277] 106, 998 9.893,71 38 
23 1,457953|| 19,255,517] 19, 148, 0910 10), 426 9,893,147 37 
24 1, 460, 831 19,235,798] 19,127,943] 107, 855 9892,23 36 
25 1,463,708] 19,216,118] 19,107,833} 108,285] 9,892,298 35 
26 | 1,466,586]! 19,196,477] 19, 87,7610 108,100 9,891,872 34 
27 1,469,403 19,176,875 19,067,727 109,145 9,891,445 33 
28 1,472, 3400] 19,157,313] 19,047,732] 109, 8810] 9,891,017 32 
29 1,475,217 19,137,792] 19,027,777] 110, 0h 9,890, 388 31 
30 1,478,094] 19,118,310 19,007,861] 110,449 9,890,159 30 

1 | | 

81 


( 551 ) 


: | 

| + | — 
min Sinus || Logarithmi | Diferentie [Logarithm | Sinus 
30 | 1,458,094 19,118,310 1,007,861 110, 449] 9,890,159]. 30 
31 1,480,97 1]| 19,098,865] 18,987,981] 110,854]] 9,889,729 29 
32 1,483,848] 19,079, 459 18,968,139] 111, 3200] 9,889,298] 28 
33 1,486,024 19,060,091] 18, 908, 3344 111,757] 9,388,860] 27 
34 1,489, 60 1 19,040,761] 18,928, 566 112,195]| 9,838,433] 26 
35 1,492,477 19, 021, 46% 18,908,833] 112,634] 9,987,999} 25 
36 1,495,353 19,002, 215 18,389,141] 113,4] 9,887, 5644 2 
37 1,498,229] 18,982,999] 18,869,485] 113,514] 9,887, 1280 23 
38 1,501,105|| 18,963,822] 18,849,867] 113,955 9,856,692] 22 
39 1,503,981]| 18,944,682 18, 830, 285 114,397] 9,886,255 21 
40 1,506,857 18,925, 58 10 18,810,741] 114, 8400] 9,885,817] 20 
41 1,509, 7330] 18,906,517] 18,791,233] 115, 2840] 9,855,375] 19 
4 1,612,608 18,887,489] 18,771,760 113, 729] 9,884,938 18 
43 1,515, 4840] 18, 868,498] 18,752,323] 116,175]| 9,904,498] 17 
44 1,518,359] 18,849,543] 18,732,921] 116, 622] 9,884,057] 16 
45 1,521,234|| 18,830,625] 18,713,556] 177, 69] 9,833,015] 15 
461, 524, 109 18,811,744] 18,694,227] 117,517} 9,353,172] 14 
47 | 1,526,984] 18,792,899] 18,674,933] 117,966]| 9,882,723] 13 
43 1,529,859] 18,774,990 18,655,674 118,416|| 9,882,283] 12 
49 1,532,734|| 18,755,318] 18,636,451] 118,867] 9,381,838] 11 
50 | 1,535,608|| 18,736,581] 18,617,262] 119,319] 9,881,392] 10 
51 | 1,538,482]] 18,717,882] 18,598,111] 119,771]| 9.880, 9450 2 
52 1,541,356 18,699,218 18,578,994] 120, 224] 9,880,497] 8 
53 1,544,230 es 18,559,911] 120, 6788] 9,880,480 7 
54 1,547, 1040] 18,661,995] 18,540,862] 121,133 9,879,598 6 
55 | 1,5494975|| 18,643,437] 18,521,848] 121,589] 9,579,148] 5 
56 1,552,852]| 18,524,915} 18,502,869] 122, 0400] 9,378,097] # 
57 | 1,555,725] 18,606,428] 18,483,924] 122, 504] 9,878,245 3 
58 | 1,558,599|| 18,587,975] 18,465,013] 122,962] 9,877,792] 2 
59 1,361, 472 18,569,557] 18,446,136} 123, 4210] 9,877,338 1 
bo | 1,564,345 18,551,174] 18,427,293] 123,881]| 9,370,383] © 
min 
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Gr. 9 
+|- ; 

in |, Sinus | » Logarithmi | Diferentie [Logarithmi | Sow | 

0 1,564,345 18,551,174 18,427,293 123,881 9,876,883] 60 
1 1,567,240 18,532,820 18,408,484] 124,342 9,876,427 59 
2 1,570,091]| 18,514,511 18,389,707 124,804] 9,87 5,971] 58 
* 1,572,904 18,490,231 18,370,904 125,267] 9,875,514| 57 
4 1,375,837] 18,477,984| 18,352,253] 125575, 9,875,056] 56 
s (1,578, 709 18,459,772 18,333,576 126,196] 9,374,597] 55 
6 1,581,581 18,441,594 18,314,933 126,661 9,874,137] 54 
7 1,584,453] 19,423,45! 18,296,324] 127127]| 987 3-077] 53 
8 1,587,325] 18,405,34i| 18,277,747] 13/5594 9,873,210] 52 
g | 1,590,197]| 18,387,265] 18,259,203 128,062 9,872,754] 5! 
10 1, 593,069]| 18,309,223 18,240,692] 128,310] 9,972,291] 50 
Il 1,595,941||. 18,351,214 18,222,213 129,001 9,871,827] 49 
12 1,598,812 18,333,237] 18,203,765] 129,47 9,871,362] 49 
13 1,601,684] 18,315,294] 18,185,351] 129,945 9, 870,897] 47 
14 1,604, 555] 18,297,354 18,166,909] 130, 415 9.870,40 4 
15 1,600, 426 18,279,507 18,148,619] 130, 888] 9,869,994] 45 
16 1,610,297] 18,261,663] 18,130,301 131,362]| 9,509,499] 4+ 
17 1,613,168|| 18,243,851] 18,112,014 131,837] 9,869,027] 43 
18 1,616,038] 18,226,071 18,093,755] 132,313 9,808,557 42 
19 1,618,909] 18, 208,323 150754533 132,790] 9,808,087] 4" 
20 1,621,779 18, 190, 606 18,057,338 133,268 9,867,616] 40 
21 1,624,649]| 18,172,924 | 18,039,177 133,747 9.867,144 39 
22 1,027,519 18,155,273 18,021,047 134,226 „866,67 38 
23 1,630, 389] 18,137,054 18,002,948] 134, 700] 9,300,197 37 
24 1,033,259 18,120,067 17,984,88c| 135,187 9,865,722 36 
25 1,636,129]| 18,102,511 17,966,842] 135,669] 9,805,24" 35 
20 1,6 38,999 18,084,987 17,948,835] 130,152 9,804,770 34 
27 1,641,868 18,007,495 17,930,059 136,636 9,804,295 33 
28 1,644, 7380] 18,050,034] 17491291 3Þ 137121 9,803,815 32 
29 1,647, 0 18,032,004 17,894,997 137,007 9.863,33 31 
30 1,650, 470] 18,01 5,207 17,877:114 138,093 9,862,850 30 

\ | 


80 


( 533 ) 


9 
+ | - 
Sinus Logarithmi | Differentie [Logarithmi | Sinus 

30 1,650, 4700] 18,015,207] 17,877,114] 138,093 9,862,856 30 
31 1,653,345]| 17,997,339] 17,859,259] 133,800] 9,862,370 29 
32 1,650,214 17,980,503 17,841,435] 139, 0680] 9,861,895] 28 
33 1,659,082] 17,963,198] 17,823,041] 139,557] 9,861,413 27 
34 1,6619510] 17,945,922] 17,803,875 140, 47] 9,860,930] 26 
35 1,664,819] 1,928,677] 17,788,139] 140, 5380] 9,860,446] 25 
36 1,667, 687] 17,911,463] 17,770, 433 141, o zo] 9,859,961] 24 
37 1.670, 3550] 17,894,281] 17,752,759] 141,522 9,359,475] 23 
38 1,673,423|| 17,877,125] 17,735,113] 142,015|| 9,858,989] 22 
39 1,676, 2910] 17,860,006 17,717,497 142,509|| 9,858,502] 21 
40 1,79, 159] 17,842, 9 15 17,699,911] 143,004|| 9,858,014] 20 
41 1,682,027] 17,825, 8 52 17,682,352] 143,500|| 9,857.525| 19 
42 1, 684, 894 17, 808, 8200 17,664,823] 143,997]| 9,857,035] 18 
43 1,087,751 17,791,817 17,047,322 144,495 9,850,544 17 
44 1,690, 6288] 17,774,843] 17,029,849] 144,994] 9.850, 534 16 
45 1,693,495] 17,757,899] 17,612,406] 145, 493] 9,855, 560 15 
46 1,696, 3602 17,740,985| 17,594,992] 145,993]| 9,855,005 14 
47 1,699,229] 17,724,100| 17,577,606] 146,494] 9,354,574 13 
45 | 1,702,095] 17,707,244] 17,560,248] 146, 996 9,854,079] 12 
49 | 1,704,902|| 17, 690, 4180 17,542,919] 147,499] 9,953,533] 11 
50 1,70), 8280] 17,673,622] 17,525,019] 148,003]| 9,853,087] 10 
51 1,7 10, 694] 17,656,856| 17,508,349] 148,507]| 9,852,590] 9 
52 1,7 13, 560 17,640,118] 17,491, 100 149,012]| 9, 8 52, 924 8 
53 | 1,716, 4260 17, 623,408] 17,473,990] 149,518] 9,851,393 7 
54 | 1,719,292[] 17,606, 726 17,456,701] 150,025|| 9,851,093] 6 
59 1,722,157 17,590,073| 17,439, 5400 150,533] 9:350,593] 5 
56 [1,725,220 17,573,448] 17,422,406] 151,42] 9,850,092] 4 
57 1,727,987 17,556,851] 17,495,299] 151,552] 9,849,590 3 
59 1,730, 752 17,540,28;| 17,388,220] 152,063] 9,849, 7 2 
59 733,617 17,523,744 17,371,109] 152,575] 9,545,553] 1 
bo 1730, 4820 17,507,234] 17,354,146 153, 88 9,848,078 'Y 
mine 

E #1 « Ml 

0 
Vor. VI. 
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( 554 ) 


10 
+ © "conf PRs | 
Sinus | Logarithmi | Differentie Logarithmi Sinus 

1,736,482]| 17,507,234] 17, 354, 146 153, 88 9,848,078 6, 
1,739,347] 17,490, 7510 17, 337,150 153,601 9,847,572 59 
1,742, 2110] 17, 474, 2960 17,320,191] 154,115|| 9,847,006| 58 
1,745,075|| 17,457,869 17, 303, 239 154,630 9,846,559 57 
1,747, 939] 17,441,479] 1, 286,324] 155,146 9,845, 56 
1,750,803|| 17,425,098] 17,269,435] 155,663 9,845,542} 55 
1,753,667 17,408, 754 17,252,573] 156,181|] 9,345,032] 54 
1,756,531 17,392,438] 17,235-738] 156,700|| 9,844.521| 53 
1,759, 394] 17, 376, 140% 17.218,929] 157, 220 9,844,010] 52 

9 1,762, 2580] 17,339,887 17, 202, 147 157, 740 9,843, 980 61 
10 1,765, 1210 17,343,652 17,155,391] 158,201 9,842.95] 50 
I: | 1,767,984|| 17, 32,444 17,168,601} 158,783 9,842,710 49 
12 1, 770, 847 17.311, 2630 17,151,957] 159,306 9,841,956 48 
13 1,773, 100 17, 295, 10 17,135,279 10, 8300 9,8440 47 
14 1,776,573] 17, 278,982 17, 118.627 160, 55 9,840,924) 46 
15 1,779,435|| 17,262,882 17,102,001] 160,881|| 9,840,407| 45 
16 1,782,298|| 17,246,809] 17,085,401} 161,408] 9,839,889 44 
17 1,785,160|| 17,230,762] 17, 068, 827 161,935|| 9,839,370| 43 
18 1,788,022 17,214,742 17,052,279] 162,463 | 9,838,850 42 
19 1,790, 884 17,198,749] 17,035,757] 162,992 9,838,329 41 
20 1,793,746] 17,182,783] 17,019,261] 163,522] 9,837,808 40 
21 1,7965508] 17,166,843] 17, 002, 7900 164,053 9,837,286 39 
22 1,799,469] 17,150, 929 16,986,344} 164,583 9,836,763] 38 
23 1, 802, 33] 17,135,041] 16,909,924] 165, 117 9,830,239] 37 
24 1,805,192 17,119,179 16,953,529 165,050 9,835.7 14 36 
25 1,808, 0530] 17,103,342] 16,937,158} 166, 184] 9,835,189] 35 
26 | 1,810,914 17,057,531] 16,920,812) 166,719 9,834,004 34 
27 1 813,774|| 17,071,740 19,924,491] 157,255 9,334,136 33 
28 1,5916,634|] 17,055,987] 16,888, 1950 167,792 9,833,005 32 
29 I,oI9,495]| 17,040, 254 16,871,924 168,3 300 9,833,079} 31 
30 1,822, 355] 17,024,542] 16, 853,578 168,869] 9,832,549] 30 

| | | 


( 555 ) 


Gr. 10 
10 „ | | 
min Sinus | Legarithmi | Differentie Logaritbmi] Sinus | 
30 1,822, 355] 17,024,547] 16,855,078 168,869 9,832,840] 30 
31 1,825, 21] 17,093,666] 16.839, 458] 169, 408] 9,832,010) 29 
32 1,828,075] 16,993,210 16,823, 26:] 169,948] 9.83 4,489] 28 
33 1,8 30,9350 16,977,579] 16,807,090 170,489 9,830,950] 27 
341,832,795 16,99:,973] 16,799,942] 171,031]} 9,830,425] 26 
35 1,836,654|| 16,946,392] 16,774,818] 171,574|| 9,829,889] 25 
36 1,839,513 16,922,336 16,758,718] 172,118]] 9,829,354] 24 
37 | 1,842,372]| 16,915,305] 16,742,642] 172,663]| 9,828,813] 23 
3s | 1,845,231} 10,899,799] 16,726, 590 173,209]| 9,825,252] 22 
39 1,848, 9 16.884, 317 16,710,561] 173,756 9,827,745] 21 
40 1,8 50, 49] 16,868,860] 16,694, 557 174,303} 9,927,207] 20 
41 1.953,808|| 16,853,425] 16,678,577] 174,851] 9,826,008] 19 
42 | 1,856,659) | 16,838,025} 16,662,621] 175,4c0|| 9,826,129] 18 
43 | 1,859,524\} 16.822,38] 16,646,688] 175,9 50] 9,825,587] 17 
44 1,862,352 16,807,280 16,630,779] 176,501]| 9,825,046] 16 
45 1.855, 240 16,791,946] 16,614,893] 177,053!| 9,824,504| 15 
ab 1,80, 8 16,776,645} 16,599,035] 177,606]| 9,823,901] 14 
47 1,870, 9560 16,761,351] 16,583,191] 198,160|| 9,823,417 13 
48 1,873, 8130] 16,746,090] 16,567,375] 178,715]| 9,822,872] 12 
49 1,576,070} 16,730,853] 16,551,583 179.270 9,822,227 11 
50 1,879,527] 16,715,640 16, 535,8 14 179,826 | 9,821,780 10 
51 1,882,384] 16,700, 4510 16,520,068 180,383 9,621,224 9 
52 1,885,241]| 16,68 5, 280 16,504,345} 180,941] 9,820,686] 8 
53 1,888, 98] 16,70, 145 16, 488,643 181, c 9,920,137] 7 
8 | aan, E 
54 1, 890, 954] 16, 655, 28 16,472,966] 182,060] 9,819,587 6 
55 1,893,810] 16,639,934] 16,457,313] 182,621] 9•819.927 5 
56 1,896,660 10,024,804 10,441,981 183,183 95313,480 + 
——— — Foal —— 1 EE 
57 1,899,522 16,609,817] 16,426,072] 183, 7456] 9,817,934 3 
58 1,902, 378 16,594,794 16,410,480 184,208 9,017,951 — 
59 1.905, 234] 16, 379,794] 16,394,022 184,872 986,827 1 
bo 1,905,090 16,564,318 16,379,38 ] 185,437 9,310,272] © 
| | mn, 
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Gr. 11 | 
11 | Ow ö | 
min | Sinus | Legarithmi | Differentie |Logarithmi|| Sinus | 
0 1, 908, go] 16, 564, 8 18 16,379,381 185,437 9,816,272 600 
I 1,910,945|| 10,549,865] 16,363,862] 186, 0 ][ 9,815,716] 59 
2 1,913,800|| 16,534,935| 16,348,365} 186,570 9,815,16c| 58 
3 1,916,655 116,520,028 16,332,890| 187,136 | 9,814,603 57 
4 1,919,510] 16,505,144] 16, 31,438 187, 0% 9,814,045 56 
5 1,922,365 16,490,283] 16, 302, 08 188, 275] 9,8 13,4800 55 
6 1,923, 2200 10,475,445] 16,286,600] 188,845] 9,812,926 54 
7 1,928, 74 16, 460, 56300 16,27 1,214] 189, 4160 9,8 12,366 53 
3 1,930, 928] 10,445,837] 16,255,849] 189,988] 9,811,850 52 
9 1,933,782] 16,431,007] 16, 240, 3506 190, 8610 9,8 11,2430 51 
10 1,936,636] 16, 416, 3200 16,225,185 191,135] 9,8 10, 80 50 
11 |} 1,939,490] 16, 401, 596 16, 209, 8860 191,710] 9,8 10, 1160 49 
12 1,942,344] 16,386,895] 16,194,610 192,285 9,809, 551 48 
13 [1,945,197] 16, 372, 216] 16, 179,355 192,861] 9,808,986 47 
14 1,948,500 16,357,559] 16, 164, 121 193,438] 9,808,420 4 
15 1,950, 903] 16,342,924] 16,148, 908] 194, 0160] 9,80), 8530 45 
16 | 1,953,750|| 16,328,311] 16,133,716] 194, 595] 9,80%, 285 44 
17 1,956,609|| 16,313,720] 16, 118,545 195,175|| 9,806,716 43 
18 [1,959,462 16,299,151] 16, 103, 305] 195,756|| 9,806, 147 42 
19 1,962, 3140 16, 284,604 16, 88, 2660 196, 3380] 9,805,577 41 
20 1,965, 166 16, 270, 79 16,073,159] 196,920] 9,80 5, 06 40 
21 1,968,018] 16,255,570} 16,058,073 197,503 9,804,434 39 
22 1,970,870 16,241, 95 16,043,008] 198,087] 9, 803, 8610 38 
23 1,973,722 16,226,036] 16,027, 964 198,672 9,803, 287 37 
24 1,97 0,574 16,212,198 16,012,940 199,258 9,802,712 3 
25 1,979,425] 16,197,702] 15,997,937] 199,845 9,802,137 
26 1,982,276] 16,183,388 15982955 200, 433] 9,801,501 
2 1,985, 1270 16,169,016] 15,967,994] 201.0220 9.800, 984 
28 1,987,978 16,154,005] 15,953,053] 201.6 20 9,800,406 
29 [1,990,829 16, 140,336 15,938,133] 202, 20 3 9,799,827 
30 1,993,675 16,126,028 15,923,233 202,795 9,799,247 


6 


Gr. 11 
11 ; 3 + |} — 
min Sinus | Logarithmi | Differentie |Logarithmi Sinus 
30 | 1:993:679]| 16,196,026 15,923,234 202,9 9,799,247] 30 
3! * * eee 15,908, 355] 203,387] 9,798,607 29 
32 „999, 800] 10,097,477] 15,893,497 203,980 9.798, 086 28 
33 2,002, 2300 16, 083, 23] 15,878,658 5 ws bes | 
; | 5574] 937974594 27 
3+ | 2-95,08|| 16,069. 0. 15,863,839] 205,169 hd ye 26 
35 | 3:007-930 16,054,80:| 15,849,040| 205,765|| 9,796,237] 25 
36 2,01 ay 5s 16,040, 623 15,834,261| 206,362 | er 24 
37 2,013, 29 16,026,462] 15, 8 19, 502 206,960 9,795,168 3 
3 | 2030670 16,012,322] 15,804,764] 207,558}| 9.794582 22 
39 2,019,327 15,999, 202 I 5,790 mu 208,157 8 7 | 
2 ; 157 9,793,995} 21 
3 2 15,984, 105] 15,775,348] 208,757 9.793.409 20 
4 e 25, 025] 13, 970, 0288 15,700,670] 209,358 9,792,818 19 
42 | 2,027,874|| 15,955 972 I5 008 5 
97 746, 9, 0] 9,792,228] 18 
43 ig py 15,941,936] 15,731,373} 210, 563] 9,791,638 17 
2,033. 570 15,927,921] 15,716,754] 211,167} 9,791,947 16 
45 2,030,418|| 15,913 920 15,702, 15 = ES - 
1999 5154/ 211,772] 94790445 1 
- eee 15,999,951 15,687,730 212,376 9,789,862 - 
5 OA ef TY 1 59835,990 15,073,012] 212,934 9,789,269 13 
48 2, 944.952] 15,872, 0620 15,658 aa e 
| 2972, „658,461 213,590 9,793,074) 12 
= 2 13,858, 1480 15,643,949] 214,199 9,788,079 11 
3 50, 656] 15,844,254] 15,629,446 214,808] 9,797,433] 10 
51 2,053.503]| 15 830 371] 15 61 Be | prey 
„830, „6 14,953] 215,418 „786, 88 
0 2,0 56, 3500] 15,816,516 15,600, 489 216,029 re 5 
53 | 2,959,197 15,802,685] 1, 586,044] 216,641j| 9,785,089] 7 
- 2,090,043 15,788,871] 15,571,617| 217,254] 9,78 * 6 
55 275675 f 15,775,077] 2858.84 217,857] 9,784.40 5 
wo 097,735 15,701,303] 15 542,822 218,481 9,783,889 4 
50 . ee 15,747,859 15,5243 £19,090 9,783,287 3 
99 Kg 15,733»624| 15,514,i12] 219,712]| 9,792,084 2 
2 ce 15,720,109] 15.439,75c| 220, 329] 9,½/82, 80 1 
60 4 5 8 88 
2,79, 117 15,706,414] 15,455,407] 220, 947 978 470 0 
min. 
| [ | Gr. 
Yor, VI. 78 75 
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77 


Gr. 12 | 
12 % bye of 
min Sinus || Legarithmi | Differentic Logorithmi Sinus 
& 0 — — 3 

© 2,079, 117] 15, 706, 414 15,48, 407 220, 947 9,781,476] 60 
1 2,08 1,962] 15,692,738 15,471,172 221,500 9,780,871] 5g 
2 2,084, 80] 15,679, 082 15,456,090] 222,186] 9,780, 265] 58 
3 2,087, 652 ] 13,665, 445] 15,442,039] 222,806] 9,779, 6580 57 
4 2, 090, 4915, 65 1,828] 15,428,401] 223,427] 9,779, o50 56 
5 2,093,342] 13,638, 2300 15,414,181] 224,049|| 9, 773,442 55 
6 2,095,180 15,624,651] 15,399,979] 224,672 9,777,833] 54 
7 2, 099, 300] 15,011,092]. 15,355,790] 225,290 9,777,223] 53 
8 |. 2,101,874] 15, 597,52 15,371,631] 225,210 9,776,612 52 
9 2, 104, 7180] 15, 584,03 10 15,357,484] 226,547 9,776, 0 51 
10 | 2,107,562]| 15.570, 530 15,343,350] 227, 17% 9,775,397] 50 
11 | 2,110,403|| 15,357, 48 15,329,246| 227, 802 9,774,773 49 
12 | 2,113,248|| 15,543,585| 15,315,155] 228,420|| 9,774,159] 48 
T3 2,116,091|| 15,530, 1410 15,301,082] 229,59 9,773,544| 47 
14 2, 118,934 13,5 16,715 15,287,020 229,659 9,772,928] 46 
15 2,121,777|| 15,503,308} 13,272,988] 230, 3200] 9,772,311] 45 
16 2,124,620|| 14,489,920| 15,258,968| 230,952|| 9,771,693] 44 
17 2, 127, 462 15.476, 55 1 15, 244,966 231,585 9.771,75 43 
18 2, 130, 304] 15, 463, 2000 15,230,931] 232,219] 9,770,456 42 
19 2, 133, 1460] 13,449, 8680 15, 217, 014] 232,8 54] 9,769,836 41 
20 | 2, 135,988] 15,436, 554 15,203,064] 233, 4900 9,769,215 
21 2,138, 8 300 15, 423, 239 15,189,133} 234, 1260 9,768,593 
22 | 2, 141,670] 15, 409,982 15,175,219 234,763 9,767,970 
23 J 2, 144,512] 15,396,724 13,101,323 235, 4010 9,767,347 
24 2,147,353] 15,383,484 15,147,444 236, 40 9,766,723 
25 2, 150, 194] 15,370,262] 15, 133,582 236,680] 9,760,098 
26 | 2, 153,035] 15,357,059] 15,119,738 23), 3210 9,705,472 
27 | 2,155,876|| 15,343,874/ 15, 103, 9 110 237, 9630 9,704,345 
28 2, 158,7 160] 15,330, 08] 13, o9z, 102 238,060] 9,704,217 
29 2,161, 560 15,317,560 15, 78, 310 239, 2500] 9,763,589 
30 2,164, 3960 15,304, 4300 15, 064, 535 239,895]| 9,702,900 

| | 


( 559 ) 


Gr, 12 
12 | K 
min | Sinus I] Logaritbhmi | Differentie [Logarithm?| Sinus | 
2,164,395|| 15,304,439] 15,004,535] 239,895}] 9,702,95c] 30 
2,167,236] 15,291,319] 15,050.779] 240,540] 9,762,330] 29 
2,170,076|| 15,278,226] 15,c37,040] 241,186] 9,761,099 28 
2,172,916 15,265,150] 15,023,317] 241,833] 9,701,067] 27 
2,175,755|| 15,252,092] 15,009,611] 242, 48 10] 9,760, 435 26 
2,178,594] 15,239,952] 14,998,922 243, 1300 9,759,380 25 
2,181, 433]] 15,226,030] 14,982,250} 243,780] 9,759, 1680 24 
2,184, 272] 15,213,025] 14,968,594] 244, 4310] 9,759,533] 23 
2, 187, 1110] 15,200,038] 14,954,955] 245,083] 9,757.897 22 
2,189,949] 15,187,068] 14,941,333] 245,735] 9,7572500 21 
2,192,787] 13, 174, 1160 14,927,728] 240, 3880] 9,756,023] 20 
2,198,625 15,161,482] 14,914,140] 247,042] 9,755,985 19 
2,198, 4030] 15, 148, 266 14,900,569] 247,697] 9,755,340] 18 
2, 201, 3000 15,134,367] 14,887, 14] 248,35 / 9,754,700] 17 
2, 204, 137] 15, 122,48 5] 14, 873,47] 249, 0100 9,754,065] 16 
2, 206, 974 15,109,021] 14,859,953] 249,668] 9,753,423] 15 
2, 209, 8110 15,096, 774 14,846,447] 250, 327] 9,752,791] 14 
2,212,648] 15,083, 944 14,832,957] 250,987] 9,752,138] 13 
2,215,48 «|| 15,071,132] 14,819,485] 251,647] 9,751,494] 12 
2,218,322] 15,058,337| 14,800,029] 252,308|| 9,750,849] 11 
2,221,158 15,045,559] 14,792,599] 252,970 9,759,203] 10. 
2,223,994!| 15,032,799] 14,779,166] 253,633 9,749,557 
2,226,830j| 15,020,056] 14,705,759] 254, 297 9,748,910 
2,229, 66 15, 00), 330 14,752,368] 254,962|| 9,748,202 
2,232, 502] 14,994,020] 14, 738, 992] 255,628] 9,747,613 
2,235,337] 14,981,927 14, 723,632] 256,295] 9,745,963 
2,238, 172, 14,969,251] 14,712,288] 256,963] 9,740,312 
2,24 1%] 14,956,592] 14,698,960] 257,632] 9,745,660 
2,243,840 14,943,950 14,085,049] 238, 3010 9,745,005 
2˙240,%% 14,931,325] 14,672, 354] 258, 9710 9744-355 
2, 29,5 10 14,918,717] 14,59, 75 259,642] 9,743,790] © 
: min. 
| | | Gr. 
77 77 


mn © GW +> cr Q& ww &O© 
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76 


Gr. 13 | 

13 . + 3 . d 

m in Sinus | Logarithmi | Differentiæ \Logarithmi Sinus 

0 2, 249,5 110] 14,918,717] 14,059,075] 259, 642 9, 743.7 60 
I 2,252,345|| 14,906,126] 14,0:5,812] 260, 314 9,743,045] 59 
2 2,255,179]| 14,893,551] 14,632,504| 260,987|| 9,742,389] 58 
3 2,258,013|| 14,880,993] 14,619,332| 261,661]| 9,741,733 57 
4 2,260,847 14,808,452 14,000,110 262, 336 9,741,076 56 
5 2, 263, 6800] 14,855,927] 14,592,916| 263,011]| 9,740, 418 55 
6 2,266, 5 130 14,843,419, 14,579,732 203,687 9,739,790 54 
7 2, 269, 346] 14,830,928] 14,556,563 264,364 9,739,099 53 
8 2,272, 179] 14,818,453] 14,553, 4110 265, 42 9,738,439] 52 
"I 2,275,012|| 14,805,995] 14,540,274| 265,721|| 9,737776| 51 
10 2,277,844 144793553] 14.527, 152] 266, 4010 9,737,116| 50 
11 2,280, 676 14, 781,128 14,5 14,46 267,8 20 9,736,453 49 
12 2,283,508 14,768,719 14.500,95 267,704 9,735,789 48 
13 | 2,286, 3400 14, 756, 325 14, 487,78 28,447 9,735,124 47 
14 | 2, 289,172 14, 743,947] 14,474, 817 269, 1300] 9, 734,459 40 
15 2, 292,00 14, 731,585 14,401,771] 269,814 9,733,700 45 
10 2,294,835 14, 719, 239 14,448,740 270,499 9,7 33-120 4+ 
17 | 2,297,606|| 14,706,999] 14,435,724| 271,185|| 9,732,45%| 43 
18 2, 300,497 14,694, 595 14,422,723] 271,872|| 9,731,789 42 
19 2,303, 328 14,682, 297 14,409,737 272,500] 9,731, 1200 41 
20 2,300,159 14,070,015 14,390,70E 273,249]] 9,730,459] 40 
21 | 2,308,949|| 14,657,749] 14,383,810] 273, 939 9,729,779] 39 
22 2,311,819|| 14,645,498 14,370,808] 274,630|| 9,729,107| 38 
23 2,314,649 14,033,203] 14,357,941] 275,322|| 9,728,434| 37 
24 2,317,479 14,021,044] 14,345,029| 276,015|| 9,727,700| 36 
25 2,320, 309] 14,608, 8410 14,332,132 276,709 9,727, 085 35 
26 2,323,138 14,590,654} 14,319,250 27, 404 9,726, 40 34 
27 2,325, 14,584,483] 14,306,384] 278,99 9,725,733, 33 
28 2,328,799 14,572,320] 14,293,533] 278,795 9,72, 56 32 
29 2,331,625 14,560,189] 14,280,697] 279,492 9,724,780 31 
30 2,334,454 ſts 14,267,876] 280,19c|| 9,723,699] 39 

| 


( 561 ) 


4 F 


Gr. 13 | 
13 1 1 
min | Sinus Logarithmi | Differentia ¶ Logarithbmij] Sinus 
30 2,334,454 14, 548,066 14,267,876 280, 190 9,723,099] 30 
31 2.337,28 J] 14,535,988 14,255,009] 280, 889] 9,723.00 29 
32 2, 340, 1100] 14,523,806; 14,242,277] 281,589] 9,722, 340 28 
33 2,342,938] 14,511,780] 14, 229, 500 282,289 9,721,659] 27 
34 2,345,700|| 14,499,727] 14,216,737] 282,990|| 9,720, 977 20 
35 2,348,594|| 14,487,980] 14, 203,988] 283,592] 9,720, 2944 25 
36 2,351,421 14,475,048] 14,191,253] 284,395] 9,719,610] 24 
37 2.3-4.245|| 14,403,032] 14,178.35] 285,099 9,718,926 23 
38 2,457,075] 14,451,031] 14,165,827] 285, 804] 9,718,241 22 
39 2,357,902] 14,439,045] 14,153,135] 286,g10|| 9,717,555] 21 
40 2,362,729]| 14,42-,074| 14,140,45;| 287,217]| 9,716,868] 20 
41 2,365,555|| 14:4? 5,718] 14,127,793] 287,925|| g,710,18c| 19 
42 2. 368, 2810 14, 403,77 14, 112,14] 288,634] 9,715,491] 18 
43 2,371,207|| 14,351,810 14,102,507] 289, 344] 9,714,002] 17 
44 2, 374,0330] 14.39, 94 1 14, 089, 887] 290, 054 9,714,112] 16 
45 2,376,839] 14, 368,046 14,077,281] 290,765] 9,713,421] 15 
46 | 2, 379, 84] 14, 350, 106 14, 064.689] 291,477] 9,712,729] 14 
47 2,382 500] 14, 34, 3010 14,052,111] 292,900] 9,712,030] 13 
48 2.85 33% 4, 32.45 14,039,347 292, 904 9,711,343] 12 
49 2,388,159 (4,320, 60% 4.0 26,997 293,69 9,710,049] 11 
50 2,350.98] 14.338, 790 14 014,491] 294,335|| 9,709,954] 10 
51 2,293,809) 14,299,991] 14,001.939] 295,052] 9,709,258] 9 
52 2,355,032] 1,285 2co] 13,989.470] -295,770]| 9,708,561 8 
53 | 2:39%459] 147% 4 13,976,935] 296,489 9,707,863] 7 
54 2.402, 260 4.261, 602 13,904,453] 297, 2090] 9,707. 165 6 
55 2,40, 104 14,249,915] 13.9580] 297 929/]/ 9.700.400] 5 
55 2, 407.927] 14,238,182] 13,029,532] 298,650] 9,705,766] 4 
57 2,410,750 1 4422,464 1 3,927,092] 299,372}| 9,705,065] 3 
38 2, 413.573] 14,214,751] 13,914.06} Zoo, og] 9,04, 363 2 
e ee ee 13,992,253] 3.67% 9,703,600 1 
bo 2,419,219 14,191,395 13,389,054 301,544 9,702,957 © 
N. 
| | i Gr. 
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14 

14 1 f 
min Sinus | Logarithmi | Diferentie |Logarithmi Sinus 

2,419,219]| 14, 191,398 13,889,854 301,544|| 9,702,957] Go 
I 2, 422, 0410 14,179,738 13,877,405] 302, 270 9, 702, 2530 39 
2 2,424, 863] 14,168,092] 13,865,095] 302,997 9,701,545] 58 
3 2,427,685] 14,156,461] 13,852,737] 303,724 9,700,842] 57 
4 2,430, 507] 14,144,044 13,840,392 304,452 9,700,135 56 
5 2,433,329] 14,133,242] 13,828,001 305,181 9,099,428] 55 
6 2,436, 150] 14, 121,654] 13,816,743 303,910] 9,698,720| g4 
7 2,438,971 14,110,083] 13,503,439] 306,642] 9,648,011] 53 
8 2,441,792 14,099,522] 13,791,148 3977374 9,097,301 32 
9 2,444, 130 14,056,977] 13.775,80 308, 07 9,090.59 51 
10 2,447,434] 14,075,447] 13, 66, 606] 308,84 9,695,879 59 
11 2,450, 254 14,003,931] 13,784,335 389,570 9,695,170 49 
12 | 2,453,074|| 14,052, 429] 13.742, 117 30,1% 9,694,454 48 
13 2,455,894] 14, 040, 940 13,729,991 3,04%, 9,693,740 47 
14 2, 458, 14 14,029,463] 13,717,679] 311 870% 9,693,0:5] 46 
15 2,461,533] 14, 018, 04] 13,705, 4800 312,524] 6,692, 309 45 
16 2,404,352|| 14,006,557] 13,093,294| 313.20 9,091,593} 44 
17 2,4975171]| 133995124 15,68 151 1 31,030] 9.690,87 43 
18 2, 469, 990 13,983,705] 13,668,96 | 314,74] 9,690, 1580 42 
19 2, 472, 809 13,972, 300 13,056,514] 3 5 480 9,689,439 41 
20 2,475, 6280] 13,900,909 13,644,680 316,229] 9,688,719 40 
21 2,47 8,4460 13,949,532] 13,632,559] 316,97, [ 9,687,998 39 
22 2,481,264 13,938,168 13,620, 450 317.7180] 9,687,277 38 
23 2,484, 082 13,920,818] 15,608,354] 318,464] 9,686,555! 37 
24 | 2,486, 900] 13,91 5,487 13,596, 272 319,2ic|| 9,085,832 30 
25 2,499,717 13,904, 159 13,5 4,202] 39,95% 9,085,108 35 
26 | 2,492,534|| 13,892,850] 13,572,145| 29, 05] 4,684,383 34 
27 2,495 351]| 13,881,554] 13,560,100] 321,454|| 9,683,657| 33 
28 2,498,168]} 13,870,272] 13,548,068] 32,24 9,682,931 32 
29 2,500,994|| 13,859,004] 13,536,04c| 322,955|| 9,082, 204 31 
30 2,503, 800 13,347,749] 13, 524, 042 323, 0% 9,681,476 39 

| 


TI 


( 9 


14 
14 : ＋ ms 

min | Sinus || Logarithmi | Differentic Logarithmil Sinus 
30 2,503,800|| 13,847,749] 13,524,042| 323,707 9,631,476 30 
31 2,500, 6260] 13,836, 5080 13, 5 12,048] 324, 460] 9,650,747; 29 
32 2,509, 43 10] 13, 825, 280] 13,500,090 325,214 9,680,017} 28 
33 2,512,248|| 13,814,066] 13,488,097] 325,999]| 9,079,287] 27 
34 2,515,064|| 13, 802, 865] 13,476,141] 320,724|| 9,078,556] 26 
35 2,517,879 13,791,070 13,464, 198 327,480 9,077,924 25 
36 2,520, 694] 13, 780, 504] 13,452,267] 328,237]| 9,077,091] 24 
37 2,523, 09 13,769,343] 13,440, 348 328,995] 9,676,357 23 
33 [2,526,324 13,758,195 13,428,441 329,754|| 9,075,023] 22 
39 2,529, 1380 13,747,061] 13,416,547] 330,514]| 9,074,958] 21 
49 | 2,531,952|| 13,735,94C| 13,404,005] 331, 2750] 9,074,152] 20 
4! 2,524, 76613, 724, 833 13,392,790] 332,037] 90734415] 19 
42,537,580 13,713,739] 13,389,939] 332,800} 9,672,677] 18 
432.540, 393 13,702,589 13,369, 94] 333,564] 9,071,935] 17 
44 | 2,5343, 2060 13,691, 590] 13,357, 262] 334, 3280] 9,671,199 16 
45 | 2,546,019]] 13,680,535} 13,345,442] 335, 09 [[ 9,079,459] 15 
ab | 2,548,832|| 13,669,493] 13,333,034] 33,8590] 9,669,718] 14 
47 2,551,6045|| 13,658,464] 13,321,838] 336,626]] 9,668,976] 13 
—_—_— _—_ — — — — . [ous — — 
48 2,554,458 13.647, 4480 13,310,054] 337, 394] 9,668,233] 12 
49 2,557, 2700] 13, 636, 445] 13,298, 282] 338,163] 9,067,490] 11 
50 2,560,082] 13, 625, 454] 13,286,521] 338,933] 9,006,746] 10 
51 2,562,894] 13,614, 4760 13, 274,772] 339,704] 9,666,001] 9 
52 | 2,565,706]| 13,603,511] 13, 263,035 340, 470 9,605,255] 8 
53 2,568,517] 13,592,559] 13, 251,310] 341,249] 9,604,508} 7 
54 2,571, 3280] 13, 58 1,6200 13,239,597] 342, 023] 9,063,761 6 
55 2,574,139 13,570,694 13,227,896] 342, 7980] 9,663,013] 5 
56 2,576, 9500] 13,559,781] 13, 210, 208 343,573] 9,662,264 4 
37 2,5 79,7600] 13, 548,880] 13,204,531] 344,349] 9,061,514] 3 
58 2, 582, 5700] 13,537,992] 13, 192,86] 343, 1260] 9,060,763] 2 
59 2,585,38c|| 13,527,115] 13,181,213] 345,904] 9,600,011 1 
bo 2,588,19c|} 13,5 16,255 13,105,572] 346,68 ][ 9,059,255] © 
| | min. 
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15 
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Sinus || Logarithmi Differentie |Logarithmil| Sinus 

2,588, 190] 13,516,255) 13,165,572] 346, 8 9,650,268 
2,591,000] 13,505,406| 13,157,943] 347,403|| 9,658,505 
2,5 3809]| 13,494,700 13,149,326} 348, 244 9,657,751 
2,596,618 13,483,746 135134,720 3499026 9,046,996 
2,599,427|| 13,472,934| 13, 123,126 349,808|| 9,656,240 
2,602,236|| 13,462, 135 13,111,544| 350, 5910] 9,655,484 
2,505, 45 13, 451,348 13,099,973] 351,375] 9,654,727 
2, 607, 8530] 13,440,573 13,008,413} 352,160|| 9,653,509 
2,610, 66610 13,429, 8 100 13,076,864] 332,946] 9,653, 210 
2, 613,409 13,419,060 13,065, 327 353,733] 9,052,450 
2.616, 277] 13,408,322 13,053,801] 354, 5210 9,051,689 
2,619,084] 13,397,596 13,042, 286 333, 3100 9,650, 927 
2,621, 8910 13, 386, 883 13, 30,83 356, 1000] 9,650,165 
2,624,698] 13,376, 182 13,019,291] 356,891|| 9,649,402 
2,627, 0 5] 13, 365, 493 13, o07, 8 10 357,683 9,648,638 
2,030, 31] 13,354,817 12,996,341] 358,476|| 9,647,873 
2,633, 1180] 13, 344.153 12,984,883] 35,2700 9,647,108 
2,63 5,9240 13˙333,502 12,973,438 360, 54 9,646,342 
2,638,730 13,322,863 12, 90a, 040 360,8 590] 9,045,575 
2,641,536 13,312,237] 12,950, 582 361,655] 9,644,807 
2,644,342] 3,301,523 12,939,171} 362,452 9, 644,038 
2,047 147 13,291,022] 12,927,772] 363, 2500 9.643, 268 
2049,92 I 3,200,432 2,916,3 3 364.049 9,042,498 
2,652,757] 3,269,854 12,905, 05 364.849] 9,641,727 
2,653,502] 13,259,288 2. 93.638 365,650] 9,040,955 
2,658,3 60] 3, 248,34] 12,582,282 966,452 9,640, 182 
2,0 1,1700 13,238,191] 12,870,936 367,25, 9,639,405 
2.663,97 ]] 13, 27 660 12, 8 59, 601 368,059] 9,638,633 
2,606 7771 13.217,141] 12, 848, 2780 368,863;| 9,637,858 
2,609.58 || 13,206,633] 12,836,90-] 369,668j| 9.637.082 
2,672,383 12,199,137] 12,825,003] 370, 474 9,036,395 

| | | | | 
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( 56; ) 


Gr. 15 
I. 2 
nin Sinus | Lyogarithmi | Diferentice |Logarithmil| Sinus _ 
30 2,072,383 | 13,196,137] 12,825,663] 370, 474] 9,030,305| 30 
31 2,675,186|| 13,185,053] 12,814,372] 371, 280] 5,35, 82 29 
2 2,077,989]| 13,175,181] 12,303,092] 37,089] y,034,748] 28 
3 2,680,792] 13, 164,721 12,741,827 372,895 9,033,909 27 
4 2,683,595] 13,154,272 12,780,505 3734708|] 9,633,189] 26 
35 2,680, 397] 13,143,337] 12,769, 318 374.519 9,632,408] 25 
36 2,680, 1990] 13,133,413] 12,758,082] 375, 330 9,931,620] 24 
37 2,692, 0 1] 13,123,000| 12,740,856] 376,144|] 9 630, 843 23 
38 2,694, 802] 13,112,599] 12,735,641] 376, 9580] 9,630.0 69 22 
39 2, 657, 603] 13,102,210} 12,724,438} 377,772] 9,629,275] 21 
40 2,700,404||] 13, 091,8 33] 12,713,246] 378,58 |] 9,025,49:] 20 
2,703,205|| 13,081,468| 12,702,005] 379,40] 9,027.704] 19 
42 | 2,706,005|| 13,071,114] 12,594,894] 380, 2200] 9,626,917] F8 
43 2,708,805|| 13,060,77:| 12,070, 73] 381,038}| 9,026,129] 17 
44 | 2,711,605|| 13, 050, 4400 12,608,583] 381,857]| 9.625,34 16 
45 2,714, 405] 13,040,120] 12,657,443] 382,677 9,624, 55] 15 
46 2, 17, 204] 15, 2, 8 12 12,646,314] 383,498]| 9,623,762] 14 
47 2,720, 003] 13, 019.518] 12,635,195] 384, 3200] 9,022,971] 13 
48 2,722,802 13, 09,229 12,024,086] 335, 1430] 9,022,171} 12 
49 2,725, 010] 12.908,95] 12,612,983} 38 5,967] 9.621,38] 11 
50 2,729,400, an 52 12,601,901] 386,791]| 9,620,594] 10 
| 2,731,198|| 12,978, 441 12,59c,825] 387,616] 9,6019,80c} 9 
52 2,733»990}| 12,968,201| 12,579,759| - 388,442]| 9,619,085] 8 
53 2.736.794 12 957,972} 12, 8, ] 389,269 9,015,209]. 7 
54 | 257394552} 12,047,755] 12,557,058] 390,97] 9,617,413} 6 
3 2,742, 389] 12,9 7,49 12,540,023] 390,920 9,616,616 5 
2.745,18 12,927,554! 12,535,598] 391,756] 9,615,815] 4 
2, 747,983] 12,917,171] 12,524,584] 392,587] 9,615,019 3 
2,750, 780] 12,905,999] 12,513,580] 393.419] 9,614,219] 2 
2,753,577] 12, 896,838] 12,502,586] 394,232] 9.613, 418 1 
2,756, 3730 12,886,689] 12,491, 0g] 395,086] 9,612,617] © 
min. 
| | | 6. 
74 74 
Vol. VI. 4 G 


( 566 ) 


Gr. 16 | 
16 + |} — | 
min | Sinus || Logarithmi | Dijerentie |Logarithmil Sinus 


— — — 


* 2,7 56, 3730] 12, 886,689 12,491,603] 395,086 9,612,517; 60 
1 2,759,169] 12,876,550 12, 480, 630 395,921 9,61, 5 39 
2 2,761,968] 12, 866,23 12,469,007] 396,756 9,6 2 35 


54 64h . Hate "—_ — —— — 
3 2,764,761] 12,8 56, 306 12,458,714 397.5902 9.0, 08 55 
4 2,767, 56] 12, 840, 200 12, 447,771] 398,429 | 9.09,403| 36 
5 2,770, 3510 12, 836, 105 12,430,835] 399,267 9,608,980 35 
6 2,773,140 12, 826, 210 12 425,915] 400, 100 9, 60% 9 54 
7 {| 2, 775,941] 12, 813,948 12,415,002] 400, 946 9,606,085 53 
8 2,778,735] 12,805, 8860 12, 404.099 401, 87 9, 606, 177 52 


9 2,781,529]| 12,795, 835 12,393, 206 402, 629 9, 605, 3680 51 
10 2,784,323] 12, 785,795 12,382,323] 403. 9, 604, 5 59% 50 
11 | 2,787,117] 12,775,766| 12, 37 1, 450 404, 316% 9,603, 749% 49 


— — — — 


2,789, 9110 12, 765, 7480 12,360,587] 405, 161 9,602, 9380 48 
2, 92,04 12, 755,74 12, 349,73 40, 0 9,602,126] 47 
2,795,497 12,745, 745 12, 338.89 40,854 9,601,313] 46 


— ITS2 2 _ 
88 


— — 


— — — — 


2, 801, 82] 12.723, 785 12, 317, 236] 408,549] 9,599,685 44 
2, 803, 874 12, 715,82 10 12,300,423] 409, 3980] 9.398, 8700 43 


— — —— 


ngr - — „ 3 =_ 
* —— —ñ—ä4— 8 —U —äUw— . — oo — 
— > — es ee , eo _ ae —— — —— 


2,806,660] 12,705,868] 12,295,920 410, 2480] 9,898,054 42 
2, 809, 458] 12, 09 5,926 12,284,827 411,099 9,597,237] 41 
20 2,8 12, 250 12,68 5,995 12,274,044 411,951 9.590,49 49 


12 
13 
14 
5 2,798, 290 12,735,760| 12,328,059] 40%, 01 9, Coo, 499 45 
1 
17 
18 
19 


— — 


21 2,815,041 12,670,975 12,203,271] 412,804 9,595,600 39 
22 2,8 17,832 12,606, 166| 12,252, 508] 413,658] 9,594,781] 38 
23 2,8 20,623] 12,656,267 12,241,754] 414,5 — 9,6935961 37 


— 


2,823,414 12,646,379] 12,231,010] 416,30 9,593,140 36 
2,826, 244] 12,637,500 12,220,275] 416,226] 9,592,318] 35 
26 2,928,994] 12,526, 6330 12, 209. 550 417,083] 9,591,495] 34 


1 
— — — 


27 | 2,831,784] 12,916,776| 12,197,835} 41), 9410 9,590,072] 33 
„6574 12,606,929 12, 38,129 418.800 9,589,848 32 
29 2.87.3 12, 9%, 0 12, 177,433 419,060] 9,589,025] 31 


63— — 


30 oY 12,597,207] 12,160,746} 420, 5210 9,588,197] 30 


i 


7:22 


Gr. 16 | 
16 | -—"þt 
1512 Sinus || LTagaritbmi | Die entice | Logarithmil Sinus 
30 2.840,155 12,587,267] 12,166,740] 420, ] 9,583,197] 30 
31 2,842,942] 12,577 4512, 50, 009% 421, 383]] 9,587,371] 29 
32 2,845,731] 12,507,047] 12,145,401] 422,240 9.686, 54. 8 
33 2,848, 5200 12,557,953] 12, 134,74] 423,10 9,585,710] 27 
34 2,851, 3088] 12, 548, 069 12, 124, 94] 423,975] 9,584,887] 26 
35 | 2,854,04'|| 12,538,296] 12,113,455] 424,840 9,594,057] 25 
36 2,856,884] 12,528,533] 12, 102, 825] 425,708] 9,583,226 24 
37 2,8 59,672] 12, 518,780] 12, 092, 204 426,760] 9,582,305 23 
38 2,862,459] 12,509,036 12,081,593 427,445]| 9:581,563] 22 
39 2,865,240 29 12,070,992] 428,314] 9,580,730] 21 
40 2, 868, 0330 12,489, 58 5 12,060,401] 429,184] 9,579,896] 20 
41 2,670,019] 12,499,874 12,049,819] 430,055]] 9,579,001] 19 
42 2, 873, 605] 12, 470, 174 12,039,247| 430,927]| 9,578,225] 18 
43 2,8 76,3910] 12,460,484} 12,028,684] 431,800] 9,577,389] 17 
44 2,879,177] 12,450,804] 12,018,130} 432,674] 9,576,552 16 
45 2,881,993]] 12,441,124} 12,007.585| 433,549] 9,575,71 I5 
46 | 2,884,748] 12,431,474] 11,997,049] 434:425]} 9,574,875 14 
47 2,8875330 12,421,824] 11,980,522] 435,302} 9,574,036 13 
48 2,890, 3180] 12,412,184| 11,976,004| 436, 180 9,573,196 12 
49 2,893, 1030] 12, 402, 554, 11, 965, 495] 437,059] 9,572,355] 1! 
50 2,895,888] 12,392,934 11,954,990] 437,938] 9,571,513] 10 
51 2,898,672 12,383,324 11,944,506} 438,818] 9,570,670] 2 
52 2,901,456 12,373,724] 11, 924, 25] 439,699] 9,569,826 8 
53 2,904, 24% 12,304, 1340 11,923,553] 440, 58 1] 9,568,982) 7 
54 | 2,997,023|| 12,354-554| 11, 913, 90 441,464 9,568,137] © 
55 2, 909, 8060] 12,344,984] 11,902,036] 442,345 9,567,291 5 
59 2,412,589j| 12, 335, 425 11,892,192 443˙233 9,566,444 4 
57 2, 913,370 12,325,876] 11,881,757] 444,119] 9,565,596] 3 
58 2,918,153] 12, 310,337 11,871,330] 445, 00] 9,564,747] 2 
59 | 2,920,934]! 12 306, 808 11,860,912] 445,896] 9,503,896 I 
bo 6,923,717] 12,297,289 11,850, 503| 446,736]| 9,563,040 © 
| min. 
| Gr, 
73 37 
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Gr. 17 
17 EE ol 
min Sinus Logarithmi Diſferentiæ Logaritbmi]] Sinus 
O 2,923,717 12.297,289 11,850,503 446,786 9,563, 48 Go 
4 2, 925, 499]] 12,287,780] 11, 840, 104] 447, 676 9,562,197] 59 
2 2,929, 2800] 12,278,280] 11,829,713} 448,567 9,501, 345] 58 
— — — — c | — — 
3 2,932, 010 12,268,790 11,8 19,3310 449,459 9,560,492] 57 
4 2,9348420 12, 259, 3100 11,805,959) 450,352 9,559,639] 55 
5 2,937,623] 12,249,840] 11,798,594 451,240|| 9,558,785 55 
6 2,940, 403] 12, 240, 379 11,788,239 452,749 | 9,557,430] 54 
7 2,943,183 12,230, 9280 11,777,893| 453,035 9,557, 74 63 
8 2,945,963 12, 221,487 11,767, 5560 45359310 9,5 56,217 52 
9 2,948,743 12,212,056] 11,787, 2280 454,820 9,555,360 51 
10 2,951,523] 12, 202, 634] 11,740, 908 455,720|| 9,554,502] 50 
11 2,954,302] 12,193,222} 11,736,597] 456,625 9,553,045 49 
12 1 2,957,081 12,183,82c| 11,726,295} 457,525|| 9,552,782| 48 
13 2,959, 860] 12,174,427} 11,716,001] 458, 4200 9,551,922| 47 
14 | 2,962,630|| 12,165,044| 11,705,716] 459,328 9,551,061] 46 
15 2,965,416 | 12,155,671] 11,695,440] 460,231|| 9,550,199| 45 
19 2,968,194 12,146,306] 11,685,173] 401,135]| 9,549,336] 44 
17 2,970,972 12,136,954 11,074,914 402,040 9,548,472 43 
18 2.973,50 12,127,610 11,664,665] 462,945] 9,547,607 42 
19 2,975,827 12, 118,276 11,654,425] 463,851] 9,846,742 41 
20 2,979,304] 12, 108,952 11,644,194] 464,758] 9,545, 8/6 
21 2,982,081|| 12,099,637] 11,633,971] 465,606] 9,545,009 
22 2,984,857 12,090,332] 11,023,757] 466,75 9,544,141 
23 | 2,987,633|| 12,08 1,0 11,613.551| 467,48;|| 9,543,272 
24 2, 990, 409 12,071,749] 11,003,353] 468,396 9,542,403 
25 2,993»183|| 12,002,472] 11,593,104] 469,308|| 9,541,533 
26 [2,995,968 12,053,204 11,532,903] 470,221|| 9,840,662 
27 2,998, 735 12,043,945] 11,572,81c} 471,135|| 9,539,790 
28 3,001,510j| 12,034.695] 11,502,046} 472,05c|| 9,538,917 
29 3,004,284|| 12,025.450] 11, 352,490 472,906|| 9,538,043 
30 3,07, oö 12,016,225} 11,542,341] 473,884] 9,537,169 
= | 1 | 
| | 72 


( 569 ) 


17 
8 N — 
Sinus Logarithmi | Differentic Legarithmiſi Sinus 
3, 07, 580 12,016,225] 11,542,341} 473,884] 9,537,169] 30 
31 35,009, 832] 12,007,004| 11,532,202] 474,802]] 9,530,294] 29 
32 3,012, 60] 11,997,792] 11,522,071| 475,72] 9,535,418] 28 
23 3,015,382]| 11,988, 58 11,511,948] 476,04i]] 9,534,541] 27 
34 3,918,153} 11,979,396| 11, 501, 8350 477,561]| 9,533,664] 26 
35 3.020, 9260] 11,970, 212 11,491,730] 478,482 9,532,786 25 
36 3,923,699]| 11,961,037] 11,481,633] 479,404 9,531,907] 24 
37 3,926,472] 11,951,872] 11,471,545] 480,327]| 9,531,027] 23 
38 35,029,244] 11,942,716] 11, 461,465] 481, 2510] 9,530,146] 22 
39 3,032, 0160] 11,933,586 11,451,393] 482, 1760 9,529, 264 21 
40 3,034,788] 11, 924,43] 11,441,329] 483, 102 9,528,382] 20 
41 3-937559|| 11,915,303| 11,431,274] 484, 029 9,527,499 

42 | 3,040,33c|| 11, 906, 1840 11,421,227] 434,957]| 9,526,615 18 
43 35043, 100] 11,897,074] 11,411,188} 485,886] 9,525,730 17 
44 | 3,045,872 11,887.97 11,491,157] 486,8 160] 9,524,844] 16 
45 3,048,043|| 11,878,881 11,391,134 487,747] 9,523,958] 15 
46 3,05 1, 4130] 11,869,798] 11,381,119 488.6790] 9,523,071 14 
47 3,054, 1830 11,860, 724% 1,371,113] 489,610 9,522,183 13 
48 | 3,056,953|| 11,851,659] 11,361,115] 490, 544 9,521,294] 12 
49 | 3,039, 7230] 11,842,603] 11,351,125} 491,478|| 9,520, 04] 11 
50 | 3,062,492]| 11,833,557} 11,341,144] 492,413]| 9,519,514| 10 
51 3,065, 2610 11,824,520] 11,331,171] 493,349 9,518,524 9 
52 3,068,030] 11,815,492] 11,321,206] 494,286|| 9,517,731 8 
53 3070, 9811, 806,47] 11,311,249] 495,224 9,516,335] 7 
54 | 3.073, 566 11,797,463] 11, zor, zoo 490, 63] 9,515,944 © 
55 | 3,076, 334 11,788,461] 11,291,355] 497,103]| 9,515, 5 
56 3-979,102]| 11,779,468] 11, 281,424] 498, 44] 9.5 14,1500 1 
57 3,081,869 11,770,484 11,271,498 498,936 9,513,239 3 
58 | 3,084, 630 11,761,509} 11,261,580] 499,929] 9,512,362 2 
59 | 3,087,403] 11,752,543] 11,251,670] 500,873] 9,511,464 1 
00 35090, 170 11,743,580 11,241,760 501,818 9,510,595 0 
: min. 

| | | | Gr. 
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Gr. 18 
18 | =. 
min Sinus || Logarithmi | Difterentie |Logarithmil| Sinus | 
0 3,090,170 11,743,586 11,241,768] 501,818 9,510, 865 60 
1 3-092,936|| 11,734,033] 11,231,874 502,764 9,509,656] 59 
2 3,095,702|| 11,725,099] 11,221,988] 503,7 110 9,508,766| 58 
a 3,098,468 111,716,768 11,212,109 504,059 9, 507, 865 57 
4 3,101,234] 11,707,840 11,202,239, 505, 07 9,506,963] 56 
5 3,103,999] 11,698,932] 11,192,377] 506,556 9,506,061 55 
6 3,106,764] 11,690,029 11,182,523 507, 506] 9,505,158] 54 
7 3,109,529] 11,681,133] 11,172,676] 508, 457] 9,504, 234] 53 
8 3,112,294 11,672, 240 11,162,837] 509, 409] 9,303,349 52 
9 | 3.113, 580] 11, 663, 368 11,153,006 510,362]] 9,502,443] 51 
10 3,117,822|| 11,654,499] 11,143,183] 511,316]| 9,501,536 50 
Il 3,120, 5860] 11,64.5,638| 11,133,307] 512,271]| 9,500, 629 49 
i2 | 3,123,349] 11,636,786] 11,123,559] 513,227]| 9,499,721] 48 
13 3,126,112|| 11,62, 943] 11, 113,759 514,184|| 9,498,012| 47 
14 | 3,128,875|| 11,619,109] 11, 103, 967] 515,142]| 9,497,902 49 
15 3,131,638 11,610,283 11,094, 182] 516,101]| 9,496,991] 45 
16 3.134, 4000 11,601,466] 11,084,405] 517,061]| 9,496,080] 44 
17 3,137,162 11,592,658] 11,074,637 5 18,0210] 9,495,168 43 
18 [3,139,924] 11,583,858] 11,064,876} 518,982] 9,494,255 42 
19 [3,142,686 11,575,067] 11,055,123] 519,944] 9,493,340 4 
20 3,145,448 11, 666, 28 5 11,045,378] 520,907]| 9,492,427 40 
21 3,148, 209 11,557,511] 11,035,640] 521,871] 9,491,512 39 
22 3,150, 970 11,548,746] 11,025, 910 522,836] 9,490, 5960 38 
23 3,153,731 11,539,989] 11,016,178] 523,802] 9,489,079] 37 
24 | 3,156,491 11,531,240 11,006,471] 524,769 9,488,761 36 
25 3,159, 2510 11,522,500] 10, 996,763] 525,737 9,487,842 35 
26 | 3,162, 0110 11,513,768} 10,987,062] 326,706] 9,486,923 34 
27 3,164,770 11,505,045] 10,977,369] 527, 7 9,486, oog 33 
28 3,167,529] 11,496,330] 10, 967, 83] 528,647] 9,485,082 32 
29 3,170, 2880] 11,487, 624 10,958,004] 529, 6200] 9,484, 1600 31 
30 ][ 3,173,047 11,478,926 10,943,332] 530, 594 9,483,237 30 

[| | | | j 

| 71 


( 571 ) 


Gr. 18 
18 3 : 
min | Sinus || Logarithmi | Differentie |Logarithmi | Sinus | 
30 | 3,173,047 11,478,920 10,948,332] 530.5941] 9,483.27] 30 
31 3,775,805] 11,470,237] 10, 938,669 531,508] 9,482.34 29 
323,178,563 11.491,556| 10, 929,0 30 $32,543] 9,81 39% 28 
333.187.320 11,452,883] 10,919,364] 833,519 9,480,465] 27 
34 3,184 0% 11,444,219] 10,999,723] 534,496|| 9,479,539} 26 
35 | 3186,937]| 11,435,503 10,900,090] 535.4730] 9,478,612] 25 
36 3,139, 594|| 11,426,915] 10 890, 46% 536,451] 9,477,685} 24 
373.192,35 % 11,418,275] 10,880, 845 537,430} 9,476,757] 23 
38 3,195, 08 11, 409, 644] 10,871,234] 538,410] 9,475,828} 22 
39 3,197,804 11,401,021 10,861,639 539,391 9,474, 898 21 
40 3, 200, 6200 11,392,406] 10,852,033] 540, 373 9,473.97 20 
41 3,203, 375] 11,383,500] 10, 842, 444] 541,350 9,473,035 19 
42 3,206, 130 11,375,202 10,8 32,862 542,340] 9,472, 103 18 
43 3,208, 88 5 11,366,612] 10,823,287] 543,325] 9,471,170] 17 
44 | 3,211,040 11, 358, 030 10,813,719] 544,31! 9,470,230 16 
45 [3,214,395] 11,349,456| 10,804,158] 545, 298] 9,469, 30 15 
46 [3,2 1, 1500 11,340,891] 10,794,005] 546, 2860] 9,468,366] 14 
47 | 3,219, 904 11,332, 3340 10, 785, 59 547,275|| 9,467,430] 13 
43 3,222,658] 11,323,785 10,775,520] 348, 265] 9,466,493] 12 
49 | 3,225, 412 11,315,244] 10,765,985] 549,256|| 9,465,555] 11 
50 3,228,165] 11,306,711] 10,756,462] 550, 249] 9,454,016} 10 
51 3,230, 9180] 11,298, 1860 10, 746,944] 551,242] 9,463,677] 9 
52 3.233,67 10] 11,289,670] 10, 737,434] 552, 2366 9,462,737} 8 
53 | 3,236,423 11,231,162] 10,727,931] 553,231] 9,461,796] 7. 
54 3-239,1751| 11.272, 062 10,718,436 554, 2260 9,460,854 6 
55 3,241,927|| 11,254,17c| 10,708,948] 555,222] 9,459,911] 5 
56 3-244,679]| 11,255,086] 10,699,467] 556,219]] 9,458,908 4 
$7 3.247, 4300 11,247,210] 10,689,993] 5g7,21;]] 9,458,024 3 
58 3,250,181|| 11,238,742 10,080,520] 558,216} 9,457, % 2 
59 3»242,932[| 11, 230, 282 10,071,060] 559,216]] 9.456.133} 1 
bo | 3,255,082|| 11,221,83c| 10,691,613] 560, 217] 9,455,184 O0 
min. 
A | | | | Gr. 
71 71 
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Gr. I9 | x A 
19 r 

min Sinus || Logarithmi | Differentiæ |Logarithni Sinus 

o - 3»255,682]| 11,221,830} 10,661,613 560,217, 0,455,186 6⁰ 
1 3,238,432 11, 213,386 10,652,167] 561,219 9,454,239! 59 
2 3,261,182] 11.2049 50 10, 642,728 562,222 9,453,291 58 
3 3,263, 93 10] 11,196,522 10,633,296 563,220 9,452,242 57 
4 3,266,681]| 11,188, 1020 10,023,871] 564,23i|| 9,451,592! 36 
5 3-269,430|| 11, 179,690 10,614,453] 565,237, | 9,450,441] 55 
6 3,272, 179] 11,71, 2860 10,605,04:| 566,244 9,440 4900 £54 
7 3,274,927] 11, 162,889 10,595,037 507,252 9,446, 5380 53 
8 3,277,675 11,154, 500 10, 580,239 368.2010 9,447,505] 52 
9 3,280,423] 11,146,1 10 10, 576, 849 569,270 9,446,631 51 
10 3.283, 1710 11, 137, 7460 10, 50%, 466] 570, 280 9, 445, 7 50 
11 3,285,918] 11,129, 3810 10.558,090] 571,291 9. 444,720 49 
12 3,288,665 11,121,024] 10,548,721] 572, 303 9,443,764 48 
133,291,412 11,112,675) 10,539,359] 573-316|| 9,442,807] 47 
14 3,294, 159] 11,104,334| 10, 530, 040 574.330 9,441,849] 46 
15 3,296, 906 11,096,000| 10, 520, 555 575, 3450 9 440, 890 45 
16 [3,299,652 11,087,674] 10,511,313] 576,36 9,439,y31] 44 
17 3,302, 3980] 11,079,356| 10,501.977| 577,479] 9.438,971| 43 
18 3,305, 144 11,071,046] 10, 492, 6480 578, 3980] 9,438,010] 42 
Ig 3 30/, 889] 11,062,744] 10, 483,326 579,418 9,437,048 4! 
20 3,310, 63% 11,054,449] 10, 474,0 10 580, 439] 9,436, 85 49 
— — 5 — — | —— 
21 3,313,379] 11,046,162] 10, 464, 702 581, 4600] 9,435,122] 39 
223,316,123] 11,037,883 10,455,401] 582,482 9,434,153] 38 
23 3.318,86, 11,029,612 10, 446, 107 583,505 9,433,193] 37 
—_— OE wo OY | ET. 
24 3,321,610 11,021,348 10,436,519 384,529] 9, 432, 22 36 
25 | 3,34, 355/] 11,013,092] 10,427,535] 585,554 9,431, 2600 35 
26 3,3 27,09 /] 11,004,843] 10,418,263 586, 550 9,430,292 34 
27 3.329, 8410 10, 956, 602 10,408,995 587,607] 9, 429, 3250 33 
28 3.332 585/ 10,988, ,68| 10,399,733] 588,635, 9,426,350 32 
29 3 4-5,32;]] 10,980,142] 10, 390, 479 589.6630 9,427,380] 31 
39 | 3:338,069]| 0,971,923] 10,381,231] 590,692]| 9.426,415; 39 

| | 
70 
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Gr. 19 
19 b 3 
in Sinus || Logarithmi | Differentie |Logarithmi Sinus | 
30 3,338,069 10,971,923] 10,381,231] 390,69 ]] 9,426,41;] 30 
31 [3.340,81 10,963,712] 10,371,699] 591,2] 9,425, 4444 29 
32 3 343,553] 10,955,500] 10, 362,75“ 592,753] 9,424,474 28 
33 3.346, 2940 10,947,315] 10,353,528 503,788] 9,423,499] 27 
34 3,349,035 10, 939,12] 10, 344, 30 ] 594.815] 9,422,525] 26 
35 3351,77 10, 930, 944] 10,335,092] 595,852] 9,421,550] 25 
36 3,354, 5 16] 10,922,771] 10,325,884] 596,88 -]] 9,420,750 24 
37 3.357, 250 10, 914, Co 10,316,682] 597,924|| 9,419,599] 23 
38 3,339,990 10,905,448] 10,307 48 598,962] 9,418,622] 22 
39 3,302,730|| 10,898, 295] 10,298,297] 600,001]] 9,417,644] 2 
40 3+305,475]| 10,890,156] 10,289,115 601,041] 9,416,665 20 
41 3-368,214|| 10,882,021] 10,279,940| 602,081]] 9,415,685} 19 
42 | 3,370,953|| 10, 873, 894] 10,270,772] 603, 122] 9,414,705] 18 
43 34373»091]| 10,865,774] 10, 261,610 -604,164]] 9,413,724 17 
44 3,370,429]| 10,857,661] 10,252,454] 605,207]| 9,412,742] 16 
45 3,379,167] 10, 849,585 10,243, 304] 606, 2510] 9,411,760] 15 
46 3,381,905|| 10, 841, 45] 10,234,161] 607, 2960] 9,410,777] 14 
47 3.384, 642] 10, 833, 366 10,225,024 608,342 9,409,793 13 
48 3:387,379]| 10,825,282] 10,215,893 609, 389 9,408,808] 12 
49 3,390, 1160] 10, 817, 206 10, 206, 770 610, 4300] 9,407, 822 11 
50 3,392,852 10,809,137] 10, 197,653 611,484] 9,406,836] 10 
51 3,395,880] 10, 801,0 5 10 188,542 612,533]] 9,405,849] 2 
52 3-398,324]|| 10,793,021] 10,179,438} 613,583] 9,404,801 8 
53 3.401, 060 10,784,974] 10, 170, 340 614,634'] 9,403,872] 7 
57 3:493,795 10,770,934] 10,161,248] 615,686]] 9,402,832 6 
55 3,406, 530] 10,758,902} 10,152,162| 616,740] 9,401,891] 5 
* 3,409, 205] 10,760,877] 10,143,082] 617,795] 9,400,900} #4 
57 | 3-411,999|| 10,752,86c| 10,134,009] 618,851]] 9,399,908] 3 
58 3,414,733] 10, 74,8 50 10,124,942] 619, 908] 9,393,915] 2 
$9 3,41), 467 10, 736,847 10,115,581] 620,96 9,397.9 201 
bo 3,420, 2010 10,728,852] 10,106,827] 622,025] 9,396,926] © 
min. 
| | | Gr. 
| 70 70 
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( 574 ) 
_ — | | 

min Sinus Logarithmi | Differentie | Logarithmi Sinus | 

o 3,420,201 10,728,852 110,106,827 622,02 5 9,396,926 * 
i | 3.422, 934] 10, 720, 805 10,097,781} 623,084 9,395,931] 59 
2 3.42 5,067] 10, 712,885 10,088,741] 624, 144 9.394.935 58 
— — | | 2 * __ a —̃— — 
3 3,428, 400] 10, 704, 912 10, , 7c 625, 205 9,393,938] 57 
4 3 431,133] 10, 696, 945 10,070,678] 626,67] 9,392,940] 56 
5 3,433,805] 10,688,984] 10, 061,654] 627, 330] 9,391,941] 55 
6 272052 10, 68 1, 30] 10,052,636] 628,394] 9,390,942] 54 
7 3,439,329] 10, 673, 08 5 10, o43, 6260 629,459] 9,389,942] 53 
8 3,44, 060 10, 665, 147 10,034,022] 630, 525 9,388,941] 52 
9 3444.791010, 657, 2160 10,025, 624% 631, 302 9,387,939] 51 
10 3.447,22] 10, 649, 292 10,016,632] 632, 6600] 9,386,937] 50 
11 3,450, 253] 10, 641, 375 10,007,046 633.729 9,385,934] 49 
12 3,452,983 10,633,463 9,998,666 634,799 9,384, 9300 48 
13 [3,455,713] 10, 625,562 9,989,692 635,870 9,383,925] 47 
14 | 3458,442|| 10, 617, 567 9.980, 725 636,942 9,382,914 46 
Is | 3.461, 171] 10, 609,779 9,971,764] 638,015 9,381,913 45 
16 | 3,463, 900] 10, 601, 89 9,962,810] 639, 0888] , 380, 906 44 
17 3.465, 529] 10, 394,02 9.935862 640, 162 9,379,898] 43 
18 3.469, 357] 10,586,157] 9,944,920 641, 237] 9.378, 889 42 
19 [3,472,085] 10,578,297] 9,935,934| 642,313] 9,377,880 4! 
20 3,474,813] 10,570,444] 9,927, 54] 643, 390] 9, 370, 870 49 
21 3.477,40] 10, 562,598] 9,918, 1300 644, 468 9,375,859] 39 
22 | 3,480, 267] 10, 554,760 9,909,213] 646,547 9,374,847 33 
23 [ 3,482,994] 10,546,929] 9,900,302] 646,27 9,373,834 37 
24 | 3:485,721]| 10,539, 104 9,891, 396 647. 708 9,372,820] 36 
25 | 3,488,447] 10,531,286] 9,882, 4960 648, 7900] 9,371, 8060 35 
26 [349,173] 10,523,474] 6,873.60 649,873] 9.370, 7910 34 
2 | 3:493-899]| 10,515,669] 9,864,711] 650, 958 9.369, 7780 33 
28 3,496,624] 10,507,871] 9,835, 827 652.044] 9,368,755] 32 
29 3-499-343]| 19,500,080] 9, 846, 949 653,131] 9,367.7 31 
30 | 3,592,07 2 _ OY * 30 

| 


09 


2-1 Sinus 
30 3,502,075] 10, 492, 295 9,8 8,0 ce — 3 
* 55722 10434510 e 23092 
, , 10, 1 »395»/05 9 
33 3.570,47 10,408,981] 9,8 11,498 E 
Ae Os 654% 3.862 28 
„815, 2 , : 130 040] 2 
35 © I 9s ths 453-470 9,793,807] 639,50] 9,361,015] 25 
36 3,518,417 10,445 734 97784 — — 4. — — 
e * 5972 660, 6 
3; r e 9.716149] b 9.500,91] 23 
» 1 2 3 bl 5 
* E 5 430 * 9.767,32 662,951 9,258,540 22 
39 3,526,584] 10, 42 2, 550 9,758 5 3 
„ 4 10.1430 9749009] e 3 2 
, , IO, , , e 
b * 5 ; 407 129 : 97740, 88 666,240 | 9,355,400 19 
42 3,334,748] 10,399,42 ES ee OS 
is e 10991739 e Geka] Sagar 1 
, 10, 0 : : , 
2 . 4,047 9714.51 9.352, 382 16 
45 3,542,910] 10,376,3 705, CE 
4 3,545,030 $9,376,360] 9 9,351,352] 15 
47 3,549,350 10,361,024 9,688 17 95350,321 14 
IF. — — — 9,349,289] 13 
3+551,070|| 10,353,302 670 "FR 1 
2 3888 10949700) 5 5 e 1 
„550, 10, 1 2 4 
1 50,5 . 9,061,894 9,346,190 10 
51 3,559,227] 10,330, 41 50 6 1 * 1 
, e ee 
, 200 3]] IO, , , 

3 38•15 2.655682 679,490 Moll 7 
54 | 3+567,380|| 10,307,531] 9,6 ; _ 
4 , 26,9 680, 6 
5 287 185 9618204 e 94499] 5 
, > 0,2 | 4 9 
REI OTE Ty 92,308 I 9,609,48 | 082,824 | 9,339,908 4 
57 | 3:5754531]| 10,384,707| . jp — 

2 384,707] 9,000,770] 683, 
„ bee 1007715] 8 ase 9,557,007] 2 
bo — — OR 9,336,846] 1 
o [3,383,679 10,261,946| —_— 
5 7 2940 957466 687,282 | 9,335,804 O 
| | min. 
Gr. 
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( 576 ) 


Gr. 21 

21 op, | —= ö 

min Sinus Logarithmi | Differentie |Logarithmil| Sinus 

0 3,583,679] 10,201,946 9.574, 664 68 7,282 9,335,804| 60 
I 3586,395]| 10,254,372] 9,565,973] 088,399]] 9,334,761] 59 
2 3589, 1100 10,246,804] 9,557,287] 689,517|| 9,333,717] 58 
3 3-591,825|| 10,239,243] 9,548,607] 690,636|| 9,332,673] 57 
4 3,594, 5400] 10,231,688] 9,539,932 691,756|| 9,331,628 56 
5 3,597-254| 10,224,140] 9,531,263 692,877 9,330,582| 55 
6 3,599,968] 10,216,598] 9,522,599] 693,999] 9,329,530 54 
7 3,602, 68 2 10,209,063] 9,5 13,941 695, 122 9, 328,488 53 
8 3,603,395 10, 201, 8344 9,505,288] 696, 2460 9,327,440] 52 
9 2,608, 1080 10,194,012] 9,496,642] 697,370] 9,326,391 61 
10 3,610, 8210 10,186,496] 9,488, 010 698,495] 9,325,340 50 
11 3.613,33 10,178,987] 9,479,366 699,621] 9,324, 2900 49 
12 3,616,245] 10, 171,484] 9, 470,360 700,748] 9,323,238 48 
13 3,618,957] 10, 163,989] 9, 462,110 701,877] 9,322,186 47 
14 | 3,621,669 10,156,498] 9,453,491] 703,007]| 9,3 1,133 46 
15 3,624,300] 10,149,015] 9,444,877] 704, 1380 9, 320, 9 45 
16 3,627, 91 10, 141,538] 9,436, 268 705, 2700 9,319,024 44 
17 | 3.629, 802 10, 134, 67 9,427,664] 706, 03 9,317,969] 43 
a — — —— — — i . —— a —_@.— —— 
18 3,632,512 10,126,603] 0,419,066| 707,53;]| 9,316,913] 42 
19 | 3,635,222 10,119,145] 9,410,473] 708,672 9,315,856| 41 
20 [ 3,637,932 10,111,694] 9,401,886] 709,808]| 9,314,798] 40 
21 | 3-640,642|| 10, 104, 249 9.393, 305] 710,944|| 9,313,739 39 
22 3,643,351 12, 096, 8110 9,384, 300 712,08 0 9,312,680 38 
23 3,64, 00 10, 089, 379 9,376, 160 713,219 9,311,620 37 
24 3,048,768 10,031,953] 9,36), 595 714,358 9,310,559, 36 
25 3051,47 10,074,533] 9,359, 35 715:498|| 9,309, 497 35 
26 3,65 2,184] 10, 67, 1200 9, 350, 4810 716,639 9,308, 454 34 
— - | — RY ICED —— ——— - — _— — 
27 3.656,92 19,059,713] 9,341,931] -917,"8'|| 9.357571 33 
28 3-059,59$]| 10,052,312] 9,333,386| 718,926|| 9, 306, 307 32 
29 3,062,306]] 10,044,918} 9,324,847 720, 71 9, 303, 242 3l 
30 3.665,01 21] 10,037,530] 9,3 16,3 13] 721,217 95304, q 30 


68 


( 57-28 
Cr. 21 | 
21 0 . . 2 FR . 1 
min | Sinus |' Logarithmi | Dijerentie anon! Sinus 
30 3,665,901 .|| 10,037,530] 9,310,313] 721,217 9.304 176} 30 
31 | 3,667,718 10,039,14%| * 9,397,784| 722,3%4|| 9,303,106] 29 
32 3,070,424|| 10,022,773] 9,299,261] 723,512 9,302,042] 25 
333.673,13. — * 9,290, 744] 724.660 9 309,974 27 
34 3567 5,8350] 10,008,041] 9, 282,232] 723, 809 9,299,995] 26 
35 3,678, 54] 10, ooo, 6850 9,273,720 720,959 9.2.8830 25 
35 3,681,240] 9.993,33] 9,205,215] 728,11c|| 9,297,765| 24 
37 3.683, 951] 9,985,99 | 9,250,729] 729,262|| 9,296,69-| 23 
38 | 3.686,65 50] 9978,65] 9,243,238 730, 415 9,295,663 22 
39 3.689, 359 9,971,322] 9,239,753] 731,564|| 9,294,559] 21 
40 3,092,062|| 9,953,997] 9,231,273] 732,724|| 9,293,470| 20 
41 | 3:694,765|| $956,075] 9,222,798] 733,880]| 9,292,401| 19 
42 3.697, 4680] 9,949,366] 9,214.326| 735,037|| 9,291,326 18 
43 3700, 1/0 9,942,060 9,205,805 736,195 9,290, 2500 17 
3.702, 872] 9,934 760 0, 197, 4060 737, 354 9,289,173] 16 
45 3.705, 574 9,927,465 9,188,952] 738,514 9,288,096 15 
46 | 3,708,270 9,920,178] 9,180,503] 739,75] 9,297,015] 14 
47 | 3-719,977]| 9,912,896] 9,172,059] 740,837]| 9,235,939] 13 
48 3,713,078|| 9,905,620] 9,163,620| 742, ooo] 9,284,859] 12 
49 | 3716,379]] 9,898,350] 9,155,186| 743, 164] 9,283,778] 11 
503,719,089 9,891,086] 9,146,757] 744,329]| 9,282,697] 10 
51 3,721,780] 9,883,828] 9, 138, 3330 745,495]| 9,281,615] 9 
52 3.7 24,4800] 9,876,577] 9,129,915] 746,5 9,280,532] 8 
- 53 3727,79 9,809,332 9,121,502 747,830 9,279,448 7 
54 3,729,878|] 9,862,095] 9, 113, 094] 748,999]| 9,278, 363 6 
55 [3.732,57] 9,854,860] 9, 104, 6910 750, 1690 9,277,278] 5 
56 3 735,275 9,847 635 9,096, 293 751,340 9,270,192 4 
57 [3,737,973] 9.840,412] 9,087, 900 752,512|| 9,275, 10 3 
58 3.740, 7 9,833,192] 9,079,512] 753,68] 9,274,017] 2 
59 | 3»743-399]| 9,825,988] 9,071,129] 754,859]| 9,272,925 1 
bo 3,746, 66] 9,818,785] 9,062,752 756,033]| 9,271,839} © 
min. 
| | Gr. 
68 68 
Vor. VI. 4 K 


22 


SO 
— 


Gr. | 
22 * + | — 
min Sinus Logarithmi | Diſſerentiæ |Logarithmi Sinus 
o 3,746,066] 9,818,785 9,062,752 750,033]] 9,271,839] 60 
I 3»748,703]| 9,811,589] 9,054,381| 757,200] | 9,270,749] 59 
2 3,751, 4600] 9,804,399] 9,046,01:| 758, 3844] 9,269, 80 58 
3 [3,754,156] 9,797,215] 9,037,654 759,560] 9,258,566] 57 
4 3,756,852] 9,790,936] 9,029,296] 700,740] 9,207,474] 56 
5 3»759,548|| 9,782,863] 9,920,943] 761, 9200] 9,266,381| 55 
6 3,762,243 9,775,696 9,012,595] 763, 1010 9,265,287 54 
7 ; 3,764,938 9,768, 35 9,004,252 764,283 9,204,192 $3 
8 3,767, 633 9,761, 3800 8,995, 914 765,466 9.263.096 52 
9 3,770, 327 9,754,231] 8,987,581] 766,650 9,262 0000 51 
10 | 3,773, 21 9.747, 88 8,979,253] 767,835] 9,260,903] 50 
11 3,775,715] 9,739,950] 8, 970, 929] 769,021]| 9,259 805 49 
12 3.778, 408] 9,732,818] 8,962,610 770, 2080] 9,258,706| 48 
13 3781, 1010 9,723,695] 8,954,297] 771,396] 9.257.000 47 
14 3,783,794 9,718,574] 8, 945,989 772,585 9,256,500 40 
15 | 3,786,486|| 9,711,461] 8,937,086] 773,775|| 9,255405| 45 
10 | 3,789,178|| 9,704,354] 8,929,385| 774,960]| 9,254,303| 44 
17 | 3,791,874] 9,697,353] 9,921,196| 776,157 9,253, 2000 43 
18 | 37944562|| 9,690,158] 8 912,809 777,349 9,252,097 42 
19 3,797,253 9,683,009] 8,904,527] 778,542 9,250.993| 4? 
20 $3» 79995944 9,675,986 8,896,250 779,736 9,249,888 40 
21 3,802, 635 9,068,905] 8,887,977] 780, 931] 9,248,782 39 
22 3,805, 325 9,601,836 8,879,709] 782.127] 9,247,676| 38 
23 3,808,015 9,054,770] 8.871, 44060 783,323] 9,246,509 37 
24 3,810, 04] 9,647,709] 8, 803, 18 784,522 9,245,460 30 
25 | 3,813, 393] 9,049,654 8,854,330 78,7210] 9.244.352 35 
26 [3,8 6,082|| 9,633,605] 8,846,083] 780, 920 9,243,242 3+ 
27 2,8 18,7710 9,626,562 8,838,438 738,174 9,242,131 33 
28 | 3,821,459]| 9,619,525] 8,830,196] 789,327]| 9.241,9020, 32 
29 3,824,147] 9,012,494] 8,821,9603| 790,531 9,239,900 31 
„ 4; HM 25 | — 
39 [3,826,834] 9,505,465] 8, 813,732 79,7360 9,238,795 39 


( 579 


22 | 
| 35 
Logarithmi | Differentice |Logarithmi|| Sinus 
30 3,826,834 9,605,468] 8,813,732} 797,36 9,238,795 30 
31 3,829.521]| 9,598,448] 8,805,506] 792,942] 9,237,082] 29 
32 | 3832,208|| 9,591.434 8,797,285] 794,149 9,236, 508 28 
33 3.834.895] 9,584,426] 8,789,009] 795,357|| 95235453] 27 
34 | 3+837-591]] 9,577, 424] 8,780,859] 796,565|| 9,234,337] 20 
35 3,540, 67 - 9,570,427] 8,772,653] 797,774 9,233, 2200 25 
35 | 3-842,953|| 9,503,436 8,704,452] 798,954|| 9,232,104| 24 
37 3,945,039 9,550,451 8,750,256 800, 195 9,230, 98 5 23 
38 3,848,320] 9,549,472] 8, 748,065 801,407] 9,229,866] 22 
39 3.851, 080] 9,542,498] 8,730,878] 802, 6200] 9.228, 746 21 
41 [3,856,376] 9.528, 567 8,723,518] 8085, 49] 9,226,504] 19 
42 3,8 59, 60] 9,521,610] 8,715,345] 806,265 9,225,382 18 
43 | 3»801,743]| 9.514,059] 8,707,177] 807,482]| 9.224.259] 17 
44 3.864, 4260] 9,507 713] 8,699,013] 808,700] 9.223.135] 16 
45 3.867, 109] 9.500,773] 8,699,854] 809,919]| 9,222,010 15 
4 3.859,79 9 493,839] 8,682, 70 811,139] 9,220,884| 14 
4] 3.872, 473 9,480,9 Il 8,074,551] 812, 300] 9,2197585] 13 
48 3.876,55] 9,479 938] 8,666,405] 813,583]] 9,218,631 12 
49 3,877,837] 9,473,071] 8, 658,264] 814,80] 9.217, 504 1! 
59 3,880, 5180] 9.400, 100 8,650,128] 846,032] 9,216,376] 10 
51 3.883, 199 9.450, 254] 8,041,996] 817,258] 9,215,247 9 
52 3,585,389 9,452,354 8,633,870] 818,484] 9,214,117] 8 
53 | 3-989,560,] 9,445,460] 8,025,749] 819,710 9,212,450] 7 
$4 | 3,891,240 9,435,671] 8,017,632] $20,939|] 9,211,835] 6 
55 3,893,919, 9,431,088] 3,6 9,520 822,180] 9,210,723 5 
50 3,090,549! 94 4.810 8,001,412 823,399 9.209.590 4 
57 3.899,27] 9.417,38 8,593, 309] 824, 529] 9.208 456 3 
53 3,901, %5 9,414,071] 8,583, 210 825,861] 9,207, 32 2 
59 3.904, 033 9,404,21C| 38,577,116 827, 94] 920d 1 
bo | 3997,3*1}| 9,397,354 8,564,920] 828.3280] 9,205, 4 | © 
1. 
| _— | | Gr. 
67 


30 


( 589 ) 
Gr. 23 
23 | - 69 Bran 3 . 
min Sinus Logarithmi ¶Diſerentiæ I ogarithmi | Sinus 
0 3,907, 3110] 9.397.354 8,509,020 928,28 9,205,049 
I 3-999,989]| 9,399,504] 8,500,941] 829,563 | 9,203,912 
2 3,912,9066]] 9,383, 660 8,552,861 830,799] 9,202,574 
3 3,916, 343]0] 9,376, 8210 8, 544,785 832,036 9,201,635 
4 3.918, 20 9,369,983] 8,536,140 833,274 9.200, 496 
5 3,920, 6960] 9.363, 1600 8,528,647] 834,513 9,199,356 
6 3,923,372] 9,356,337 8,520, 584] 835,753 9,198,215 
7 3,9 26,048] 9,349,520 8,512,525] 836.995 9,197,073 
8 3,928,723 9,342, 708 8,504.47c| 838,238 9,195,931 
9 3.93 1,3980] 9.3 25,902 8,496,420 839,482 9,194,788 
10 3.934, 2 9,329, 101 8,488,374] 840, 727 9,193,644 
11 | 3,936,746] 9,322, 306 8,480,333] 841,973 9,192,499] 
12 3,939, 420 9, 315,516 8, 472, 2960 833, 220 9,191,353 
13 | 3,942, ] 9,308,731] 8,464,260 844,468 9,190,207 
14 3,944,766] 9,301,952 8, 456, 236 845,160] 9,189,060 
15 3.947, 4300] 9,295,178 8,448,213] 846,965] 9,187,012 
16 3,950, 112] 9,288, 4100 8, 440, 195 848,215] 9, 186,763 
17 3,952,784 9,281,047 8,432,181| 849,466]| 9,185,614 
18 | 3,955,456]| 9,274,890] 8,424,172] 850,718|| 9,184,464 
19 3.958, 1280] 9,268, 1380 8,416,167] 851,970 9,183,313 
20 3,950, 799] 9,261,392] 8, 408,167 853,225|| 9, 182, 161 
21 3.963, 4700 9,254,651] 8,400,171] 854, 480 9, 181, 09 
22 [3,966,140] 9,247,915] 8,392,179] 85,7360 9,179,856 
23 3,968, 8 10] 9,241,185 38, 384,192 856,993] 9,178,702 
24 3,971,480 9, 234.460 8, 376, 209 858, 2510 9,177,547 
25 3,974, 1490] 9,227,741] 8, 368, 2310 859,510 9,175,394 
26 3,976, 8180 9,221,027] 3, 360, 257 860,770] 9, 175˙235 
27 3,979,487] 9,214,319 8, 352, 288 862,031] 9,174,075 
28 3,982,155] 9,207,616] 8, 344.322 863,294] 9,172,920 
29 3,984,823] 9,200,913] 8, 336.360 864, 5580 9,171,761 
30 3,98, 4910 9,194,226 8,328,403 805, 823 9,170,601 
| | 
| 66 


( 358 ) 
Gr. 23 
23 f f ES; | 
min | Sinus Logarithmi | Differentie |Logarithmi|} Sinus | 
30 3,987, 4910 9,194,226] 8,328,403] 865,823 9,17c,601 30 
31 | 3-999,159]| 9,187,539] 8,320,450| 867,089|| 9,169,440] 29 
32 3,992,826] 9,180,857 8,312,501 868,356|| 9, 168,279 28 
33 | 3,995,493] 9,174,181] 8, 304,358 869,623|| 9,167,117 27 
34 3+998,159]] 9,167,510] 8,296,619] 870,891]| 9,165,955] 26 
35 4,000,825|| 9, 160, 844] 8,288,684] 872,160|| 9,164,792] 25 
36 |. 4.003, 491] 9,154,183] 8,280,753] 873, 4300 9,163,628 24 
37 4, 06, 1560] 9,147,528] 8,272,827] 874,701]| 9, 162,463] 23 
38 4,008, 821 9,140,878} 3, 264, 905 875,973] 9,161,297] 22 
39 4,011, 4860] 9, 134, 233 8,256,987] 877, 2460 9,160,131] 21 
40 4,014, 150 9,127,593] 8,249,073] 878, 520 9,158,964 20 
41 | 4,016,814 9,120,959] 8, 241, 164] 879, 7950 9,157,790 19 
42 4,0 19,4780] 9,1 14,330 8,233,289 881,071 9,156,627 18 
43 | 4,022, 1410] 9,10%, 706 8,225,358] 882,348] 9,155,457] 17 
444, oz4, 804 9,101,087 8,217,461] 883,626|] 9,154,286] 16 
45 | 4,026, 467] 9,094,473] 8,209, 568 884, 905] 9,153,115] 15 
46 4,030,130|| 9,087,865 8,201,679 886,186 9,151,943] 14 
47 4,032,792]| 9,081,262] 8,193,794! 887,468|| 9,150,770] 13 
48 | 4,035, 434 9,074,064] 8,185,913] 888,751}| 9,149,597] 12 
49 4,038,115]| 9,068,071] 8,178,036| 890,035] 9,148,423} 11 
50 4,040,776|| 9,061,483] 8,170,163] 891, 3200] 9,147,248] 10 
51 4,043, 437] 9,054,901] 8,162,295] 892, 600] 9,146,072 9 
52 | 4,046,097]| 9,048, 324 8,154,431] 893,893] 9,144,895] 8 
53 | 4,048,757]| 9,041,752] 8,146,571] 895,180 9,143,715} 7 
54 4,051,416|| 9,035,185 8,138,715] 896,470|| 9,142,540} 6 
55 4,0 54,075] 9, o28, 623 8,130,863] 897,760}| 9,141,301 5 
50 4,0 56,734] 9,022,006] 8,123,015] 899, 510 9,140, 186 4 
57 | 4,059,392 9,015,514 8, 115,172 900, 342 9,139,001] 3 
58 | 4,062,050|| 9, oo8, 908 8, 107, 334 901,634 9,137,820] 2 
59 4,064, 7080] 9,002,427] 38, og, 500 902, 927 9,130,635} 1 
bo 4,067,366]! 8,995,891] 8,091,670| 904,221]| 9,135,455] © 
min. 
| | Gr. 
60 66 
Vor, VI. 4 L 


( 582 ) 


65 


Gr. 24 
24 3 EEE 
min Sinus | Logarithmi | Differentie |Logarithmi| Sinus 
E 4,06, 366 8,995,891] 8, o9 1, 670 904, 221 9,135,455 bo 
I 4,0, 230] 8,989, 360 8,083,844] 905,516 9,134,271] 59 
2 4,072, 6800] 8, 98 2, 834 8,076,022 906,8 12 9,133,087] 58 
| 3 | 4.075,33) 8,976, 31 | 8,068,204| 908, 109 9,131,902 57 
4 4,077,993] 8,969,797] 3, o60, 369] 909, 408 9,130,716] 56 
5 4,080, 649] 8,963,286] 8,052,780 910, 708] 9,129,529] 55 
6 4,083, 305] 8.956, 7800 8,044,771] 912,009 9,128,342 54 
7 4,085, 960] 8,950,280] 8,036,969) 913,311|| 9,127,154 53 
8 4,088,615|] 8,943,785] 8, 029, 1710 914,014|| 9,125,905] 52 
9 4.091, 269] 8,937,295] 8,021,377 915,918] 9,124,775] 51 
10 4,093,923] 8, 930, 8 00 8,013,587] 917, 223] 9,123,584 50 
11 | 4,096,577]| 8,924,339] 8,005,801] 918, 529/ 9,122,392] 49 
12 4.099, 230] 8,917,855] 7,998,019] '919,836|| 9,121,200] 48 
13 4,101,884] 8,911,385] 7,990, 241 921,144) 9,120,007] 47 
14 | 4104,537|| 8,904,920] 7, 982, 467 922,453;| 9,118,614] 46 
15 4.10, 189] 8,898,460]. 7,974,697] 923, 7630 9,117,620] 45 
16 4, 109, 841] 8.892, 05 7,966,931] 925,074] 9, 116,425] 44 
17 4.112, 4930] 8,885,555] 7,959,169 926, 3860] 9,115,229 43 
18 | 4,115,144] 8,879,110 7,961,411 927,699] 9,114,032] 42 
ig | 4.117,79 f] 8,872,670] 7,943,657] 929,013] 9,112,835] 41 
20 | 4.120, 440 3,866,235] 7,935,908] 930, 327 9,111,037] 49 
21 4,123,096 8,8 59, 804] 7,928, 1610 931,047 9, 110,438 39 
22 4,125,740] 8,853,379] 7,920, 419 932, 960 9, 109, 2380 38 
23 4,128,395] 8,846,959] 7,912,680 934,278 9,108,038] 37 
24 4,131,044|| 8,840,5 7,904, 94) 935,597|| 9,106,837] 30 
25 4133»093]] $8,834,134] 7,897, 217 936,917]| 9,105,035] 35 
26 |} 4,135,341]| $5,827,729] 7,889,491] 938,238|} 9,104,432] 34 
27 | 4,138,984|| 8,821,329] 7,881,769] 939,60 9,103,228| 33 
28 4,141,637] 8,814,934] 7.874, 51 940, 883] 9, 102,024 32 
29 | 4, 144,285] 8, 808, 544] 7,866,337] 942, 207 9.100, 819 31 
39 | 4,146,932] 8,802, 19 7,888,627] 943,532 9,099,613 

| | 


5 


1 583) 


24 
24 EE. * 
min | Sinus || Logarithmi | Differentie |Logarithmi Sinus 
30 4.146,93 8,802,159] 7,858,627 943,532]| 9,099,613] 30 
31 4,149,579] 9795-779] 7.8 50,92] 944,858] y,098,400] 29 
32 4,152, 2260] 8,789,404] 7,843, 21 946,185] 9, 097,198] 28 
— * 1 q p 
33 4,154,872 8,783,033] 7,835,520] 947,5 130] 9,095,990] 27 
34 4.157,51 8,776, 667 7,827,825] 948,842 | 9,094,781] 26 
35 160,163 8.770, 300 7,820,134] 950, 172] 9,093,572] 25 
36 4,162,803 $,763-959 7,812,456 951,50 ]] 9,092,302] 24 
37 4,05, 4530] 8,757,599 7,804,764] 952,835] 9,091,151] 23 
38 [4,168,097 8,751,253] 7,797,085] 954, 168] 9,089,939] 22 
4.170, 7410] 8,744,912] 7,789,409] 955,50 f] 9,088,726] 21 
4,173,385 8,735,575] 771,736] 956,839] 9,087,512] 20 
4,176, 28 8,732,243] 7,774,007] 958, 1700 9,086,297] 19 
4,178,671 8,725,916 7,766,402 959,514] 9,085,082] 18 
4,181,313]| 8,719,594] 7,758,741] 9g60,853]| 9,083,866] 17 
4183,955|| 8,713,277] 7,751,084 962, 1930] 9,082,649] 16 
4,186,597] 8.706, 965 7,743,431] 963,534] 9,081,432] 15 
4+199,239]| 8,700,057] 7,735,782] 964,875] 9,080,214] 14 
4,191,880]] 8, 694,354] 7,728,137] 966, 217] 9,078,995] 13 
4,194,521 8,688,056 7 967, 5600 9,077,775] 12 
4,197,162] 8,681,763] 7,712,859 968, 904]] 9,076,555} 11 
4,199,802 8,075,475] 7,705,226] 970, 249] 9,075, 3344 10 
4202,44 8,669,192] 7,097,597] 971,595] 9974-112] 9 
4,205,081|| 8,662,913] 7,689,970] 972, 943] 9,072,889 
4,20%, 20 8,656,639] 7,682,347] 974,292] 9,071,665] 7 
4,210,359] 8,650,370] 7,674,728] 975,642]} 9,070,441] 6 
4,212,997] 8,644,106] 7,667,113] 976,9931] 9,069, 21600 5 
44215,035]| 8,637,846 7,659,501] 978, 345] 9,067,990] 4 
4,218,273] 8,631,591] 7,651,893] 979,698]| 9,066,763] 3 
4,220,910 8,025.341 7,644,209| 981,052 9,005,535 2 
4,223,547] 8,619,096] 7,636,689] 982, 407 9,064, 307 1 
4,226,183]| 8,612,850 7,629,093] 983, 763] 9,063,078 '© 
min. 
| | Gr. 
65 65 


— —— — — — — — —:' . ́ ſDLI——Efi ü 
= = — PT nerd 
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Gr. 25 
25 —— an b 5 
min Sinus | Logarithmi | Differentio |Logarithmil| Sinus 
o 4,226,183 3, 612,8 56 7,029,093] 983,763] 9,063,078 "a 
1 4,228,819] 8,606, 6200 7,621, 500 985, 120] 9,061,848] 59 
2 4,231,455 8,600,389] 7.613, 911 986,788] 9,060,618] 38 
3 4.234, o9o]] 8,594,163 7,606, 326 987,837] 9,059,387 57 
4 4,230,725 8,587,942 7>598,745 989,197] 9,058,155 55 
5 4,239,360] 8,581,725] 7,591,107] 990,555 9,050,922] 55 
6 4,241,994 8,575,513] 7,583,593] 991,920 9,055,688 $4 
7 4,244,020 8,569,306 7570,023 993,203 9,054»454| 53 
8 4,247,202 8,563,103] 7,508,456] 994,047]| 9,053,219 52 
9 4,249,895] 8,556, 905] 7,560, 93 996,12] 9,051,983] 51 
10 4,252,528 8,550,712] 7,553,333] 997,379 9,050, 746 50 
11 4,255,160] 8,544,523] 7,545,776] 998,747] 9,049,508 49 
12 4,257,793] 8,538,339] 7,538, 22301, ooo, 1160] 9,048, 270 48 
13 4,260, 425 8,532,160] 7, 530, 674, 01, 4860] 9,047, 31 47 
14 4,263, 56 8, 525,985 7.523, 129.1, 02, 856] 9,045,791 46 
15 4,265,687 8,5 19,815] 7,515,588 /f, 004, 227 9, 044,550 45 
16 [4,268,318 8,513,650] 7,508, og 10f, O05, 599] 9,043,310 44 
17 4,270, 949 8,507,489] 7,300, 5 17, 00, 972] 9, o42, C8] 43 
18 | 4,273,579] 8,501,333] 7,492, 98 7/f, oo8, 3460] 9 040, 825 42 
19 4,276, 209 8,495,181] 7,483, 46001, 09, 7210] 9,039,582 41 
20 4,278, 8 380 8,489,034] 7,477,937, 011, 97 9,038, 3380 40 
21 4,281,467] 8,482,892] 7,470, 4180, 12,474] 9,037, 93 39 
22 4,284, 96] 8,476,754] 7,462, 90201, 3.8520] 9,035,847] 38 
23 4.286,24 8,470,621] 7,455,389|:,015,232]| 9,934,600| 37 
24 4,289,352 8,464,493] 7,447, 88001, 16,6130] 9,033,353 36 
25 | 43291,979|| 8,458,369] 7, 440, 374,01, 99 [[ 9,032,105| 35 
26 4,294,006|| 8,452,250] 7,432,872|1,019,378]| 9,039,356] 34 
27 4,297,330 3,446,135] 7:425,373|1,020,762]| 9,029,606 33 
28 [299,859 8,440,025] 7:417,878/1,022,147]| 9,028,356] 32 
29 | 4.302, 4850 8,433,919] 7,410,386|1,023,533]| 9,027, 105 3! 
39 [4305,11 8,427,818] 7,402,898|1,024,92c|| 9,025,853] 39 
64 


( 585 ) 


4M 


25 | | 
25 | 6 I IRE 
min Sinus | Logarithm | Diſſerentiæ Logarithmil Sinus 
30 4, 05, 1110 8,427,818] 7,402,8986[1,024,920|| 9,025, 8 53 30 
LY 4,307, 7360] 8,421,722] 7,395,414, 026, 308] 9,024,600] 29 
32 4,310, 3010] 8,415,630] 7,387. 9331,02, 97] 9,023,347] 28 
33 4,312,986 8,409,543] 7.380, 4566, 29.087] 9,022,003] 27 
344.315,10] 8,403,460] 7,372,992 5030, 478 9,020, 838 26 
25 4,318, 234] 8,397,382] 7,365, 81 2ſf, 031,870] 9,019,582] 25 
36 4,320, 8580] 8,391,308 7,358,045 1,033,203]] 9,018,326] 24 
37 4+323,481|| 8,385,230] 7,350,58211,034,057]| 9,017, 069 23 
38 4,326, 104] 8,379, 174 7,343, 12201, 036, 52] 9,015,811 22 
39 4.328,26 8,373,114 7,335,651, 37, 449] 9,014,552] 21 
40 4.331, 3480] 38, 367, 59 7,328, 212,038,847] 9,013,292] 20 
41 4,333, 970] 8,361,008] 7,320, 7621, 040, 2460] 9,012,031 19 
42 4,336,591] 8,354,962] 7,313,316, 41, 46 9010,70 18 
43 [4,339,212] 8,348,920] 7,305, 87301, 43, 47] 9,009,508 17 
44 | 4,341, 8330 8,342,883] 7,298, 434,1, 44, 449] 9,008,245] 16 
45 4,344, 4530] 8,335,850] 7, 290, 99801, 45, 852 9, o06, 982 15 
46 4,347,073] 8, 330, 822] 7.283, 5660t, 047, 2560] 9,005,718] 14 
47 4,349,693] 38, 324,798] 7,276, 1381, 048, 600 9,004,453] 13 
48 4,352,312] 3, 318,778] 7,268, 71301, 50, 06; 9,003,187 12 
49 4.354,93 10] 8,312,763] 7,261,292|1,051,471|| 9,001,920 I 
50 4,357, 549] 8,306,752] 7.253, 8741, 082,878] 9, ooo, 6544 10 
51 | 4.360, 167 8,300,746] 7,246, 4591, 54, 287 8,999,386] 9 
52 | 4,362,785]| 8,294,744] 7.239, 047 f, 55,97 8,998,117] 8 
53 4,365,402|| 8,288,747] 7,231,039|1,057,108]] 8,996,848 7 
54 4.368,19 8,282,754] 7,224,234|1,058,520|} 8,995,578] © 
55 | 4,370, 6350 8,276,705] 7,216,33211,059,933]] 8,994,307] 5 
56 4,373,251] 8,270,781] 7,209,434, 061,347] 8,993,035] #4 
57 4,375,867] 8,264,801] 7,202, o39ft, 062,762 8,991,762 3 
58 | 4,378,482]| $8,258,826] 7, 194, 64801, 64, 1780] 8,999,489] 2 
59 | 4,381,097] 8,252,855] 7,18,,260[1,065,595]| 8,989,215 I 
bo | 4,383,712] 8,246,889] 7,179,875, 6, 14] 8,987,940] © 
min. 
. | | . Gr, 
04 64 
Vor. VI. 
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03 


Gr. 26 

26 - 5 Hogg 1 . 

min Sinus | Logarithmi | Differentiæ |Logarithmil| Sinus 

a 4,383,712]| 8,246,889] 7,179,875 1,067,014|| 8,987, 940 60 
N 4,386,326] 8,240,927] 7,172, 493, 008,434 8,986,664 59 
2 4,388,940 8,234,970 7,165, 1157,69, 855 8,985,208 58 
3 4,391,554 8,229,017 7,157,401, % 1,7% 8,984,111 57 
4 4,394, 167] 8,223, 08 7, 150, 36801, , 700 8,982,833 56 
E 4,396, 800 8,217,124] 7, 143, 0010, 74, 1230 8,981,555) 55 
6 4,399,392 3, 211,184] 7,135,03711,075,547|| 8,980,276 54 
7 4,402, oog] 8, 205, 249 7,128, 277, 70,972] 8,978,996 53 
8 4, 404, 6160] 8,199,318 7,120, 92001, 78,3980] 8,977,715 52 
9 4.407, 227 8,193,391} 7,113,506/1,079,825]| 5,976,433 

10 4,409,838|| 8,187,469] 7,100,216j1,081,253|| 8,975,151 

II 4,412,449] $8,181,551] 7,098,868[1.082,052]| 8.973,863 

12 4,415,059] 8,175,638] 7,091,524j1,084,114}| 8,972,584 

13 4,417,669] 8,169,729] 7,084, 1831,08 5,46] 8,971,299 

14 4,420, 278] 3, 163,824 7,0%, 8451,86, 9,9] 8,970, 013 

15 4422, 887 8,157,923] 7069, 5 101,088, 4140] 8,968, 727 

16 4,42 5,496 8,152,027] 7,062, 179,089, 8488] 8,967,440 

17 4,428, 104 8,146,135] 7,054, 850, 91,284] 8,966,152 

18 | 4.430, 712 3, 140, 247 7.047, 52601, 92, 7210] 8, 964.864 

19 4,433,320 8,134,304] 7, o40, 2051, 94, 159] 8,903,575 

20 4,435,927 8,128,435] 7,032, 887, 95, 5988] 8,902,285 

21 4,438,534 8,122,610] 7, 023,57 201, 97, o38 8 8,960,994 

22 4,441, 140 8,116,739} 7,018, 260ʃf, 98,47 8,959,702 

23 4,443,400 8, 10, 73] 7,010,95211,099,921]| 8,958,410 

24 4.446,52 8, 105, % 73,647 101, 64 8,957,117 

25 4.448,97 $8,999,153] 5,96, 345%, 02,808] 8,955,824 

26 [ 4.431, 562 8,093,299] 6,9 9,0451, 104, 2540] 8,954, 330 

27 445% 1670] 8,087,450} 6,8 1,7401, 10 5,% 8,983,235 

28 4.450,78, 81, 0 6, 4561, 10, 149 8,951,939 

29 4.459375 $,975>75 + 6,90% 160,108, 508 8,950,042 

30 4,461, 9% /] 8,069,927 6,959,791, 110, 048 8,949,340 
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( 587 ) 


Cr. 
26 26 
min | Sinus 
avis | : 
30 — Dahlen 
31 4,461,978 8. 1 8 i Logavithm 
2 4,464, 5 81 „069,927 6 * ——— | Sinus 
— 4,467,184 2 ; 922 151 my g | 
= _—— 205 26 ü 5 E 
33 | 4469,756 — 40 8 f rag 2% 
34 4.472, 388 8,052,443 6 » 5951 8,946, 45 29 
35 45,474,990 3846.303 6,938,039], ,114,404 — 26 
— — — „040, 8 0 . 5705 . , _ 
e * On 115,050 — 27 
2 4480, 91 8,034,997 6 77313 54445 26 
3 3 8,029, 190 hangs 1,118 * 25 
— — X 8,023,387 908, 9641 1 769 941 1 24 
39 | 4.485,392]| 6,901,703 Rs 5941-54 24 
4 . | 8,017,589 6 k 1,084 3.538,46 23 
- | 4,490, $91 8,01 1,795 0,594,446 1,123 y »93 22 
wh 8,006,905] 6, 57,19 05124. 430 8,937,6 
42 4.,403,1 Pg cn rec. 22 % | 
4 4,495,788 8,000,219] 6,872,6 ;r26;o66]} 8,935,021] 19 
e 4,498,386 | : 75994437 6 1 1,127 „O21 19 
45 7.988,66 6 644135405 8,933 7 
46 4,500,98 ,858, 20211.1 »993 CES 18 
47 75 585 7,982,887] 6,8 2 — 8,93 — 6 
— 4,506, 179 3 181 6 4 7313924 : K. 16 
a I, »72 ; — 
# | +508,776 571,530 6,830,494[1,134;85; 00979 
50 4,511,372 7,905,592 6 g — : nes 14 
non 4,513,968 7,959,835 2 1,136, of 13 
51 7.954,08 6 22,0391L1 ,327]| 3,925,6 To 
52 4,516 6 3 »$14,017]l 1371790 8,924, 58] 12 
53 day ting 7,948,335 b 8 x 39.266 Coney IL 
44521,753 7542.59 6,800,386 1,140,7380| ils 
54 7,936,851 6 oo, 58001, 1 12 38]] 8,927, 92 : 
55 4452434347] * 793, 166.151 68. 8,920, 6 1 
% |. 2.52694 7,937,110 6 ———— 9 $ 
2._|_$529-535]] 159255393 577.5897456 a 
57 »535/|_7:919-055 Pad Log 11466630 8797,70 
58 43532 5771,42 630 9,10% 19 
4 5128 7,91 4 3 48,113 9 s 59 
59 5534,72 „913,932 6.6 a + „915,341 5 
#3374315 ? - 8 Pye 1,149,592 2 
0 + 902 498 8 15151,072 7 22 3 
5 39,905 7,896 wy b 451,152,555 8 
| 5 8,911,335] x 
| »- 35 8,910,005 th 
| min, 
63 a 
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( 388 ) 


Gr. 27 
27 + 14 8 
min Linus Logarithmi | Difßerentiæ |L ogarithmi,| Sinus 
© 4,539, 905] 7+898,787] 6, 742, 521, 154,35 8, 910, 65 
1 4,542,497] ] 7,891,080] 6, 735.5621, 155,518 8, 908, 744 
2 4,543, 88] 7,885, 377] 6, 728, 3751, 157, 02 5907,22 
3 | 4,547,679 7,879,678 6,721, 191t, 138,487] 8,906,099 
4 4,540, 2700] 7, 873,983] 6,714,010[1,159,973|| 8,904,776 
5 [ 4,552, 8600] 7,868,292} 6, 706, 832 ff, 161, 460 8,903,452 
6 4,855,450] 7,862,605] 6,699, 65/1, 162,948] 8,902,127 
7 4,558,039] 7,850,923] 6, 692, 4861, 164, 437] 8,900,802 
8 4,560, 6280] 7,851,245] 6, 68 5, 31801, 165,927] 8,899,476 
9 4.563, 2160] 7,845,571] 6, 678, 15301, 167, 418 | 8,898,149 
10 4, 565, 804]] 7,839,901] 6,670,991[1,168,910|| 8,896,821 
11 | 4,508,392] 7,834,235 6,663,83211,170,403|| 8,895,492 
12 4,570, 979] 7,828,573] 6,656, 6761, 171,897] 8,894,163 
13 4,573,566] 7,822,915] 6, 649, 523], 173,392 8,892,833 
14 4,576, 1530] 7,817,261] 6, 642, 37301, 174,888] 8,891,502 
Is | 4,578,739] 7,811,611} 6, 63 5,2251, 176,386] 8,890,171 
16 4,581,325] 7,805,965] 6, 628,080, 177,88 50] 8,888,839 
17 4,5 83,9110] 7,800,323] 6, 620, 93801, 179,385 8,887,506 
18 4,586,496 7,794,685 6,613,799|1,180,886 8,886,172 
19 4.589, 08 1] 7,789,051] 6, 606, 6631, 182,388] 8,884,838 
20 4,591,665] 7,783,422] 6, 599,53 101,183,891] 8,883,503 
21 | 4594-249]| 7,777,797 6, 592, 402 ff, 185, 3950] 8,882,167 
22 | 4,596,833 7,172,170 6,585,276|1,186,900|| 8,880,830 
23 4:599,416]] 7,766,558] 6, 578, 1521, 188,406] 8,879,492 
24 4,601, 999] 7,760, 944 6,51 031 1,189,913] 8,878,154 
25 4,604, 88 1] 7,755,334] 6, 563, 913]1, 191, 4210] 8,876,815 
26 4,607, 1630] 7,749,728] 6, 556,797, 192,931] 8,875,475 
27 | 4, 609, 744 _—_— 6,549,684|1,194,442|| 8,874,134 
28 4,612,325] 7,739,528] 6.542, 574,1, 195,954 8,872,793 
29 4.614, 9060] 7,732,934] 6, 535,467 1, 197,07 8,871,451 
30 4,661,486] 7,727, 344] 6, 528, 36301, 198,980 8,874,108 
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27 
27 i 1 

min Sinus || Logarithmi | Differentie Logarithmi] Smus | 
8 — . ee e _ 
30 4,617,486 7,727, 344] 6,528, 3631, 198,981 8,870, 1088 30 
31 4, 620, 066] 7,721,757] 6, 521, 2610tf, 200, 496 8,868,765] 29 
32 4,622, 6460 7,716,174] 6, 5 14, 1620f, 202, 01 8, 86,421 28 
33 4,625,225 75710, 96] 6, 507, 671, 203, 529] 38,866,070 27 
34 | 4,627, 804] 7,705,022] 6, 499,97 ft, 205, 47 8,864,730] 26 
35 4.630, 382] 7,099,452] 6, 492, 88601, 206, 566] 8,863,382] 25 
a 4,632,960 7,093,886] 6,485,800[1,208,086 8,862,035 24 
37 4,633,538 7,688, 324 6,478,717 t, 209, 607 8,860,687 23 
38 4,638, 1150 7,082,766] 6, 471,637,211, 129] 6, 859,338 22 
39 4,640, 592 7,077,212] 6, 464, 5601, 212,652] $8,857,989] 21 
40 4,643, 2680] 7,671, 662] 6, 457, 48 501, 214, 177] 3, 8 56,630 20 
41 4,645,844] 7,006,116] 6, 450, 4130˖, 213,703] 8,855,288] 19 
4.648, 420 7,660, 574] 6, 443, 3441, 217, 230 3, 852,936 18 
4.650, 995] 7.655,35] 6, 436, 2771, 218,758 8,852,583] 17 
44 4,653,570 7,049,500] 6, 429, 21301, 220, 287 3,851,230 16 
4,656,145 7-043,969] 6,422,152[1,221,617]] 8,849,876] 15 
4,658,719]| 7,038,442] 6,415,094[1,223,348|| 8,848,521} 14 
4,061,293]| 7,032,919] 6, 408, 039, 224, 8800 8,847,165} 13 
48 4,663,866 7,627,400 6, 400, 987/̃, 226, 413] 38,845, 809 12 
4,666, 439] 7,621,885] 6,303, 93801, 227,947] - 8,844,452] IN 
50 4, 669,012] 7,616,374] 6, 386, 89301, 229, 4810] 38,843,095 10 
4,671,584] 7,010,867] 6, 379, 880t, 231,017] 8,841,737 9 
4,674, 1300 7,605,363] 6, 372, 8091, 232, 554 $8,840,378] 8 
4,676,727] 7,599,863] 6,365,771 — $6,639,018] 7 
54 4.679, 298 7,594,367] 6,358,735, 235,632] 8,937,657] © 
4,981,869] 7,588,875] 6,351,702|1,237,173!] 8,836,295] 5 
4,684, 439] 7,583, 387] 6, 344,672, 238,715, 83,834,932] 4 
4,687, 09] 7,577,903} 6, 337,645 1, 240, 2580] 8,833,569 3 
4.689, 578] 7,572,422] © 330,620|1,241,002|| 8,532,205 2 
4.692, 147] 7,506,945] $,323,598[1,243,347]| 8,830, 34. = 
4,094,716 | 7,561,472] 06,316,57811,244,394]| $,829,47t 0 
min. 
| | | Gr. 
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Gr. 28 

28 „R . 

min Sinus 1 garitbmi | Differentice | Logaritomi Sinus | 

— — — — — — — — 

© 4,094,716 7,501,472 6,3 16,578 1,244, 894 8,829,476 60 
1 4,697,284 7,550,007 6,309, 561 246,442 8,828, 1 IO] 59 
2 4,699,852 7,550,538] 6, 302, 547,247,991] 8,826,743 58 
ä CE REI: ES dere, : — = — 
3 470,419 ] 7,545,076] 6.295. 535,249,541 8,825,375 57 
4 47704, 980] 7,539,018] 6,288,261, 251,09 2] 8, 824, 07 56 
5 4,707, 5530] 7,34, 164] 6, 28 1,5200, 252,644] 8,822,638 55 
1 4,7 10, 119] 7.528, 714] 6,274, 517,254,197] 8,821,268 64 
7 4,712,685] 7,523, 268] 6, 267,517, 233,750] 8,819,898] 53 
8 4,715,250] 7,517,826] 6,260,52111,257,305|| 8,818,527 52 
9 4,717,815]] 7,512,388] 6,253, 52801, 258,860] 8,817,155 51 
10 4.720, 3800 7.506, 954] 6,246, 53801, 260, 4160] 8,815,783] 50 
11 4,722,944 7,501,524] 6,239,550 1,261,974]| 8,814, 408 49 
12 4,725,508 7,496,097] 6, 232, 5641, 263, 5330] 8,813,034 48 
13 | 4,728,071|| 7,400, 674] 6, 22 5, 58 10, 265, 930] 8,811,659 47 
14 4,7 30, 634 7,485,255] 6, 218, 60101, 266,654] 8,8 10,2850 4 
15 4,733,197] 7,479,840] 6, 211,624,268, 2160] 8,808,907] 45 
16 4,735,759 7.474.428] 6, 204, 649 f, 269,779] 8, 807, 5300 44 
17 4,738,321 7,409,020] 6, 197, 67601, 271, 344] 38, 806, 152] 43 
18 4,740, 882 7,463,616] 6, 190, 7060̃, 272, 9100 8,804,773} 42 
Ig 4.743, 443 7,458,216] 6, 183, 73901, 274, 477] 8, 803, 394 41 
20 | 4.746, oo 7,452,819] 6, 176, 7741, 276, 45 8, 802, 14 49 
ar | 4748, 564] 7,447,426] 6, 169,8 120,277,614 8,800,633] 39 
22 4,751, 124 7,442,037] 6, 162, 853, 279,184] 8,799,251] 39 
23 4,753, 6830 7,436,051] 6, 155,896, 280,755 8,797,809 37 
24 4,756,242] 7,431,269] 6, 148,942, 282,327 8,796,486 36 
.25 4,750,801]] 7,425,891] 6,141,991[1,283,900|| 8,795,102] 35 
20 4,761,359] 7,420,517] 6, 135, 563, 285,474 8,793,717] 34 
27 4,763,917] 7,415,146] 6, 128, 09601, 287, o500 8,792, 332 33 
28 4.766, 474 7,409, 779 6, 121, 1320, 288,627] 8,790, 9460 32 
2 4,709,031 7+404,416] 6,114,211|1,290,20g|| 8, 789,559 31 
30 4,771, 5880] 7,399, 5% 6, 10), 2730, 291,784] 8,788,171] 30 


( 591 ) 


Gr. 28 | 
28 | „ | 
nin | Sinus Logarithmi Differentice Logarithmi Sinus 
30 4, 771, 5880] 7,399,057] 6,107,2731,291,784/| 8,788,171] 30 
31 4.774,44] 7,393,701] 6, 100, 337/17, 293,364] 8,786,782] 29 
32 4,776, 700 7,388, 349 6,093,404 1,294,945|| $,785,393] 28 
33 4,779,255] 7,383, 001] 6, o86, 47401, 296,527 8,784,003] 27 
34 4,781, 8100 7,377,057] 6,059, 5471, 298, 1100] 8,782,613] 26 
35 4,784,365 7,372,316] 6,072,622[1,299,694|} 8,781,222] 25 
36 49786,919 7,366,979] 6,065,700[1,301,279j| 8,779,830] 24 
37 4.789, 730 7361,646] 6,058,78111,302,865]} 8,778,437] 23 
38 4,792,026|| 7,350,316] 6, og 1, 86301, 304, 4530] 8,777, 44 22 
39 4.794,79] 7.350,99 6,0449481, 306, 42 8,775,650] 21 
49 4,797,132] 7,345,603] 6, O38, o3 61, 307, 632 8,774,255] 20 
41 4,799,684 7,340,349] 6,03 1, 1261, 309, 2230] 8,772,859] 19 
4,802, 2360] 7,335, 34] 6, o24, 21911, 3 10, 815] 8,771,462] 18 
4,804,787] 7,329,723] 6,017, 31501, 3 12, 4080] 8,770,065] 17 
4,807, 3380] 7,324,415] 6, 010, 41301, 314, oo] 8,768,667] 16 
4,809,888 7.319, 1 11] 6,003, 51401, 315,597] 8,767,267] 15 
45812, 4380] 7,313,811] 5,996, 61801, 317,193] 8,765,868] 14 
458 14,988] 7,308,514 5,989, 7231, 318,791] 8,764,468] 13 
4,817,537] 7,303, 221 5,982, 83 1ſt, 320, 3900] 8,763,068} 12 
4,8 20, 86] 7,297,931] 5,975, 9411, 321, 990 | 8,761,665 11 
4,822,635 7,292, 645 3,969, 056401, 323, 5910] 8, 760,263 10 
4,825,183] 57,287,363] 5,962, 17001, 325,193] 8,738,860 9 
4,827,731] 7, 282, 84 5.955, 2880, 326,796] 8,757,456] 8 
4,3 30, 2780] 7,276,809 5:948,409|1,328,40c 8,756, 0 7 
4,832,825] 7,271,538 5,941,533[1,330,005|| 8,754,646] 6 
4,835,371] 7,266, 270 5,934,659|1,331,611]| 8,753,240] 5 
4,837, 917] 7,261,006] 3,927, 7871, 333, 219] 8,781,833 4 
4840, 462] 7,255,740] 5,920, 9181, 334,828] 8,750, 4250 3 
4, 843, 0] 7,250,489 5,914, 05101, 336,438] 8,749,016] 2 
4,845,852 7,245,230] 5,907, 1871, 338, 490] 8,741,607 I 
4,848,096|| 7,239,987] 5,909,326 A 8,746,197] © 
nun. 
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r. 29 8 

29 93228 ; 

nin Sinus Logarithmi Differentie |Logarithmi | Sinus 

0 4,848, 96] 7,239,987] 3,900, 3261, 339,661 8,746, 19 60 
I 4,8 50, 40 7,234,742 5,893,403|1,341,274|| 8,744,787] 59 
2 45833, 184] 7,229,500| 5,886,612, 342,888] 8, 743,376 58 
3 4,855,727] 7,224, 262 5, 8 79,7591, 344, 503 8,741 964 57 
4 4,858,270 7.219,27 5,872, 9061, 346, 119%] 8, 740,551 56 
5 4,860, 812] 7,213,795] 3,866,591, 347, 736 8,739,137 -I$ 
6 4,863,354] 7,208,507] 5,859,213[1,349,4354|| 8,737,722 54 
7 4865,895]| 7.203, 342 5,852, 3681, 350, 974 8,736,307| 53 
8 4, 868,436 7,198,121] 5,845,261, 352,595] 8,734,891 52 
9 4,870,977 7.192, 903 5,838, 686r, 354,217 8, 733,475 51 
10 4,873,517 7,187,689} 5,831, 849f, 358, 8400] 8,732,058 50 
11 4,876, 67] 7,182, 478 5,825, 0141, 357, 464] 8, 730, 640 49 
12 4,878, 8960 7,177,271) 3,818, 1821, 359, 89] 8,729,221 48 
13 4,881,135] 7,172, 68 3,8 11, 35301, 360,15] 8,727, 8010 47 
14 4,883,674 7,166,868 5,804, 8261, 362,342] 8,726,381] 46 
15 4,886,212 7,161,672 5,797, 70101, 363, 9710 8,724,960 45 
16 [4,888,750 7,156, 480 6, 790, 8791, 365, 6010 8,723, 5380 44 
17 4,891,287 7,151,291] 5,784, 0591, 367, 232 8,722,116 43 
18 4,893,824 7, 146, 1060 5,777, 24201, 368, 864] 8,720, 693 42 
19 4,896,361 7, 140, 9244 5,770, 427, 370, 497] 8, 719, 209 41 
20 4,898,897 7,135,746] 5,763,515, 372,131 8,717,844 49 
21 | 4, 901, 432] 7, 130,372 5,756, 806.1, 373,766] 8, 16,418 39 
22 4,903,968 7, 125, 401 6,749 9991, 375,402 8,714,992 33 
23 4,906, 5030 7,120, 234 5,743, 1951, 377, 39 8,713,505, 37 
24 4, 909, 37 7,115,070] 5, 736, 3921, 378,678 8,712,138 36 
25 4911,57 10% 7,109,909] 3,729,591, 380, 318 8,710, 10 35 
26 4,914,105|| 7,104,752] 5, 722, 79301, 381,959 8,709, 2810 34 
27 4,916,638] 7,099,598] 5.715, 9971, 383,601 8,707, 8510 33 
28 4,919, 1710 7,994,448] 5, 709, 2041, 385, 244 8,706, 420 32 
29 4,921,703]| 7,089,301] 5.702, 4131, 386,888] 8,704,989] 31 
30 4.924, 235 7,084, 158 569 5,62 5, 388, 5330 8,703, 557 30 
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29 
29 1 
min | Sinus | | Logarithmi | Differentie U ogarithmi | Sinus | 
30 | 4924-235|| 7,084,158] 5,695,62511,388,533} 8.703.557] 30 
31 4,926,707] 7,079,018] 5,688,839|t,390,179 8,702, 124 29 
32 4,929,298] 7,073,832] 5,682,056, 391,820 8,700,691] 28 
33 4,931,829] 7,008,749] 5,075,275 393,474 9,099,257] 27 
34 | 44934 359]| 7,063,620} 5,668,496|1,395,124 | 8,697,822] 26 
35 | 42930,65y|| 7,058,494] 5,661,71911,396,775|| 8, 696,280 25 
36 | 4939,415|| 7,053,372] 65,654,945, 398,427 8,694,949] 24 
37 4,941,947]| 7,048,253] 3,648, 1731, 400,80 8,693,512] 23 
3 4.944, 4760 7,043,135] 6, 641, 4041, 401,734 8,692,074] 22 
39 4,947, coa 7,038,026] 35,634, 637f, 403, 389 8,690,636] 21 
40 4,949, 532 7,032,918] $5,027,87311,405.04;|] 8,689,197] 20 
41 4,952,059]| 7,027,814] 5,621,111]t1,406,703|| 8,687,757] 19 
— — — — — —— — 
42 4,954,586] 7,022,713] 5,614,351, 408, 362 8,686,316 18 
434.957, 113// 7.017, 615 5,607,593 2 8,684,873 17 
44 4,939, 639] 7,012,521] 5,600, 838 ee. 8,683,431] 16 
45 4,992,165]| 7,007,430} 5,594,085|1,413,345]| 8,681,988] 15 
46 | 4,964,090]] 7,002,342] 3,587, 3341, 4 5, oo8] 3, 680, 5444 14 
47 4,967, 2150] 0,997,258] 5,580, 58601, 416,672 8.679, 1000 13 
484,969,740 6,992,177] 5,573,840, 418,337] 8,677,655] 12 
49 4.972, 264] 0,987,099] $,507,095[1,420,004|] 8,676, 209 11 
30 4,974, 788]] 6, 982, 25 5,560, 353,421,672 8,674,702] 10 
51 4.977, 3110 6,976,984 5,553,613, 423,341 8,673,314 9 
52 4,979, 834] 6,971,886} 5,546, 8751, 425, 0110 8,671,865] 8 
53 4.982, 3560] 6,966,822] 5,540, 14001, 420, 682 8,070,417] 7 
54 4,984,878 6,961,761 5,533,40% 1,428,354 8,668,968 6 
55 4,987. 399] 6, 956, 704] 5,526,677, 430, 27] 8,667,518] 5 
50 4,989,920 6,95 1,6500 5,519,949, 431, 7010 8,066,067] 4 
57 4992,44 n 6,946, 6000 5,513,224, 433,376 8,664,015 3 
58 45994, 961 | 6,941,553] 5 506, 5001, 435,330] 8,663,162] 2 
99 4,997, 4810] 6, 936,509 5,499, 778t, 436,310 8,061,708] 1 
bo 5,000,000} 0,931,469] 5,493,059j1,438,410|| 8,660,254] © 
Min. 
| [] Gr. 
00 60 
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Gr. 30 
30 g + _ . of - 
min Sinus | Logarithmi | Differentie \Logarithmii| Sinus | 
— — ö — — — — — —ͤ—)äd — — — 
0 5. , ooo] 6,931,404} 5,4930590 1,438, 4100] 8, 660, 2544 Go 
I 5,902,519] 6,920,432] 5,480,34211,449,290|| 8,658,799 59 
2 5,005,938]| 6,921,399] 5,479,280 1.441, 771 8,057,344 55 
3 55007, 556] 6,916,369 5, 472.911,43, 453 8,555,888 57 
4 5,010, % 6,911,342] 5,466, 200,445 13% 8.844 5» 
5 5,012,591} 6,906,319 5,459,499}i,44%, IT 8.652.973 55 
6 5,015,108 | 6,901,290 5,4.527 9211449,507{| 3,551,514 $4 
7 5,017,624] 6,896,282] $,446,05311,450,194|| 8, 650, 5 53 
8 55020, 1400] 6,891,209 5439,38, 431,882] 8,648,595 52 
9 5,022,656 6, 886,239 5432,68 81,483,571 8,647,134 51 
10 5,023,171 6,881,253] 5,425, 992,435,260] 8,645,673 50 
11 3027, 6860 6,876,250 . 9.98 1,456,952] 8,044,211 49 
I2 5,030, 200 6 871, 50 5,412, 505 1,458,645 8,642,748 48 
13 3,032, 14 6,866,254 3,405,915, 460, 3390] 8,641,280 47 
14 —35—— 6,861,261 5,399,227, 462,34] 8,639, 8200 4 
15 5, 037740 | 6,856,271] $5,392,541 1,463,730] 8,638,355] 45 
16 | '5,040,253|| 6, 851,285 5,385, 8581,46 5,427 3, 636,889, 44 
17 5,042,765 6, 846, 302 6,379, 177,467, 125 8, 635,423 43 
18 | $50451277 6,841,323] $5372,499/1,468,824|| 8,033,956| 42 
19 5,047788 6,836,347] 5,363,822, 470, 525] 8, 632,4 41 
20 3,050, 99% 6, 931,374 3,359,471, 472, 227] 8,031,019] 40 
21 5,052, 809 6,826,495] 5,332, 47501, 473, 9300 8,629,549] 29 
22 5033,39 6,821,439] 3,345, 80501, 475,634] 8,628,079] 28 
23 6,037,829 6,816,476] 6, 339, 137, 477, 330% 8,620,605] 37 
24 | £5,260,235|| 6,911,510] $,332,47111,479,045|| 8,625,137 50 
25 5062,47 6, 806, 560 3, 325, 8081, 480, 752] 8,623,665 3; 
26 5.005 1355 6,801, 0 5,319, 147,482,460 8,622,192 34 
27 5.067, 863 6,796,057] 3,312,488 1,484, 169] 8,620,718 33 
28 S, o,o 6,791, 710 5,303, 831, 485,875 8,619,243 32 
29 | 3.072, 877] 6,786,767 552999177 1,487, 59] 8,617,765| 31 
39 | 5.975.384} 6,781,827] 5,292,525|1,q89,302|| 8,616,292 
1 


( 595 ) 


JO 
39 TIS | 
Win Sinus Logarithmi | Differentie = coi Sinus | 
30 5,075,344] 6,781,827] 5.292, 520,489, 302] 8,616,292 30 
31 5,77, ö! 6,776,890] 5,283, 8741, 491, 0160] 8,614,815 29 
32 5, 80, 3900] 6,771,956] 5,279, 22501, 492,731] 8,613,338 28 
33 5,082, 9010] 6,767,026] 5,272, 5791, 494,447] 8,611,860 27 
34 5.085, 406 6,762,099] 5,26 5,9341, 496, 1050 8,610,381} 26 
i 35087, 9110] 6, 757,175]  5,259,2911,497,884;} 8,608, 901 25 
36 55090, 415 6,752,255] 5,252,011, 499, 604] 8.650%, 4200 24 
37 3,092, 919] 6,747,338] 5,246,013, 30 1, 325] 8,605, 9300 23 
3 5095, 422] 6, 742, 424] 5,239,3 77/1, 503, 47] 8,604, 457] 22 
39 | 6,097, 9250] 6,737,513] 5,232, 74301, 304, 7700] 3,602,975} 21 
40 6, 100, 427] 6,732,606] 5,226, 112,506, 494] 8,601, 492 20 
41 5,102,929|| 6,727,702 5,219,482[1,g08,22c\| 8, 600, oo8 19 
5,105, 4300] 6,722,802] 5, 212,85 fl, 309, 947] 8,5 98,5231 18 
55 0%, 932] 6,777, 905 5,206, 2301, 511,670] 3,597,037] 17 
5,110, 4310] 6,713,011] 5, 199,60), 513.404] 8,595,551] 16 
$,112,931]| 6,708,120] 5,192,986, 515, 1344] 8,594,064] 15 
3,115,431] 6,703,232] 5,186,361, 516,865] 8,592,577} 14 
55117, 9300] 6, 698,348 3,179, 75/1, 18,597] 8,591,089 13 
5,120, 429] 6, 693,467 5,173, 137 t, 520, 3300 9,589,600] 12 
5,122,927] 6,688,589} 5, 166, 528015 22,064] 8,588, 110 11 
5,125,425 6,683,714] 3,159, 9141, 523, 800] 8,586,619] 10 
5,127,922]] 6, 678,842] 5,153,305[1,525,537}| 8, 583,12 9 
5130, 4190 6,673,974] 5.146,99, 527,270 8,593,635] 8 
5,131,916] 6,669,109] 5,140,001, 529,014] 8,582,142 7 
5,135,412] 6,664,247] 55133,49 7/1, 530,4] 8,580,649 6 
5,137, 9080] 6,659,388] 5,126,892/1,5 32,496] 8,579,155] 5 
5.140, 403] 6,654,532] 5, 120, 291,534,239] $,57,,660] 4 
5,142,898 6,649,680 5,1 13,6971, 533,983 8,576,164| 3 
5145,393]] 0,044,831] 5,107,103[1,537,725|| 8,574, 0 2 
5,147,887]] 6,639,985 5,100, 811,839,474 8,573,171 I 
5,150,391]| 6,635,142] 5,093,921}1,541,221 9,57 1,67. 9 
| min. 
| | FL Gr. 
39 59 


- — — — — — 22 
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( 596 ) 


58 


Gr. 31 
31 | — 1 : 
min Sinus | Logarithmi | Diffeerentie |Logarithmi Sinus 
O 5,1 50, 38 10] 6,635,142] 5,093, 921,841, 2210 8,571,673 * 
1 5,152,874] 6,030,302] 5,087,33211,542,970]| 8,570, 175 59 
2 55 155,367] 6, 625,465 5,080, 7451, 544, 7200 8, 568,676 58 
3 | 5137,89] 6,620,631] 5,074,160|1,546,472]| 8,567,176] 57 
4 5,160,351 6,015,801 5,067,579|1,548,223]] 8,565,675| 56 
5 5,162,843]| 6, 610,974] 3,060, 9981, 549,976] 8,504,173| 55 
6 5,163,334] 6. 606, 150 65,054, 44001, 551,730 8,562,673] 54 
7 5,167,825] 6,601,329] 5,047, 8441, 553,485] 8, 561,168 53 
8 5,170, 315] 6, 596,5 120 5,041, 27 1ſt, 555, 2410 8,559, 664 52 
9 6.172, 805 6,591,698 5,034,702[1,556,998 8,558,160] 51 
10 | 5,175,294|| 6,586,887] 5, 028, 1301, 358,757] 8,556,655] 50 
it | 5, 17,7830] 6,582,079] 3, 021, 562,560,517] 8,855,149 49 
12 5,180, 2710] 6, 577, 275 6,014, 997,1, 562, 278] 8,553,643] 48 
13 5,182,759 6,572,474) 5,008, 434 15564, 40 i 8,552,136 47 
14 5,185,240] 6,567,670} 3, 001, 8731, 565,803] 8,550,628] 4 
15 65,187,733 6,562,881] 4,995,313|1»567,568]] 8,549,119] 45 
16 | $5,190,220] 6,558,089] 4,988, 75501, 569,334] 8,547,609| 44 
17 $,192,706|] 6,553,300] 4,982, 1991,57 1, 1010 8,546,096] 43 
18 | 5,195,192]| 6,545,514] 4,975,645|1:572»809|} 8,544,588] 42 
19 [5,197,667 6,543,731] 4.969, 0931, 574.6380] 8,543,077] 41 
20 5,200, 162] 6,538,951] 4,962, 5431,76, 408] 8, 541,505 40 
21 [5,202,646 6,534,174] 4,955,994, 78, 1800] 8,540,052] 39 
22 | 5,205,300 0,529,400] 4,949, 447,579,953] 8,538,535] 38 
23 5,20), 614] 06,524,629] 4.942, 902,581,727] 8, 537,024] 37 
24 5·4 07 6,519,862 4,936, 3601, 583, 502 8,535, 509 36 
25 5,212,580] 6,515,098] 4,929,82q|1,585,278]| 8,533,993] 35 
26 | 5,215,002|| 6,510,337] 4,923,282|1,587,055}| 8,532,470] 34 
27 5,217,344 6,505,580] 4,916,747|1,588,833]| 8,530,958] 33 
28 5,220,025|| 6,509,826] 4,910,213|1,590,613]| 8, 529,440 32 
29 [5,222,500] 6,490,075] 4, 903, 68 11, 592, 304 3, 527, 9210 31 
a $224,986] 6,491,327] 4,897, 15 101, 594,176 8,526,402 

[ 


(A 


Gr. 31 
31 | 3 1 
min Sinus | Legarithmi | Differentie |Logarithmi | Sinus 
30 | 5224,986|| 6,491,327] 4.897,15 r, 594,176 8,526,492] 30 
31 5,227,466 6,486,583 4,899,02411,595,959 8,524,882 29 
32 55229, 946] 6,481,842] 4,884,098, 397,744 3, 523,361] 28 
336.232, 425 6,477,103 4.877,573 1,599,530 8,521,839 27 
34 55234, 904] 6,472,367] 4.871, 50, 601,317 8,520,317] 26 
35 3, 237, 382 6, 467,634] 4,80%, 529,1, 603, 1050] 8,518,794] 25 
306 5,239, 8600] 6, 462, 904] 4,8 58, 01001, 604, 894 9,517,270 24 
37 6242, 337 6,459,177] 4,85 1, 491, 606,684] 8,515,745] 23 
38 [5,244,814 6,453,453] 4,844,978, 608,475] 8, 514, 220 22 
39 5,247, 2900] 6,448,732] 4,838, 4651, 610, 267] 8, 512,694 21 
40 5,249,766] 6,444,014] 4,831, 95401, 612,600] 8,511,167] 20 
41 5,252, 2410] 6,439,299] 4,825, 44401, 613,855 8,509,639] 19 
42 5,254,716] 6,434,538] 4,8 18,9371, 615,65 1 8,508,111] 18 
43 6,257,191 6,429,880] 4,812,432 1,617,445) 8,506,582] 17 
44 5,259, 665] 6,425,175] 4,805, 929,619, 2400] 8,505,052] 16 
45 3,262, 139] 6,420,473] 4,799, 4271, 2 , 40] 8, 503, 322 15 
46 5,264,012 6,415,774] 4.792, 927,622, 847 8,501,991] 14 
47 5,267,085|] 6,411,078] 4,786,429]1,024,049]] 8,500,459] 13 
48 | 5209,557]| 6,406,385} 4,779,933]1,026,452]|| 8,498,927] 12 
49 | 5,272,020] 6,401,695} 4,773,4391,025,256|| 8,497,394] 11 
50 65,274, 5010] 6,397,008] 4,766,947|1,030,061|} 8,495,860] 10 
51 3,276, 972]] 6, 392,324] 4,760, 45601, 31,8680] 8,494,326] 9 
52 6,279,443] 6,387,643] 4,753,971, 633,676 8,492,791] 8 
53 5,281,913]| 6,382,965] 44747,480|1,035,485 8,491,255 7 
54 . 284, 383 6,378,290] 4.740, 99 t, 637, 295] 8,489,718] 6 
55 5,286,852]| 6,372,618] 4,734.5 12,639, 1000] 8,488,180] 5 
56 5,299,321]| 6,368,949] 4,728,03111,640,918]} 8,486,641] 4 
57 5,291,789 6,364,284 4,721,55211,042,731]| $8,485,102] 3 
53 | $+294-257]| 6,359,620 4,715,074|1,044,546]| 8,483,562] 2 
59 5,296,725] 6,354,901] 4,708, 3991, 646, 362] 8,482,022 1 
4 5,299,192] 6,350,305] 4.702, 120,648, 179 8,480,481] © 
min. 
| | * E 
8 
Vor. VI. 4 P 5 


( 598 ) 
32 
ell 


Sinus || Logarithmi | Differentie |Logarithmil| Sinus 


— — 


55299, 192] 6, 330, 305] 4,702, 12601, 648, 179] 8,480,481] 60 
3,301,659] 6,345,652] 4, 695,65 51,649,997] 8,478,939 59 
5,304, 1250] 6,341,002] 4, 689, 1861,65 1,8100] 8,477, 297 58 


5,306,910] 0,336,354] 4,682, 1/, 653,037 8,4758534 57 
55309, 56] 6, 331,09] 4,676, 2401, 655, 450 8,474, 310 56 
52311,521 0,327,067] 4,669, 78 51,657, 282] 8, 472,765 55 


5,313,983 6,322,428] 4,663,321, 659, 1060] 8.471,29 54 
5,316,449 6,317,792] 4,656,86111,660,931 8,409,073 53 
5,318,9i3]} 6,313,159] 4.650, 402, 662,757] 8 468, 1260 52 


—— 
— 


r. 
32 
min 
O 
I 
2 
3 
4 
5 
6 
7 
8 
9 


532153700] 6, 308, 529 4,643, 94401, 664 585 8,466.579] 51 
10 5,3 23,839] 6, 303, 902 4,637, 48801, 666, 4140] 8,465,021] 50 
11 5,3 26,3010] 6,299,278 4, 63 1,0341, 668,24 ]] 8,4 3.482 49 
= 12 6.328, 6,294,657] 4,624,582]1,670,075]| 8,461,93'| 45 
| 13 5,331,224|| 6,290,039] 4,618, 13 101,671, 908] 8, 460, 380 47 
14 6,333,685 6,285,424] 4,611, 6821, 673,74] 38,458,830 46 


= i5 | 5,336,145|| 6,280,812] 4,605,2351,675,577|| 8,457,278] 45 
8 16 | 5,335,605|| 6,276,203] 4,598,790j1,077,413]| 8,455,725 44 
j : 17 | $34! 005|| 6,271,597} 4,692, 347 1,679, 2500 8,454,172] 43 


| BY 18 5,343,524] 6,266,994] 4,585,906[1,681,088 8.452,618 42 
4 19 5,345,983 6,262,394 4,379,467 1,082,927 8,451,004 41 
| 20 5,348,441 6,257,797 ' 445734030 1,684,767 8.449.509 40 


— 


21 5,350, 898] 6,253,204] 4,566, 940,686, 609] 8,447,955 39 
22 573535355 6,248,612 4,560, 160 5688,45 8,440,490 5 
23 5.3559912]| 0,244,024 4,553,728|1,090,290j} 8,444,838] 37 


— — — — — — _ 


24 65,338,268 6,239,435] 4,8472980, 92, 1410] 8,443,280] 36 
EZ 59309,724 0,234,357 4,540,859 1,693,988 8,441,721 35 
20 5,303,179] 6,230,278] 4, 534,44 201, 98,8360] 8,440, 1610 34 


—— —— —— — — 


27 5,365,634]] 6,225,702 4.628,01, 697,685] 8,438,600) 33 
28 5,368,088] 6,221,129 4,821, 594,699, 535] 8,437,039 32 
29 5,370,542] 6,210,559 4,515, 172,701,387] 8,435,477 31 
— n 6,211,992] 4,508, 521,703, 2400] 8, 423,915 30 


il 


57 


( 599 ) 


Gr. 32 
32 + | = 
min | Sinus || Logarithmi | Differentice [Ls garithmii Sinus 
30 5,372,996] 6,211,992 4.508, 5211, 70g, 240 8,4 3,915] 30 
31 5,373,449] 0,207,427] 4,502, 333,705, og] 8,432,352 29 
32 5,377, goa] 6,202,865] 4,495 910,700, 949] 8,430,785] 28 
33 5380, 354] 6, 198,300 4,489, 50,708, 8050] 8,429, 22] 27 
34 5.382, co 6, 193,750 4,483, 088,7 10, 662] 8,427,658] 26 
35 5,38 5,2580] 6,189,197] 4,476, 676,712, 521] 8,426,092] 25 
36 55387, 709] 6,184,047] 4, 470, 266,7 14, 3810] 8,424,525 24 
37 3,390, 159] 6,180,100] 4, 463,858,716, 242] 8,422,957 23 
38 [5,392,609 6,175,550] 4,457,452, 718, 104] 8,421,389] 22 
39 5.395,58] 6,171,015] 4, 451, 48,719,967] 8,419,820 21 
40 6.397, 507] 6,160,477] 4,444,646, 721, 8310] 8,418, 250 20 
41 65,399,855] 6,161,942] 4,438, 2451, 23,59 8,416,679 19 
42 5,402, 403] 6,157,409] 4,431,845], 725, 564] 8,415, 1088 18 
436, 404, 8510] 6,152,879] 4,423, 4471,72, 432] 8, 413,536 17 
44 5,407, 2980] 6,148,352] 4,419,051, 729, 30 [[ 8,411,963] 10 
45 5,409, 7450] 6,143,828] 4,412, 650,731, 72] 8,410,390] 15 
46 5,412,191]] 6,139,307] 4,406, 26301,733 0441] 8,418,816] 14 
47 | 52414037]| 6,134,739] 4,399,872, 34, 917 8,407,241] 13 
43 | 5,4t7,082]| 6,130,274] 4,393-483]1,736,791]|. 8,405,666] 12 
49 5,419,527]| 6,125,702] 4,387,09611,738,666] 8, 404, ge 11 
50 5,421,972] 6,121,253] 4, 380, 7110, 740, 542] 8,402,513] 10 
51 5,424,416 6,110,747] 4,374,327 1,742,420 8,400, 935 9 
52 5.426, 839 6, 112,244] 4.367, 9451, 744, 299] 8,399,357] 8 
53 5,429, 302 6, 10), 744 4361, 56501, 740, 179] 8,397,778 7 
54 5,431,745] 6, 103, 246 4,355, 1806/1, 748, 600 8,396,199] 6 
55 5,434,187] 6,098,751] 4,348, 809f, 749,942 8,394,619] 5 
50 8.430,29, 6,094,259] 43 42, 331, 51, a6] 8,393,038] 4 
57 5439, % 6,089,770] 4,336, 991, 753, 7110 8,391,456] 3 
2 | 5»441,510]] 6,085,284] 4329,68 71,755,597] 8,389,870 2 
59 5,443,950] 6,080,800] 4,323, 3166,75), 484] 8,338,290] 1 
50 5,446,390 6,076,319] 4, 316,947 1,759,372 8,396,706 0 
min. 
| | Gr. 
57 57 
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Gr. 33 | 
33 ee 3 
min Sinus Logarithmi | Differentie Logaritbmi] Sinus 
9 5.446, 390 6,076,319] 4,3 16,947 1, 759,372 8,386,705 60 
I 5,448,829] 6,071,841] 4,310,579|1,701,262||- 8,385,121} 59 
2 [5,431,268 6,67, 366 4,304,213/1,763,153|| 8,383,530 58 
3 5453,70 6,062,894] 4,297, 8491,76, 45 8,381,950| 57 
4 5,450, 145 6,058,425] 4,29 1,4871, 766,9 580 8,380, 363 56 
5 5,458,583 6,053,958] 4,285, 1260, 768,832 8,378,776 55 
6 5,461, 200 6,049,494 4,218,766 1,770, 7280 8,377,468 54 
7 5,463,456 6,045,033] 4,272, 40801, 772, 625 8,375,599! 53 
8 5,465, 802] 6,040,575] 4,266, 05201, 7/4, 523 8,374, 0 52 
9 55468, 328 6,036,120] 4, 259, 6980,77, 422] 8,372,419 51 
10 5,470,703|| 6,031,668] 4,253,346[1,778,322]| 8, 370, 828 50 
11 5473,98 6,027,218] 4,240, 99401, 780, 22] 3, 369,236 49 
12 5,475,632 6,022,771] 4, 240, 64401, 782, 127] 8, 367,44] 48 
13 8,478,066] 6,018,327] 4, 234, 29001, 783, oz i] 8, 366,051 47 
14 5,480, 499 6,013,986] 4,227, 9501, 785, 9360 8,304,457] 46 
15 5,482,932 6, O09, 448 4, 22 1,6051, 787, 843 8,362,802] 45 
16 55485, 364 6,005,013] 4,215, 262,789,750] 3, 361,266 44 
17 5487,96 6,000,580 4,208,920 1,791,660]] 8,359,670] 43 
18 5,490, 228 6,996,150] 4,202,580|1,793,570}| 8,358,073] 42 
19 | 5,492,659 6,991,723] 4, 196, 2411, 795,482] 8,356, 4% 41 
20 6,495, 90 6, 98 7,299] 4.189, 904,797, 395] 8,354,878 40 
21 5.497, 5200 6,982,878] 4,183, 569,799,309 8,353,279 39 
22 5.499,95 6,978,460] 4, 177,236, 801, 224 8,351,680 38 
23 6,502, 379 6,974,044] 4, 170, 90401, 803, 1400] 8,350, 800 37 
24 5,504,808|| 6,969,031] 4, 164, 5731, 805, 68] 8,348,479] 36 
25 65,50, 2360 6,965,221] 4, 156, 2441, 806,97 8, 346,877 35 
26 5,509, 664] 06,960,814] 4, 151,971, 808,897] 8,345,274 34 
27 5,512, 0910 6,956,409] 4, 143,50 1, 8 1,8180] 8,343,671 33 
28 5,514, 5180] 6,952,007] 4, 139, 26/1, 812,740 8,342,007] 32 
29 5.5 16,944] 6, 947, 608 4, 132, 94401, 8 14, 664 8, 340, 463 31 
30 55519, 3700] 6,943,212] 4, 126,62 301, 816,890] 8, 338,858 30 
f | 


96 


( © 3 


Gr. 33 
33 1 es; 
min | Sinus || Logarithmi | Differentie Logarithmi, Sinus | 
30 5,519,370]| 5,943,212] 4,126,623 1,816,589 8,333,858] 30 
31 5,521,795|| 5,938,829 4,120,314|1,018,515|| 8,337,252 29 
32 5,524,220 5,934,438 4, 113,996, 820,442 8,335,646] 28 
33 65.526, 645 3,930, 050 4, 10), 6801, 822, 370 8,334,039] 27 
34 5,529,069 5,925,005] 4, 101, 3661, 824,299 8,332,431 26 
35 5,5 31,4930] 5921, 273] 4, 093, o43lt, 826, 2300 8, 330, 822 25 
36 5,533,916] 5,916,893] 4,088, 7311, 828, 162 5,329,212 24 
37 5,530,338]| $5,912,516] 4,082, 42101, 830, 09; 335 27,002] 23 
38 5,538,700]| 5,903,142] 4,076, 1131, 832, 29 5.325,91 22 
39 65.541, 182 5,903, 771 4,069, 8071, 833,964 8,324,380 21 
40 5,543,603 5,899,402] 4,063, 50 10f, 835, 010 8,322,768 20 
41 [5.546,24 6, 895, 36 4,05), 197ſ1,837, 8390 8,321,155] 19 
42 [65,548,444 5,890,673] 4,030, 8951, 839.778] 8,319,541] 18 
43 | 63,550, 8644] 5,886,313] 4,044,940, 841,719 3,317,927 17 
44 5,553,283] 5,881,955] 4,038, 2940, 843,661 8,316,312] 16 
45 | 5»555»702]| 5,877, oc 4, o31, 9961, 845, 604] 8,314,696] 15 
46 5,558,120 5,073,246 4,025,700 1,847,548 8,313,079] 14 
47 55500, 5380] 5,808,899] 4,019,403[1,849,494|| 8,311,462] 13 
48 562,9 560] 5,864,552] 4,013,111]1,851,441 8,309, 8444 12 
49 5,56 5, 3730] 5,860,208] 4, 006, 8 19.1, 853,389] 8, 308,226 11 
50 65,567, 7900] 5,955,007] 4, ooo, 529, 855,338 8.306, 607 10 
Si 5,570,206 3,851,529 339944241 1,857,288 38, 304, 987 9 
32 6,572, 6220 5,847,193] 3,987,531, 859, 2400 8, 303.367 8 
53 5,575,037] 5,842, 860] 3,981,667, 861,193] 8,304,746 7 
45,577,452] 5,838,530 3,978, 38301, 863, 14 8, 300, 1244 6 
53 5,579,866] 5,834,202] 3,969, 1011, 865, 102 8,298,521] 5 
50 5,582, 2800] $5,829,878] 3,962, 8191, 867,039] 8,296,877] 4 
37 65,584,693] 5,825,556] 3,950,535[1,869,017;| 8,295,253] 3 
59 5.587, 1000] 5,821,237] 3,950,201 1,870,976 8,293,628] 2 
59 5,589,188] $5,816,920] 3,943, 984lt, $72,936 8,292,002 I 
bo | 5,591,929 5,812,606] 3,937, 709 t, 874.897 8, 290,376 0 
. mn, 
1 | Gr, 
i 50 56 
Vol. VI. 4 Q | 


r ⏑ r . ETII 


— om - 8M 
— — - 
- — 


( 602 ) 


Gr. 34 

1 1 

min | Sinus Logarithmi | Differentie |Logarithmi Siuus 

2 5,591,929 5,8 12,606 3,937,091, 874,897 8,240, 376 60 
I 5594.30 5,308,295] 3,931,435|1,876,860|| 8, 88,79% 5g 
2 5,596,750 5,803,987] 3,925,161, 878,84 8,287,121 38 
3 5,599, 1610 $5,799,681] 3,918,892 1,880,789] 8,28 554930 57 
4 5,001,570 5,795,378 3,912,623ſ1, 882,73 8,283 85% 56 
5 3,603, 98 1 5,791,078] 3,906, 35501, 884,723 8,262,234 55 
6 5,600,390]| 5,786,780] 3,900,088|1,886,692]|| 8,289 54 
7 5,608,798]| 3,782,485 3,893,823|1,888,602 8,278,972] 53 
8 5,1, 206 5,778,192] 3,887,559, 890, 330 8.274% 52 
9 5613,14 5,773,902] 3,881,297, 892,60] 8,275,700 51 
10 5,616,021 5,769,615 3,875,036 1,994,570 8,274,075 50 
11 5618,47 5. 765, 3300 3,868,761, 896,5 54 8,272,410 49 
12 3,620,833 5, 761,048 3,862, 181,898, 530 8,270, 806 48 
13 5,623,239 5,756,769] 3,856, 2611, 900, 5088] 8,269,170 47 
14 | 3,625,544 5,752,493] 3,8 50, 0061, 902, 487] 8, 267,34 46 
15 5,628, 49 5. 748,219 3,843,752, 904, 467 3, 265,897 45 
10 | 6.530, 453 5, 743948 3,837, 500,1, 900, 448 8,264,259] 44 
17 3563 2,857 65, 739,680 3,831, 24/1, 908,431] 8, 262,621 43 
18 5,635,260 6, 735,414 3. 824,999,910, 415 8,260,982] 42 
19 5,637, 63 5,731,151] 3,8 18,751,912, 408 8,259,343 41 
20 3,640, 066 5, 720,891 35812, 501,914,380] 8,257,703] 40 
21 5.642, 468 5.722, 6 3,806, 26101, 916,37 8,250, 0 39 
22 55644, 8000 5,718,279 3,800, 171,918,362] 8,254,421 38 
23 | 6,647, 70 6,714, 12 3,793, 7751, 920352 8,252,779 37 
24 5,649, 6700 $5,709,878 3,787, 538,922, 34 8,251,136) 36 
25 5,652, 70 5,705,631] 3,781,290 1,924,335 9,249,492 35 
26 | 5,654,469]| 5,701,387] 3,77 5,591,926, 328] 8,247,847] 24 
27 5,056,868]| 5,697,145 3,768,822, 928 32. 8, 246, 20 33 
28 559,266] 5.692, 906 3, 762, 38 71,930, 319, 8,244,550] 32 
29 5,661,654 5,688,670 3,756.34 1.932,310|| 8,242,909] 31 
30 5,004,062 5,094,430 3,] 50,122 1,934,314 $,241,202| 30 


( 603 ) 
34 
+ — 
| Logarithmi | Differemie |Logarithmi | Sinus 
30 5,664,062 5,684,436 3750, 12 149 74,314 8,241,202 30 
31 5,066,459 5,680,205] 3.743,89 17,936,314] 8,239,614] 29 
32 5,668,856] 5,675,976] 3,73 „56 11,938,310] 8, 237.965] 28 
33 5,671,252 5,671,750 3,731,433, 940, 317] 8,236,366 27 
34 5,673, 480 5667527 3,72, 200,942, 3210] 8, 234,066 26 
35 5,676, 43 5,663,306] 3,718,98011,944,325| 8, 23% f 25 
36 55678 4380 5,659,088] 3,712, 50t, 946,332] 8,231,363] 24 
37 5,680, 832 5,054,872 3,/06,532 1,945, 340 $,220,71 I] 23 
38 5,632.226|| $5,650,059] 3,700,310[1.950,349]|| 8,228,058 22 
39 | 58; 619] 5,646,449] 3,60 4 900,952, 359] 8,226, 4% 21 
40 5,085,012] 5. 42, 241] 3,087,87:i]1,9564,370|] 8, 224,751 20 
41 5,690. f 5,638,366 3,081,65311,956,382]] 8,223,006! 19 
42 65,092,796] 5,633,834 3,675, 437,988,397] 8, 221, 440 18 
43 | 5»095,187]| 5,629,635] 3,669, 22301,960, 4 2] 8,219,784] 17 
44 5,097,578]| 5,625,438] 3,663, 0101, 962,428] 8,218,127 oy 
45 5,099,968|| 5.621,244| 3-056,79911,964,445|} 8,216,469] 15 
46 | 5,792,358]| 5,617,052] 3,050,588[1,966,464|] 8,214,810] 14 
47 [5,704,747] 5,012,863] 3,044,3" 911,908,484] 8,213,151] 13 
48 5707, 1360] 5,608,676 3,638, 17, 970, of 8,211,491] 12 
49 5,709, 5240] $5,004,492] 3,631,96 51,972,527] 8,209,831] 11 
50 5,711,912] 5,600,311] 3,625, 761,974, 5500] 8, 208, 1700 10 
51 | 5,714,289]| 5,596,132] 3,619,587], 976,57 8,206, 308 9 
3 5,716,686 5,591,956] 3.613, 355/1978, 600 8, 204, 840 8 
53 5,719,072] $5,587,782] 3,007,154|[1,980,625j| 8,203,183} 7 
54 5,7 21,4580] 5,583,611] 3,600, 9541,98 2,657] 8,201,519] 6 
55 | 55723-3844] 5,579,443] 3,594,756, 984,87] 8,199,854] 5 
50 537 22,229]] 5.5 5,277] 3,588,559{1,956,718}| 8,198,488] 4 
57 5,720,013 $+571,114| 3582,36 4,988,730 8,196,522] 3 
2 5,730,997 5.506,93] 3,576, 169,990, 7840] 8,194,855] 2 
59 | 5.733,381/] 5,502,795] 3509,976[1,992,819 \ 8,193,165) 1 
bo 5,735,764] 5,558,639] 3:553,784[1,994,855]| 8,191,520] © 
min. 
1 * 
33 55 


AM AVE Saf REY wa is 
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or 


35 
. . P 8 
Sinus || Lagaritbni ] Diſerentiæ arte Sinus | 
5573 5,764] 5,558,039] 3,563,784|1,994,%55]| 8,191,520| 60 
5,738,147] 5,554,486 3» 557»594| 1,990,892 8,189,851 59. 
5,749,529]| 5,550, 3360 3,551, 4051, 998,93] 8,188,182} 58 
eee g Wh 
5.742, 9110 5546, 1880 3,545, 217, 000,971] 8,186,512] 55 
5.745,92 5,542, 430 3,539,031, oog, 12 8, 184,841 56 
5,747,672] 3,537, 9goc] 3, 531, 8460, 05, 054 8,183,170 55 
5,750, 05 2 | 5.533,760] 3,526,662[2,007,098|] 3, 181,498 
5,752,432] $5,529,022] 3,520,4791[2,009,143]| 8,179,825 
5.754, 8110] 5,323,487 3,814,298, 11,1890] 8,178,151 
9 5.757,90] 5,521,354 3,508, 11802, 013, 2360] 8,176,477 
10 5,759,568] 5.517, 224] 3,501,939, 013, 285] 8,174,802 
11 5,761,946] 5,513,096 3,495,70112,017,335|| 8, 173,126 
12 6, 764, 323 5,508,971] 3,489,585, 19,3860 8 171,449 
13 5,766, 7000 3,304, 849] 3,483, 410, 021, 4390] 8,169,772 
14 65,769,076] 5,500,729] 3,477,236, oa 3, 4930] 8,168,094 
15 65,771, 452 5,496,012] 3, 471, 0640, 25,5480] 8,166,416 
16 5,773,827] 5,492, 497] 3,464,892|2,027,005]| 8, 164.737 
17 5,776, 2020 5,488, 385] 3, 458, 7220, 29, 6630] 8,163,057 
18 5,778, 5700 5,484,275 3,452, 58302, 031,722] 8,161,376 
19 [5.780,90 5,480,168] 3,446, 386, 03 3,782 8,159,695 
20 | 6, 783, 324 5,476, 63] 3, 440, 219, o35, 844 8,158,013 
21 [5,785,697] 5,471,901] 3,434,05412,037,907|| 8,156,330 
22 55788, 69] 5,407,801] 3,427,89C[2,039,971]| 8, 154,64 
23 5790, 44 6,463,764] 3,421, 72802, 42, 360] 6, 152,963 
24 5,792,812 5,459,669] 3, 415, 566, 044, 103 8,151,279 
25 55795, 1850] 5,455,577] 3,409, 406f, 046, 1710 8, 149,595 
26 53797»553|| 5,451,488] 3, 403, 24802, 048, 2400 3, 147, 907 
27 55799, 923] 5,447,401] 3,397,090[2,050,311 8,146,220 
28 5,802, 92] 5,443,317] 3,390, 9342, 052, 3830 95,144,532 
29 5,804, 6610 5:439.235] 3,384,779, 54,4500 3, 142,844 
30 | 5,380), oz $435,150] 3,378, 62602, 056, 5300 8,141,155] 
| | 


=o 


Gr. 35 
37 | 2 
1% | Sinus | | Logarithmi | Differentie |Logarithmi Sinus | 
30 | 5907,930| $5,435,156] 3,378,02612,056,530| 8,141,155] 30 
3 55809, 398] $:431,970] 3,372, 4730, 05 8, 0 8, 139,405] 29 
32 5811,76] $5,427,005] 3,306,422 2,000,083 8, 137,775] 28 
33 558 14,13% 5,422,932] 3,360, 172 2, 062,761] 8, 136,084 27 
34 58 16,499 5,418,864] 3,354,024 2,64, 840 8,134,393] 26 
35 5,818,865] 5,414,797] 3,347,877, 66, 920 8,132,701] 25 
36 55821, 2300] 5.410, 733] 3,341, 73 102, 069, 02] 8, 131,008 24 
37 5,823,590 406,671 3.333·586½, 71,85 8,129,314] 23 
8 55825, 9590] 5,402,612] 3,329, 4432, 7 1, 369 8, 127,620 22 
— - —— | — — — — — 
29 36,828,323] 5.398,55 3,323, 3000,75, 2550 8,125,925] 21 
40 5,830, 687] 5, 394.501 3, 317, 139.2, 7, 342 8, 124, 229 20 
41 3,833, 50 5,390,449 3,311,01912,079,430,| 9,122,532] 19 
42 5.835, 412] $5,355,400] 3,304, 8802,08 1.520 8,120,835} 18 
4 5.837,77] 5,382,353] 3,298, 7422, 083, 61 l 3,119,137] 17 
44 35840, 1360] 5.378, 3088 3,292,605|2,c 35.703 8,117,439 16 
45 5,842,497] 5374, 266 3, 286, 470% 7,7% 8,115,740] 15 
46 5,844,858] 5,370, 226 3, 280 3352, 89,8910] 38,114, 040 14 
47 5,647,218]|| 5 366,189] 3,274,202, 91,987] 8,112,339] 13 
49 515949,578]| 5-392,154 3,268,070/2,094,084! 6,110,038] 12 
49 | 5,851,937]| 5,359,122] 3,201,93:12,096,i53j| 3,108,930] 11 
50 55854 295/[ £,3544093] 3,255,810|2,008,283|} 8,107,234 10 
Cl 3,856,630] 5,350,00-|- 3, 249,08 3/2, 100, 3844] 3,105,531 9 
52 5,8 59,9. 0 5,346,043] 3, 243,55% 102, 4800 8, 104.8271 8 
53 3,861,367] $5,342,021] 3,237, 43 10, 104 5900] 8.102, 122 7 
54 5,863,724] 5. 338,00 | 3,231,307, 106, 9 ]] 8, 1c0, 47 © 
55 55866, 0800] 5, 333,985] 3,225, $412,100,001}| 8,098,7: 1 5 
50 3,868,432] $5,329,970] 3, 2 9,0610, 110, gog ] 3,097,044 4 
57 5,870, 91] 3,323,958] 3, 12,940, 13,0180] 8,995,290 3 
58 5.873,45] 5,321,949] 3, 200, 82002, 113,128] 8,093,558] 2 
$ 5,875,499] 5,317,940 3.200, 7002, 117. 240 8,091,879] 1 
eee eee | EEE. * | 544 7 
vo 5,877,852) 5,313,935] 3,194,820, 119, 353 8,092,170] © 
min. 
| | 1 Gr. 
34 4 


7 
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* ., 
32 0 
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Gr. 36 
36 41 
min Sinus Logarithmi | Differentie |Logarithmij| Sinus 
— — — ——— ——  —_—_—_ 
© 5,877,852] 52313935] 3•194,582½, 119,353] 8,0%, 17 6o 
1 3,880, 205] 5,309,932] 3, 188, 465,121,467 3,089,460 59 
2 5,882,558] 5,305,932] 3,182, 3502, 123,582] 3,086,749 38 
3 55884, 9100] 5,301,935] 3,176, 23602, 125,699] 8,085, 380 55 
4 5,887,262] 5,297,945 3,170, 1230, 127,817 0,083,326! 55 
pr 5,889,013]] 5,293,947] 3,164,01112,129,936|| $8,081,613) 55 
6 5,891,904|] 5,289,957] 3,157, 90002, 132,05 8,079.899| 54 
7 5,894,314] 5,283,969] 3,151, 7900, 134, 7% $,078,185| 53 
8 5,896,664] 5,281,984 3,145,682, 136,30 ]] 8.076, 470 52 
9 5,899,013] 5,278,001] 3, 139,575, 138,200 8.074724 51 
10 | 5,901,361] $5,274,020] 3, 133, 46802, 140, 552 8, 073,038 50 
11 3,903, 090] 5,270, 42] 3,127, 36302, 142,679] 8,071.32] 49 
12 5,906, 0 560] 5, 266,066 3,121,259 2,144, 807] 8.069, 60 f] 48 
13 5,908,403] 5,262,092] 3, 113, 15502, 140,937] 8,067,885] 47 
14 559 10,7 500] 5,258,121] 3, 109, 033.2, 149, 068] 8, 066, 65 46 
15 559 13,096] 5,254,152] 3, 102, 95202, 151, 2000] 8,064, 440 45 
10 5,915,442 5,250, 186] 3,096, 8 532, 153,333]] 8,062,260 44 
17 5,917,787] 5,246,222] 3,090, 75402, 155,468] 8,061, 05 43 
18 55920, 132 $5,242,261] 3,084.65 7, 157, 60 ]] 8,059, 283 42 
19 5,922,476] $5,238,302] 3,078, 5610, 159,741] 8,057,616 41 
20 5,924,820 $5,234,346] 3,072, 4600, 161,880 8,055, 8380 49 
21 55927, 163]] $5,230,392] 3,066, 37202, 164, o 20 8,054,114] 39 
22 5929,50, 5,220,441] 3,060,280j2,160,161 8,052,389 38 
23 5,931,847]| 5,222,492] 3.054, 8802, 168, 304]] 8,050, 6644 37 
24 55934, 189] 5,216,545] 3048, 097%, 170,448] 8,048,936 36 
25 57936, 5300] 5,214, 6010 3, o42z, 0902, 172,593] 8,047,212] 35 
20 5,938,871] $5,210,054] 3,035,919, 174,740] 8,045,405] 34 
27 $,941,211 5,206,720 3,029,932[2,17 6,886 8.043,77 33 
28 5,945, “]] 5,202,783] 3,023, 7462, 179,7 5,042,280 32 
29 5,945,890] 5,198,848] 3,017, 660, 181, 1888] 8,040,299] 31 
30 5,948, 2288] 5,194,916] 3,011,576, 183, 3400 8,038,599] 30 
| "0 


( 63 


Gr. 36 
6 — 

”_ | Sinus || Logarithmi | Differentiz |Logaritho| Sinus 
30 6.948, 228 5,194,916| 3,911,57612,183.34|| 8,038,569] 30 
31 5,950,650 5,190,956 3,005,49:[2,185,493]| 8,036,838] 29 
32 65,932, 904] 5,187,059] 2,999,412]2,187,645|| 8,035,107 28 
33 | 5»955,241]| 5,183, 134 2,993,331[2,189,803|} 8,033,375 27 
34 | $55957»578]| $179,211] 2,987, 28%, 191,960] 8,031,042] 26 
35 | 5»959,9'4]| 5,175,291] 2,951,17312,194,118|] 8,029,909 25 
36 3,962,250 $5,171,373] 2,975, o9 52, 196, 2780] 8,028,175] 24 
37 5,964,585] 5,167,457 2, 969, 01802, 198,439] 8,026, 440 23 
38 55966919] 5,163,544] 2,962, 9430, 200, 6010] 8,024,705 22 
39 3,969, 2530] 5,159,033] 2,956, 86802, 202,765] 8,022,969] 21 
40 6,971,586] 5,155,724 2,950, 79402, 204, 9300] 8,021,232] 20 
41 65,973,919] 5,151,618] 2, 944,7 22), 207, 960] 8,019, 494] 19 
42 5,976,250 3,147,914] 2, 938, 650K, 209, 264] 8,017,756] 18 
43 | 5,978,583]| 5,144,012] 2,932,579[2,211,432]} 8,016,017 17 
44 5980, 9150] 5, 140, 113 2, 926, 5 10ſ, 213, 603] 8,014,275] 16 
45 5,98 3,246|] 5,136,216| 2, 920, 4420, 213,774] 8,012,538] 15 
46 6,983,577] 5,132, 322 2, 914, 37502, 217,947] 8,010,797] 14 
47 55987, 907] 5,128, 4300 2,908, 309, 220, 121] 8,029,056] 13 
48 5,990, 237] 5, 124, 540 2,902, 244, 222,296] 8, ooy, 3144 12 
49 5,992,660] $5,120,653] 2,896, 1802, 224, 473] 8,005,571] 11 
50 5,994, 894] 5,116,768] 2,890, 1172, 226,651] 53,0c 3,825} 10 
51 3,997,222 5, 112,886] 2,884, 56.2, 228,8 30] $,002,084 9 
52 5.999,49] 5,109,006] 2,877, 995,231, 0 0 8, 00,33% 8 
53 6,001,876] 5, 103, 1288 2,871,935|2,233,1931] 7,993,593 7 
54 | 6, oo4, 202 5,101,253] 2, 865, 877], 235,370 7.996,84 6 
55 6, 06, 5280] 5,097,380] 2,859, 8 1902, 237,560] 7,995,100] 5 
56 | 6,008,853 5593.5 2,853, 7620, 239,747 75993435% 4 
57 6, 11,780] $5,089,641] 2, 847, 70002, 241,935] 7.991, 5044 3 
58 6,0 13, 50 2] 5,085,775] 2, 841,65 102, 244, 1240] 7,989,855] 2 
59 6,0 15,826] 5,081,911] 2,835,972, 240, 314] 7,958,105] 1 
bo | 6,018,159]| 5,078,050] 2, 829, 544, 248, 500 7,980,355] © 
min. 
| Gr. 
33 5.3 


( 


wi ws © 
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Gr, 37 
37 | 1 8 
min | Sinus Logarithmi | Differentie Logaritbmi] Sinus | 
© 6,018,150 5,078,050 2,929,5442,248,500 7,986,355 60 
1 6,020, 473 507475191 2,8 23,492,250, 99 7984,04 59 
2 6,022,790 5-979, 334 2,817,411, 252,893 7,982,852 58 
3 6,02, 118 5,066,479 2,8 11,391, 253, 88 7,981,100 57 
4 0,027,439 e 2,803, 3420, 257,285 7,979,347 59 
5 6,029, 700 5,055,771] 2,799,294½, 259, 483 7,977,593 55 
6 6,032, 80] 5,054,929] 2,793,247 2,261,682 7,975,838 | 
7 6, 34, 400 5,051,084 2,787, 20102, 263,883 7,974,084 
8 6,036,719 5.047, 241 2,781,162, 260, 0850 7,972,328 
6,039,038 5,043,401 2,775,113 2,208,288|| 7,970,572 
O 6,041,357|| 6,039, 563 2,709,071|2,270,497 7,968,815 
1 6,043,675 5,035,727] 2, 763, 0292, 272,098] 7,967,057 
12 6,045,992 5,031, 8944 2,756, 989.2, 274,905 75965,299 
13 6, 48, 3o9 ] 5,0280630 2,730, 949, 277, 114 7,963,540 
14 6,0 50, 625 5,024, 234 2,744,910, 279, 324 7,961,780 
15 6,05 2, 940 F, Oo 20, 408 2, 738,873 2, 281,535 7,960,020 
10 [6,055,255 5,016,584 2, 732,830, 283,748 7,958,259 
17 6,057,370 5,012,762 2,7 26, 800 2,285,902 7,950,457 
18 | 6, og9, 88. 5,008,942) 2.720, 7640, 288,178] 7,954,735 
19 6,002,198 5005,12 2,714 7389/2, 290,393 79525972 
20 6,064, 5110 3,001, 310 2,708, 6960 f, 292,013] 7,951,208 
21 0,006,824|| 4.997, 497 2, 702, 66302, 294,83 7.949,44 
22 6,69, 130 4,993,087] 2,696, 6322, 297,55 7,947,078 
23 | 6,071,445|| 4,989,874] 2,690, 602, 299, 77 7,945,912 
24 | 6,073,759|| 4:986,073| 2,684,573]:,301,5c0|| 7,944,146 
25 | 0,070,009|| 4,982,270) 2,678,54512,303,725|| 7,942,379 
26 0,079,379|| 4.978, 469 2,072,518]2,305,951|| 7,940,013 
27 6,080, 6880] 4,974,070] 2, 666,492, 308, 1780 7,933,842 
28 6,082,997] 4,9%, 873 2,660,467 2,310, 400 7,937,073 
29 6, 85, 306] 4,907,079] 2,654, 444 312,63, 7,93 5,30% 
20 6,08 7, 6140 4,963, 287 2,648, 42 1,314,860 7,933,533 


( 609 ) 


78 37 
min Sinus | L ogarithmi Dif uy [ 7) | 
e Oren SEED erenti.e Legarithmi | Sinus 
30 | 6, 087,674] 4,963,287] 2,6 __ — 
3.287 2,648, 4210, 6 X 
31 pag on 4:959,497 + Gaal —— 1+933+533 30 
32 „092, 2290] 4,935, 1c] 2, 636 37803, „09 7,931,792] 29 
ed . Pc +37812,319,332|| 7,929,990] 28 
33 „094.6360 4,951,925 2,6 7  rTR 
1 2 4,948, 142 23 33 7,928, 2 18 27 
5 099,14 : 323,804 7,929,445] 26 
36 55 . 7.344871 25 
5 101, 452 4,940, 582 2,612 SIE _ 
37 6,103,756 4,936,806 3 Eg TOs 24 
„100,000 , „O ; , 921,121 23 
39 6,108, 36 —.—— — 223324704 7.919.345 22 
ä 108, 364 4,929,260] 2,594,252 22 
— 25 — 4,925,490 2/588, 237 3 Ly og _ 
,112,970|| 4,921,727 w. , 915,792 20 
6 ,115,272|| 4,917,958] 22570 as _ 
49 | 6,117,573 2 
119,873] 4,910, , 5343. 910, 45661 
45 | 6 ffi: . n 34040 7,998,670 18 
„122,173 4,906,677 2 8.1 | 
— 9728•472 4.902,92 Ft 4 2,342,490 7,906,890] 15 
41 120,772 4,899,168] 2,546,163 rip phe 7,905, 1144 14 
ü * » 19322353905] 7.903,33] 3 
129,70 4,395,417] 2,540,156 EEE 
- 0,131,309 4,891,668 2 5360 3 2355-901 7.901, 5500 12 
50 ,133,667]| 4,887,921 — 357755 7,899,767] 11 
- ap” Ty 45/2, 359,776] 7.897, 983 10 
„135,964]] 4,884,177 2,52 eee, 1 
* e — * 3 7,896,198 9 
53 6, 140,557 4,876, 95 i 8 
be go - Sg ,300,559]| 7,892,027] 7 
»142,053 4.872, 9 2,50 
% 145108 re = 2 2,368,523 7,890,841 6 
Wh 1147,442 4,865,485 anda 412,371,0 8 7,589,054 6 
* 2p : e 7,887,266] 4 
149,74 86 7 3 
8 . 4,861,758] 2,486, 13602, 
5 22 4,858,029 5 . 7,885,477 3 
e © 21543325 4,8 54,302 2,474,1 237 [4991 7,083,688 2 
Avg _ r 3 405, 380, 162 7,881.35 I 
150,6 15] 4,850,578 —— — 
5% 4,850,578] 2, 468, 144%, 382,434 7,88, 00 © 
| | 1 
| Gr. 
vor. VI. | 52 rh 
45 ? 


31 


38 | 
+ 3 . . 

min Sinus Logarithmi | Differentie [Logarithmi | | Sinus 

— — — hn 288 1 — 
0 6,166,615] 4,8 50, 378 2,468, 1442, 382, 434 7,880,108] 6s 
I 6,158,907]| 4,846,856} 2, 462, 149.2, 384,70) 7,878,317] 59 
2 6,161,198]| 4,843,136 2,456,154/2,386,982|| 7,876, 525 58 
3 6,163,489]| 4.839, 4180 2,450,160|2,389,258|| 7,874,732] 57 
4 6,165,781]| 4 835,702| 2,444,167, 391,35] 7,872,939| 56 
5 6,168,070 4,331,989 2,438,175|2,393,814|| 7,871,145] 55 
6 6,170,259 4,828,278| 2,432, 184/2,396,094|| 7,869, 3500 54 
7 6,172,648] 4,824, 569 2,426, 1932, 398.376] 7,867,555 53 
8 6,174,936 4,820,862] 2, 420, 20352, 400, 659] 7,865,759 52 
9 6,177,224 4,817,158 2, 414, 2152, 402,943 7,863,903 

10 6,179,512 4,813,450 2, 408, 227, 405,229 7,862,166 

11 6,181,799] 4,809,756 2, 402, 240 z, 407, 8160 7,860,368 

12 6, 184,08 5 4,806,058] 2,396, 254.2, 409, 804] 7,858,569 

13 6,186,371] 4,802,363] 2, 390, 269, 412,9 4]] 7,856,770 

14 6, 188,6 500 4,798,670 2, 384, 28 5, 414, 385 7,854,970 

15 | 6, 190, 940 4794979, 2,378, 3010, 416,678 7,853,169 

16 6,193,224 4,791, 2900 2,372 31802, 418,972] 7,851,368 

17 6,195,508 4,787, 603 2, 366, 33602, 421,267] 7,849,566 

18 | 6, 19,7910] 4,783,919 2, 360, 355, 423, 564] 7,847,764 

19 | 6, 200, 74 4.780,23) 2,354,375, 425, 8062] 7,845,961 

20 | 6, 202, 3560 4.776,57 2,348,396, 428, 1610] 7,844,157 

21 6,204, 638 4,72, 880 2, 342, 41802, 430, 462 7,842,352 

22 6,206,919] 4,709,205] 2,330,441 2,432,704 7,840, 547 

23 | 6,209,199|| 4,765,532 2, 330, 4650, 435, 67 7,838, 74 

24 6,211,470 4,701,861] 2, 324, 489,437.37 7,836,935 

25 6,213,758 4,758,192] 2, 318, 5 142, 439,678] 7,835,128 

26 6, 216,037 4.754,52 2, 312, 539%, 441,986 7,833,320 

27 | 6,218,315|| 4,750, 8600 2,306,565[2,414,295|| 7,831,511 

28 6,220,593]| 4,747,199] 2,300, 59 32, 446, 605] 7,829,702 

29 6,222,870] 4. 743,538 2, 294, 021,448,917 7,827,892 
30 6,225,146 4.7 39,880 2, 283, 6502, 45 1, 230 57,826, o82 

| 


C 6688 3 


Gr. 38 
z3 ie 
min Sinus | Logarithmi ted — | Sinus | 
20 6,225,146 4.7 39,880] 2, 288, 65002, 451, 2300] 7,826,082] 30 
31 6,227,422] 45736, 224 2,282,680 2,453,544] 7,824,271] 29 
32 6,229,098|| 4,732,571] 2, 276,110, 455, 8000] 7,822, 459 28 
33 6,231,973] 4,728,920] 2, 270, 74302, 458, 77] 7,820, 647 27 
34 6, 234,248 4,725, 2710 2,264.75, 460, 49 7,818,834] 26 
35 6,236, 522] 4, 721,624] 2, 258, 808, 462,8 160] 7,817,020] 25 
36 6, 238,796] 4,717,979 2,252, 84202, 465, 137 7,815,205] 24 
37 6, 241, 069] 4,714,336] 2,246, 876, 467, 4600 7813, 3900 23 
38 6,243,342] 4,710,695] 2,240,911, 469,784] 7,811,574 22 
39 6,245,614] 4,707,056] 2, 234, 94602, 472, 1100] 7,809,758] 21 
40 6,247,885] 4,793,419] 2, 228,98 2½, 474.437] 7,807, 94 20 
41 6,250, 156] 4,099,785] 2, 223.020 z, 476,760] 7,806,123] 19 
42 6,252, 460] 4,696,153] 2,217,058[2,479,095|| 7,804, 3044 18 
43 6,254, 696] 4,692,523] 2, 211, 0972, 481, 4260] 7,802, 485 17 
44 6,256,966] 4,638,895] 2,205, 13602, 483,7 59] 7.800, 665 16 
45 6,259, 235 4,685,269 2, 199, 176, 486, hg 7.798, 845 15 
46 6,201,503]| 4:081,645| 2,193,217[2,488,428|| 7,797,024| 14 
47 6,263,710 4.678, 24 2,157,259 2,490,795 75795202] 13 
48 6,266,038]| 4,674,405] 2,181,30212,493,103|} 7,793,380] 12 
49 | 6,268,305|| 4,670,788] 2,175,345[2,495,443]| 7,791,557] 11 
50 | 6, 270,572] 4,667,173] 2,109,389[2,497,784]| 7,789,733} 10 
51 6,272,838] 4,663,561] 2,163, 4350, 500, 1260 7,787,900] 9 
52 6,27, 1030] 4,059,951 2, 157,48 10, 502, 470 7,786,084 8 
33 6,277,368] 4,650,343] 2.151,28, 504, 815] 7.784, 2580 7 
54 6,279,632] 4,652,737 2,145,575, 50%, 1620] 7,702,432] 6 
55 [6,281,895] 4,649,133] 2,139,623, 509, 100 7,780, 05 5 
56 | 6,284,158|| 4,645,531] 2, 133.6720, 511,859] 7,779,777] 4 
37 6,286, 4200 4,041,931] 2,127,721]2,514,210 7.776.949 3 
53 [ 6, 288,682] 4,638,334 2,121,720, 516, 502] 7,778, 120 2 
59 6, 290, 943 4,634,739 2,115, 8242, 18,9150 7,773,290] 1 
60 6,293, 204] 4,631,146 2, 109, 876, 321, 2700 7,77 1,460 © 
min. 
| | | Gr. 
31 51 


— — . — 


Dr 


( 622 }J 


Gr. 29 | 
39 „„ ap ROS 
min Sinus Logarithm | Differentie Logarithmi Sinus 
© 6,293,204|| 4,631,145] 2, 109, 87602, 521, 2700 7,771,460] 69 
I 6,295,404|| 4,027,555] 2,103, 929, 523,626 7,709,629] 59 
2 6,297,724|] 4,623,900] 2,097,982, 525,984] 7,767,797} 5% 
3 6,299,985 4,020,379] 2,092,030 2,528,343 75765, 965 57 
4 6,302, 242 4,616,794] 2,080, og 1, 530,030] 7,704,132] 36 
5 6,304, 50 1] 4,013,211] 2, o8c, 140½, 533, 065] 7,762, 299 55 
6 6,306,759 4,009,630 2,074,202 2,535,428 7.760, 465 54 
7 6,309, 160] 4,606,052] 2,068,259 2,5377 93 7,758,630 53 
8 6,311, 2730] 4,602,476] 2,062, 31/2, 540, 159 7,756,794 52 
9 6,313,529] 4,598,902] 2, 056, 3762,42, 260] 7,7549580 51 
10 6,313,784] 4,505,320 2, 050, 435 544, 895] 7,753, 1210 50 
11 6,318,039] 4.59, 7600 2, 044,495 547,265] 7,751,283] 49 
12 6,320, 293 4,588,192] 2,038,552, 549, 637 7 749,445] 48 
13 6,322,847] 4,584,027] 2, 032, 0 7%, 552,010] 7,747, 60 47 
14 E, 324, 800 4,581,064 2, 026, 79, 554,385] 7.745, 0 46 
15 | 6,327,053|| 4.577, 0 2, o20, 742,356,761 7,743,926] 45 
16 | 6,329,305|| 4.573, 944] 2,014, 806, 539, 1380 7,742, 85 44 
17 6, 331,557 4.570, 387 2, O08, 870, 501,517 7,740, 244 43 
18 6,333,808 4.566,83] 2, oo, 93502, 63,897] 7,738,402] 42 
19 | 6.336,059|| 4,503,279] 1,997, C0, 566,79 7.736,50 4! 
20 6,338,310|| 4,559,72 1,991, 602, 68,6620] 7,734,716] 49 
21 6,340,500 4,550,179 I,985,133 2,571,040! 7573 2,872 39 
22 6, 342, 80% 4,552,632] 1,979,200), 573,432] 7,731,028] 38 
23 6.345,58] 4,549,085] 1,973, 2692,75, 19] 7,729,183] 37 
24 6, 347, 309 445452540} 1.967, 33802, 578, 208 7,727,337 36 
25 6, 349,553] 42542006] 1, 561, 4082 580. 5980] 7,7 25,49 35 
20 6,351,800 4,538,465] 1,955, 4780, 582, 9000 7,723,042] 34 
27 | 6,354. 0.0|| 4.534˙932] 1,949,549/,585, 383] 7,721,794 33 
286,350,292] 451,398 1,943,02112.587,;77]| 7,719,945| 32 
29 6,359,537 43527,866 I1,937,093/2,590,1721]. 7,718,096] 31 
39 | 6,360,782] 4,524,336] 1,931, 76%, 592,576 7,716,246| 30 


50 


( 613 ) 


Gr. 
min Sin 
e "CER Foy” Logarith 2 
= mi 1 
1 ee 4 | Diferentie |Logarithmi,| 
32 * 2524330] 1 —_ i —_ 
wane 365,270 4,520,508 1,931,706 2,592 70 
5 - 4,517,282 — — 7,716,246 
34 636755 4 — 22763 77 14:39 19 
35 99 39.750 513,750 ae 717121544 28 
35 8837999 4,510,230 1 2,599 — 
5 5 4,506,717 2 —_— 7710 * __ 
37 es SOT 2,604, 25 7.706,83 7 
30 376,482 4.303, 200 1 8 — 7,706, 32 26 
_ 6,378,722 4,499,055 2 2,606 as 7 3 
39 8 4˙ 490,17 * 2,60 983 7570591 
40 8288 4,492, 6 — 2,611,799 7,703,977 23 
6,383,201 2,6611 n eee : = 23 
* | 6,385,440 4,489,152 2 3 7 e 22 
42 j EE 4,49 5,045 3 3 7,099 566 
43 3 — 2,619,034 767 al 
= 6,359.9 * 4,482, 140 = — hay be 20 
E 392,133 45,47 8,637 Ps 5. | 5 3 
45 | 6 | $47S#36 es 21623864 2:603.006 
4b 6,396,626 4,471,635 — 2,626,281 7:692,137 q 
; v - : * 3 6 37 7 
oy 6.398862 4408, 140 1,042,987 2,028 2 — 
48 | 6 4,404,646 n837,0201,631,120 © EW 
49 ,401,097 — 37, 10g, _—_ 74686740 1 
50 6,403, 332 4,461,154 * — 7684,68 * 
6,405,566 4,457,664 * 2,035 * — 5087 13 
8 4454176 4,819,270/,635,388 7,662,835 12 
52 Map ak. 20 13,303 26408 7,680, 2 
52 | 6,410,032 4450,6o0! 2,80 eee 1 11 
99 412,264 4,447,206 As. 2,54 3,2 ,lio| 10 
$$ 1:6 4.443,72 1; o1:53712,645,669 707742 44 
55 454-490 — 2——i5 2,648, - 7:675, 5 3 
50 6,416,728 4,440, 2444 1 2 — 2 9 — 2] 8 
885 418,959 4,436,766 „789,714 6 | 5517 7 
— 4,4 1,783, 803 50,530 
57 | 6 33,290] 1 3|2,652,96 7,071,6 
58 22 2 7755 2,05 —_ 7,669, on] 
59 r 4,429,816] 1 RE — 7:667,915 : 
59 | 6,425,648 4,426,344 1771,983|2,0 9190 # 
bo 832 4,422,375 1,706,074 2.571533 7,666 
6,427,876  1,760,166]2,6 9,270 7 77 3 
7 4 3 5 62 75 64,18 
419, 405 — Mean T4 
I,7 54,259 2,565 1 W * — - 
: f 
Vol. VI. | 49 7,060,445] © 
j | min. 
47 50 Gr. 
50 
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40 
40 + 8. * 1 
min | Sinus || Logarithmi | Differentice Logarithmi) Sinus 
0 6,427,860] 4,419,408] 1,754, 25902, 668, 149 7,660,445 
I 6,430, 10% 4,415,943] 1, 748, 35 /, 667, 5900 7,058,575] 59 
2 6,432, 3310] 4,412,480] 1, 742, 447, 670, 33] 7,656, 7044 58 
3 6,434, 5580] 4,409,019] 1, 736, 5420, 672, 477] 7,654,833 57 
4 6,436,785 4,405, 560 1,73, 37,674,920 7,052,961| 56 
5 6,439, 110 4,402,103] 1, 724,733, 677,370 7, 65 , 88 55 
6 6,441, 2360] 4,398,648] 1,718,82912,679,819|| 7,649,215 54 
7 6,443, 4010] 4,395,195] 1,712,926, 682, 269] 7,047,341] 53 
8 6,443,685] 4.391,43 1,0), 022, 684, 720 7.645, 466 52 
9 6,447,909 4,388,293 I,JOl,119 2,087,174 7,043,591 51 
10 6,450, 132] 4,384,845 1,695, 2162, 689,629] 7,641,715 0 
11 6,452, 355] 4.381, 399 1,689, 31402, 692, 8 5] 7,639,838 49 
12 6,454,577] 4,377, 955] 1,083,412 2,694,543] 7637.96 48 
13 [6,456,799] 4374514] 1, 677,5 12, 697, oo] 7,636, 82 47 
14 | 6,459,020|| 4.371,75 1, 671, 613.2, 699, 462 7, 634, 204 46 
15 6,461,240 4, 367, 6380 1,665, 7142, 701,924 2,032,325] 45 
16 6,463,460|| 4,364,203] 1,059,816 2,704, 387 7,030,445] 44 
17 6, 465,679] 4,360,770] 1, 653, 91802, 700, 852 7,628,564] 43 
18 6,467,898] 4,357,339] 1, 648,02 102, 709, 318] 7.626,683] 42 
19 6,470, 1160 4,353,910] 1,642, 124,711,786] 7,624, 802 41 
20 6, 472,333 4.350, 485 1,636, 2282, 7 14,255 7,622,920 40 
21 6,474,550 4,347, 58] 1,630, 3322, 716,726 7,621,037] 39 
22 6,476,766] 4,343,035] 1,624, 437, 19,1980] 7,619,153] 38 
23 6,478,982] 4,340, 2144 1,618, 542,721,672] 7,617,269] 37 
* 6,48 1,198] 4,336,795] 1,612, 64802, 724, 147] 7,613,384 36 
25 6,483,413] 4,333,378] 1, 606, 75 5.726, 6230] 7,013,498] 35 
26 6,485,628]] 4,329,963] 1,600,862/2,729,101]| 7,611,012 34 
27 6,487, 842 4,326, 5 50 1,594,970 2,731, 580 7,609,725 33 
28 | 6,490,055|| 4,323,139] 1,589,782, 734, 610 7,60%, 837 32 
29 6, 492, 2080] 4,319,730] 1,583, 187,736,543] 7,605,949 31 
30 6,494, 4800] 4,316,323] 1,577,296|2,739,027]| 7,604,060] 30 


( 615 ) 


Gr. 40 
40 R | 
min Sinus Logarithmi | Differentice |Logarithmq| Sinus 
30 6, 494,400 4316,323] 1,577, 2902, 739,27 7,604,060] 30 
31 6,496,05 4,312,919 1,571,407[2,741,512]| 7,002,170] 29 
32 6, 498, 903] 4,309,517] 1,563, 51802, 743,999] 7,000,250] 28 
33 6,801, 1144] 4,306, 1166 1,5 59, 6292,46, 487] 7,598,389] 27 
34 6, 503, 324 4302, 17 1,533,740), 748,977 7.596, 4980 26 
35 6, 505, 5330] 4.299, 320 1, 547, 8 522,751, 4680] 7,594,606] 25 
36 6,597:742]| 4,295,920 1,541 ,964 2,753,960 7,592,713] 24 
37 6, 509, 9 00] 4,292,532] 1,536,077[2,750,455|| 7,590,919] 23 
38 6,512,158|| 4,289,141] 1,530,191[2,758,950|| 7,588,925 22 
39 6,514,305|] 4,285,7 2] 1, 524, 305,761,417 7,587,031 21 
40 6,5 16,572] 4,282,365] 1,518,420j2,763,945]| 7,589, 130 20 
41 6, 518,778] 4,278,980] 1,5 12, 53 502, 766, 445] 7.583, 240 19 
42 6,520,984 4.27 5,597 1,306, 65 102,768, 9400] 7,581,343] 18 
43 6,523,189 4,272, 2100 1, 500, 707%, 771,449] 7,579, 4400 17 
44 | 6,525,394|| 4,268,837] 1,494,884, / 3,9530 74577545] 16 
45 6,527,598]] 4,263,460] 1,489,001[2,770,459]] 7,575,650] 15 
46 6,529,801] 4,262,085] 1,483, 11902, 778,966] 7,573,751] 14 
47 6,532,004] 4,238,712 1, 477, 2372,78 1,475] 7,571,851 13 
48 6.5334, 206] 4,255,341] 1, 471, 350%, 783, 9850] 7,569,953] 12 
49 | 6, 536, 408] 4,251,972] 1,405, 47002, 780, 4900] 7,568, 80 1 
50 6,538, 09] 4,248,605] 1, 459, 3962, 789, 09 7,506,140] 10 
51 6,540, 809] 4,245,240 1, 453.717], 791, 23] 7,504,246] 9 
52 6, 543,0 4,241,877] 1,447,880, 94.039 7,502,343] 8 
53 J 6,545,208] 4,238,516] 1,441,960, 790,556 7,500,439] 7 
54 | 6,547,407j| 4,235,157 1,430, 082,799, 75 7,558,535] 6 
55 6, 549,600 4,231,800| 1,430, 209, 801,95] 7,556,030] 5 
36 6,551, 8044] 4,228,445] 1,424, 3280, 804, 1170 7,554,724] 4 
57 6,554,001]| 4,225,092] 1, 418, 450, 800, 6410] 7,552,818 3 
33 6,556,198] 4,221,741] 1, 412, 5750, 809, 66] 7,550,911] 2 
59 6,558,394 4,218,392 1,400, 92,811,693 7545004 I 
bo 6,560,590]| 4,215,044] 1, 400, 8232, 814,221 7,547,096] © 
| min. 
| | | Gr. 
49 49 


+ 
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Gr. 41 
+ | — ä 

min Sinus Logarithmi | Differentie Logaritbmi Sinus 

* i 6,560,590]] 4,215,044| 1, 400, 82302, 8 14, 221 7,547,000 * 
1 6,562,785 4,21 1,698 I,394,947 2,810,751 7,545,187 59 
2 6,564,979] 4,208,354 1, 389,07 2%, 8 19,282 7,543,277 58 
3 6,567, 1730] 4.205,12 1,383, 197,821,150 7,541,367 57 
4 6,569,367 4,201,670 1,377,323, 824, 349 7,539,457 56 
5 6,571,560 4,198,334| 1,371, 450, 826,884 7,537,640 55 
6 6,573,753 4194-999] 1,365,578, 829,420 7,535,034 54 
7 6,575,945] 4,191,066 1,359, 07%, 831,959 7,533,721| 53 
8 6,578, 136 4,188,335 1,353,836, 834,499] 7,531,608 52 
9 6,580, 326 4, 18 5, 06 1, 347,960, 837, 400 7,529, 894 51 
10 6,582, 56] 4,181,679] 1, 342, 97%, 839,582 7,527,980 50 
11 6,584, 705 4, 178, 354 1, 336, 2282, 842, 1266 7,526,065 49 
12 | 6, 586,894 4,175, 30 1, 330, 3582, 844,672 7, 524.149 48 
13 6,589,082 4, 171,708 1,324, 4892, 847, 219] 7,522,233 47 
14 6,391,270 4,1068, 3880 1,318,620|2,849,768|| 7,620,316 46 
15 6,593,458 4, 163,070 1,312, 7522, 852,318] 7,18, 398 45 
16 6,595,645 4,161,754 1, 306, 884, 854,870 7,516,840 44 
17 6,597,831 4,138,440 1, 301,017, 857, 423 7,514, 50 43 
18 6, 600,0 16 4, 155,128 1,295, 1 502,8 50,978] 7,512,642 42 
19 6,602, 201 4,151,818] 1, 289, 28402, 862,534] 7,510,722 41 
20 6,604, 386 4, 148,510 1,283, 41802, 865, 92] 7, 508, 800 40 
21 6, 06, 570 4,145,204 1, 277 55/2, 867, 6510 7,506,879] 39 
22 6,608, 7 530] 4,141, 900 1, 271, 68802, 8 70, 212 7,504,957 38 
23 6, 610,930 4,138,598] 1,265,824, 872,774 7,503, 34 37 
24 6,613,118 4,135,298 1,259, 96002, 873,338 7,501,111 36 
25 x 33 2 847.953 459.767 35 
2 „017,481 4,120,703}. 1, 248, 23302, 880,470 75497,202 34 
27 6,619,064]| 4,125,408 1, 242, 37002, 883, 38 7,495,330| 33 
28 6,621,841] 4,122,115} 1, 236, 507%, 88, 6680 7,493,410] 32 
19 6,624, 21 4, 118,824] 1, 230, 6452 888,179 7.491, 4840 31 
30 | 6,626, 200 4. 115,535, 1,224, 7802, 690,752 7,489,557 30 

3 


48 


(. 6 I 


41 
# PM we. 

Sinus || Logarithmi | Differentiæ ¶ Logaritbmi] Sinus 
6,626, 200 4,115,535| 1,224,763 2.890,752 | 7 489,55 
6,628,379] 4, 112,248 1,218,922[2,693,320,| 7,437,62c 
6,630, 557] 4,100,905} 1, 213,061, 895, 02 7,485. 
6,632,734 4, 103, 680 1,207,201 2,898, 470 7,483,771] 2 
6,034,911]} 4,102,399] 1,201,343[2.901.058 | 7,481,842, 2 
6,637,087 4,099,12c| 1,195,432[2,903,038 7.479,90 2 2 
6,639,203] 4.095,84 1,189,623, 906, 220 7,477,981 
6,641, 4380 4,092, 567 1,183, 7630, 908, 804 7,4709 
6,643,612 4,059,293] 1,177, 904, 911,389 7,474 117 

POS "OS — 
6,643,786] 4,086,021] 1,172,045 2,913,976 7,472,184 
6.647, 9500 4,082,751] 1, 166,187 2,915,564 7,470,251 
6,60, 132 4,079,483] 1, 160, 3292,99, 1 54 7,468,317 
6,052,304|| 4,076,217 1, 154, 472,921,745 7466, 382 
6,054,470|| 44072,953| 1,148,615, 924, 338 7,464, 447 
6,056,047 4.069, 6910 1,142,739, 926, 932] 7,402,511 
6,658,817] 4,066,431] 1,136, 9042, 929,527 7,460, 74 
6,660, 987] 4,003,173] 1, 131,049, 932, 124 7,458,037 
6,063,156 4,059,917} 1,125,19512,934,722 7:456,9099 
6,663,325] 4,056,663] 1,119,341 937,322 7454,76 
6, 66, 4930] 4,053, 4100 1, 113, 487,939,923] 7,452,822 
6, 669,610] 4,050, 159 1, 107.6332942, 526 7,450,832 

i ee | a SS Leading 

6,671,828] 4,046,910; 1, 101, 78002, 943, 1300 7, 448, 941 
, 73994 4,043,002} 1,095, 927,947, 7360 7,447,000 
6,676, 1600] 4,040,418] 1, 090, 0742, 950, 3444 7,445,058 
6,678, 3260 4,037,175] 1, 084, 22202, 952, 9530 7,443,110 
6, 80,49 4,933,934] 1, 78, 370, 955,56%/ 7,441,173 
6,682,655 4,030,095} 1,072,516 2,958, 17, 7439,22 

6,684,818] 4,027,458] 1,066,667, 960,791 7.437, 284 
6,686, 98 10] 4,024, 223 1,060, 8 162, 963,40) 7,435,339 
6,689, 144 4, o 20, 990 1,954,966 — 7:433»394 
6,691,306]| 4,017,759 1,049, 1168, 968,643 7,431,445 
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: | ( 618 ) 
Gr. 4.2 
42 | + | = | Gn 
min Sinus Logarithmi | Differentie |Logarithmi Sinus 
O 6,691,306 4,017,759] 1,049,1 16 2,968,643 7,431, 448 60 
I 6,693,468] 4,014,529 1,043, 2662, 971, 263 7,429,501] 59 
2 6,695,629 4,011,301 1,937,416 2,973,885 7,427, 5530 38 
3 6,697,789 4.008, 75 1,031, 67, 976, 508 7,425, 605 57 
4 6,699, 949 4,004, 851 1,025, 7 1802, 979, 133 7,423,657 56 
5 6,702, 108 4,001,629] 1,019, 870, 981,759] 7,421, 7080 55 
6 6,704, 267 3,998, 409 1, 014, oz 32, 984, 386 7,419,755| 54. 
7 6,706, 425 3,995,191] 1,008, 176, 98 7, 015] 7,417,007] 53 
8 6,708,582 3.991,974| 1, 002, 329.2, 989,645] 7,415,856 52 
9 6, 10, 739 3,988,759 996, 482 2,992,277] 7413, 9050 51 
10 6,712,895 3,985,540 990, 63602, 994, 9100 7,411,953 50 
11 6,715,050 3,982,335 984,790 2K, 997,545] 7,410, oo 49 
12 6,717,200 3,979,126 978,944 3,000,182 7,408,046| 48 
13 6,719, 3610 3,975,919 973,099 3, 002, 8 20 7,406, 92 47 
14 6,721,515 3,972,714 967,254,005, 460 7,404,137 46 
15 6,723,008 3,969,511 961, 4093, o08, 102 7,402, 1810 45 
16 6,725,821 3,966,310 955,50 5 3,010, 745 7,400, 225 44 
17 | 6, 727,973 3.963, 110 949.7203, 13,390 7,398,266 43 
18 6,730, 125 3,959,912 943,876 3,016, 036 7,396,311 42 
19 6,732,270 3,950,716] 938, 03203, 18,684] 7.394, 3530 4! 
20 6,734,427 3,953,522 932,1893,021, 3330] 7 392,394 49 
21 6,736,577 3.950, 330 926, 34603. 023,084 7.390,35 39 
22 6,738,720 3,947,140 920, 5043, 026,630] 7.388, 475] 38 
23 6, 740, 875 3,943,951 914,661,029, 2900 7,386,515 37 
24 6,743,024 3.940, 764 908, 8 1903. 031,945 7384,54 3 
25 6,745,172] 3.937579 902 97753, 034, bo 73822592] 35 
2 6,747,319] 3,934,396] 897, 1353,03 7, 26 7,380,629 34 
27 6, 749,465 3931,21 B891,294[3,039,921|| 7,378,660 33 
28 6,751,611 $3,928,036 883,45 203,042, 583 7,370,702] 32 
29 6,753.77 3.924, 8 59 879, 61303,045, 24 7,374,738 31 
30 6,755,902] 3,921,684 873,7733,047,9 110 7,372,773 30 

1 
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Gr. 42 
42 3 | 
min 3 Sinus Logarithmi | Differentie |Logarithm | Sinus 
30 | 6,755,904] 3:921,684] 873,7733,047,911]| 7,372,773] 30 * 
31 6,755,047 3,918,511 67,9343, 050, 577] 7,370,807] 29 . 
32 6,760,191]| 3,915,339 262834 3,053,245] 7,368,841] 28 | 
33 | 6,962,334|| 3,912,169] 836, 2553.55, 914 7,366,874] 27 " 
34+ 6. 764,477 3,909,001] 850, 4103, 058,585] 7,364,907] 26 9 
35 6,766,619] 3,905,835 844, 577,061, 25] 7,362,939] 25 ill 
—— — — — —ů— — — | [ 
35 6, 768,760] 3,992,677] B838,73913,063,932]| 7,360,970] 24 | | 
37 6,770,901]| 3,899,509 832,901]3,066,608]] 7,359,001] 23 11 
3 6,77 3,04 ]] 3,896,348 827,033, 69, 285] 7,357,031] 22 4 
39 6,775,18:|| 3.893,1 39 821,225]3,07 1,964] 7,355,061| 21 . 
40 6,777,320|| 3,890,032 $15,388[3,974,044]] 7,353,090] 20 | 
41 6,779,459] 3.886,877 809, 5513,77, 3200 7,251.118] 19 ; 
42 6,7381,597]| 3,883,723 $03,714[3,080,009|| 7,349, 145 18 
43 6, 783,734 3,880,571 797,877,082, 6944] 7,347,173] 17 (| 
44 | 6,785,971]| 3,877,421] 792, 0418, 85, 3800] 7,345,199] 10 | 
6,748,007]| 3.874.273 786, 20503, o88, o68][ 7,343,225] 15 of 
6, 0, 1430 3,871,127] 780, 3693, 090, 580] 7,341,250] 14 
„% 2,2780] 3,907,993] 774.5343, 093, 4490] 7,339,274] 13 
6,9 4413] $3,964,841] 768,699,096, 142] 7,337,298] 12 
6,796, 543,861,701 762,86513,098,836|| 7,335,322] 11 
5725 3 $58,563] 757, 03 13, 101, 532] 7,333,345] 10 
— — | —— * — ——— — 
6,800, 8 144] 3,855,426 751, 1973, 104, 229] 7,331,367 9 
6, 802,946] 3,852,291 745,36 303, 106, 928] 7,329,388] 3 
6, 805, 78 3,549,158] 739,529, 109,629 7,327,409 7 
6 807, 209 3.846, 027 733-09" 3,112,331] 7,325,429] 6 
6, 809, 340 3,842,898] 727, 86303, 115,035] 7,323,449] 5 
6,811,470 3,839,770] 722, oz93, 117, 7410 7,321,468] 4 
6,813,599 3,836,644 716, 19613, 120, 448] 7,319,486] 3 
6,815,728 3,833,520 710, 36303, 123,157] 7,317,504 2 
6,8 17,8 566 3,830, 398 704, 53003, 125,868 7.315,21 1 
0,819,984 3,827,278] 698, 69803, 128,580 7,313,537] 9 
min. 
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Gr. 43 
43 | On | 
min Sinus | | Logarithmi | Differentice Logarithmi|| Sinus | 
O 6,8 19,984 3,827,278 698,698 3,128, 580 77313,537 6⁰ 
1 6,822, 1110] 3,824,160 692, 86603, 131,294] 7,311,530 39 
2 6,824,237] 3,821,044 687, o3 53, 134, oo] 7, 309, 508 58 
3 6,826, 363 3,817,929 681,203 3,136,726] 7:30,83 57 
4 6,828,489] 3,814,816] 675,372, 139,444] 7,305,597 56 
5 6,830,614] 3,811,705 669, 5413, 142, 164] 7,303,610] 55 
6 6,832,738] 3,808, 596 653,71103, 144,883] 7,301,023] 54 
7 6,834, 8610] 3,805,468 657, 8803, 147, 608 7,299,935] 53 
8 6,836, 984] 3,802,382 652, 05003, 150, 332 7,297,047] 52 
9 6,839,107] 3,799,278 646, 22103, 153,0 % 7 2955580 51 
10 6,841,229 3,796, 176 640, 39203, 155,784] 7,293, 068, 50 
11 | 6,843,350|| 3,793,075] 634, 502.158,51 7291, 780 49 
12 6,845,471] 3,789,976 628,732,161, 2444] 7,289,687 48 
13 [6,847,590 3,786,879] 622, 90403, 163,976] 7,287,095] 47 
14 849,7 110 3,783,784 617,743, 166, 100] 7,285,703] 46 
15 6,851,830 3,780, 691 611,246,169, 445 7,283,710 45 
16 6,853,949 3,777,000 605, 41803, 172, 1820] 7,281,716 44 
17 [E, 856,067 3,774,510] 599, 5893, 74,9210 7,279, 722 43 
18 6,888,184 3,771,422 593,76003, 177, 60] 7,277, 7280 42 
19 6, 860, 3010 3,768,336] 387,93 283, 180, 404] 7,275,733] 41 
20 6,862,417] 3,705,252 582, 1043, 183,148 7,273,737 40 
21 6,864,533 3,702,170 $70,27713,185,893| 7,271,741] 39 
22 6,866,648|| 3,759,090 570, 4503, 188.6400 7,269,744 38 
23 6.868762] 3, 756,01. 564,622, 191,389] 7,267,740] 37 
24 6,870, 860] 3,752,934] 558, 79503. 194,139 7,265,748| 36 
25 | 6, 872,989, 3,749,859] 552,968; 196,890 7.263, 7490 35 
26 [ 6, 878, 102 3,746,786] 547,142,199, 644] 7,261,749] 34 
27 6,877,214 3,743,714 541,315,202, 399 7,259,748 33 
286,879,325] 3,740,644] 535,893. 205,155 7,257,747 32 
29 6,881,436] 3,737,576] 529, 66303, 20% 913 7,255,746] 31 
30 6,883,546] 3,734,510 523, 83803, 2 10, 672 7,253,744 30 
I 
46 


( 61 ) 
Gr. 43 | 
43 | — 8 
min | Sinus | | Logarithmi | Differentie |Logarithmi) Sinus 
30 6,883,546 3,734,510 523+839(3,2 10,672]] 7,253,744 30 
31 [6,885,656] 3,731,446] $18,013]3,213,433]} 7,251,741] 29 
32 6,887,705|| 3,728,383 312, 1873, 216, 1900] 7,249,737] 28 
33 6,889,874] 3,725,322] 506,36 103,218,961 7,247,730 27 
34 6,891,982] 33722, 263 500, 5363, 221,727] 7,245,729] 26 
35 6,894,089] 3,719,206 494,7 1103, 224,495] 7,243,724 25 
36 6.896, 196 3,716,150) 488,886, 227,264 7,241,718] 24 
37 6,898,302] 3,713,096 483,06 103, 230, 3 5] 7,239,711] 23 
38 6, 900, 4088 3,710,044 477, 2363, 232, 808] 7, 237, 04 22 
39 6,902,130 3,706, 9944 471,41113,235,583]| 7,235,697] 21 
40 | 6,904,617|| 3,703,946] 465,59713,238,359|| 7,233,689 20 
41 6,900,721|| 3,700,899 4597 0213,241,137|| 7,231,681] 19 
42 6,908,824|| 3,097,854 453»93813,243,916|| 7,229,672] 18 
43 6,910, 927 3,094,811 448, 1143, 246,697 7,227,662] 17 
44 6, 913,029] 3,691,770] 442, 29103, 249,479 7,225,651] 16 
45 | 6,915,131]| 3,688,730] 436,467,252, 2630 7,223,639] 15 
46 | 6,917,232]| 3,685,692] 430,04413,255,048]] 7,221,627] 14 
47 6,919,332] 3,082,656] 424,821[3,257,835|| 7,219,614] 13 
48 6,921,432 3,679,022 418,999, 260, 6230] 7,217,601] 12 
49 6, 923,530] 3,076,590] 413, 177,263, 4130] 7,213,588 11 
50 6, 925,30 3,673,559} 407,355, 260, 04 7,213,574| 10 
51 6,927, 728 3,670,530 401,53313,208,997]| 7,211,559 9 
52 | 6,929,825]| 3,667,503] 395,711, 271,792] 7,209,543] 8 
536, 931,922 3,664,478] 389,88913,274,589|| 7,207,527] 7 
54 6.934,18 3,661,454] 384,06713,277,387]| 7,205,511] 6 
55 6,936,114 3,058,432] 378, 2453, 280, 187] 7,203,494] 5 
50 6,938, 2090] 3,055,412 372.4233, 28 2,989 7,201,470] #4 
57 | 6,940,303|| 3,652,394 366, 60203, 285,792] 7,199,457] 3 
58 . 942, 397 3,649,377] 360, 780, 288,597 7,197,438] 2 
59 6,944,491] 3,046,362] 354.9583, 291, 404 7,198, 410 1 
bo | 6,945,534}! 3,643,349 349,136, 294, 213 7,193,395] © 

min. 
| Gr. 
40 45 
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45 


Gr. 44 | 
44 . 1 
min Sinus Logarithmi | Differentie Logaritbmi] Sinus | 
o | 6,946,584] 36433495 349,136, 204, 13 75193398] 65 
I 6,948,676|] 3,040,338] 343,315]34297,02.3]] 7,191,377 59 
2 6,950,707 3,637,329 3377494 3,299,835 7189,35 58 
3 6,952,858] 30344321 331,67313,302,048]] 7,187,335] 57 
4 6,954,949] 3,631,315] 325,852,305, 630] 7,185,310 56 
5 6, 957,039] 3-628,311] 320, 0328, 308,279 7,183,287 55 
6 6,959,128|| 3,625, 3088 314, 21103, 311,097 7,181,263 54 
7 6,961, 2160] 3,622,307 308, 39053, 313,917 7,179,238] 53 
8 6,963, 304 3,619,308 302, 570,3, 316, 7380] 7,177,213] 52 
9 6,965, 3920] 3,616,311 296,503, 319,610] 7,173,187 51 
10 6,967,479] 3,613,315 290, 9303, 322,385] 7,173,101] 50 
11 6,969,505]| 3,610, 321 285, 1103,32 5,2110] 7,171,134 49 
12 6,971,651] 3,607,329 279, 29003, 328,039] 7,169, 1000 48 
136,973,736 3,604,335] 273, 4693, 330,869] 7,167,075] 47 
14 | 6,975,921] 3,601,349] 267,64913,333,700]| 7,105,049] 46 
15 | 6,977,905|| 3,598,362] 261, 829,336,533 9,163,019] 45 
16 [6,979,988] 3,595,377] 256, oog, 339,368] 7,160,989] 44 
17 | 6, 982,010] 3,592,394 250,190/3,342,204|| 7,158,958] 43 
18 | 6,984,153|| 3,589,412] 244, 3703, 345, 42 7,156,927] 42 
ig | 6,986,235|| 3,580,432] 238, 5503, 347,882] 7,154,895] 41 
20 [6,988,316 3,583,454 232,73113,350,723|| 7,152,863] 40 
21 6,990,396|] 43,580,478 226,9 123,353,566] 7,150,830] 39 
22 | 6,992,476|| 3,577,504 221,093[3,356,411]| 7,148,796] 38 
23 6 994,555]| 355744531 215, 743,359,257] 7146,762 37 
24 6,996,634 3,571,560 209, 455,362, 10 7,144,727] 36 
25 6,998,712|| 3,568,590 203,03513,304,955|| 7,142,691] 35 
26 7,000,789]| 3,565,022 197,8 163,367, 8060] 7,140,655] 34 
27 7,002, 865] 43,562,656 191,997,370, 659 75,138,618 33 
28 | 7,004,942|| 3,559,691] 1386, 17883, 373,513] 7,136,581] 32 
29 | 7.00%, 18] 3,556,728] 180,35913,376,369|| 7,134,543] 31 
— 3 —— — 
30 75 0, og 3,553,767 174,418, 379,226 7,132, 504 30 


( 


Gr. 44 
44 12 
min | Sinus Logarithmi | Difſerentie |Logarithmi Sinus 
30 7, oo, 9s 3553707 174,541, 379,220 7, 132,504 30 
31 7,011,167 3,550,808 168,723/3,392 085 7, 130, 465] 29 
32 7,013, 2410] 23,547,851] 152, 9053, 384,946 7, 128,425 28 
33 7015, 314/ 3,544,895 157,087,387, 808 7,126,385] 27 
34 7,017,387] 3 541,941 151, 2693, 390, 672] 7, 124,344] 26 
35 | T»919,454]| 3,538,989 145,451, 393,538 7,122,303] 25 
36 7,21, 5300 3,536,036 139,632 3,396, 400 7, 120, 261 24 
37 7023, 6010 3,533,089] 133,8 143,399,275/ 7,118,218] 23 
38 7,025,071]] 3.530, 142 127,99603, 402, 1460 7,116,175 22 
39 7027,74 3,527 197 122,170/3,405,019]| 7,114,131] 21 
40 7,029, 8100 3,524,253 116, 3593, 407, 8944 7,112,086] 20 
41 7,031,879] 3,521,311 110 5413, 410,700] 7,110,041] 19 
42 7033,947 3,518,371 104, 233,413,648 7,107,995] 18 
43 7,030, 14 3,515,432 98,9043, 416,528 7,105,949] 17 
44 7,038, 81 3,512,495 93,086, 419, 409 7,103,902] 16 
45 7,40, 147 3,509,500 87, 26803, 422, 292 7,101,854] 15 
46 7,042, 213 3,506, 626 81,4503, 425, 1760] 7,099,806] 14 
7, 44, 278 3, 503,694 75,6323, 428,062] 7,097,757] 13 
48.046, 342 3, 500, 764 69,8243, 430, 9400 7,095,708] 12 
49 75,048, 406] 3,497, 835 64,0003, 433,829] 7,093,058] 1 
50 | 7,050,469|| 3,494, 908 58, 17803, 436, 730 7,091,607] 10 
517,052,532 3,491,983 52,360, 439,623 7,989,550] 9 
52 J,054, 594 3,489,060] 46,543[3,442,517]| 7,087,594] 8 
53 7,056,055 3,430,139 40,720 3,445,413 7,085,452 7 
54 | 7,058,716|| 3,483,219 34, 90803, 448,311 7,083,399] 6 
55 7.060, 7760] 3,488, 30 29,0903, 451, 2110 7,081,345 5 
59 ¼ 7,062,836|] 3,477,385 23, 27303454, 112 7,079,291] 4 
57 7064, 8950 3474,70 17,45503, 457,015 7,07%, 30% 3 
587.066, 95% 3,471,557 11, 5373, 459,9 200 7,75, 10 2 
59 7, 69, oi] 3,468,045 5,8 1803, 462,827 7,073,125] 1 
bo 7.0% 1,068 3,465,735 o 383,465,735 7,071,065] © 
min. 
l | | Gr 
45 45 


4 X 


i 
bi 
i 
| 
| 
4 


1 A ee 22 
No ad 


Admonitio. 


Dum hujus Tabulæ calculus, qui plurimorum Logiſtarum ope & diligentid 

perfici debuiſſet, unius tantim operd & induſtrid abſolutus ſit, non mirum eſt 
i plurimi errores in eam irrepſerint. Hiſce igitur, fave à Logiſtæ laſſutudine, five 
Typographi incurid profectis, ignoſcant, obſecro, benevoli Lectores: me enim tum 
infirma valetudo, tum rerum graviorum cura præpedivit, quo minus ſecundam his 
curam adbiberem. Verum, fi hujus invent: uſum eruditis gratum fore intellexero, 
dabo fortaſſe brev) (Deo aſpirante) rationem ac methodum aut hunc canonem emen- 
dandi, aut emendatiorem de novo condendi, ut ita plurium Logiſtarum diligentia, 
limatior tandem & accuratior, quam unius operd fieri potuit, in lucem prodeat. 


Nihil in ortu perfectum. 
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TRACT OF LORD NAPIER, 


INTITLED, 


Mirifici Logarithmorum Canons Descriptio. 


BY FRANCIS MAS ERES, Exq. F.R.S. 
CURSITOR BARON OF THE COURT OF EXCHEQUER, 
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ARTICLE I. 


ORD Napier's deſign in inventing and computing this Canon, or Table, 

of artificial numbers, called Logarithms, was (as he himſelf informs us in 
the Preface to the foregoing TraQ,) to facilitate the laborious arithmetical 
computations that occur in the various Problems of Plane and Spherical 
Trigonometry, For in the ſolution of theſe Problems it is very frequently 
neceſſary to employ the Rule of Three, or the Rule of Proportion, in order 
to find a fourth proportional to three given, or known, quantities; which 
could only be done by multiplying the ſecond and third- quantities together, 
and dividing the product by the firſt quantity; and theſe operations, when 
the quantities, or numbers, to be multiplied, or divided, confiſt of fix, or 
ſeven, or more, decimal figures, are very tedious and troubleſome. The mag- 
nitudes of the Sines, Tangents, and Secants of all the arches contained in the 
arch of a Quadrant of a circle, or an arch of go degrees, beginning with an arch of 
1 minute of a degree, and proceeding upwards from that ſmall arch to go de- 
Stees, or the arch of a whole Quadrant, by the common difference of 2 
ma 
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ſmall arch of 1 minute, had been already computed to ſeven places of deci. 
mal figures by former writers on Trigonometry, and publiſhed in Tables for 
the uſe of Mathematicians, But the application of the numbers contained 
in theſe Tables to the Solution of Trigonometrical Problems, by multiplying 
two of theſe numbers, conſiſting of ſeven, or more, figures, into each other, 
and then dividing the product by another number, conſiſting likewiſe of ſeven, 
or more places of figures, was found to be very inconvenient. And this gave 
riſe to a general wiſh amongſt Mathematicians, that ſome Expedient could be 
found-out for leſſening the Labour of theſe operations. With this object in 
view Lord Napier conceived that it might be poſſible to find a ſet of new 
quantities, equal in number to the ſeveral Sines, Tangents, and Szcants of 
circular arches that were ſet- down in the Trigonometrical Canon, that ſhou]d 
be ſo related to the ſaid Sines, Tangents, and Secants, that, if two of the (aid 
new quantities that belonged, or correſponded, to any two of the ſaid Sines, 
Tangents, and Secants, ſhould be added together, the ſum thence ariſing 
would be equal to the new quantity that belonged, or correſponded, to the 
product of the multiplication of the ſaid two Sines, Tangents, or Secants, into 


each other; it being evident that, if ſuch new quantities could be found, and 


were to be expreſſed in numbers, and ſet- down in a Table annexed to the Tri- 
gonometrical Canon, we might then find the product of the multiplication of 
the ſaid two Sines, or Tangents, or Secants, into each other, without perform- 


ing the operation of multiplying them together, by only looking-out, in the 


ſaid Table of new numbers annexed to the Sines, Tangents, and Secants, 
contained in the Trigonometrical Canon, the new number which 1s equal to 
the ſum of the two former new numbers that belonged to the two Sines, or 
other quantities contained in the Trigonometrical Canon, which were to have 
been multiplied together, and then taking, from amongſt the old numbers 
contained in the Trigonometrical Canon, the number to which the ſaid ſum 
belonged, or correſponded : and thus a laborious operation of multiplying two 
long numbers together would be avoided by performing the much eaſier 
operation of adding two ſuch numbers to each other. And, after much medi- 
tation on the ſubject, the learned and very ingenious author found, that it was 
poſſible for a ſet of new quantities, or numbers, to exiſt, that would be related 
to the Sines, Tangents, and Secants ſet-down in the Trigonometrical Canon, 
in the manner above-mentioned ; and he likewiſe found-out a Method of 
diſcovering and _— ſuch new numbers. And, having made theſe 
diſcoveries, he, at firſt, diſtinguiſhed theſe new numbers, which were to be an- 
nexed to the ſeveral old numbers contained in the Trigonometrical Canon, by 
the name of artificial numbers, belonging, or annexed, to the ſaid old numbers, 
but afterwards called them the Logarithms of the ſaid old numbers, or, rather, 
of the ſeveral ratios of the ſaid old numbers, (which expreſſed the lengths of 
the ſeveral Sines, Tangents, and Secants ſet-down in the Trigonometrical 
Canon) to the number which expreſſed the magnitude of the radius of the 


Circle in the ſaid Canon; this number, (which expreſſes the length of — 
ius 
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dius of the circle,) being the number to which he conſtantly compares, or re- 
fers, all the other numbers, that exprels the lengths of the other Sines, Tan- 
ents, and Secants, contained in the Trigonometncal Canon, or which he 
makes the common Cenſequent, or ſecond term, of all the ratios of which the 
ſaid other numbers in the ſaid Canon ate he Antecedents, or firſt terms, This 
number, expreſſing the length of the radius of the circle in Lord Napier's 
Trigonometi ical Canon, is 10,000,000, or ten millions; or, in other words, 
the radius of the circle is ſuppoſed, by Lord Napier, to be divided into 
10,000,000, or ten millions, of ſmall and equal parts, each of which will be 


equal to an unit, Or 1, 


Lord Napier's Method of generating the Sines of circular 
Arches, by ſuppoſing the Radius of à Circle to decreaſe 


proportionally. 


Art. 2. Lord Napier's Method of proving that it is poſſible for ſuch a ſet 
of new numbers, or Logarithms, (that are related to the old numbers, 
expreſſing the lengths of the Sines, Tangents, and Sccants contained in the 
Trigonometrical Canon, in the manner above-deſcribed) to exift, is as 
follows. 


He, firſt, ſuppoſes a right line of any propoſed length to be choſen for the 
radius of a circle. And, as this radius, when the Circle ſhall be drawn, or 
when only a Quadrant of it ſhall be drawn, (for all the poſſible Sines, Tangents, 
and Secants that can belong to any arches in the whole circle, will be found 
to belong alſo to ſome of the arches contained in the Quadrant of it;) will 
be the Sine of the whole arch of the Quadrant, or of an arch of go degrees, 
and will be greater than the Sine of any other arch, he calls it the Sinus totus, 
or the whole Sine, and ſeems to conſider it as the Parent of all the other Sines, 
or as the Fountain-head from which all the other Sines may be derived by 
a gradual diminution of it. And this diminution he conceives to be effected 
by the motion of a move-able point, which begins to move along the radius 
from one extremity of it towards ſome point that is very near the other ex- 
tremity with a motion that is not uniform, but continually growing ſlower and 
ſlower. And he ſuppoſes the velocity with which this point moves along the 
{aid radius to decreaſe at ſuch a rate that, if we divide the whole time of its 
motion, from the firſt beginning of it, to the inſtant at which the move-able 
point arrives at the other point which is near the other extremity of the radius, 
into any number of equal portions, or leſſer times, the whole original line, 
or radius of the circle, ſhall be to it's firſt decrement, or the ſmall line de- 
ſcribed by the ſaid move-able point in the firſt of the ſaid ſmall and equal 
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portions of time, in the ſame proportion as the whole remaining line is to the 
ſecond decrement, or to the ſmall line deſcribed by the ſaid move-able point 
in the ſecond of the ſaid ſmall and equal portions of time, and as the next 
remaining line at the end of the ſecond equal portion of time is to the third 
decrement, or the {mall line deſcribed by the ſaid move- able point in the third 
equal portion of time, and as every following remainder of the original line, 
or radius, 1s to the next following decrement, or the ſmall line deſcribed by 
the ſaid move-able point in the next following equal portion of time ; which 
manner of decreaſing Lord Napier calls decreaſing proportionally. Thus, if the 
whole original line, or the radius of the circle, be called r, and the firſt de- 
crement of it be denoted by d, or the Letter 4 with a ſingle accent placed 
over it, and the ſecond decrement be denoted by 4”, or d with two accents, 
and the third decrement be denoted by 4”, or 4 with three accents, and the 
fourth decrement be denoted by 4”, or d with four accents, we ſhall have 
rid. r: al: 14 -d: 4: : 14 - 4 - 4, : 7, 
&c. This proportional decreaſe of the original line, or radius, 1, may be illuſ- 
trated by the following figure. 


Art. 3. Let the right line A C be made the radius of a circle, of which 
it's extremity C is the Center; and let C A B be a Quadrant of the ſaid 
circle. In the radius C A let the ſmall line C T be taken, which we will 
ſuppoſe to be only one 10,000,000th, or ten millionth, part of the whole ra- 
dius C A; which is only about one 290th part of the fine of an arch of one 
minute of a degree, and one 48th part of the ſine of an arch of one ſecond 
minute of a degree, and very little greater than the fine of an arch of one 
third minute of a degree. Then it 1s evident that all the fines of the arches in 
this Quadrant C A B, that are not leſs than one minute of a degree, that is, all 
the Sines of the arches ſet-down in Lord Napier's Trigonometrical Canon, will 
be much greater than the line CT. And conſequently, if we ſuppoſe the ſaid 
line, or radius, C A to decreaſe gradually from C A to C T by the motion of 
a move-able point, which we will call P, along it from the point A to the 
point T, it will become ſucceſſively equal to all the Sines of the arches ſet- 
down in Lord Napier's Trigonometrical Canon, which makes mention of no 
ſmaller arches than an arch of one minute; and it would even become {uc- 
ceſſively equal to all the Sines of the arches that would be ſet-down in 2 
Trigonometrical Canon that ſhould begin with an arch of one ſecond minute 
of a degree, and proceed upwards, by the common difference of one ſecond 
minute of a degree, to an arch of 89 degrees, 59 minutes, and 59 ſecond 
minutes of a degree, if ſuch a copious and accurate Trigonometrical Canon 
had been computed. 


Now let us ſuppoſe the move-able point P not to move from A to T with 
an uniform velocity, or ſo as to deſcribe equal parts of the line A T in any 


equal ſucceſſive portions of time, but to move with a velocity that feces 
continually 


. 
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continually at ſuch a rate that, if the whole time of it's motion over the line A 
T be divided into any number of equal parts, and in the firſt of theſe leſſer 
portions of time the point P ſhould deſcribe the line A D, and in the ſecond 
of theſe leſſer portions of time it ſhould deſcribe the line DE, and in the thud 
portion of time it ſhould deſcribe the line E FE, and in the fourth portion ot time 
it ſhould deſcribe the line FG, the whole radius C A ſhall be to it's firit 
decrement A D in the ſame proportion as the firſt remainder C D is to the 
ſecond decrenient D E, and as the ſecond remainder C E is to the third de- 
crement E F, and as the third remainder C F is to the fourth decrement F G, 


Fig. 1. 
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and as the fourth remainder C G is to the fifth decrement, and as every fol- 
lowing remainder 1s to the following, or correſponding, decrement, till the 
point P co- incides with the point T: which manner of decreaſing in the radius 
CA from it's firſt magnitude C A to it's laſt magnitude C T, Lord Napier 
calls decreaſing proportionally. 


In this figure the little line A D anſwers to 4“ in the notation of the forego. 
ing article, and D E anſwers to 4”, and E F anſwers to d“, and FG anſwers 
to 4” ; and conſequently CA — AD, or CD, anſwers to r-; and 
CA—AD—DE, or CE, anſwers to r - 4 - 4“; and CA - AD 
DE - E F, or C F, anſwers to r- d' - 4“) — 47; and CA - AD — 
DE- EF - F G, or CG, anſwers tor - 4“ = 4“ — 4“, — 4 “%. And 
thereſore, inſtead of the proportions mentioned in the laſt article, to wit, : 
ELLER 8 2: fon & 34 2 tif nn G5 = i =H: I, 
we may ſubſtitute the proportions CA: AD: : CD: DE:: CE: 
EF ECG: FG. i 


From the points D, E, F, G, and T draw the right lines D d, Ee, F, Go, 
and T 7 parallel to the right line CB, and meeting the arch A B in the points 4, 
e, f, g, and t; and from theſe points d, e, /, g, and # draw the right lines 
ds, ee, F , gy,and tr parallel to the right line C A, and meeting the right line 
CB in the points, 9, e, O, y, 1. And it is evident that theſe lines 49, es, f@, 
gv. and tr, will be the fines of the ſeveral arches 4B, eB, FB, g B, and B, 
reſpectively. | 


Further it is evident that theſe lines 43, ee, fo, gy, and 7 7 will be reſpec- 
tively equal to the lines DC, EC, F C, GC, and TC. Therefore theſe laſt 
lines DC, EC, FC, GC, and TC are equal to the lines of the arches dB, 
eB, TB, g B, and B reſpectively. And therefore, by the motion of the 
move-able point P from A to T, the line P C will ſucceſſively become equal to 
the Sines of all the five arches d B, eB, FB, g B, and 7B, and to the Sines 
of all other arches whatſoever between the Quadrantal arch A B, of which the 
radius A C is the fine, and the little arch ? B, of which Zr is the ſine, 


The Radius r and it's ſeveral remainders at the ends of the 
ſeveral ſucceſſive equal portions of time form. a decreaſing 
Geometrical Progreſſion. 


Art. 4. Now, if we put à for the firſt of theſe remainders, to wit, r — 4“, 


or C D, we ſhall find that the ſecond remainder 7 - & — 4”, or CE, will 
" 
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be = = and that the third remainder r - 4 = 4 — 4”, or CF, will 


be.= =, and that the fourth remainder 1 — 4 - 4 — 4”, or CG, will 


4 a . : 5 6 
be '= . and that the ſeveral following remainders will be equal to — 
F 9 


1 . 
＋. . . &c, and, in a general expreſſion,. , 
9 


For, ſince ris to das r — 4 to d, we ſhall, by what Euclid calls rhe 
converſion of ratios, (which 1s taking the ratio of the firſt of four proportional 
quantities to the exceſs of the firſt above the ſecond, and the ratio of the third 
to the exceſs of the third above the fourth, which two ratios are, in the corol- 
lary to the 19th propoſition of the fifth book of Euclid's Elements, ſhewn 
to be equal to each other;) have : T —&::r—d:;ir—d# —&, or 
(becauſe ais r - ,) riatitatr—d—d, Therefore r = & 


d, or C E, will be = — Q. E. D. 


And, in like manner, ſince — dis to d as 4 — 4” is to d, we 
ſhall, by the ſame converſion of ratios, have 1 = di r= - :ü r 
d — 4“ i'r — 4 — d — 4”, or (becauſe - 4 is = a, and ram d — 

aa aa 


2 =,) „ 24 - — 4”, or (becauſe a: — 


7: 4% T: 2:: =: 12 4 = „ 4. Therefore - & 


+] 


77 2 - _ 
— 4d" — d,, or CF, will be = . Q. E. D. 


And, in like manner, ſince 1 -d —- 4“: d,: : pn 4 - 4“ -: 
4% we ſhall have, by the ſame converſion of ratios, r — d — 4: 4. 
„ ::: ufo food «, 


N 2 aa 7 , 3 
{ becauſe r — 4 = 4“ is = — and r - 4 — 4 — 4 is = —, . 
r 
a? 


» 0 1 1 - 2 ae 
::: int 2222 fb , or (becauſe =; -: 7 
"nw rr r rr 


4 Y 2 4, 
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6) r: att Bird = di di. Therefore r — 4 = d' 
2 . PR : 
4 — A, or CG, will be = >. Q. E. D. 


And, in oe manner, it may = ſhewn that the following remainders will 
be equal to , , A. , 77» , KC to the end of the whole ſeries, or till 


the line C p is become equal 5 or leſs than, the ſmall line C T, or the 
10, ooo, oooth part of the radius C A. 80 that the ſaid ſeries C A, CD, 


C'E, CF, CG, &c, or 7, 4, , =, , 2. . ., , A. &ec, vil 


r r „ 967 75 
be a Geometrical progreſſion, the terms of which will decreaſe in the conſtant 
proportion of r to a, or of C A to CD. | 


Lord Napier's Method of generating the Logarithms of the 
Sines of the ſeveral Arches in the Quadrant of a Circle, 
or the Logarithms of the Ratios of the ſaid Sines to the 
Radius of the Circle, 


Art. 5. After thus ſuppoſing r, or the radius of a circle, to decreaſe pro. 


portionally, and thereby, in ſucceſſive equal ſmall portions of time, to become 


a® ELJiſ of of a? 
equal to the terms a, , , 5 7» . v, , , &c, which de- 


creaſe in the conſtant en of r to a, Lord Napier ſuppoſes that an- 
other right line is deſcribed by another move. able point, which moves with 
an uniform velocity, or ſo as to deſcribe equal lines in any equal times, 
how great, or how ſmall, ſo ever. And then he obſerves, that the portions 
of this ſecond right line which are deſcribed in the ſeveral equal portions of 
time in which the radius , or CA, or CP, decreaſes from C A, or 7, to CD, 


or a, and from C D, or a, to CE, 7) and from CE, or , to CF, or 


2 ges and from CF, or , to CG, or — =, Kc, will be equal to each other, 


as conſequently that . portion of his ſecond line that is generated, or de- 
| ſcribed, 
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ſcribed, while the radius r, or C "0 decreaſes to any one of the terms a, = 


, T. , . , , Ts &c, as, for example, to the term , will be 


to the greater portion of the ſame ſecond line that is generated, or deſcribed, 
while the radius decreaſes to a ſecond and ſmaller term of the ſaid decreaſing 


a? 1 . . 8 
ſeries, as, for example, to the term A, in the ſame POR as the ratio of 


minority of the former of thoſe decreaſing terms, to wit, — „ to the radius v 

is to the greater ratio of minority of the latter and leſſer of a ſaid decreaſing 
a? 

terms, to Wit, 5, to the ſame radius r; ſo that this ſecond line, which is 


generated, or deſcribed, by this ſecond move- able point with an uniform velo- 
city, will increaſe exactly in the ſame manner, or at the ſame rate, as the in- 


I inori Te 3 
. creaſing ratio of minority of the ſucceſhve decreaſing quantities a, —, . 
* 
F A ET 
7 *. &c. to the radius , or will be analogous to, or 


a juſt repreſentative of, the ſaid increaſing ratio of minority, or, in the language 
of modern Mathematicians for the laſt 150 years (though not in the language 
of Euclid in his uſe of the expreſſion of a leſer quantity's meaſuring à greater, 
in the firſt definition of the fifth book of his Elements,) will be @ meaſure of 
the ſaid increaſing ratio of minority. 


Art. 6. The ſeveral portions of the above-mentioned ſecond right line, that 
is deſcribed by a point moving with an uniform velocity, will (as Lord Napier 
has obſerved,) be always proportional to, or meaſures of, the ratios of minority 
of their correſponding terms in the firſt, or decreaſing, line, to the radius, or 
firſt magnitude of the ſaid decreaſing line, whatever be the uniform velocity 
with which the ſaid ſecond line is ſuppoſed to be deſcribed. But, as it was 
neceſſary to pitch upon ſome particular velocity for the deſcription of this ſe- 
cond line, Lord Napier thought fit to chuſe for ſuch uniform velocity, the 
velocity which the firſt move-able point, by which the decreafing line is de- 
ſcribed, had in the firſt inſtant of it's motion, and made this ſuppoſition the 


ground-work of his computation of the magnitudes of the ſeveral portions of 


this ſecond line that are correſpondent to the ſeveral terms CD, CE, CF, 
CG, 


i 
| 
| 
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CG, &c, or a, =, — — ＋ &c, of the dec iſing Geometrical Series x, a, 


a? aT 2 : c 1 F 
og Sw no &c, or are meaſures, or Logarithms, of their reſpective ratios 


to the radius , or the firſt term of the ſaid Series. This appears from our 
author's definition of the Logarithm of a Sine, which is his 6th definition, to. 
wards the bottom of page 485, and is in theſe words; Logarithmus ergd cujuſ- 
que Sinus eft numerus quam proxim? definiens lineam que aqualiter crevit intered 
dum finiis totius linea proportionalittr in ſinum illum decrevi!, exiſtente utroque motu 
ſpnehrono atque, Cin] initio, æquiveloce. 


This ſecond right line, which is deſcribed with an uniform velocity that is 
equal to the firſt velocity of the point P, by which the decreafing line CP in 
the foregoing figure was deſcribed, may be repreſented by the following 


figure. 


Let H p be an indefinite right line, along which a move-able point called p 
moves with an uniform velocity that is equal to the firſt velocity of the former 
move-able point P mentioned in Art. 3. And let HI, IK, K L, and LM 
be the ſeveral ſucceſſive portions of this line that are deſcribed by the ſaid 
point ↄ in the ſeveral equal portions of time in which the line C decreaſes 


from C A to CD, or from r to a, and from C D, or a, to CE, or =, and 


from C E, or =, toCF, or , and from C F, or =, to C G, or EA , 


&c. Then will the ſaid lines HI, IK, K L, and LM, (being deſcribed in 
equal times by the point p moving with an uniform velocity,) be all equal to 
each other. And, becauſe the velocity of the point p is equal to the firſt velo- 
city of the point P, which moves with a decreaſing velocity, each of the ſaid 
equal lines HI, IK, K L, and LM will be nearly equal to, but a little greater 
than, the little line A D, or 4, which is deſcribed by the point P in the firſt 
of the ſaid equal times. And therefore the number of the equal little lines 
HI, IK, KL, LM, &c, that will be contained in any portion of the in- 
definite line H y that is defcribed by the point p in the fame time in which 
the decreaſing line CP decreaſes by the motion of the firſt point p, from it's 
firſt magnitude C A, or er, to any following term of the Geometrical Series 7, 4, 


r 
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— , =, 2 &c, denoted by the general expreſſion n vil be equal 


to the number of the ratiuncula, or ſmall ratios of minority equal to the ratio 


a” 


of a to 7, that are contained in the greater ratio of minority of — 
mod 
F 


„to , 


that is, to the number , and therefore will be a juſt repreſentative of, or con- 


| 1 a 
ſtantly proportional to, the ſaid ratio of , or will be the Logarithm ot 


the ſaid ratio; which word is in truth derived from it's having this property 


of expreſſing the number of the ſaid ratiunculæ of à to r (vb agua Toy N. . 


42* 


11 


contained in the ſaid ratio of to r. 


Tig. 2. 


The length of the Sines of all the Arches in the Quadrant 
of a Circle, and the lengths of all their Logarithms, are 
expreſſed in whole Numbers in the foregoing Table of 
Lord Napier. 


Art. 7. It has been obferved above in Art. 1. that Lord Napier, in his 
Trigonometrical Canon, does not ſuppoſe the radius of the circle, or the Sine 
of the arch of the whole Quadrant, to be denoted by unity, or 1, (as 1s often 
done by other Trigonometrical writers,) but to be denoted by 10,000,000, or 
ten millions, and conſequently ſuppoſes the 10,000,000nth part of the radius 
to be denoted by 1. And by this means he avoids all fractions in his Table of 
Sines and Tangents and their Logarithms ; which he carries only to ſeven places 
of figures, neglecting every quantity that is leſs than 1, or the 10,000,000nth 
part of the radius, as too ſmall to be worth attending to. This appears from 

the 
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the following words of Lord Napier in the foregoing tract, in page 485, to 
wit, Ut fit ſemi-diameter, ſeu Sinus totus, rationalis numerus 10, ooo, ooo; erit Sinus 
45 graduum radix quadrata [numeri] 200,000,000,000,000, gue ſurda, ſeu ir- 
rationalis, et numero inexplicabilis eſt, atque inter terminos 7,071,007, [ ip/d ] mi. 
norem, et 7,071,068 [ipſa] majorem, includitur. Ab horum itaque utrovis non 
differt unitate. Surdus itaque Sinus ille 45 graduum quam proxime dicitur definiri et 
explicari quùm per numeros integros 7,071,067 et 7,071,068, neglectis fraftionibus, 
definitur. In magnis etenim numeris ex fragmentis unitatis ſpretis nullus error ſen- 
ſibilis emergit. In which paſſage he calls the two numbers 7,071,067 and 
7,071,068 numeros integros, or whole numbers, and conſiders either of them as 
being equal to the Sine of an arch of 45 degrees, becauſe it differs from the 
true Sine of that arch by leſs than an unit. 


The decreaſing Geometrical Progreſſion which Lord Napier 
has choſen for the foundation of the Logarithms contained 
in the foregoing Trad, is that of which the high number, 
10,000,000, is the firſt, or greateſt, term, and 10,000,000 
— 1, er 9,999,999, is the ſecond term. 


Art. 8. Lord Napier then ſuppoſes the firſt decrement of the decreaſing 
line CP in fig. 1, to wit, the decrement A D, or d, to be equal to 1, or the 
10,000,000nth part of the radius, and conſequently the ſecond term of the 
above-mentioned decreaſing Geometrical Progreſſion, to wit, the term CD, 
or r — 4, or a, to be equal to 10,000,000 — 1, or 9,999,999, and the third 


: s aa — 9999999) * 
term of it, or CE, or 1 -A — d, or to be ako, and the 


. . ; a3 
fourth term of it, or CF, or 1 - — 4 — 4”, 00 be = 


57 EY ; 
L999 3 and the fifth term of it, or CG, or r - d —d" — 4 — 4%, 
| — 
4 577990, 9 . 
or , to be = — -, and, in general, the mth term of the ſaid Geo- 
r 10,002,000) | 


metrical Progrethon, including the firſt term 7, or 10,000,000, to be = 
ooo 
_9:999-9% 


SE 12 
10,000,000 | 


And he ſuppoſes H K, or the firſt increment of the increaſ- 


10g 
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ing line Hp, in fig. 2, (which is deſcribed by the point p with an uniform 
velocity equal to the firſt velocity of the point P, in the ſame time as the firſt 
decrement A D, or d, or 1, of the decreaſing line C P, in fig. 1, is deſcribed 
by the point P,) to be equal to the ſaid decrement AP, or 4, or 1; though 
it will always be a little greater than the ſaid decrement, on account of the 
decreaſe of the velocity of the point P during the deſcription of the decrement 
D. But, as the decreaſe of this velocity is exceedingly ſmall during the de- 
ſcription of ſo ſmall a decrement as 1, or the 10,000,c00ath part of the radius 
of the circle, the value of the Jittle line H I that is grounded on this ſuppoſi- 
tion will be ſo very nearly equal to it's true value that Lord Napier, in com- 
puting the Logarithms ſet- down in the foregoing Table, thought fit to neglect 


their difference, and conſider them as being equal to each other. And, if the 
difference had been very conſiderable, ſo that A D, or this aſſumed value of 
H I, had been leſs than the true value of H I in the proportion of 9 to 10, or 
of 8 to g, or of 7 to 8, or in any greater ratio of minority, the values of HI, 
HK, HL, H M, &c, derived from ſuch a ſuppoſition of the proportion of 


AD to HI, would ſtill have been meaſures of the ſeveral ratios of a, and =, 


and , and =, &c to r, as well as if HI and H K, HL, II M, &c had 


been taken of their true magnitudes, which would have ariſen from their being 
deſcribed by the point p with a velocity exactly equal to the firſt velocity of 
the point P in deſcribing the line AT; as has been already obſerved in Art. 
6. They would therefore, even in that caſe, have been as much intitled to the 


name of Logarithms of the ſaid ratios of minority of à and — and LY and 


A &c to r, as if the lines HI, HK, HL, H M, &c had been taken of 


their true magnitudes according to Lord Napier's definition of the Logarithms 
of bis ſyſtem, mentioned above in Art, 6. in the words, exiſtente u'roque motm 
Hnchrono atque, Lin] initio, æquieloce; but they would not, in that caſe, have 
been Logarithms of the ſaid ratios in Lord Napier's Syſtem, but in a ſyſtem 
in which all the Logarithms of given ratios would have been leſs than the 
Logarithms of the ſame ratios in Lord Napier's Syſtem in a certain given 
proportion: but Lord Napier thought the decrement: A D to be fo very 
nearly equal to the true value of H 1 that he conſidered the Logarithms reſult- 
ing from the ſuppoſition of their equality, and which are thoſe which he has 
Vol. VI. 4 7, computed 
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computed and ſet-down in the Table printed at the end of the foregoing Trag, 
as being not only true Logarithms of the ſaid ratios of a, _ - , . & c to 


9,999,999)” $999,999) 9,999,999 * 
7, or of 9,999,999, 3 — = 2 „E&c to io, ooc, ooo, 


but Logarithms of the ſame ratios according to his own definition of them 
juſt now mentioned, which ends with the words exiften'e motu ſynchrono et, „Lis 


initio, æquivellce. 


If we were to compute the true magnitude of H I, when the radius C A, or 
r, is divided into 10,000,000 equal parts, and the firſt decrement A is 
taken equal to one of thoſe parts, or to 1, it would be found that the ſaid 
true value of HI would be ( = A D + o. odo, ooo, ooo, ooo, oi &c x AD 
= I + 0.000,000,100,000,01 &c X 1) = 1.000,000,100,000,01 &c ; which 
exceeds AD, or 1, by ſo ſmall a difference o. ooo, ooo, 100,000,01 &c that the 
exact Logarithm of any given Sine in the Trigonometrical Canon, derived 
from this ſuppoſition that H I is = 1,000,000,100,000,01 &c, (which is the 
true magnitude of it required by Lord Napier's Definition, exiftente utroque 
motu fynchrono et, in initio, æquiveloce,) would co-incide with the Logarithm of 
the ſame Sine derived fram the ſecond ſuppoſition that HI is = AD, or 1, 
(which is the ſuppoſition from which the Logarithms ſet-down in the forego- 
ing Table of Lord Napier are actually derived,) in the firſt ſeven places of 
figures. But Lord Napier informs his readers that, in the foregoing Table of 
Sines and their Logarithms, all the parts leſs than 1, or the 10,000,00cnth 
part of the radius of the circle, are rejected, as too ſmall to be worth attending- 
to. And therefore, although the ſuppoſition that HT is equal to A D, or 1, 
iS, in ſtrictneſs, only an approximation to the true value of H 1 according to 
Lord Napier's definition, (exiſtente utroque motu ſynchrono et, in initio, ſuive- 
loce,) yet it is ſo near an approximation to the ſaid true value of H I that it 
may juſtly be conſidered as being equivalent to it, and fit to be ſubſtituted for 
it, when the degree of exactneſs that is aimed-at in the Computation is only 
that of ſeven places of figures, which Lord Napier has adopted for his Table 
of Sines and Logarithms. And this, I preſume, was Lord Napier's reaſon for 
conſidering the Logarithms ſet-down in his Table (which are derived from the 


ſuppoſition that HI is = AD, or 1,) as being the ſame with the Logarithms 
| that 
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that would have been derived from the ſuppoſition that IH | had been taken of 
it's true magnitude according to his aforeſaid definition, or equal to 1,000, 


ooo, ioo, ooo, oi &c. 


Art. 9. As Lord Napier makes the line HI in fig. 2, (which is the Loga- 
rithm of the ſmall ratio of C D to CA in fig. 1, or of à to , or of 9,999,999 
to 10, ooo, oↄo,) equal to the firſt decrement A D, or 4, or 1, of the line CP. 
it is evident that the following increments of the ſecond line H p, to wit, I K, 
K L, LM, &c (which are deſcribed by the point p in the ſame equal times 
as the following decrements of the line CP, to wit, DE, EF, F G, &c, are 
deſcribed by the point P, and which are, each of them, equal to the firſt incre- 
ment H I,) will be, each of them, equal alſo to A D, or 1. And conſe- 
_ quently the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c will expreſs the 
lengths of the ſeveral portions of the faid ſecond line H p, to wit, HI, HK, 
HL, H M, &c that correſpond to, or are generated, by the motion of the 
point p, in the ſame times with, the ratios of the ad, 3d, 4th, gth, 6th, 7th, 
8th, and gth, &c terms of the aforeſaid decreaſing Geometrical Progreſſion 

009,999) * M 009, 0000. 9.000,00) 
19,000,000, 9.999.999, 18.85.56 FEE Je ET, 
9:999-9991% 9,999-999' 9,999999* *9,999,99919_ 


2222 &c, to the firſt term 


10, ooo, ooo, or that are meaſures, or Logarithms, of the ſaid ratios. And 
theſe natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c are allo the Indexes of the 
powers of the ſecond term of the Series, to wit, the number 9, 999, 999, in the 
ſaid ſecond term 9,999,999, and in the numerators of the fractions that form 
the third and fourth and fifth, and other following terms of the ſaid Series. 
So that the Indexes of the ſeveral powers of the number 9,999,999 in the ſe- 
cond and other following terms of this Geometrical Series are Logarithms of 
the ratios of the ſeveral terms to which they reſpectively belong, to 10, ooo, ooo, 
the firſt term of the ſaid Series. And this is as clear a definition, or deſcrip- 


tion, of Logarithms as can well be given. 
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The Logarithms of the Sines in the Trigonometrical Canon 
may be derived from the Logarithms of the terms of the 
foregoing Geometrical Progreſſion, of which the two firſt 
terms are 10,000,000, and 9,999,999. 


Art. 10. The terms of the foregoing Geometrical Progreſſion 10,000,000, 


- 9:999-9991* 999999917 
9. 9997999 15,000 10, 00, oo 0 19,000,000)? 


four, of them that follow each other in immediate ſucceſſion will be ſo nearly 
equal to each other, that ſome one of the terms of this progreſſion will be very 
nearly equal to any one of the Sines of all the aforeſaid circular arches, begin. 
ing with an arch of 1 minute, and proceeding upwards by the common dif. 
ference of 1 minute to an arch of 89 degrees and 59 minutes, which are con- 
tained in the Trigonometrical Canon adopted by Lord Napier. And conſe- 
quently the Logarithm of the ſaid term of the ſaid Geometrical Progreſſion 
which comes neareſt to an equality with any given Sine in the ſaid Trigono- 
metrical Canon may be conſidered as being alſo the Logarithm of the ſaid 
given Sine. And thus, when we ſhall have computed the lengths of all. the 
terms in the ſaid decreaſing Geometrical Progreſſion, of which the two firſt 
terms are 10,020,000 and 9,999,999, and (hall have ſet-down in a Table an- 
nexed to the computed values of the faid terms the correſponding terms of the 
Arithmetical Progreſſion 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, which are the Logarithms 
of the ratios of the and, 3d, 4th, 5th, 6th, 7th, 8th, gth, and roth, &c terms of 
the ſaid decreaſing progreſſion to it's firſt term 10,000,000, or the radius of the 
circle, we (hall thereby bave obtained the Logarithms of the ratios of the Sines 
of all the arches in the Quadrant from 1 minute to 89®, 59', to the radius of 
the circle, or to 10,000,000. 


, &c are ſo numerous, and every three, or 


Of the Logarithm of the Ratio of 1 to 10 in Lord Napier's 
Syſtem. 


Art. 11. According to this Syſtem of Logarithms the Logarithm of the 
ratio of 1 to 10, or of 1,000,000 to 10,000,900, will be found by looking-out 
in 
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in the Table of Sines the Sine that is neareſt to r, ooo, oo; which will be 
ſound to be 998,986, which is the Sine of an arch of 5 degrees and 44 minutes. 
And the Logarithm ſet down in the foregoing Table of Lord Napier as the 
Logarichm correſponding to this Sine, or as expreſſing the magnitude of it's 
ratio to the radius 10,000,000, is 23,035,985, Therefore the number 
23,035,985 is nearly equal to the Logarithm of the ratio of 1 to 10. This 
Sine of 5 44, to wit, 998,986, is, however, ſomewhat leſs than 1,000,000 ; 
and conſequently 1's ratio to 10,000,000 is a ſomewhat greater ratio of mi- 
nority than the ratio of 1,000,000 to 10,000,000, and therefore it's Logarithm 
23.035, 8; will be ſomewhat rome than the Logarithm of the ratio of 
1,000,000 to io, oo, or of 1 to 10. But the next greater Sine in this 
Table of Lord Napier (which exhibits the Sines only to every minute of the 
Quadrant,) is 1,00:',881, or the Sine of 5®, 457 which is greater than 
1,000,000 ; and conſequently it's ratio to the radius 10,000,000 is a leſs ratio 
of minority thai: the ratio of 1,000,000 to 10,000,000, or than the ratio of 1 
to 10. Therefore the Logarithm ſet- down in this Table as correſponding to 
1,001, 881, or the Sine of 55, 45, which is 23,007,056, will be leſs than the 
Logarithm of the ratio of 1,000,000 to 10,000,000, or of the ratio of 1 to 10. 
And conſequently the arch of which the Sine is exactly equal to 1,000,000, 
or to the 1oth part of the radius 10,000,000, will be greater than 5?, 
44, but leſs than 5, 45”: and it will be found (if I am not miſtaken in my 
computation of it,) to be very nearly equal to 5*, 44', 21”, And the Loga- 
rithm, in this Syſtem of Lord Napier, that correſponds to it, or that is the 
Logarithm of the ratio of 1 to 10, is, according to Lord Napier's calculation 
of it, found to be 23,025,842, Sec above, page 494. 


Of the Logarithm of the Radius of a Circle in Lord Najier's 
Syſtem of Logarithms. 


Art, 12, In every Syſtem of Logarithms, or meaſures, of the ratios of dif- 
ferent quantities to each other, the Logarithm of the ratio of equality, or of 
the ratio of any one quantity to another that is exactly equal to it, mult be o; 
becauſe, if a ratio of equality be either added to, or ſubtracted from, a ratio 
of inequality, it will make no change in the ſaid ratio of inequality. Thus, for 
example, if to the ratio of a line called A, containing 3 inches, to a ſecond 
line called B, containing 2 inches, we add the ratio of the line B, containing 
2 inches, to a third line called C, containing alſo 2 inches, the ratio of A, the 
firſt line to C, the thicd line, (which is compounded of the two ratios of A to 
B, and of B to C, or is equal to the ſum of the ſaid two ratios,) will be the 
ratio of 3 inches to 2 inches which is the ratio of A, the firit line, to BY * 
eco 


— —— os 
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ſecond line; ſo that no change is effected in the magnitude of the firſt ratio 
of A to B, or of 3 inches to 2 inches, by adding to it the ſecond ratio of B 
to C, or of 2 inches to 2 inches. Whenever therefore the antecedent term, 
or firſt term, of a ratio is equal to it's conſequent, or ſecond term, ſuch a 
ratio has no magnitude, and conſequently it's Logarithm will be = o. 


Now Lord Napier, in forming his Syſtem of Logarithms, thought fit to 
make the Logarithm of the radius of a circle, or the great number 10,000,000, 
equal too; or, 1n other words, he made the radius, or 10,000,000, the com- 
mon conſequent of all the ratios of the Sines, Tangents, and Secants in the 


Trigonometrical Canon, of the magnitudes of which his Logarithms were in- 


tended to be the meaſures; ſo that the Logarithm of the radius, or 10, ooo, ooo, 
being the Logarithm of the ratio of the radius to the radius, or of 10, ooo, ooo 
to 10,000,000, or of a ratio of equality, muſt be = o. His reaſon for mak. 
ing the Logarithm of the radius equal to o was to avoid the frequent occaſions 
that would otherwife arife, in ſolving Trigonometrical Problems, of adding, 
or ſubtracting, the Logarithm of the radius, to, or from, the Logarithms of 
other Sines ; which additions and ſubtractions are operations that cannot take 

lace when the Logarithm that is to be fo added, or ſubtracted, is equal to o. 
His own words upon this ſubject in the laſt paragraph, intitled, Admonitio, of 
the firſt chapter of the firſt book of the foregoing Tract, in page 486, are as 
follows: Erat quidem initio liberum cuilibet Sinui, aut quantitati, nullum, ſeu o, 
pro Logarithmo attribuiſſe. Sed praſtat id, fre cateris, Sinui toti accommoddſſ : 
ne unquam in poſterum vel minimam moleſtiam parturiret | vel potius, pareret] nobis 
additio et ſubtractio ejus Logarithmi, in omni calculo frequentiſſimi. 


Of the changes that would take place in Lord Napier's Syſtem 
of Logarithms, if the Radius of the Circle were denoted 
by unity, or 1, inſtead of being denoted by the high number 
10,000,000, 


Art. 13. It may, however, be obſerved that this advantage, © of having o 
for the Logarithm of the radius, and thereby avoiding the additions and ſub- 
tractions of a number conſiſting of ſeven, or eight, figures, every time a 
Sine, or other quantity in the Trigonometrical Canon, was to be multiplied, 
or divided, by the radius,” might have been obtained as well by denoting the 
radius by 1 as by denoting it by 10,000,000, and thereby taking the 
10,000,000th part of the radius for 1, or the unit of the Table. And then 
1 would have been the common conſequent, or ſecond term, of all the ratios 


of the Sines, Tangents, and Secants in the Trigonometrical Canon to 17 ra- 
ius, 
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dius, or of all the ratios of which the ſaid Sines, Tangents, and S-cants, would 
have been the antecedents, or firſt terms. And, in that caſe, the Logarithms of 
Lord Napier's Syſtem would have borne a greater reſemblance than they do 
at preſent, (though xo? @ compleat reſemblance,) to the Logarithms of Mr. 
Briggs's Syſtem, in which the Logarithms which are ſec-down near the ſeveral 
natural numbers 2, 3, 4, 5, 6, 7, 8, 9, &c are conſidered as the Logarithms 
of the ratios of thoſe ſeveral numbers to unity, or 1. And this change in Lord 
Napier's Syſtem of Logarithms by denoting the radius of the circle by 1, in- 
ſtead of the great number 10,000,000, would, perhaps, have been found very 
convenient: but then all the Sines in the Quadrant, (being leſs than the ra- 
dius,) would have been denoted by decimal fractions inſtead of whole numbers; 
and this he, probably, wiſhed to avoid. But, as Lord Napier (whatever 
might be his reaſon for it,) thought fit to denote the radius by the high number 
10,000,000, which is the ſeventh power of 10, the Logarithm of 1, (being 
the Logarithm of the ratio of 1 to 10,000,000, or 107, muſt be equal to 7 
times the Logarithm of the ratio of 1 to 10, and conſequently muſt be equal 


to 7 times 23,025,842, or to 161,180,894. 


Art. 14. If Lord Napier had denoted the radius by unity, or 1, inſtead of 


the high number 10,000,0c0, the Sine of 5*, 44, inſtead of being equal to 


the whole number 998,986, would have been equal to ———_—_— „or the de- 
cimal fraction o. og9, 898,6; and the Sine of 5, 45”, inſtead of being equal 
to the whole number 1,001,881, would have been equal to A- or the 


decimal fraction o. 100, 188,1; and the ſecond term of the Geometrical Pro- 
greſſion, deſcribed above in Art. 4, of which the radius 10, ooo, ooo is the 
firſt term, inſtead of being equal to 10,000,000 — 1, or the high number 
10,000,000 — I 
10,000,000 


(= 1 — - — 


10,000,000 


9,999,999, would have been equal to 


1 — 0.000,000,1) or the decimal fraction 0.999,999,9 3 and the Logarithm 
of the ratio of the ſaid ſecond term 0.999,999,9 to the firſt term, 1, of the 
{aid progreſſion (being equal to the exceſs of the firſt term 1 above the ſaid 
tecond term 0.999,999,9,) would have been equal to the ſmall decimal fraction 
0.000,000,1, inſtead of being equal to 1; and all the other Logarithms of the 
ratios 


— ——— 
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ratios of the ſecond and other following terms of the ſaid Geometrical progreſ- 
ſion to it's firſt term x would have been leſs than they were before in the ſame 
proportion of 1 to 10, ooo, ooo; and conſequently the Logarithm of the ratio 


of 1,000,000 to 10,c00,000, or of x to 10, inſtead of being equal to the 
23,025,842 
io, ooo, oco 
mixt number 2.302, 584, 2. And ſo, I obſerve, Dr. Halley, in his Diſcourſe 


high number 23,025,842, would have been equal to „ or to the 


on Logarithms (which has been reprinted in the ſecond volume of this Col. 


lection of Mathematical Tracts, called Scriptores Lega, ithmici,) and many 
other writers on Logarithms, have repreſented it to be. But, by the peruſal of 
this original Tra&t of Lord Napier upon this ſuhject (which I had never ex- 
amined till lately,) I find that he makes the Logarithm of this ratio of 1 to 10 
to be the whole number 23,025,842. 


Of the contrariety of the Logarithms of the Secants of circular 
Arches to the Logarithms of their Sines ; the former be- 
ing meaſures of ratios of majority, and -the latter l eing 
meaſures of ratios of minority. 


Art. 15. As all the Secants of the arches in a Quadrant of a circle, (how- 
ever ſmall the arches may be,) are greater than the radius of the circle, their 
ratios to the radius will be of an oppoſite kind to the ratios of the Sines of 
the ſame arches to the radius ; the former being ratios of majority, and the 
latter being ratios of mincrity. And therefore Lord Napier thought fit to 
diſtinguiſh theſe ratios and their meaſures, or Logarithms, into two oppoſite 
claſſes, calling the Logarithms of the one claſs Azwndant, and thoſe of the 
other claſs Defective; which denominations anſwer pretty much to the terms 
Affirmative, or Peſilive, and Negative, which are uſed for the like purpoſes by 
modern Algebraiſts. And, as the Sines of circular arches occur more fre- 
quently in Trigonometrical calculations than the Secants, he thought it belt to 


give the title of Abundant, or Affirmative, or Poſitive, to the LLog:iruhms of 


the Sines, or of their ratios to the radius, and to prefix to them the ſign + 
though theſe ratios are ratios of minority, and to call the Logarithms of the 


Secants, and likewiſe the Logarithms of ſuch of the Tangents as are greater 
than 
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than the radius, that is, the Logarithrs of all che Tangents of arches that are 
greater than 45 degrees, or haif the arch of a Quadraut, Def ive, or Nega'ive 
Logarithms, and to prefix to them che ſign —, though the ratios of which they 
are the meaſures, or repreſentaſives, are ratios ot majority. And he obſerves 
that this was entirely a matter of choice, as theſe names of Abuntant or Aﬀir- 
mative, or Pcfitive, and Defective or Negative, might bave been applied to theſe 
different clafles of Logarithms in a contrary order, and he declares that he 
gave the name of Abun-/ant, or Affirmative, or P:fitive, to the Logarithms of 
the Sines rather than to the Logarithms of the S-cants for the reaton that has 
been mentioned, But in Mr. Briges's Syſtem of Logarithms, (which was in- 
vented a year, or two, after Lord Napier's, and was confidered by moſt Ma- 
thematicians, and even by Lord Napier himſelf, as an improvement of the 
former ſyſtem, and which is now in general uſe,) the contrary rule is obſerved, 
and the Logarithm of a ratio of majority is conſidered as Affirmative, or Poſi- 
tive, and has the fign + prefixed to it, and the Logarithm of a ratio of mi- 
nority is conſidered as Negative, and has the fign — prefixed to it, 


Of the manner of generating the Secants of circular Arches 
and the Logarithms of the ſaid Secants, by the motions of 
two move able points. which ſeems to be ſuppoſed by Lord 
Napier in the foregoing 1raft, but is not expreſsly de- 
ſcribed by him. 


Art. 16. Though Lord Napier has told us that the Logarithms of the Se- 
cants of circular arches, (being the Logarithms of the ratios of the ſaid Secants 
to the radius of the circle, which are ratios of majority,) are to be conſidered 
as of an oppoſite kind to the Logarnhms of the Sines of the ſaid arches, (or 
the Logarithms of the ratios of che {a} Sines to the radius, which are ratios 
of mir.ority,) and that he therefore calls he ſaid Logarithms of the Secants De- 
feftive, or Negative, Logarichins, he has not de!cribed to his readers the man- 
ner in which he conceives thai h faid Secants and their Logarithms may be 
deſcrihed by the motion of points Nong certain right lines, as he has done with 
reſpect to the Sines and their Logarithms, But this omiſſion may be ſupplied 


in the following manner. 
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The Generation of the Secants. 


We have already ſuppoſed the radius C A of the circle of which C is the 
center, and CAB a Quadrant, in Fig. 1. to be diminiſhed gradually from 
it's firſt magnitude C A to the very ſmall line C T, which is only one 
10,000,000nth part of C A, by the motion of the point P from C to T with 
a velocity that decreaſes at ſuch a rate that, if the whole time of the motion 
from A to T be divided into any number of ſmall and equal parts, and the 
portions of the line A T deſcribed in the firſt four of the ſaid equal portions of 
time be AD, D E, E F, and FG, we ſhall have CA to AD as CD to DE, 
and as CE to E F, and as CF to FG; and ſo on, as to the following decre- 
ments of C A deſcribed by the ſaid point P in the following equal portions 
of time; which manner of decreaſing of the radius C A by the motion of the 
point P Lord Napier calls decreaſing proportionally. And by this means the re- 
maining line CP after the loſs of the ſeveral decrements A D, AD + DE, 
AD+DE+EF,and AD+DE+EF+EGSG, &c, or A D, AE, 
AF, A G, &c, becomes ſucceſſively equal to the Sines of all the arches in the 
quadrantal arch A B that are not leſs than the little arch 7 B, of which the Sine 
tr is equal to CT, 


Now let us ſuppoſe the radius C A, in the ſame Fig. 1, to be produced be- 


yond the point A to a very great extent, and ſo as to become equal to the 


Secant of an arch of 89 degrees and 59 minutes. And let us ſuppoſe the 
move-able point P to be again placed in the point A, and to move along 
this new right line, (which we will call the line AS,) in a direction contrary 
to the direction of it's former motion from A to T, and with an increaſing ve- 
locity inſtead of a decreaſing velocity. And let the velocity with which the 
point P begins it's motion from A in the new direction AS be ſuppoſed to be 
equal to the velocity with which it began it's motion from A in the former 
direction AT; and let the rate of it's increaſe be ſuch that, if we divide 


the time of it's deſcribing the whole line AS, (which, together with the radius 


CA, is equal to the Secant of 89, 59“) into any number of ſmall and equal 
parts, and denote the portion of the line A S that is deſcribed in the firſt of 
theſe ſmall and equal times, or the firſt increment of the radius C A generated 
by this new motion of the point P, by I', or the Letter I with a ſingle accent 
placed over it; and the portion of the line A'S that is deſcribed in the ſecond 
of theſe ſmall and equal times, or the ſecond increment of the radius C A 
generated by this new motion of the point P, by I”, or the Letter I with two 
accents placed over it; and the third increment of the radius C A generated 

in 
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in the third equal portion of time by !; and the fourth increment of it by 
I”; the radius C A, or r, ſhall be to the firſt increment V in the fame pro- 
portion as CA +I, orr I, is to 1“, and as r I“ is to I”, and 
as r + +I” +I” is to I'”; which manner of increaſing of the radius 
CA, orr, by this new motion of the point P is called by Mathematicians in- 
creaſing proportionally, Then it is evident that the line CA+AP, or CAP, 
will ſucceſſively become equal to all the Secants of the ſeveral arches in the 
Quadrantal arch A B that are not greater than an arch of 89®, 59'. And this 
I conceive to be the manner in which Lord Napier ſuppoſed all the Secants 
of the arches in the the Trigonometrical Canon to be generated, when he was, 
in this Tract, deſcribing the nature of their Logarithms, 


Art. 17. In this manner of generating the ſeveral Secants CA + AP, or 
CAP, of the arches of the quadrant C AP by the motion of the move-able 
point P from the point A to the point S, the radius CA and the Secants C A 
1 c AT TIF. CA+T+F4F; and C A + V + 1 4 14 
1%, &c, that are generated in ſucceſſive equal portions of time, will be to each 
other in the ſame conſtant proportion of the radius C A to the firſt Secant CA 
+ I, or will form an increaſing Geometrical Progreſſion, of which the com- 
mon ratio will be that of CA to CA , or, if we put = ATL. 
or r + I, will be that of to 5. This may be proved in the following 
manner. 


Since C A is to VasCA + T is to l“, or r is to!“ as r I is to J“, it 
follows, invertendo, that I' will be to r as l“ is to r + I, and therefore, compo» 
#endo, that r + I' will be to r as r I + I” is tor ＋ T, and, in vertendo, that 
r will be tor + asr TI is tor +I + I“; that is, 1 will be to 5 as 3 is 


tor + +I”, Therefore r + + I' will be = —, | Q. E D. 


Secondly, ſince CA is to Has CA+T+ “ is to 1“, or r is 
to l“ asr I' ＋ I“ is to 17, we (hall have, invertendo, / : 71 1 I:: I 
*r +1 + 1”, and, componendo, r T T＋ I“: TI: ir +0 + +1 
*r +UV +1, and, invertendo, r + :r TFTT I“: yr +V0+V: 
TTV. Bur+Vis=6, andr +1 +1 is = =. There. 

5A2 fore 
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bb bb 


fore we ſhall have 5: : : r ; FTI“, or (becauſe 5 ; 
= „r: :: =; r+T +I" +I”. Therefore r + I' + 
I + I” will be = >. Q. E. D. 


Thirdly, ſince r + ＋ I!“: 1“: : 2 +0 +0U +17: 17, we ſhall 
have, imvertendo, !“! III“: : 1“: +V +1 +17, and, com- 
ponendo, r + V +I + : +l +VU rr + ITI TI“ ＋ 1“: 
r+T +1 +17, and, invertend, r + +I: r +FV + I + I ei 
f 111417 + „ +4” +" But r +  +IV is = 


> and r þ I +I “ is =. Therefore = "es AP 


oppo Fob 


| 
| 
| 
| 


72 
“, or ( becauſe = 2 „: ü . 


| +1 +4U +” +17, Therefore - + +I +” +T” will be = 
Kay. 


17 


Therefore the five firſt terms of the above - mentioned increaſing Series, to 


wit, the terms r, 1 +I, r +I +I, FRETS + 4 and r + + I” 


+I” + 1/7, will be , 8, =, => and , which form an increaſing Geo- 


| 
| 
| metrical Progreſſion, of which the common ratio is that of r to b, or tor ＋ . 
And, in like manner, the following terms of the increafing Series of which 
| the two firſt terms are r and r + I, or, that are generated in the following 
equal portions of * * the motion of eg faid point P in it's new direction 


A8, will be equal to , 1 —,&c, or will be members of the ſame 


Geomertrical Price of which the common ratio by which the terms increaſe 
is that of r to &, or tor + L. Q. E. D. 


Having thus ſhewn how all the Secants of the circular arches fet-down in 
'the Trigonometrical Canon may be generated by the motion of the point P 


in the new direction AS in a manner that is _— or analogous, to the ge- 
neration 
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neration of the Sines of the ſaid arches that has been deſcribed by Lord Napier 
in the foregoing Tract, it remains that we ſhew how the Logarithms of theſe 
Secants, or of their ratios to the radius of the circle, may be generated like- 
wiſe by the motion of a move-able point moving along a right line in a 
manner that is ſimilar, or analogous, to the generation of the Logarithms of the 
Sines of the ſame arches, or of their ratios to the radius of the Circle, deſcribed 


by Lord Napier in the foregoing Tract, 


The Generation of the Logarithms of the foregoing 
Secants, 


Art. 18. Let the ſecond right line, mentioned above in Art. 5, to wit, 
the line HIK LM p, in Fig. 2, (which is there ſuppofed to be generated 
by the move-able poiat p that moves with an uniform velocity equal to the 
firſt velocity of the move-able point P in Fig. 1,) be ſuppoſed to be produced 
indefinitely on the oppoſite fide of the point , from which the former genera- 
tion of it by the motion of the point p from H towards K began, ſo that this 
new line (which we will call H,) ſhall he iz directum with the ſaid former 
line HK; and let us ſuppole the move-able point p to be brought-back to 
the point H, from which it's former motion towards K began, and then to 
move with an uniform velocity along the indefinite line H in a direction 
contrary to it's former direction when it moved from H to K, but with the 
fame velocity as before, that is, with the firſt velocity of the former move-able 
point P, in the point A, in deſcribing the line A T in Fig. 1, or it's firſt ve- 
locity in the ſame point A, in deſcribing the increaſing line AS, And let the 
little line H i, in Fig. 2, be equal to HI, and ſeveral other little lines, each 
equal to H i or HI, be ſuppoſed to be taken in the indefinite line A T. Then 
it is evident that, while the line CA + AP, or CAP, increaſes from r to 
7 + I, or 3, by the motion of the point P from A towards S, the little line 
Hi will be deſcribed, or generated, by the motion of the point p from H to- 


wards T; and, while C AP increaſes further from 5 to —. another portion 


of the indefinite line A T equal to Hi will be deſcribed by the point p; and 


uy 


| 
| 
| 
| 
| 
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in the ſeveral ſucceſſive equal portions of time in which the line CAP in- 


_ C a a f 
creaſes to . F. . . . F. &c, the line H T will receive the 


ſame number of increments, by the motion of the point p, that will be all 


equal to each other and to the firſt increment Hz; fo that the portion of the 
line H T that is generated by the motion of the point p from H towards >: 
will increaſe in the ſame manner, or at the ſame rate, as the ratio of the ſe- 


: N 65 
cond term 5 of the increaſing Geometrical Progreſſion, r, 2, dg oy 


„ 


= 7 76 77» , Ke, to the firſt term r increaſes by the ſaid ſe- 
; "EP h3 3 
cond term's increaſing from b to —. and from ho to . and from = to 
4 þ4 35 5 1s bs 57 
= and from —- to , and from 2 to , and from to , and from 


| 8 8 . . 
2 to A. and from = to I &c ; and conſequently the portion of the in- 


definite line H E generated by the motion of the point p, in the ſame time in 


which the line CAP, by the motion of the point P, becomes equal to any 


- . 0 3 53 30 
particular term of the increaſing Geometrical Progreſſion r, b, —, -—, — 


„ 3 # 

7 77 0? 7 IT 3 
trical Canon, will be the Logarithm of the ratio of the ſaid term to the firſt 
term, r, of the ſaid progreſſion, or of the ratio of the ſaid Secant to the radi- 
us, or, in a more conciſe way of ſpeaking, will be the Logarithm of the ſaid 
term, or of the ſaid Secant. Or, if we take the Secants of two different arches 
of the Quadrant, and theſe Secants are equal to two different terms of the ſaid 
increaſing Geometrical Progreſſion, the portion of the line H ZE which is gene- 
rated by the point p in the ſame time in which the portion of the line C AP, 
or the term of che ſaid increaſing Geometrical Series, which is equal to the 
greater Secant, is generated by the point P, will be to the portion of the line 
HL which is generated by the point p in the ſame time in which the portion of 


&c, or to any particular Secant in the Trigonome- 


the line CAP, 0: che term of the ſud Geometrica Series, which is equal to the 


lefler S cam, is gearrated by the point P, in the fame proportion as the ratio 
of the foriner term ot the ſaid Geometrical Series, (which is equal to the greater 
Secant,) to the radius r is to the ratio of the latter and leſſer term ot the ſaid 

Geometiical 
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Geometrical Series, (which is equal to the leſſer Secant, ) to the ſame quantity, 
or the radius x. | 


Art. 19. And it appears from this generation of the portions of the inde- 
finite line HT which are generated by the point p, and are the Logarithms of 
the Secants of circular arches, or of the ratios of the ſaid Secants to the radius 
of the Circle, that they are generated by the point p when it moves in a di- 
rection contrary to that in which it moved before, when it generated the Lo- 
garithms of the Sines of the ſaid arches, or of the ratios of the ſaid Sines to 
the radius : which agrees with the nature of the two ſorts of ratios of which they 
are the repreſentatives, or meaſures; to wit, the ratios of the Secants to the 
radius, which are ratios of majority, and the ratios of the Sines to the radius, 
which are ratios of minority. 


The manner of finding the Logarithm of the Secant of a 
given arch of a Circle in the foregoing Table of Lord 
Napier. 


Art. 20. The ratio of the Secant of every arch of a circle to the radius is 
equal to the ratio of the radius to the co-fine of the ſame arch, or to the ſine 
of the complement of the ſaid arch to an arch of go degrees, or the arch of a 
quadrant, Therefore the ratio of the Secant to the radius 1s equal, but con- 
trary, to the ratio of the co-fine to the radius, the former being a ratio of 
majority, and the Jatter a ratio of minority. Therefore the Logarithm of the 
ratio of the Secant to the radius will be equal to, but drawn in a direction 
contrary to the direction of, the Logarithm of the ratio of the co-fine to the 
radius; that is, the Logarithm of the ratio of the Secant to the radius will be 
a portion of the right line HZ, in Fig. 2, that is equal to the portion of the 
right line HIK L M which is the Logarithm of the ratio of the co-fine to 
the radius. Now in the foregoing Table of Lord Napier the Logarithms of 
the co-lines of the arches are ſet-down in the fifth column. Therefore the Lo- 
garithm of the ratio of the Secant of any circular arch to the radius may be 

found 


G 


652 O/ervations on the foregoing Traft of Lord Napier. 


found by looking-out in the ſaid fifth column of the Table the Logarithm of 
the ratio of the co- ſine of the ſaid arch to the radius, and prefixing to the ſaid 
Logarithm the fign —, in order to ſhew that it is the Logarithm of the ratio 
of the Secant to the radius, or of a ratio of majority that is equal and contrary 
to the ratio of minority of the co- ſine to the radius; to the Logarithms of 
which latter ratios Lord Napier has thought fit to give the name of Abundan, 
or Affirmative, or Poſitive, and to prefix to them the ſign +, and to aſlign 
the denomination of Defellive, or Negative, to the Logarithms of ratios of 
majority, and to prefix to them the ſign — ; as has been obſerved abore in 
Art. 15. 


The manner ef finding the Logarithm of the Tangent of a 
given Arch of a Circle in the foregoing Table of Lord 
Mat ier. | 


Art. 21. And the Logarithms 'of the Tangents of circular arches, or of 
the ratios of the ſaid Tangents to the radius of the circle, may likewiſe be 
found in Lord Napier's foregoing Table of Logariihms by means of the fourth 
column of the ſaid Table, or the Column of the Differences between the Lo- 
garithms of the Sines, which are ſet-down in the Third Column, and the 
Logarithms of the Co-ſines, which are ſet-down in the Fifth Column. 


For every Tangent of a circular arch is to the radius as the Sine is to the 
Co- ſine. Therefore the Loga ithm of the ratio of the Tangent to the radius 
will be equal to the Logarithm of the ratio of the Sine to the Co-fine. Now 
let us ſuppoſe the arch to be leſs than 45 degrees, or half the arch of a Qua- 
drant. Then will the Tangent be leſs than the radius, and the Sine leſs than 
the Co- ſine; and conſcquenily the ratio of the Sine to the radius will be a 
greater ratio of minority than the ratio of the Co-fine to the radius, and will 
be equal to the ſum of the ratio of the Sine to the Co- ſine and of the ratio of 
the Co fine to the radius. Therefore the ratio of the Sine to the Co-fine will 
be equal ro the excels of the ratio of the Sine to the radius above the ratio 
of the Co-fine to the radius. Therefore the ratio of the Tangent to the radius 


(which is equal to the ratio of the Sine to the Co-ſine,) will alſo be cqual to 
| the 
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the exceſs of the ratio of the Sine to the radius above the ratio of the Co- ine 
to the radius. Therefore the Logarithm of the ratio of the Tangent to the 
radius will be equal to the excels of the Logarithm of the ratio of the Sine to 
the radius above the Logarithm of the ratio of the Co-fine to the radius; 
that is, the Logarithm of the Tangent will be equal to the exceſs of the Lo- 
garithm of the Sine above the Logarithm of the Co-ſine: which excels, or dif- 
ference of the ſaid two Logarithms, is ſet-down under the title of Different, 
in the Fourth Column of Lord Napier's faid Table of Logatithms. And in 
this manner we may find in this Table of Lord Napier the Logari:hm of the 
Tangent of any arch that is leſs than 45 degrees, or half the arch of a Qua- 


drant. 


If the arch is greater than 45 degrees, and conſequently it's Tangent is 
greater than the radius, it's Logarithm may be found by prefixing the ſign — | 
to the Logarithm of it's Co-tangent, or the tangent of it's complement to 90 
degrees, which tangent (being the tangent of an arch leſs than 45 Jegrees,) 
may be found in Lord Napier's Column of Differences in the manner above- 
explained, This follows from the known property of the tangents of circular 
arches, to wit, that every tangent is to the radius of the circle in the ſame pro- 
portion as the radius is to the Co-tangent ; whence it follows that the Logae 
rithm of the tangent muſt be equal and contrary to the Logarithm of the Co- 


tangent, 


And thus it appears that Lord Napier's foregoing Table of Logarithms will 
enable us to find the Logarithms of the Secants and Tangents of circula: 
arches as well as thoſe of their Sines and Co-ſines. 


A SCHOLIUM, 


Art. 22. Though, when Lord Napier's Invention of Logarihms was firlt 
publiſhed in the foregoing Tract, in the year 1614, it was much admired and 
applauded on account of it's great utility in facilitating the computations that 
occur in Plane and Spherical Trigonometry, yet his manner of explaining 

Vol. VI. 9B it 
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it by introducing the above-mentioned ſuppoſitions of different right lines 
generated by different kinds of motion, ( ſome of which were made with uni- 
form velocities, and others with velocities that continually decreaſed, or in- 
creaſed, in a certain manner, and ſo as to generate a ſet of right lines that 
would form a continual Geometrical Progreſſion, while the uniform motions 
generated other ſets of right lines that formed Arithmetical Progreſſions,) was 
not univerſally approved-of by the Mathematicians of his own time. For we 
are informed by the celebrated Kepler (who was the greateſt Aſtronomer, and 
one of the greateſt Mathematicians, of his time, ) that in the year 1621 (which 
was ſeven years after the publication of the foregoing Tract of Lord Napier,) 
ſeveral of the Profeſſors of Mathematicks in Upper Germany, and more eſpe- 
cially thoſe of them who were ſomewhat advanced in years, and were grown 
averſe to new methods of reaſoning that carried them out of the old doctrines 
and principles with which Time and Habit had made them familiar, doubted in 
| ſome degree, whether Lord Napier's demonſtration of the properties of Logarithms 
| was perfectly true, and whether the application of them to the abridgement of 
| Trigonometrical calculations might not be unſafe, and lead the calculator, who 
| | ſhould truſt in them, into erroneous reſults; and, in either caſe, whether the doctrine 
were true, or not, they thought that Lord Napier's demonſtration of it was illegi- 
timate and unſatisfactory. This we are told by the famous Kepler, in the ſecond of 
the two excellent Tracts that he wrote upon this ſubject of Logarithms, and which 
are reprinted in the firſt volume of this Collection of Mathematical Tracts, called 
Scriptores Logar i bmici, in pages 1, 2, 3, 4, 5, &c, - - - = 166, For in the be- 
ginning of the ſecond of theſe two Tracts, which is intitled Supp /ementum Chiliadis, 
in page 95, he gives us the following account of the ſentiments of the Ger- 
man Mathematicians upon this ſubject. Cum anno 1621 veniſſem in Germanian 
ſuperiorem, paſſimque cum peritis rerum Mathematicarum de Logarithmis Neperianis 
contuliſſem; deprehendi eos quibus tas prudentiam addebat, promptitudinem minuebat, 
ſuper hoc genere numerorum, loco Canonis Sinuum, in uſum recipiendo, cunctari: 
Qudd dicerent turpe eſſe Profeſſori Mathematico ſuper compendio aliquo calculi pueri- 
liter exultare, interimque fine demonſtratione legitimd formam calculi in uſum recipere, 
gue olim, cum minimè metueres, in erroris inſidias te pertrabere poſſit. Querebdntur 
Neperi demonſt rationem nit! figmento motùs cujuſdam Gegmetrici, cujus lubricitas et 
fluxibilitas inepta eſſet in qua ſolidus ille fiylus rationis demonſtrationimque firmum 
poneret veſtigium. lac mihi cauſa fuit ſtalim tunc concipiendi rudimentum aliquod 
demonſtrationis legitime, &, as in pages 95 et 96. 
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The words figmento motiis cujuſdam Geometrici, cujus lubricitas et flux bilitas 
inepta e/Jet, &c relate to the motion by which Lord Napier ſuppoſed the ſeve- 
ral Sines in the arch of a Quadrant of a circle to be generated, and which has 
been deſcribed above in Art. 2, and illuſtrated by Fig. 1, in Art. 3; and 
they ſeem to be very happily choſen to expreſs the objection of theſe German 
Mathematicians to this motion, © as being a motion of a very ſubtle and 
ſlippery kind, of which it is not eaſy to form a clear conception, and which 
differs widely from the plain ideas of fixed and determinate magnitudes that 
occur in the elementary parts of Geometry, and more eſpecially in the works 
of Euclid.” And for this objection I mult needs confels I think there is forve 


foundation. 


But Lord Napier might have deſcribed his noble Invention of Logarithms, 
and given his readers a clear idea of the Table of them which is contained in 
che latter part of the foregoing Tract, without having recourſe to the ſuppoſi- 
tion of this ſubtle generation of the Sines of circular arches by motion, or de- 
parting in any degree from the ſimple conceptions of antient Geometry, and 
the known properties of the terms of a Geometrical Progteſſion, by proceeding 


in the following manner. 


A Deſcription of the Logarithms of the Sines of the circular 
arches contained in the Trigonometrical Canon, or of their 
ratios to the radius of the Circle, invented by Lord 
Napier, and ſet-down in the Table at the end of the 

. foregoing Trad, without ſuppoſing either the ſaid Sines or 
their Logarithms to be generated by the motion of points, 
but merely by means of the known properties of a Geome- 
trical Progreſſion of which the terms decreaſe in ſome 
known, or given, ratio, or proportion. 


A:t, 23. Let the radius of a circle be called 10,000,000, or be ſuppoſed to 
be divided into 10,000,000, or ten millions, of ſmall and equal parts. And 
let :, ox one of theſe very ſmall parts of the radius, be ſubtracted from the 
Whole radius, or 10,000,000 ; and the remainder will be 10,000,050 — 1, 

5B 2 or 
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or. 9,999,999. Thirdly, let a decreaſing Geometrical Progreſſion be formed, 
of which 10,000,000, or the whole radius, ſhall be the firſt term, and 
9,999,999 ſhall be the ſecond term. This Progreſſion will be as follqws, to wit, 


9.299999 _$:999-999 999, 9995000“ 

10,000,000, 9,999,999, 2299999. x — 2 , L999, 
&c; in which the Index of the power of 9,999,999 that forms the numerator 
of any of the terms is always greater by an unit than the Index of the power 
of 10,000,000, that forms the denominator of the ſame term, Fourthly, let this 
Geometrical Progreſſion be continued till the laſt term of it becomes equal to, 
or leſs than, 1, or the 10, ooo, oooth part of the radius. This ſmall part of 
the radius is much leſs than the Sine of 1 minute of a degree, which contains 
2909 ſuch parts; and it is alſo much leſs than the Sine of a ſecond, or ſecond 
minute of a degree, which is very nearly equal to the Goth part of the Sine 


of a firſt minute, that is, to —_ » or 48 ſuch parts; and it is very little 


greater than the Sine of a third, or third minute of a degree, which is equal to 25 


or 0.8, or _ of ſuch a ſmall part of the radius. Therefore all Sines, or 


parts of Sines, that are leſs than 1, or one 10,000,000nth part of the radius, 
may be juſtly conſidered as being too ſmall to be worth attending-to in form- 
ing a Trigonometrical Canon of Sines and Tangents and Secants of circular 
arches, in which the arches proceed by the common difference of 1 minute 
of a degree, as is the caſe with the foregoing Table of Lord Napier. Fifthly, 
let us, for the ſake of brevity, fubſtirute the Letter v inſtead of the number 
10,000,000, (or the number uſed in the foregoing Geometrical Progreſſion 
to expreſs the radius of the circle, or the firſt term of the ſaid progreſſion,) 
and the Letter @ for the number 9,999,999, or the ſecond term of the (aid 
progreſſion, And then the ſaid progreſſion will be changed into the follow- 


- SED a? a3 a* as „„ 2X 
ing progeſſion, to wit, r, a, * "SD FE. 78 ? I 75 7 9 * &c. 


Now in this Geometrical Progreſſion it is evident that the Index of the 


. | I . . 2 2 
power of à in the ſecond term a, or a, and in the third term , and in the 


fourth term >, and in all the following terms of it, exprefles the diſtance of 
the 
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the term to which it belongs from the firſt term ry, or the number of intervals 
between the ſaid term and the firſt term r, or the number of equal ratiunculæ, 
or ſmall ratios of minority, (each of which is equal to the ratio of 4 to r, or of 
9,999,999 to 10,000,000,) that are contained in the ratio of the ſaid term to the 
firſt term r. Thus, for example, the Index of the power of à in the ſixth term 


5 . . . 5 
—_ to wit, the number 5, expreſſes the diſtance of the ſaid term —_ from 


0 * 5 
the firſt term 7, or the number of intervals between the ſaid term _ and the 


firſt term v, or the number of equal ratiuncule, or ſmall ratios of minority 
equal to the ratio of @ to r, or of 9,999,999 to 10,000,000, that are contained 


. as DEE a 

in the ratio of —,- tor. And, in like manner, the Index of the power of 4 
. a? . . . 

in the tenth term, = of the ſaid Geometrical Progreſſion, to wit, the num- 


ber g, expreſſes the diſtance of the ſaid tenth term, LY from the firſt term r, 


. . 9 

or the number of intervals between the ſaid term and firſt term , or 
r 

the number of equal ratiuncu/z, or ſmall ratios of minority, equal to the 


K 8 5 . a? 
ratio of @ to r, or of 9,999,999 to 10,000,000, contained in the ratio of _ 


tor, Therefore the Index 9 will be to the Index 5 in the ſame proportion 


. 3 4 . . 283 
as the ratio of minority of the term to v is to the leſſer ratio of minority 


of the term — tor. And the ſame thing, it is evident, will be true of any 


other two terms whatſoever in this Geometrical Progreſſion, to wit, that the 
Index of the power of à in the ſmaller, or more remote, term in the progreſ- 
fion, will be to the Index of the power of @ in the greater, or leſs remote, 
term in the progreſſion, in the ſame proportion as the greater ratio of minority 
of the fmaller, or more remote, term to the firſt term is to the leſſer ratio 
of minority of the greater, or leſs remote, term to the ſaid firſt term r. Theſe 


Indexes of the powers of & in the ſecond and other following terms of the 
2 6 9 

Geometrical Progreſſion , a, — = 2 — = , _—_ LY &c are 

therefore proportional to, or meaſures of, or Logarithms of, the ratios of the 

ſeveral terms of the ſaid progreſſion to it's firſt term r. And theſe Indexes 

of the powers of à in the ſaid Geometrical Progreſſion may with great pro- 


priety 
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priety be called the Logarithms of the ratios of the ſeveral terms to which they 
belong to the firſt term 7, becauſe they are ag Ty xo'ywy, or the numbers of 


the ratiunculæ, or of the ſmall and equal ratios of @ to r, or of 9,999,999 to 
10,000,000, which are contained in the ſeveral ratios of the terms to which 


they belong, to the firſt term r, or 10,000,000, of the (aid progreſſion. And 
this was Lord Napier's reaſon for giving them this name of Log rithms. 


And thus it appears that we may form a clear idea of Lord Napier's ſyſte:1: 
of Logarithms, without having recourſe to thoſe motions of points over right 
lines with different kinds of velocities, which he has introduced for the purpoſe 
into the foregoing Tra, and to which ſome of the German Mathematicians 


made objections. 


Of the Derivation of the Logarithms of the Sines of circular 
arches ſet-down in the Trigonometrical Canon from the Loga- 
rithms of the terms of the foregoing decreaſing Geometrical 
Pregreſſion. 


Art. 24. Having now obtained a clear idea of the Logarithms of the ſecond 


and other following terms of the Geometrical Progreſſion , a, __ 7 = , , 


EE - , &c, we may apply it to the finding of the Logarithms 


of the Sines of the ſeveral circular arches contained in the Trigonometrical 
Canon in the following manner. 


The Differences of the ſeveral terms of this Geometrical Progreſſion will 
decreaſe continually in the ſame proportion as the terms themſelves. And 
therefore the difference between every two contiguous terms of it, after the two 
firſt terms and a, or 10,000,000 and 9,999,999, will be leſs than the dif- 
ference between the ſaid two firſt terms, that is, than 1, or the 10,000,000th 
part of the radius r. Therefore every Sine in the Trigonometrical Canon 
muſt either be equal to ſome one of the terms of this Geometrical Progreſ- 
ſion, or muſt be ſo nearly equal to it as to differ from it by leſs than 1, or the 


10,000,000nth part of the radius; which, for practical purpoſes, may be con- 
ſidered 
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ſidered as perfect equality. Therefore the ratio of any Sine in the Trigono- 
metrical Canon to the radius will be the ſame as the ratio of that term of the 
foregoing Geometrical Progreſſion which is equal to the ſaid Sine, to the radi- 
us, or the firſt term of the ſaid progreſſion. And conſequently the Logarithm 
of the ratio of the ſaid Sine to the radius will be equal to the Logarithm of the 
ratio of that term of the ſaid progreſſion which is equal to the ſaid Sine, to 
the radius, or the firſt term of the ſaid progreſſion ; or, in other words, the 
Logarithm of the ſaid Sine will be equal to the Logarithm of that term of the 
ſaid progreſſion which is equal to the ſaid Sine, Therefore, if all the terms 
of the ſaid Geometrical Progreſſion of which 10, ooo, ooo is the firſt term, and 
9,999,999 1s the ſecond term, were once computed, and the Indexes of the 
powers of a, or 9,999,999, in it's ſecond, third, fourth, and other following 
terms, to wit, the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, &c, were placed 
near the ſeveral terms to which they reſpectively belong, we need only look- 
out in the Table containing the ſeveral terms of ſuch Geometrical Progreſſion 


reduced from their firſt form of fractions (ſuch as e — to the form of 


lingle whole numbers, ſimilar to the whole numbers that expreſs the lengths 
of the Sines of the arches in Lord Napier's Trigonometrical Canon,—I ſay, 
we need only look-out in the Table containing the terms of ſuch Geometrical 
Progreſſion, ſo reduced, the term that was equal to any given Sine, of which 
we were ſeeking the Logarithm; and the Logarithm, or Index of the power 
of a, or 9,999,999, that correſponded to the ſaid term, would be the Log 
richm ſought. | 


Lord Napier's Logarithms of the Sines of the circular arches contained in 
his Trigonometrical Canon, which are ſet- down in the third and fifth Columns 
of the Table printed at the end of the foregoing Tract, are the Logarithms, 


or the Indexes of the powers of a, or 9,999,999, belonging to ſo many of the 


t f the fi ing G ical Progreſſi 2 =, Sn 
erms of the foregoing Geometrical Progreſſion r, a, , =>» , , 71» 


a? 8 9 % . 
ON — = &c as are equal to the Sines of the ſeveral arches in a Quadrant 


of a Circie, proceeding, from 1 minute of a Degree to 89 Degrees and 59 minutes, 
by the common difference of one minute; which are all the Sines fet-down in 
Lord Napier's Trigonometrical Canon. 


the 
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The Computation of the third and fourth and the fix following 


terms of the foregoing Geometrical Progreſſion r, a, , . 


. . 2 LY E Sc, in which r is ſuppoſed to be 
= 10,000,000, and a is ſuppoſed to be = 9,999,999, which 
is the foundation of Lord Napier's Logarithms of the Sines 
of the ſeveral arches in a Quadrant of a Circle that are ſet. 
down in the Table printed above at the end of the foregoing 


Trae. 


Art. 2 5. The third term, , of the foregoing Geometrical Progreſſion 15 


10,000,000 — 1 


— 03 — = 9,999,999 K 222222. (= 9,999,999 * 5,800,000 


10,000,000 


— 99,999,990,000,000=9,999,999 __ 99,999,980,000,001 __ | 
ie 10,000,000 * 10,000,000 © 9-999-998-000,000,1) 


= 9,999,998. 


9,999,999 ( i 
10,000,000 ke 


10,000,000 — 1 99, 999. 8o, ooo, ooo — 9,999,998 
9,999,998 X © 10,000,000 85 10,000,000 


The fourth term = is = © x — = 9,999,998 x 


—_— ——— _ 9,999, 997. ooo, ooo, 2) = 97999,997. 


a* — 3 , „ ts 
The fifth term — is === X — = 9,999, 997 K 2. — 5 (= 


; 10,000,000 - I _ 99,999, 970, OOO, 900 — 9,999,997 PS 
97999,997 X 10,000,000 28 10,000,000 4s 


, , 6o, , — — 
eee 9, 999,996. ooo, ooo, 3) = 9,999,996. 
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Ov , 3 
The ſixth term = = - * —— = 9,999,996 X — (= 


10,000,000 = 1 99.999, 960, oo, ooo — 9,999,996 
9,999,990 X 10,500,000 <9 10,000,000 


DRE ez = 9,999,995-900,004) = 9,999,995- 


SEN . , , 
The ſeventh term = 18 = = X — = 9,999,995 X — ( = 


10,000,000 —- 1 _ 99, 999, 950,000,000 — 9,999,999 __ 
9,999,995 X 10,200,000 © 10,000,000 8 


2 eee = 9, 999, 994. O00, ooo, 4) = 9, 999, 994. 


N Fes 8 , , 
The eighth term — 18 == X — = 9,999,994 * ———= 


19,000,009 — I — __ 99-999,94%,000,000--9,999,994 __ 
9,999,994 Xx — = —C = 


199 930,000,006 * 1 4 
2 — 885 9,999,993. oo0, ooo, 6) = 9,999, 993. 


: 7 , n 
The niath term A is = = X — = 9,999,993 * — _ C= 


10,000,000 — 7 99,999, 930, ooo, ooo — 22929292 3 
9,999,993 X 10,000,000 *. ERR x" 8 


IPC = 9,999,9900909)) = 9999995 


a . 0 | | 
And the tenth term — is ==" X — = 9,999,992 X ——.—— 2 


75 
10,000,000 1 99,999, 920, ooo, 200 — 9,999, 99a, * 
9,999,992 X 10,000,000 8 5 10,000,000 * 


99,999,9 10,000,008 | 
— 2 — = 9,999,991. ooo, ooo, 8) = 9,999,991. 


Vol. VI. 5C And, 
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| And, in general, if any term in this ſeries is denoted by the Letter T, the 


next term will be (=T x — = Tx L292 —T x, 22224 
| * 10,000,000 10,000,000 


— 2,000,000 T=T_ . which is an expreſſion that is eaſily computed, the ſub- 


10,000,000 
traction of T from 10,000,000 T being the moſt difficult of the three arith- 


metical operations that are to be performed in computing it, and yet being a 
ſhort and eaſy operation. And I conjecture that it was in this way that Lord 


Napier computed the terms of this Geometrical Progreſſion, or at leaſt tome 
of it's firſt terms. DOS, 


Theſe firſt ten terms of the foregoing Geometrical Progreſſion, if ſet-down 
in order, with the Logarithms of the ratios of all the terms, after the firſt 
tertn 10,000,000, to the ſaid firſt tern, ſet-down over-againſt them, will be as 


follows. 


The terms of the foregoing Geometrical The correſponding 
Progreſſion. Logarithms. 


= 10,000,000. 
SS f =: *l. 
= 99999998 - — 24g. 


— 3s. 
= 95,999,990 44. 
— 5.0 12 516 
= 9,999,944 = = <+[6 
I ..-..,* - =. [7 
= 9,999,992 = = RES oy 


*% 2% I 2/% 3[4.2]3 2% Ja a 


9,999:991 - - 5 
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The third term of this Geometrical Progreſſion, to wit, or 9,999,998, 


is equal to the Sine of an arch of 899, 58” ſet-down in the ſixth column of 
the firſt page of Lord Napier's Table of Sines and their Logarithms printed 
at the end of the foregoing Tract. And accordingly the Logarithm cf this 
Sine in the fifth column of the ſame page is the number. 2, as it 1s in the fore- 
going ſhort Table of ten terms, 


And the fifth term of this Geometrical Progreſſion, to wit, =, or 9,999,996, 


is equal to the Sine of an arch of 89, 5 in Lord Napier's Table. And ac- 
cording Lord Napier's Logarithm of this Sine is the number 4, as it is in the 
foregoing ſhort Table. | 


And the eighth term of this Geometrical Progreſſion, to wit, , or 9,999,993. 


is equal to the Sine of 897, 56% in Lord Napier's Table. And accordingly 
Lord Napier's Logarithm of this Sine is the number 7, as it is in the forego- 
ing ſhort Table. 


Art. 26. It has been ſhewn above, in Art. 23, that the Index of the power 


of a in the ſecond and every following term of the decreaſing Geometrical 


1 20 RP T7 7 29 . j , g 
Progreſſion r, 4, . — 1 = TY, 2 ＋ &c is the Logarithm ct 


the ſaid term, or of it's ratio to the fiſt term r. And therefore, if the nume- 
ral values of the ſeveral terms of this Progreſſion were once computed, and 
their Logarithms, (which would be the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, 
9, &c,) were ſet. down over-againſt them, all further inquiries concerning the 
method of finding the Logarithm of any given number leſs than 7, or 
10,000,000, but greater than the leaſt term of the Series, (which is ſuppoſed 
to be not greater than 1, or the 10,000,000th part of the firſt term r, or 
10,000,020,) would become unneceſſary. But, though the method of com- 
puting the third and fourth and other following terms of the foregoing Geome- 
trical Progreſſion from the two firſt terms r and a, and from each other, which 
has been deſcribed in the laſt article and exemplified by the computation of 


2 7 5 F 
T —, and > is a very clear and eaſy one, yet, 


5C 2 perhaps, 
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perhaps, from the prodigious number of the terms of which this progreſſion 
would conſiſt, it might be found a very laborious and almoſt impracticable 
raſk to compute them all in this manner. And therefore it would probably 
be convenient to have a method of finding the Logarithm of any given Sine 
in the Trigonometrical Canon without having ſuch a Table of the values of 
the terms of this Geometrical Progreſſion ready-computed to our hands. 
Now this might be done by the help of Sir Iſacc Newton's Binomial Theorem 


in the following, manner. 


\ 


A Method of computing Lord Napier's Logarithm of any 
given Sine in the Trigonometrical Canon, without comput- 


ing all the very numerous terms of the Geometrical Pro- 
„„ 2% OE 0Y AC NT 


Sc, Sc, (continued to the term that is equal to, or leſs than, 


7 à,) in which r is = 10,000,000, and à is = 


10,000,000 i I, or 9,999,999. 


Art. 27. Let the given, or known, Sine in the Trigonometrical Canon be 
called S, and the Logarithm of it, (which is unknown, and which we wiſh to 
find,) be denoted by the Letter x. Then, becauſe the Index of the power of a 


4 a3 a* as a® 


in every term of. the Geometrical Progreſſion , a, *. . , te 


= . mY &c is the Logarithm of the term to which ſuch power of 4 
belongs, (as is ſhewn above in Art. 23,) it follows that the term of the ſaid 
progreſſion which is equal to the given Sine S (of which we are ſeeking the 


"= 
Logarithm x, ) will be the term 7 75 In order therefore to find the Logarithm 


| | 1 
x of the given Sine 8, we muſt reſolve the equation = 8. Now this 


11 
r 


equation 
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equation has been reſolved by my learned and ingenious friend Mr. James [vory, 
M. A., of the Royal Military College at Great Marlow in Buckinghamſhire, in 
the following manner, 


* 


The Reſolution of the equation — 28. 
r 


By Mr. James Ivory, M. A., of the Royal Military College at 
Great Marlow in Buctingbamſbire. 


a a+ as 
pb? 7 =. 
®  &c, or 10,000,000 9,999-999* = _9-999.999Y _ 9,999,999\* 
* Kees Of 10,000,000, 9.999.999, "10,000,000 * 10,000,000 * 19,000,000} 


The ſecond term à of the Geometrical Progreſſion , a, =, 


Ry, e . a” 
9999999 _, 2299992__, &c, is =r — 1, Therefore the term —— will 
10,000,000}? * 10,000,000)? SOA 


r= Do, d ſe 1 2 S will be chan 
be = -=; and con equently the equation = =0 W 1 changed 
. 2 = 
into the equation S 8. 

* 
. 
* e Mos * 

— ; 7 . 1 XY 21 — FS 
But ———— is (= N r = RX 
F< 2 | 
— = x [<=] ) = ” * 12 . Therefore * will 


Further, ſince S denotes the Sine of a circular arch, it muſt be leſs than 
the radius r, and therefore may be ſubtracted from it. Let it be ſo ſabtracted 
and let the remainder, or difference, T — S be called v. Then will r 


be=S +», and S will be =r = v. But Fr =vi = 7 X 1— . 


17 


Therefore S will be = r x 1 = 
But 
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I * 


e es: oe 
But S has been ſhewn to be = r X K 


Therefore r x | | — will be =r x 1 — = „ and conſequently (divid- 


114 


ing both ſides of the equation by r,) we ſhall have 1 —— = 1 * 


Now let us het that z is put to denote ſome very great number, as, 
for example, a nonillion, or the ninth power of a million, or the 54th power 
of 10; and let the mth roots of the two oppoſite ſides of the laſt equation 


Fes 1 
1— — -— — be extracted. And we ſhall then have 1 — * = 


Xx 
I — 
E 


N . 


I 
But, by Sir Iſaac Newton's Binomial Theorm, 1 — — 2 is = the Series 
I 1 1 21 * I 121 22 —1 v? 
e 3 


* * 1 
&c, 1 X — —— X = x — 


—— X — * 2 * —_—_— &c; as is ſhewn in the ſecond volume of 


this Collection of Tracts called SEO _——_— page 346, &c. 


I G4 mop 


Therefore the Series 1 — — X — 229 


* 


1 
A 


oy? 
77 27 
— pf — * 1 Xx 
— or &c will be = the Series 1 = — X — — — * 


20—1T 
oF 
fox I # __, 225 23 —4 1 
— a Wot whe, 3n 11 


Now each of theſe ſerieſes is evidently leſs than it's firſt term 1, becauſe 
the ſecond and other following terms of each of them are continually de- 


creaſing quantities, and are all marked with the ſign —, or the ſign of Sub- 
traction, 
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traction, and conſequently are ſubtracted from the firlt term 1. Therefore each 
of theſe ſericles may be ſubtracted from it's firſt term, which in both leriefes 
is the ſame quantity, to wit, 1. Let them be ſo ſubtracted. And the re- 


mainders will be equal to each other. But theſe remainders are the Serieſes 
1 UV I NT 221 28—1 


T x + — x — = X = + &c and 
x 1 x 1 — 1 * 1 — K* 28 — 1 
„ r zn * + Ke. 


1 1 _ I — 
Therefore the Series — x — + — X —— X T * 


2521 


— x 2 + &c will be = the Series — X — + — X 


+ 2 X — * = + &c; and conſequently, if we multiply 
both theſe Serieſes into u, we ſhall have the ſeries — * —— = X — + — 
22 —1 y3 * x m— 
1 ** Xx ＋ + &c = the ſeries — + * x X— + # — 
21 — Xx 1 
55 X( = 3 + &c. 


Now, becauſe # is ſuppoſed to be an exceeding great number, ſuch as a 
nonillion, or the gth power of a million, or the 54th power of 10, it is evi- 


= and , and = and ==, &c ( which 
32 an gn 


enter the ſeveral terms of the firſt of the two ſerieſes MALE: in this laſt 

2n — 9 
23” 

„&c, or to the 


dent that the fractions = 


equation, ) will be very nearly equal to the fractions and and 


1 =, &c, or to the fractions — — 2. La 
"4 5 zs 30 4 5n? 


fractions 5 5 * , &c. And conſequently the ſaid Series = 2 


n—T 2 


* = r 4 &c will be very nearly * to the ſeries 


ee n 


— — — 
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* + &c. And by increaſing the number u to a ſtill greater number than 


the gth power of a million, we might make the ſeries — e 


2 75 


1—1 zn — 1 
22 33 


* 
* 


* = + &c come to be as nearly equal to the ſeries * + 


25 


* &c as we pleaſe ; ſo that this latter Series is 


12 1 * 121 22—1 


27 . . V 
the Limit of the magnitude of the Series — + — Xx A + —— 8 — 
X — + &c, which forms the firſt, or left-hand, fide of the laſt equa. 


tion. 


And in like manner it may be ſhewn that the Limit of the magnitude of 
2. — Xx 1 


— * + &c 


2n 3n 73 


nx 
2n 


the ſeries — ＋ r X * — + X X 


(which forms the right-hand fide of the laſt equation,) will be the Series — 


＋ 2 + 1 + 2 + = + &c. For the Logarithm x (which is the 


Index of the power of @ in the fraction — which is equal to the given 


| r | 
Sine S) muſt be ſome whole number that is leſs than the whole number of 


1 


terms in the Geometrical Progreſſion r, a, =, =, La =, 4. &c, (which 
is continued only till it's laſt term is equal to, or leſs than 1, or the 10, ooo, oooth 
part of the radius r, or 10,000,000, ) and therefore will be vaſtly leſs than 
the great number u, or a nonillion ; and conſequently the ſeveral fractions 


a=, ==, ==, , &c, (which enter the terms of this ſecond 


Tx” > ” "©@ * 
1220 2u—0 3 —0 


Series,) will be very nearly equal to the fractions ——, 3 


—0 . ] . „ 2 Zn 4 
= » &c, reſpectively, or to the fractions 1 &c, or to the 


fractions =, 22 , &c. And conſequently the ſaid Series — + x 
e Bin 2 Xe + te vl he vey ea 


equal 
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. * 1 1 1 2 1 
equal to the Series — + * X ＋ * r T NT NN * 
E 75 „ — 
= X—X = x pn 
the Series — 3 5 + = = + = + &c. And by increaſing the 


number # continually, #5 may be taken of as great a magnitude as we 


think fit,) the ſaid Series —— + x X — * $ a4 + x „ 1 - * 


2n * 21 32 


= + &c might be made to be as nearly equal to the ſeries — + 75 * 


* 


* * 


rf 


+= 2 + = —— ++ Ke is the Limit of the magnitude of the ſeries — 


+ x X = 2 + IX —— xX — — X — + &c, which forms 


the ſecond, or right-hand, ſide of the laſt =... 


+ 5 + &c as we pleaſe ; ſo chat this latter Series — + — 


Now, ſince, by the ſaid laſt equation, the Series —— „ EA 


20 1 * 


= X 55 ＋ + &cis equal to the ſeries — R x — + 
* X — * I = * —— + &c in all poſſible magnitudes of u, however 


great thoſe magnitudes may be taken, it follows that the two ſerieſes which are 
the Limits of the magnitudes of thoſe two ſerieſes, or the quantities to which 
they may be made to approach as near as we pleaſe by increahng continually 
the magnitude of 2 _ 1 5 muſt 1 be — to each other. And 


therefore the ſeries — — + 57 3585 : - — + 8 —— + &c, which is the Limit 


of the 9 of the former Series — 4 feed * * + — — * 


3 X 1 &c, will be equal to the Series — + — + — + * 


272 373 


which is the Limit of the magnitude of the latter ſeries _ + 


4 


- - — mwo=—_ ww. 
— 
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, "7 x " & * * 1 8 
But the Series — + => + i r + 5 &c is x the Series 


I x 1 1 
erer e. 


272 


Therefore the Series — + _ + __ + 2 + 2 8 
x X the Series — + — + = + 22 + Pr + &c; and conſequenily 


x, or the Logarithm ſought, will be equal to the fraction 


—— 2— — E „ or (if we multiply both the 
potion + == + + *c | 


numerator and the denominator of this fraction by r, which will make no 
change in it's magnitude,) the ſaid Logarithm x will be equal to the ſraction 


2 
vo ++ +>+—= + & 
—— . 5 , or to v x the fraction 
p p ꝰ‚ tos + ifs + *c 

Ll 40 v3 4 
r + &c 

27 32 473 57+ 
— 7 I TAN & Q E. I. 

W 


1 


&c (which forms the denominator of the foregoing fraction, ) may be conſidered as 


Art. 28. Coroll. The Series 1 + —_ += + — 4 


1 
F 


equal to it's firſt term 1, on account of the extreme ſmallneſs of the ſecond term 


1 I 0.000,0009, 1 
27 2 X 10,000,000 2 


the following terms of it, in compariſon of the firſt term 1 ; and therefore the ſaid 


„or 0.000,000,05, and, @ fortiort, of all 


1 += += + += c 
- — — may be conſidered as be- 


. + &c 
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1 + —+ > +> + + &c 
ing equal tothe fraction — — or as equal to 
the numerator of that fraction, or to the Series 1 * — þ = = — TY 


52 + &c. And therefore v X the fraction 


14S + — — + &c 
— may be conſidered as equal to 


I += += 5 op ng 5 + &c 

v X the Series 1 * — + 8 + — 7 — — + &c. Therefore x, or 

the Logarithm of the given Sine S, may be conſidered as being equal to 
3 9 


v X the Series 1 + = 4x * + &c. 


473 


An Example of the Computation of the Logarithm of a 
given Sine by means af the foregoing expreſſion. 


i 

' 
| 
| 
j 
| 
1 
| 
| 
j 
4 
| 
1 


Art. 29. Let the given Sine 8 be = 9,990,000, which is a little leſs than 
9,999,098, or the Sine of an arch of 87 27” according to the foregoing 


Trigonometrical Canon of Lord Napier. Then will v, or r — 8, be (= 
10, 000 | 
| | 


— 


10,000,000 = 9,990,000) = 10,000, and — will be (= 


_ 72 = 0.001, and conſequently — = will be = 0.000,001, and —- = will 


de = 0.000,000,001, and = will be = 0.000,0C0,000,001, Therefore the 


©.00T 


* 


. V V 3 v4 . 
ſeries 1 roms aſs — * + &c will be = 1 + 
0,000,001 ; 0.000,000,001 


＋ o. ooo, ooo, ooo) = 1.000,500,111; and v x the ſeries 1 + = + 


(= 1 + 0.000,500,000 + o. ooo, ooo, 111 


5D 2 E. 


378 
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— ** * 1 &c will be = 10,000 x 1, ooo, 500, 111 = 10,005, 
001,11; . 15 Is Logarithm of the Sine 9,990,000, or of it's ratio to 
the radius 10,000,000, will be equal to 10,005.001,11, or (neglecting the 
fractional part ,co1,11, as being leſs than 1, or the 10,000,000th part of the 
radius,) to 10,005. 


As the Sine 9,990,000 is leſs than 9,990,098, or the Sine of 87, 27", it's 
ratio to the radius 10,000,000 will be a greater ratio of minority than the 
ratio of 9,990,098 to the radius, and therefore it's 1— muſt be greater 
than the Logarithm of 9,990,098, or the Sine of 87, 27%. And fo we find 
i is: for Lord Napier's Logarithm of the Sine of 875, 27” is 9907, which 

is leſs than 10,005, or the Logarithm juſt now found. 


Further, the Sine of an arch of 87, 26”, in Lord Napier's Trigonometrical 
Canon, is 9,989,968 ; which is leſs than the Sine 9,990,000. Therefore the 
given Sine 9,990,000. is of an intermediate magnitude between the two Sines 
9,989,968 and 9,990,098, and conſequently it's Logarithm 10,005 ought to 
be of an intermediate magnitude between the Logarithms of the ſaid two Sines, 
that is, greater than the Logarithm of the Sine 9,990,098 or the Sine of an 
arch of 87*, 27”, but leſs than the Logarithm of the Sine of 9,989,968, or the 
Sine of an arch of 87, 26“. And ſo we find it is: for Lord Napier's Lo- 
garithm of the Sine , 989,968, or the Sine of 87*, 267, is 10,037, which is 
greater than 10,005 ; and we have already obſerved that Lord Napier's Loga- 
rithm of 9,990,098, or the Sine of 87, 27, is 9,907, which is leſs than 
10,005. 


And, if we employ the Differential Method of Approximation, (or the 
Method of Trial and Errour, or the Double Rule of Falſe Poſition, as it is 
often called,) to derive from Lord Napier's two Logarithms of the Sines of 
87*, 26' and 87, 27, to wit, 10,037 and 9,907, the Logarithm of the in- 
termediate Sine 9,990,000, we ſhall find it to be equal to 10,005, which 


is 
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is exactly equal to the value of the ſaid Logarithm found by the forego- 
ing expreſſion, The Proceſs of this application will be as follows. 


The Sine of 877, 26 is = 9,989,968, and it's Logarithm is 10,037 ; 
The given Sine S is = 9,990,000, and it's Logarithm is x; 
The Sine of 87, 27 is = 9,990,098, and it's Logarithm is 9, 907. 


Therefore the difference of the firſt and ſecond Sines will be to the differ- 
ence of the ſecond and third Sines in, nearly, the ſame proportion as the dif- 
ference of the firſt and ſecond Logarithms is to the difference of the ſecond 
and third Logarithms ; that is, 9,990,000 — 9,989,068 will be to 9,990,098 
— 9,990,000 as 10,037 — x is to x — 9,907, or 32 will be to 98 as 10,037 
— „is to x — 9,907, Therefore, compenendo, 32 + 98 will be to 98 as 
10,037 — «„ + x — 9,997 is to x — 9,907, or 130 will be to 98 as 10,037 
— 9,997 is to x — 9,907, or 130 will be to 98 as 130 is to «„ — 
9,907 Therefore 98 will be = x — 9,907, and x will be (= 98 + 9,907) 
= 10,005. Therefore the Logarithm, x, of the given Sine 9,990,000, when 
derived from the Logarithms 10,037, and 9,907 of the two contiguous Sines 
9.939,968 and 9,990,098 by means of this Differential Method of Approxi- 
mation, will be = 10,005 ; which is exactly equal to the former value of the 
ſame Logarithm, which was obtained by Mr. Ivory's expreſſion, 


Another Example of à like Computation of the Logarithm 
of a given Sine. 


Art. zo. Let the given Sine S be 9,900,000, which is a little leſs than 
9,900,237, or the Sine of 81?, 54, and a little greater than 9,899,827, or the 
Sine of 81*, 53/, according to the foregoing Trigonometrical Canon of Lord 
Napier. Then will v, or 7 —S, be ( = 10,000,000 — 9,900,000) — 


3 oo =D 
100,000, and — will be (= — 756 = 0.01, and conſequently 


a> 
_— ——— 


1 


674 OZ/ervations on the foregoing Traft of Lord Napier. 


* . | 13 . 4 . 
— will be = 0.c00,r, and = will be = 0.000,001, and — will be = 
72 * 73 , 74 


7 


| 8 | 
0.000,000,01, and _ will be = o. ooo, ooo, ooo, 1. Therefore the Series 


b 12 vs 4 a o. o io, ooo, ooo 
1 + * + 57 + 2 + py + &c will be = 1 + . — + 
— + SE + &c (= 1 + o. oog, ooo, ooo + o. ooo, ooo, 333 


+ o. ooo, ooo, oo: + & c) = 1.005, ooo, 335; and v x the Series 1 + 
27 * <3 * 
r | 
100, 50. 0335; that is, the Logarithm x of the Sine 9,900,000, or of it's 
ratio to the radius 10,000,000, will be = 100,500.0335, or (neglecting the 


fraction .0335, as being leſs than 1, or the 10,000,000th part of the radius 


+ &c will be ( = 100,000 Xx 1.005,000,335) = 


10,000,000,) will be = 100,500. 


Q. E. 1, 


Lord Napier's Logarithm of 9,900,237, or the Sine of 817, 54, is 100, 265; 
and his Logarithm of 9,899,827, or the Sine of 815, 52", is 100, 679. And, 
ſince the given Sine S, or 9,900,000, 1s of an intermediate magnitude be- 
tween the Sines 9,900,237 and 9,599,827, it follows that the Logarithm of 
the Sine S, or 9,900,000, ought to be of an intermediate magnitude be- 
tween the Logarithms of the two other Sines, or between the Logarithms 
100,265 and 100, 679. And ſo the Logarithm juſt-now obtained by Mr: | 
Ivory's Series, to wit, 100,500, is found to be, being greater than the Loga- 
rithm 100,265, but leſs than the Logarithm 100, 679. And, if we derive the 
Logarithm of the given Sine 9,900,000, (which does not occur in Lord 
Napier's Trigonometrical Canon,) from the Logarithms of the two contiguous 
Sines 9,899,827 and 9,900,237 in that Canon, to wit, the two Logarithms 
100,679 and 100,265, by the Differential Method of Approximation, we 
ſhall find that the Logarithm of the Sine 9,900,000 that will be thereby ob- 
tained, will differ very little from the foregoing value of the ſame Logarithm, 

to 


0 4 ' F £ , ? Z 
* 890 £ # , o » 'S , * l . + 
7 1 4 # * 1 i i | 1 L l . 
Ly 111435 — Ss w «£44 %@ © o * £ * 11 
# 
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ProX1: [OM \ 6 b 
The Sine of 817, 53“ is = 9,899,827, and it's Logarithm is 100, 679 
The given Sine S | = 9,900,000, and it's Logarithm is x ; 


The Sine of 81", 5 is = 9, 900, 237, and it's Logarithm is 100, 265. 


Therefore the difference of the firſt and ſecond Sines will be to the differ. 
ence of the ſecond and third Sines in, nearly, the fame proportion as the dif- 
ference of the firſt and ſecond Logarithms is to the difference of the ſecond 
and third Logarithms ; that is, 9,900,000 — 9,899,827 will be to 9,900,237 
— 9,900,000 in, nearly, the ſame proportion as 100,679 — „ is to x — 
100,265, or 173 will be to 237 in, nearly, the ſame proportion as 100,679 
— x is to x — 100,265, Therefore, componendo, 173 + 237, or 410, will 
be to 237, very nearly, in the ſame proportion as 100,679 — „ + » — 
100,265, (or 100,679 — 100, 265, or 679 — 265,) or 414, is to x — 


100,265, Therefore 410 X 4 — 100,265 will be, very nearly, = 2318 
414, or 410 x — 41,108,650 will be, very nearly, = 98,118, and conſe- 
quently 410 x will be (= 98,118 + 41,108,650) = 41,206,768, and x will 
be (= — . = 100,504 ; that is, the Logarithm of the given Sine 
S, or 9,900,000, when derived from the two contiguous Logarithms 100,679 


and 10c,265 by this Differential Method of Approximation, will be, very 
nearly, = 100,504 z which number differs only in the ſixth, or laſt, figure, 
4, from the former value of the ſame Logarithm, to wit, the number 100, 500, 
which was obtained by Mr. Ivory's expreſſion. 


A Third 
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A Third Example of the like Computation of the 
Logarithm of a given Sine by the foregoing expreſ- 
fron of Mr. Ivory. 


Art. 31. Let the given Sine 8 be q, ooo, ooo, which is a little leſs than 
9,000,654, or the Sine of 64?, 10“, and a little greater than 8,999,386, or 
the Sine of 64*, 9, according to Lord Napier's Trigonometrical Canon. 
And let it be required to find the Logarithm, x, of this Sine , ooo, ooo, by 
means of the foregoing expreſſion of Mr. Ivory, to wit, x = v X the Series 


_ 3 17 yy a5 16 v ol v9 
p pmtwt%s 


in which v is r —S, or 10,000,000 — 8. 


Now, ſince S is = 9,000,000, we ſhall have y = 8, or v, (= 10,000,000 
1,000,000 1 


10,000,000 © 10 


— 9,000,000) = 1,000,000, and conſequently — (= 


23 


75 will be = 0.001, 1 


o. 10. Therefore — will be = o. ol, and - 


72 


Vill be = 0.0001, and = will be = o. ooo, or, and Rb will be = 


52 8 
0,009,001, and —5— will be = o. ooo, ooo, 1, and r vill be o. ooo, ooo, or, 


Ws 2 A 1 
and —— will be = o. ooo, ooo, oo; and conſequently the Series 1 + —— 


9 * q13 * 5 


e 47 v? 0 il 
"* 372 + 4r3 ” 51+ y 673 + ay + 877 * 97 95 lor? * &c 8 | 
rer 0.001,00 eee. , 0.020,019,000 , 
55 2 3 4 5 6 
0.000,001,000 O. ooo, ooo, 00. 0.000,000,010 © 000,000,001 | 
N 7 + 8 * 9 T 10 


+ & = 1 + 0.05 + 0,003,333, 333 + 0.000, 2.50, 000 y 0.000, 


020, ooo + 0.000,001, 666 ＋ 0.000,000,142 + 0.000, ooo, 012 + 
0.000,000,001 + o. ooo, ooo, ooo + &c = 1,053,605,154 I herefore x, 
* 


” — 
22 ——— - 
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. v 5 * 24 58 18 v7 
or v x the Series 1 +> a wx ro A 


' 0 
+ 7 + 107? 
605.154 3 that is, the Logarithm of the Sine 8, or 9,000,005, or of it's ratio 
to the radius r, or 10,000,000, will be = 1,053,605.154, or (omitting the 
fraction .154, becauſe it is leſs than 1, or the 10,000,000th part of the radius 
r, or 10,000,000) it will be = 1,055,605. Q. E. I. 


+ Ke, will be = 1,000,000 Xx 1, 053, 60 5, 154 = 1,053, 


This value, 1,053,605, of the Logarithm of the Sine 8, or 9,000,000, 
agrees very well with Lord Napier's Logarithm of the two contiguous Sines 
9,000,054 and 8,999,386, which are 1,052,878 and 1,054, 287; being of 
an intermediate magnitude between thoſe two Logarithms, juſt as the given 
Sine 8, or g, ooo, ooo, to which it belongs, is of an intermediate magnitude be- 
tween the ſaid two Sines 9,000,654 and 8,999,386. And, if we derive the 
Logarithm of the given Sine 9,000,000 from the Logarithms of the ſaid two 
contiguous Sines 9,000,654 and 8,999, 386, to wit, the Logarithms 1,052,878 
and 1,054,287, by means of the Differential Method of Approximation, we 
ſhall find that the value of the Logarithm of the given Sine 9,000,000, that 
will be thereby obtained, will differ very little from the value of it found 
above by means of Mr. Ivory's expreſſion, to wit, 1,053,605, This com- 
putation will be as follows. 


Since the three Sines 9,000,654, 9,000,000, and 8,999, 386, differ but 
little from each other, their three Logarithms, to wit, 1,052,878, the unknown 
Logarithm x, and 1,054,287, will conſequently alſo differ but little from 
each other, Therefore the differences of the former three quantities will be 
to each other in, nearly, the ſame proportion as the differences of the three 
latter quantities; that is, 9,000,654 — 9,000,000 will be to 9, ooo, ooo — 
8,999,386 in, nearly, the ſame proportion as x — 1,052,878 is to 1,054,287 
— x, or 654 will be to 614 in, nearly, the ſame proportion as x — 1,052,878 
is to 1 „0 54,287 — x, Therefore, componendo, 654 + 614 will be to 614 in, 
nearly, the ſame proportion as x — 1,052,878 + 1,054,287 — x is to 
1,054,287 — x; that is, 1268 will be to 614 in, nearly, the ſame propor- 
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tion as 1,054,287 — 1,952,878, or 1409, is to 1,054,287 — x, Therefore 


1268 X 1,054,287 — x will be, nearly, = 614 X 1409, that is, 1268 x 
1,054,287 — 1268 X x will be, nearly, = 865,126, or 1,336,835,916 — 
1268 x K will be, nearly, = 865,126, Therefore 1,336,835,916 will be, 
nearly, = 865,126 + 1268 X x, and 1268 X x will be, nearly, (= 
1,336,835,916 — 865,126) = 1,335,970,790, and conſequently x will be, 


nearly, (= — — = 1,053,604.7 ; which differs by leſs than an 


unit from the value of the ſame Logarithm that was found above by Mr. 
Ivory's expreſſion, which was 1,053,605, This very near agreement of the 
two values of this Logarithm of the given Sine 9,000,000, (of which the firſt 


is obtained by Mr. Ivory's expreſſion x = v x the infinite Series 1 + — 

* v3 

Jr” * 
Logarithms of the two contiguous Sines 9, ooo, 654 and 8,999,386, by the 
Differential Method of Approximation,) is a confirmation both of the accuracy 
of this expreſſion of Mr. Ivory and of the exactneſs of the two Logarithms of 
the ſaid two contiguous Sines, to wit, the Logarithms 1,052,878 and 1,054,287, 
that are ſet-down in Lord Napier's Table. 


+ = + = + Kc, and the ſecond is derived from the 


A Fourth Example of the like Computation of the 
Logarithm of a given Sine by the foregoing ex- 
preſſion of Mr. Ivory. 


Art. 32. Let the given Sine 8 be 5,000,000, which is the Sine of an arch 
of 3o degrees in Lord Napier's Trigonometrical Canon. And let it be re- 
quired to find the Logarithm of this Sine, or of it's ratio to the radius 
10,000,000, in Lord Napier's Syſtem of Logarithms, by means of the fore- 
going expreſſion, 


Since 
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Since 8 is = 5, ooo, ooo, we ſhall have r — 8, or v, ( = 10,000,000 — 


— _ DES 
5,000,000 ) —— 5,000,000, and — — (= 10,000,000 — —) — — Or O. 5. 


Therefore = will be (= —) = 0.25, and We will be (2 * 0. 125, 


and — will be (=> = —— ) = 0.0625, and —— will be (= 


0.031,25, and 2” will be (= — = 0.015,625, and —— will be (= 


7? 


.o15,6 : 007,812, 
) = 0.007, 812, 5, and I will be ( = — — ) = 0.003, 


906, 25, and = will be (= — ) = 0.001,95 3,125, and — 


will be (= T) = 0.000, 976, 562, and A will be (= 


— ) = o. ooo, 488,28, and 5 will be ( — — ) 2 
o. ooo, 244, 140, and —— — will be (= — ) = = 0.000,122,070, and 
O will be (= er ): = —_ 1,035, and HR will be (= 
— ) = 6,000,030,517, and > 8 (= — E 
0.000,01 5,258, and —— — will ba (= oy ) = 0.000,007,629, and 


— — o. ooo, oo, 97. Therefore the Series 1 + 27 oo = + 
7+ 5+ i++ xr ++ 
— + &c will be = 1.000,000,000 + == + 2 * — — 
I + C2 þ 22565 + comin de + 
Da * — + . — 4 — + 
5 E 2 o. ooo, 122, 


14 
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0.000,12 2,070 0.000,061,0 o. ooo, o zo, 51 o. ooo, oi 5, 258 
= 14 N ＋ 15 * + —— + = — T 
— | — — + &c = 1.386, 294, 72; 

1. ooo, ooo, ooo + co. ooo, o88, 778 
＋ 25, ooo, ooo + do. ooo, o40, 690 
+ 883, 333,333 + o. ooo, 18, 780 
+ 031, 250, ooo + o. ooo, o08, 719 
+ 012, 500, ooo + 0.000,004,069 
+ 005,208,333 + 0.000,001,907 
+ 002, 232, 142 + do. ooo, ooo, 897 
+ 00, 976, 562 + o. ooo, ooo, 423 
＋ 00, 434,027 ＋ do. ooo, ooo, 200 
+ 000, 195,312 — 

o. ooo, 164, 463 
1.386, 129, 709 
ooo, 164, 463 


* 


1. 386,294,172 


and conſequently v X the ſaid ſeries will be = v X 1.386, 294,172 = 
5,020,000 X 1.386, 294,172 = 6, 931, 470.86. Therefore x, or the Loga- 
rithm of the Sine 8, or 5,000,000, of an arch of 3o degrees, in Lord Na- 
picr's Syſtem of Logarithms, will be = 6,931,470.86, or (omitting the frac- 
tion .86, becauſe it is leſs than 1, or the 10,000,000th part of the radius 
10,000,000,) will be = 6,931,470. Q. E. I. 


This value of Lord Napier's Logarithm of the Sine 8, or 5, ooo, ooo, of an 


arch of 30% agrees with the value of it ſet- down in Lord Napier's Table, 


(which is 6, 931, 469, ) in the five higheſt figures 6, 931, 4, and exceeds that 
value by only an unit in the loweſt place of figures; and it is rather nearer to 
the true value of that Logarithm than the ſaid value of it ſet- down in Lord 
Napier's Table. Fer the more accurate value of this Logarithm, (which is the 


Logarithm 
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Logarithm of the ratio of 1 to 2, or of the ratio of 2to 1,) is 6,931,47 1.805, 
599,453,04, as appears from the computation of the Logarithm of 2, in the 
firſt volume of this Collection of Tracts called Scriptores Logarithmici, page 
267. 


Theſe four examples are ſufficient to illuſtrate this method of computing 
Lord Napier's Logarithms of the Sines of circular arches ſet-down in the 
foregoing Trigonometrical Canon, or of the ratios of thoſe Sines to the radius, 
by means of the foregoing expreſſion communicated to me by Mr, Ivory, Bur 
it may ſometimes be alſo convenient to be able to derive from a given Logarithm 
in the foregoing ſyſtem of Lord Napier the value of the Sine to which ſuch 
given Logarithm belongs, or of the ratio of which to the radius r, or 10,000,000, 
it is the meaſure. Now this Problem has likewiſe been ſolved by Mr. Ivory in 
a very clear and ſatisfactory manner, and he has communicated the ſolution of 
it to me with permiſſion to publiſh it on this occaſion, This I ſhall therefore 
now proceed to do. 


A Metbed of deriving from Lord Napier's Logarithm of a 
Sine of which the magnitude is unknown, the value of the 
Sine to which ſuch given Logarithm belongs, or of the 
ratio of which to the radius r, or 10,000,000, ſuch Lo- 


garithm is the meaſure, 


By James Ivory, M. A. of the New Military College at Great 
Marlow in Buckinghamſhire, 


Art. 33, It has been ſhown above, in Art. 27, that, if the radius 10,000,000 


be denoted by r, and -i, 01, or 9,999,999, be denoted by 
a, and the Sine S be ec 5 — that x will be the Logarithm 
7 r 


of 
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Ag — Xx | A =" 


of S, or the 5 , Or Ar; or of the ratio of 8, or ö 
2 og r 
the radius , or 8 Therefore when the Logarithm x is known, 


and the Sine 8 is unknown, (as we have here ſuppoſed them to be,) the So- 
lution ot the pieſent Problem will depend on the reſolution of the equation 


ON 


S = = Which Mr, Ivory performs in the following manner. 


Mr. Ivory's Reſolution of the Equation $ = _ when r 


and x are known, and S is unknown. 


F—I* 1 XY - Y Ni 
— is ( = = — 1 X 


„ 


Art. 34. The fraction 


| _ 
1 * =) =7XI1I— . Therefore 8, which is equal to , will alſo 
7 | r r 
be equal tor xl; —73 and conſequently — will be = 1 ——| + 
| 3 1 r 


Now let n be any whole number whatſoever that is _ than x; and 
let the th roots of theſe two equal quantities — 11 — — be taken, to wit, 


* = and 1— — Then it is evident that theſe roots will be equal to 


| 1 
each other; that is, /* — will be = V — — * or 2 * will be = 


| * TT 51. 


But, becauſe x, the numerator of the fraction — (which is the Index of the 


power of the binomial quantity 1 — —) is leſs than # the denominator, it fol- 
lows 
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lows from Sir Iſaac Newton's binomial theorem (in the caſe of the quantity 


Xx 
m — 
I when m is leſs than u,) that the quantity 1 — 5 | * will be equal to the 


. . . * 1 * 124 1 * 1 28 1 

infinite ſeries 1 — Pp X 5 X _ * 8 X _ = X 
x 1 - 21 —=x zu — * ſ x n 22 * zu —- * , 44 

ar * 22 1 3 * 4* * * 7 21 * 3u 4n * 5n 


* —— — &Cc, in which all the terms after the firſt term 1 are marked with 


the ſign =, or are ſubtracted from the ſaid firſt term; as is ſhown in Volume 
11"d of the Scripiores Logarithmici, pages 362, 363, 364, and 365. 


Therefore — „ will be equal to this Series, 


Now let the ſum of all the terms of this Series, except the firſt term x, 
from which all the reſt are ſubtracted, be called p; that is, let the Series 


n-xr 1 28 — 4 


X — + — X X — + — X X — +— X* 
g=T 21 Zu — oy” 1 21 —X 3 * 4 - 
bw _ X Re + * * —_ X © K _— 


— + &c be called p. Then will the "Bi ſeries be equal to 1=p. 
I 


wah © 
And therefore the quantity — (to which it has been ſhown that che ſaid 
former ſeries is equal,) will alſo be equal to 1=— p. 


* Mx I x n 2n - 
But the Series — X — + = X r * ——_—_ 
. 5 8 n — 22 —4 zu — iS, 3 — 22 —X 3u -& 
c CNS 
ee ee is (= the Series — * — X I + — X — * — 
SL Z SOLD 2-7, 21-7 =} 2 1 n 21 —＋ ,, Jt—& 
* mnt he * * * 3 * x + 1 * r * 22 * 3 * 4 
I 


_ 


— — — yy <w_ — — — — - 
-—_ 
7_ VV * 


2 — 
=—: 


-—_ _—  - 
& "FY 
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re., tens, gar | e „ T2 
* * 7 4 2 3n * 4n * 5% x 7 +&) == 

I #=2, 1 1 25 I 1-4 
r „ 1 * ＋ + — 


21 — 7 33 1 NY 2 32 — & 41 — . 5 
37 * 4 * 73 * 27 X 33 * 4n »: "5n X 27 + &c, 


which laſt Series we will denote by the letter y. And then we ſhall havep = 


EX x7 * X ) = = X =, and 1 — 9 = 


7¹ 7 * n 


| ——— * = and conſequently _> "(=1=)=1—— x 2. 
r 


— 


Art. 35. Having thus obtained the equation 5. * = 1 — — x , or 
x . r a 


1 


* = 1 —, let both ſides of it be raiſed to the mth power. And we 


ſhall then have — = (by the binomial Theorem,) to the Series 1 — —— * —— 
* r 
— x PR Ix Sx ox 24+ he 
0 _ + _ — 2 — — 75 X EE += = 1 
— _ = — 7 . = X *5 2 6 2 
X T R = |— x Sxy += = x 
= wy = x — (= — * — 15 ** + &c. And 


this equation will be accurately true, of whatſoever magnitude greater than æ we 
may ſuppoſe the number 7 to be taken, 


Art. 36. Now, when the number # is of any magnitude greater than *, 
the 
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the Series denoted by the letter y, to wit, the - — * 
"EX = ＋ + 2 —＋ J 20=—x —_ * EE FE = x zu — zn=s * 
* 33 4% 
255 * N + &c will be leſs than $6 Series 1 + — * —— + — X 2 
n T+FSX—X= 1 2 
+ &c, or than the Series 1 *** 24 — + == + = + &c, becauſe the 


co-efficients of the terms of eg former Series are leſs than the co-efficients of 
the correſponding terms of the latter Series. But the difference between theſe 


two Serieſes will continually grow lefs and leſs as the number # is ſuppoſed to 
be greater and greater; becauſe each of the fractions —=, »_ 

2 3 4n 
4n—X 


, &c, (which are the factors by the continual multiplication of which the co- 


efficients of the terms of the former Scries are produced,) will continually grow 
greater and greater, while the number u increaſes, and will approach to the ſeveral 


— ea . : 
fractions F &c, or 5 &c, reſpedlively, as 


being the limits of their magnitude. Thus, for example, if * is at firſt only 


equal to m times x, 2 will be = = = EZ; and, when # is in- 
52 $mx 5m 


= will be = 


creaſed from m times x to ſome greater multiple of x, as Mx, — 


3 which is equal to <M N = 32 = 5 and there. 


4Msz —x 4M—1 
5Mx _ 5M 


fore is greater chan =p — — or than By but is leſs than M or > and 


never can be quite equal to it, how great ſoever the number M be taken, There- 
fore, if u is taken of a very great magnitude in compariſon of x, (as, for example, 


equal to 40,000,000 X x, or to ſome {till greater multiple of x,) the Series 1 + 


n - 1 n -& 21 4 n — * 2 -& Zu - I n—X 


8 7 * — + mt i” Wha)” lh —_— 
= X 1 X 5 X — + &c will be very nearly equal to the Series 
+ £+ +5 ++ + &e; and it may, by increaing the mag- 


* VI. 5 F nitude 
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nitude of the number , be made to approach as near to the ſaid laſt- mentioned 
Series as we pleaſe. 


1 1 


7 35 + & be de- 


noted by the Letter 25. And let the number be taken of fo 
great a magnitude in — 5 x that the former Series 1 


Let this laſt Series 1 + — + == 


n — 1 n — X 21 - n Xx 22 —x nx r 
62 2 = 93 P Zu * HA Zu * 4 % 73 * 
Xx „ EZ, © & — &c, which has been denoted above 
23 3n 4" 57 5 , 
” the letter y, (hall be very nearly equal to the Series 4 + _ + r + 
= + =] + Kc, or &, which is the limit of it's magnitude. And let this 
latter Series, or it's value 4, be ſubſtituted inſtead of y, or the value of that 
; ” , 8 R X a—T ae 
former , in the equation — = the Series I = —X y + — X —- X, 
3 11 — 1 1 — 2 da 3 1 — 1 1 — 2 1 —3 4 hk 
) 21 8 13 E 3u 2 = 0 * 9 
12 —1 1 — 2 1—3 1—4 55 1 A x 
2 * 8 * — * wa * * % + &c: And we ſhall then have 
— = the Series W o 
r r 27 an 
x 3 1 — 1 H — 2 22 * 3 e 122 3 
l r * r * 
n — * b* _ &c. 
* * 


Art. 37. But, when 2 is a very great number, as 10,000,000, or 


1o, ooo, ooo, ooo, or ſome till * number, the ſeveral fractions —— = 
, and ==, &c will become very nearly equal to the fractions — —_ 751 _ 


and Wy - . and conſequently to the fractions —— — — and 
oy &c, reſpectively. Therefore theſe latter ſractions may be ſubſtituted in- 
Read of the former in the foregoing equation == = the Series 1 — — * b 


+ ZZ X = X Pref Xo * N. XR x 2 
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= x # — 2 x R n * x 8 + &c. And we ſhall 
then have > = the Series 1 — — xXb + XI XO == x — * 
eee x # LN, 
x $55 + &c = the — * 
Xx 6 X = X b* + &c. Therefore 8, 


_ 344+ 5+ 2g 
or the 3 a e to the given Logarithm x, will be = the Series 


x3 * | 5 
* 1 + 2. 3.4.13 ban 2.3458 x & + 
&c. | 
Art. 38. But 5 is = the Series 1 + + — 7 + _ + &c, 


which may be conſidered on this occafion as only equal to it's firſt term 1. 
For, ſince in the foregoing Table of " and their Te the radius 


** will be = 
55 + * 
3 1 1 
+ — 2 + 3 " 4 
2 * 10,000,000 3 X 10,999,000] 4 X — 5 X 10,090,009] 
21 + 0.000,000,10 | 


firſt term 1 by only the ſmall quantity 0.000,000,05 + &c, of which the 
firſt ſignificant figure enters only in the eighth place of decimal fractions. 
Therefore, if we ſubſtitute the firſt term, 1, of the ſaid ſeries inſtègd of þ, or 
the true value of the whole Series, or of ſeveral of it's firſt terms, in the Series 
5 
— e es * # + 
&c, which is equal to , the errors ariſing from ſuch ſubſtitution of 1 inſtead 
of þ will not affect the firſt ſeven decimal figures of the value of the ſaid 
Series, or the Sine S, and therefore will be of no importance in computing the 
value of a Sine in Lord Napier's Trigonometrical Canon, which is carried 
only to ſeven places of figures, 


ris = 10,000,0c0, the Series 1 + — + 


+ &c 


+ &c = 1 + o. ooo, ooo, og + &c; which exceeds the 


„ Xb+ Y x 8 + 


53 F 2 Now, 
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Now, if we ſubſtitute 1 tollen of b in the foregoing Series, we ſhall have 


* and Þ and b and 4* &c, all equa] to 1, as well as 23. And conſequently 
4 * 45 ** 


the ſaid Series will become = the Series x- x + — — —— + — 
27 2. 3. oy 2. 3. 4,73 

x5. 
* &c, and therefore the Sine 8, that correſponds to the given 


Logarithm x, will be equal to the ſaid Series 7 — x + 25 2 _ + 


a 
2.3.4 73 2.3. 2 * 


+ &c 


Q. E. I. 


An Example of the Computation of the Sine to which 
a given Logarithm belongs by means of the fe re- 


going Series, 


Art. 39. Let the given Logarithm be 10,005. And let it be required to 


2 3 74 
find by — . 1 
by means of the foregoing Series T * + —- 12 roy 
15 ; ; 
. + &c the Sine to which it belongs, or of the ratio of which to the 


radiue r, or 10,000,000, it is the Logarithm. 


Then will x be = 10,005, and & will be (= 10, C05“) = 100,100,025, 
100, 100, 02 5 
| 10,000,000 
| 10, % ) g i — 


o. o 10, oio, &c, which is leſs than 1, or the 10, ooo, oooth part of the radius 7, 
or 10,000,000, and therefore muſt be . Therefore, à forticri, the 


and — will be (= ) = 10.010,002,5, and — will be ( 


term 


* - =» Which is only the 6th part of -— ,) and the two following terms 


„or —— which are ſtill ſmaller, muſt alſo 


— or —,, and ʒæyk— 
2. 3+ 4+ 25 24 13 2.3.4.5. 
be neglected, and the whole Series muſt be conſidered as being equal to it's 

three 


120 r* 


* 
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* o, oro, oo 
three firſt terms 7 — # + —— or to 10,000,000 — 10,005 + — _ 


10,000,000 — 10,005 + $,005,001,25, or (neglecting the fraction 
005,001,25) = 10,009,000 — 10,005 + 5 = 10,000,005 — 10,005 = 
9,990,000. Theiefore the Sine to which the given Logarichm 10,005 belongs, 


will be = 9,999,000. 
Q. E. I. 


This reſult agrees with the computation made above in Art, 29, pages 671, 
672, where the Sine 9,990,000 was given, and the Logarithm 10,205 was 
derived from it by the former Series of Mr. Ivory. 


Another Example of a like Computation of the Sine 
to which a given Lo;arithm belings, ly means of 
tre foregoing Series. 


Art. 40. Let the given Logarithm be 100,500. And let it be required 


2 


to find, by means of ihe foregoing Series 1 — x + —- 


3 . . . . 6 
_ - 8 — + &c, the Sine to which it belongs, or of the ratio of which to 
the radius 7, or 10,000,000, it is the Logarithm. 


Then will x be = 100,500, and & will be (= 100, . = 10, 100, 250, ooo, 


a - 3 , 
and —= will be (= = = 1010, and — will be (= 2) = 


x 


505, and * will be [= . X —= 50 5 X —_ 12 168 X = 


= 168 „ 100, 00 — — 


10,000,000 gs 10,000,200 1 1.688, 400 — nearly, 2. Therefore 


+ &c will be (= 10,000,000 — 100,500 + 505 — 
2 + 


r — 
= # + == == 
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2 + &c = 10,000,505 — 100,502) = 9,900,003, and conſequently the 
Sine to which the given Logarithm L00,500 belongs will be = 9,900,003, 


Q. E. I. 


This reſult agrees very nearly with the computation made above in Art. 30, 
pages 673, 674, where the Sine 9,900,000 was given, and the Logarithm 
100, 300.0335 was derived from it by the former Series of Mr. Ivory; the 
two values of the Sine S differing only in the ſeventh, or laſt, place of figures, 
in which we have in the preſent computation à 3 inſtead of a cypher. 


A Third Example of the like C:mputation of the Sine to 
which a given Legarithm belongs, by means of the 


foregoing Series. 


Art. 41. Let the given Logarithm be 1,053,605. n let it be required 
2 * 


to find, by means of the foregoing Series 7 —x + —— n 


— 5 > * &c, the Sine to which it belongs, or of the ratio of which to 
the radius 7, or 10,000,000, it is the Logarithm. 


Here x is = 1,053,605, and conſequently x* will be (= 1505 3.005%) = 


83, 496, 
2 — 111,008 349,602, 5, 


1,1 10,083,496,025, and —_ will be (= 10,000,000 


and — will be = DDL = 55, 504. 174, 301, 25) = 555504; and 


*3 = > 35,504 Es 


norwtec . 1 I - Ne . * , 
1c,000,000 ] © 10,000,000 © 1949.305,218,65) = 1949; and * will 


be (= z X r = 19% X r x + = 4872 x — =: 
487.2 
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1,053,605 _ $13,316,356 
487.2 X 76,058,555 — ) = 51; and = A will be (= —— 
* — = — — 5 1,053.66 
* 57 — 51 X 57 — 8 X = 10,2 X 7 2 160.8 3 10,000,000 =P 
10, 771 3 12 
—— = 1.074, 677,1) = 1. Therefore the Series - K + — — 
x3 17 15 


A. + 7 6 wu — FER + & c will be = I 0, 000, O00 — 1,053,605 + 


554594 — 1949 + 51 — 1 + & = 10,055,555 — 1,055,555) = 9:009,000, 
and conſequently the Sine to which the given Logarithm 1,053,605 belongs, 
or of the ratio of which to the radius r, or 10,000,000, it is the Logarihm, 
will be = 9,000, ooo. Q. E. I. 


This reſult agrees exactly with the computation in Art. 31, pages 676, 677» 
where the Sine g, ooo, ooo was given and the Logarithm 1,053,605 was derived 
from it by the former Series of Mr. Ivory. 


A Fourth Example of the like Computation o“ the Sine to 
which a given Legarithm bel.ngs, by means of the 
foregoing Series, 


Art. 42, Let the given Logarithm be 6,931, 471. And let it be required 


x3 * 
2.3. 13 1＋ 2. 3.4.75 
_—, | 26 : 47 . i * 
3 2.3-4.5.0.75 2. 3.4.5.6.7. 1 T 2.3-4.5-0.7.8. 77 2 2.3.45. 5.7.8.9. r® 
110 | * : 1 = 
+ 2.3. 4.3. 0.7. 8. 9. 10. 79 2 2.3.4.5.0.7. 8.9. 10.11. 71 + &c, the Sine to which it be- 


longs, or of the ratio of which to the radius , or 10,000,000, it is the 
Logarithm, 


Here x is = 6,931,471. Therefore & will be (= 6,431,471) = 
| 48,045, 
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48,045,290,223,841, and — will be ( D ) = 24,022,045, 


,022,045,111,920. 
111,920.5, and — — = will be 2 — — —5 — — 2,403, 264. -511, &c; and 
* , 


2? 2, 402,264.58 11 
WT will be (= — x 72 = 2, 402, 264.5 1 1 & c * — 


- 6,931,471 — 1 
ee K 380064837 X. === = 10,58, % 885,040. 893 


jo | 
&c) =, nearly, 555,041; and _ - will be (= r * 2 = $55,041 


6,931,471 


OW 17 005,007 8 | OG 1 2 
— X —= 138,760.2 & — = 138,760.2 & 188,506 © 
961,812,302,2 54.2 


= 96,181.23 &c) = 96,181 ; 


10,000,200 


== oS.iv; 5.2 = £2 12 

19 * 
6,931,471 — 133,335,162,450.2\ __ 

10,000,000 © 10,000,000 )=133333-5 


; x* 
3.3.4.5 “ : ( 2.3.4. 13 


= 19,236.2 X — = 19,236.2 X 
or (neglecting the fraction .5,) 13, 333; 


xs 3 K* 5 8 — 32 
And — will be (S 7 7.4 333 X — 6 * 
7 x IG 6,931,471 15, 402,421,709. 1 __ 
”T 1 1 2,323.1 = & 10,000,000 © 10,000,000 0 — 1540.3 
7 x _ is * 1540 
And S will be (= —— —— X — = 1540 — = — 
_” (= 2. 3.4. 5· C. 75 * ar 54 * 7r 7 * 
x _ 6,931,471 —_ 1,524,923,620 — = 
— = 220 X — = 220 X NE EE 1 52.492, 362,0) = 
152; 
2.3-4.5-0.7.8. 77 2.3. 4.˙.6.7. r® 8 5 3 


1 8 6,931,471 __ 131,697,949 — : 
„ 19 * 10, 0, 00 — 1 he 
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a? 
2:3-4-5-0.7-8.9. 77 


x * * 13 
7.75.57 . 7 97 3 * 57 9 


x 4* 6,931,471 * — 
K 7 TOR ＋ © 4% & 16,000,000 10,000,000 


And 


will be (= 


= 1.000,904, 


** * * * 
&c 1. Therefore the Series r — * , = —— 37 + 34m 2 


— x7 Cz x? 
+ L= r © after eee + &c wil be 

= 10,000,000 — 6,931,471 

+ 2,402,264 — 5554041 

+ 96,1889 — 13,333 

+ 3,340, _- 152 

+ 13 — 1 

+ &c | 


12,499,908 — 7,499,998 = 3, ooo, ooo. Therefore 
the 8005 to which the given Logarithm 6,931,471 belongs, or of the ratio of 
which to the radius r, or 10,000,000, it is the meaſure, or Logarithm, is 
= 5,000,090, or to half the radius 10,000,000, 


Q. E. I. 


This reſult agrees with the Computation performed above in Art. 32, pages 
678, 679, and 680, where the Sine 5,000,000, or the Sine of 30 degrees, was 


given, and the Logarithm 6, 93 1, 470.86, or 6,931,471, was derived from it 
by the former Series of Mr. Ivory. 


Theſe four Examples are, I preſume, ſufficient to illuſtrate the nature of 
this ſecond Series communicated to me by Mr. Ivory, and to ſhow it's uſe- 
fulneſs in this reverſe operation of deriving from a given Logarithm the value 
of the Sine to which it belongs; and therefore I ſhall dwell no longer on this 


ſubject. 


Vol. IV. 38 Of 
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Of the Changes made, or intended to be made, afterwards 
by Lord Napier in the ſyſtem of Logarithms deſcribed 
in the foregoing Latin Tra, and ſet-dawn in the 
foregoing Table at the end of it. 


Art. 43. We have feen that, in the foregoing ſyſtem of Logarithms, the 
Logarithm of the ratio of 1,000,000 to 10,000,000, or of 1 to 10, is the 
whole number 23,025,842. Therefore the Logarithm of the ratio of x to 100, 
or 101?, will be = 2 X 23,025,842, or 46,051,684, and the Logarithm of the 
ratio of 1 to 1000, or 10], will be = 3 X 23,025,842, or 69,077,526, and 
the Logarithms of the ratios of 1 to 10,000, 100, ooo, 1,000,000, 10,000,000, 
&c, or to 10)*, 1015, 106, 1617, &c, will be equal to the multiples of 
23,025,842 by the numbers 4, 5, 6, 7, & ; and conſequently, if we were 
required to add to the ratio of minority of any given Sine to the radius 
10,000,000 the ratio of minority of 1 to 10, or of x to 100, or 10ʃ7, 


or of 1 to 1000, or oP, or to multiply the ſaid Sine into the fraction 105 » or 


, or , by means of Logarithms, we muſt add to the Logarithm of the 


100 1000 


ſaid Sine the number 23,025,842, or 46,051,684, or 69,077,526, which 


numbers differ from each other io almoſt all their figures; and in like man- 


ner, if we were requized to add to the ratio of minority of ſuch given Sine to the 
radius 10,000,000 the ratio of majority of 10 to 1, or of 100 to 1, or of 1000 
to 1, or to multiply the ſaid Sine into the whole number 10, or 100, or 1000, hy 
means of Logarithms, we mult ſubtract from the Logarithm of the faid Sine one 
of the ſaid numbers 23,025,842, 46,051,684, and 69,077,526, or add to the Loga- 
rithm of the ſaid, Sine one of the defective, or negative, numbers = 23,025,842, 
— 46,051,684 and — 69,077,526, according as the multiplication of the ſaid 
Sine was to be made into 10, or 100, or 1000, Thus, for example, if the given 
Sine was 523, 360, (which is the Sine of an arch of 3 degrees, and of which 
the Logarithm in Lord Napier's Table, or the Logarithm of it's ratio to the 


radius 10, ooo, ooo, is 29, 500, 706, and we were required to multiply this Sine into 
the 
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the fraction —— by means of the foregoing Table of Logarichms, we mutt add to 
the Logarithm, 29, 500,706, of the ſaid Sine the number 23,02 5, 842, which is the 


Logarithm of the fraction —_ - and the ſum thereby obtained, to wit, 52, 526, 548, 


would be the Logarithm of the product, or of 523,360 x —— or of 52,336: And, 


if we were required to multiply this Sine 523,360 into the whole number 10 by 
means of the ſame Table of Logarithms, we mult add to the Logarithm of the 
ſaid Sine, to wit, 29,500,706, the negative number — 23,025,842, which is 
in this Table the Logarithm of the whole number 10; and the ſum thereby 
obtained, to wit, the number 6,474,864, would be the Logarithm of the pro- 
duct, or of 523,360 X 10, or of 5,233,600 And thus the three numbers 
52,336, and 523,360, and 5, 233, 600, which have the fame ſignificant figures 
one with the other, and differ only in the decimal places in which the ſaid 
figures ſtand, (which makes the ſecond number 523, 360 be equal to ten times 
the firſt number 52,336, and the third number 5,233,600 be equal ta ten 
times the ſecond number 523,369,) would have for their Legarichms the three 
numbers 52,526,548, 29,500,706, and 6,474,864, which differ from each 
other in almoſt all their figures, and carry with them no marks of belonging 
to natural numbers that exceed each other in the proportion of 10 to 1, and 
conſequently conſiſt of the ſame ſignificant figures. This want of reſemblance 
between the Logarithms of natural numbers that exceed each other in the pro. 
portion of 10 to 1, and conſequently conſiſt of the ſame ſignificant figures, 
appeared to Mr. Henry Briggs (who was, at the time of the publication of 
Lord Napier's foregoing Tract on Logarithms in the year 1614, Profeſſor of 
Geometry at Greſham College in London, or, in the plainer ſtyle of that age, 
Geometry-Reader at Greſham Houſe,) to be an inconvenience, or imperfection, in 
this excellent Invention of Lord Napier, which rendered it leſs ſuited to the 
decimal notation of numbers that had been for many centuries received into 
general uſe throughout Europe, than might have been expected: and therefore, 
in his Lectures to his Auditors at Greſham College, (in which he undertook 
to explain to them this new and noble improvement in Arithmetick,) he ſug- 
geſted the following change in Lord Napier's Logarithms as a remedy for this 
inconvenience ; namely,” To diminiſh them all in the proportion of 23,025, 
842 (which is the Logarithm of the ratio of 1,000,000 to 10,000,000, or of 
the ratio of 1 to 10, in Lord Napier's Table,) to 10,000,000 ;” ſo that thence- 
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forwards 10,000,000 ſhould be the Logarithm of the ratio of 1 to 10 inſtead 
of 23,025,842, and conſequently that 20,000,000 ſhould be the Logarithm of the 
ratio of x to 100, or to Ich, inſtead of 46,051,684, and that 30,000,000 ſhould 
be the Logarithm of the ratio of 1 to 1000, or 1c], inſtead of 69,077,526, and, in 
like manner, that 40,000,000, and 50,000,000, and 60,000,000, and 70,000,000, 
and 80, ooo, ooo, and go, ooo, ooo, &c, (which differ from each other only in the 
higheſt, or eighth, place of figures, ) ſhould be the Logarithms of the ratios of 1 to 
10,000, or 100, and of 1 to 100,000, or Iohꝰ, and of 1 to looo, ooo, or 105, and 


of 1 to 10,000,000, or 10), and of 1 to 100,000,000, or Io, and of i to 1000,000, 
ooo, or 1000, &c, or of 1 to the following powers of 10, reſpectively. And then 
the three numbers 52,336, 523,360, and 5, 233,600, (which have all the ſame 
ſignificant figures 52,336, but advanced in the two latter numbers to higher 
decimal places than in the firſt number,) would, if the Logarithm of the firit 
of them, to wit, 52,336, be denoted by J, have for their Logarithms the three 
numbers /, / — 10,000,000, and /'— 20,000,000, which would all have the 
Tame hgnificant figures in the firſt ſeven places of figures, and would differ from 
each other only 1n the eighth, or higheſt, place, and in that place would differ 
only by an unit when the numbers to which they belonged would be greater 
the one than the other in the proportion of 10 to 1. This reſemblance between 
the Logarithms of different numbers that conſiſted of the ſame ſignificant 
figures, and were produced the one from the other by multiplying them either 


into the fraction 7 or the whole number 10, ſeemed to be very well adapted 


to the decimal notation of numbers that has been generally adopted in Europe 
for the laſt ſeven or eight hundred years; and therefore the change of Lord 
Napier's Logarithms, by which it was obtained, ſeemed to be very obvious, and 
to have been likely to occur to any man that was converſant with Arithmetical 
calculations, and much more to ſo great a Mathematician as Mr. Briggs. And 
Mr. Briggs, when he had thought of making this change in Lord Napier's 
Logarithms, not only mentioned it to his Auditors at Greſham College, but 
likewiſe wrote a letter concerning it to Lord Napier himſelf, about the ſpring 
of the year 1615 ; and afterwards, in the ſummer of the ſame year, when he 
took a journey into Scotland, to viſit Lord Napier, and-converſe with him upon 
bis late noble invention, he again propoſed it to him. And Lord Napier, (as 
Mr. Briggs informs us,) expreſſed a compleat approbation of it, and wiſhed 


that it might be adopted, and even faid that he himſelf had had ſome thoughts 
| of 
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of adopting it before Mr. Briggs had mentioned it to him; but that, as it had 
not occurred to him till after he had compleated the computation of his Table 
of Logarichms upon his firſt plan (by which the number 23,92 5,842 was the 
Logarithm of the ratio of 1 to 10,) he had thought it better to publiſh Lis 
Table in the preſent form, than to delay the publication of it till he had made 
this reduction of the ſeveral Logarithms contained in rin the ſaid proportion 
of 23,025,942 to 10,000,000, which could not be done without a good deal 
of time and labour. And he faid, further, that, if his invention of Logarithms 
ſhould meet with the general approbation of Mathematicians, and he ſhould be 
bleſſed with ſufficient health and leiſure to undertake the computation of his 
Logarithms upon that improved plan, he hoped that he ſhould one day give 
a a ſecond edition of his work with the Logarithms ſo computed. 


This was the firſt improvement made in Napier's original Syſtem of Loga- 
rithms, and ſeems to belong almoſt equally to him and Mr. Briggs, though it 
had been firſt publickly communicated to the world by Mr. Briggs in his Lec- 
tures at Greſham College, But it was inſtantly approved-of and adopted by 
Lord Napier as ſoon as it was propoſed to him by Mr. Briggs; and Lord 
Napier alfo declared, that the thought of it had already occurred to him before 
Mr. Briggs had mentioned it, though not till after his Table of Logarithms 
had been compleated upon the former plan: and the thought is in itſelf fo 
natural and obvious that it ſeems highly probable that it ſhould have fo 


occurred to him. 


But Lord Napier, in his converſations on this ſubject with Mr. Briggs in 
that ſame ſummer of the year 1615, mentioned to him another change that he 
propoſed to make in his firſt ſyſtem of Logarithms, and which was of very great 
importance and utility. This was to chuſe the very ſmall line 1, or the ten- 
millionth part of the radius 10,000,000, inſtead of the radius itſelf, or the high 
number 10,000,000, for the quantity of which the Logarithm was to be no- 
thing, or o, or to which all the Sines, Tangents, and Secants in the quadrant of 
the circle were to be compared, or which was to become the common con- 
ſequent, or ſecond terin, of all the ratios of which the ſaid Sines, Tangents, and 
Secants were the Antecedents, or firſt terms. After this change in the quantity 


choſen for the common ſtandard of compariſon with all the ſaid Sines, 
Tangents, 
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Tangents, and Secants, the Logarithm of a Sine would no longer mean the 
Logarithm of the ratio of ſuch Sine to the radius, or the high number 10,000,000, 
which was always a ratio of minority ; but it would mean the Logarithm of the 
ratio of ſuch Sine to the very ſmall line 1, or the 10,000,000th part of the 
radius 10,000,000, which ratio would be always a ratio of majority : and con- 
ſequently the Logarithms of the Sines, and thoſe of the Tangents of arches leſs 
than 45 degrees, but greater than one minute, would be, all of them, Logarithms 
of ratios of majority, as well as the Logarithms of the Tangents of arches 
greater than 45 degrees, and the Logarithms of all the Secants. There would 
therefore be 'no longer any occaſion for the diſtribution of theſe Logarithms 
into two claſſes, called abundant, or affirmative, or peſitive, and defective, or 
negative, Logarithms according as they repreſented ratios of minority, or ratios of 
majority; but, as all the ratios of the Sines, Tangents, and Secants, of the 
arches in the Quadrant, that were greater than one minute of a degree, to the 
aforeſaid ſmall line 1, or the 10,000,000th part of the radius, would be ratios 
of majority, their Logarithms would be all of che ſame claſs, as being repre- 
ſentatives of ratios of the ſame kind, to wit, ratios of majority. And by this 
circumſtance a great deal of perplexity and difficulty, which had before ariſen 
from the conſideration of the oppoſite ratios of minority and of majority, and 
the affirmative and negative Logarithms that repreſented them, would be 
avoided. And this ſecond change in Lord Napier's firſt ſyſtem of Logarithms, 
which Lord Napier communicated to Mr. Briggs, was immediately * 
by Mr. Bri 88. 


After theſe two improvements on Lord Napier's firſt ſyſtem of Logarithms, 
that is ſet · forth in the foregoing Latin Tract, and the Table printed at the end of 
it, the Logarithm of every Sine, Tangent, and Secant in the Quadrant, ftill con- 
tinued to be a whole number, as before, but fignified the Logarithm of the 
ratio of the Sine, Tangent, or Secant, to which it belonged, to the little line 1, 
or the 10,000,000th part of the radius 10,000,000, which ratio, when the 
arch was greater than one minute of a degree, or even than one ſecond minute 
of a degree, would always be a ratio of majority. And the Logarithm of the 
ratio of 10 to 1, or (in a ſhorter way of expreſſing it,) the Logarithm of 10, in 
this ſyſtem, would be the great whole number 10,000,000, and the Logarithms 
N of 


Olfervations on the foregoing Trac of Lord Napier. 699 


of 100, 1000, 10,000, 100, ooo, 1000,000, &c, or of c, ich, 101%, To, 
id, &c, would be 2 x 10,000,000, or 20,000,009, and 3 & 10,000,000, or 
30,000,000, and 4X 10, ooo, ooo, or 40,000,000, and 5 X 10,000,000, or 
50,000,000, and 6 X 10,000,000, or 60,000,000, &c, or the products of the 
multiplication of the ſeveral Indexes of the powers of 10, that is, of 10]*, 
10 105, 10, 101, 10 „ &c, in their natural order, into the number 
10, 00 Co. And it does not appear that during the ſhort remainder of Lord 
Napier's Life, (who died in the year 1618,) any other change beſides the two 
that have been here deſcribed, was made, or propoſed to be made, in Lord 
Napier's firſt ſyſtem of Logarithms, by either Lord Napier himſelf, or Mr. 
Briggs. | 


A Third Change in Lerd Napier's Syſtem of Logarithms 
made afterwards by Mr. Briggs. 


Art, 44. But, after the death of Lord Napier, Mr. Briggs (who continued 
to cultivate this uſeful invention of Logarithms during the whole remainder of 
his life, with great induſtry and ſucceſs,) reduced the Logarithms of the ſeveral 
powers of 10, to wit, 10]', 1007, 70 ?, 10, 100, 1ol*, &c from the high 
numbers 10,000,000, 20,000,000, 30,000,900, 40,000,000, 50,000,000, 
60,000,000, &c, to the ſmall numbers 1, 2, 3, 4, 5» 6, &c, or the mere Indexes 
of thoſe powers; which, (though it cauſes all the Logarithms of the inter- 
mediate numbers between 1 and 10, and between 10 and Ich, or 100, and 


between 10)* and 1009, or 100 and 1000, and between all the following 
powers of 10, to be mixt numbers, conſiſting partly of the ſmall whole num- 
bers, 1, 2, 3, 4, 5, 6, &c in their natural order, and partly of ſeven figures 
of decimal fractions, and the Logarithms of the eight whole numbers 2,3, 4,5, 6, 7, 
8, and g, which are leſs than 10, to be mere decimal fraQtions,) has been found 
to give us the moſt convenient ſyſtem of Logarithms for the purpoſes of practical 
Arithmetick that has yet been diſcovered. And this ſyſtem of Logarithms is that 
which is exhibited in Sher in's Tables of Logarithms, and in moſt other Tables of 
Logarithms now in uſe, not only in Great - Britain andIreland, and the other Britiſh 
dominions; but in the other countries of Europe and the whole civilized and literary 
world, and which is generally known by the name of Briggs Sy/tem cf Logarithms. 

And 
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And in this ſyſtem that part of every Logarithm which is a whole number is called 
the Index of the Logarithm, or it's Characteriſtick. Thus, for example, the Loga- 
rithm of the number 43 in this ſyſtem of Briggs (as ſettled at this day,) is 
1. 633,468, 5, and 1 is it's Index, or Chara#eriſiick; and the Logarithm of the 
number 430 (which is equal to 10 times 43) is 2.633, 468, 5, and 2 is it's 
Index, or Charatteriſticth; and the Logarithm of the number 4300 (which is 
equal to 100 times 43) is 3.633, 468,5, and 3 is it's Index, or Charac- 
reriſtick, And theſe integral parts of theſe Logarithms are called their 
Indexes, or Chara#eriſticks, becauſe they indicate, or point-out, the power of 
10, between which and the next higher power of 10 the numbers correſ- 
ponding to them lie. Thus, the Index 1, in the aforefaid Logarithm 1.633, 
468,5, ſhows that the number to which it belongs is greater than 10, of which 
the Logarithm is 1, but leſs than 100, of which the Logarithm is 2 and the 
Index 2 of 'the Logarithm 2.633,468,5 ſhows that the number to which it 
belongs (and which we have ſeen to be 430,) is greater than 100, of which 
the Logarithm is 2, but leſs than 1000, of which the Logarithm is 3; and the 
Index 3 of the Logarithm 3. 633,468, 5 ſhows that the number to which it be- 
longs, (to wit, the number 4300) is greater than 1000, of which the Logarithm 
is 3, but leſs 10, ooo, of which the Logarithm is 4. 


A Recapilulation of the Tree foregoing Changes, or Im- 
provements, made by Lord Napier and Mr. Henry 
Briggs in Lord Napier's Original Syſtem of Loga- 
rithms, 


Art. 45. Thus it appears that the original Syſtem of Logarithms invented 
by Lord Napier (which is ſet- forth in the foregoing Tract of Lord Napier and 
the Table that accompanies it,) underwent three ſucceſſive changes under the 
hands of it's Inventor Lord Napier, and his great Co-adjutor, Mr. Henry Briggs. 
By the firſt of theſe changes (which was ſuggeſted by Mr, Briggs, and mentioned 
to the Auditors of his Lectures at Greſham College, and communicated to 
Lord Napier by letter, and afterwards again mentioned to him, in the conver- 
ſat ions they had together in the Summer of the year 1615, and which-was highly 
approved-of by Lord Napier,) the Logariibm of the ratio of the Sine 

1,000,000, 
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1.020.000, (which is equal to a tenth part of the radius 10,000,c00,) to the 
radius 10,000,000, or the Logarithm of the ratio of 1 to 10, was diminifhed 
from the whole number 23,025,842 to the whole number 10,000,000, or the 
ſeventh power of the number 10, and all the other Logarithms in Lord Napier's 
firſt Table were diminiſhed in the ſame proportion ; by which means, if any 
whole number were to be divided by 10, or 100, or 1000, or any higher power 
of 10, and thereby a ſet of new numbers were to be produced, which would 
all have the ſame ſignificant figures as the firſt number, but placed in lower 


decimal places than in the ſaid firſt number, the Logarithms of theſe ſeveral _ 


new numbers, or quotients of the diviſion of the firſt number by 10, 10 
1000, &c, might be derived from the Logarithm of the ſaid firſt number, 
adding to the ſaid Logarithm the ſeveral whole numbers 10,000,000, 20,009, 


ooo, 30,000,000, &c, which would be the Logarithms of the fractions —_ 


! 1 


— 


100? 1000 


&c, inſtead of adding (as was done before,) to the Logarithm of the ſaid firſt - 


number the ſeveral whole numbers 23,025,842, 46,051,684, 69,077, 526, &c, 
which were the Logarithms of the ſame ratios of 1 to 10, of 1 to 100, and of 
1 to 1000, &c, in Lord Napier's firſt ſyſtem of Logarithms. But till the 
radius 10,000,000 continued to have o for it's Logarithin, or to be the com- 
mon ſtandard to which all the Sines, Tangents, and Secants, in the Quadrant 
were referred, or to be the common conſequent, or ſecond term, of all the 
ratios of which the ſaid Sines, Tangents, and Secants were the Antecedents, or 
firſt terms; ſo that the Logaiithm of any given Sine, as, for example, of the 
Sine 5,000,000, or the Sine of an arch of 30 degrees, did not mean {as it now 


does, ) the Logarithm of the ratio of the ſaid Sine, or 5,000,000, to 1, but, 


the Logarithm of the ratio of the ſaid Sine, or 5,000,000, to the radius, or the 
great whole number 10,000,000, or of the ratio of 1 to 2. 


But Lord Napier ſuggeſted to Mr. Briggs, in his converſations with him 


upon this ſubje& in the Summer of the year 16135, a ſecond; change ia the 
Syſtem, by which the inconveniences ariſing from the uſe of the word Legaritbm 


in that ſenſe might be avoided., And this was © to ceaſe to make o be the 


Logarithm of the radius, or great whole number 10,000,000, and to make it 
Vol. IV. 3 H be 
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, &c, or of the ſeveral ratios of x to 10, of 1 to 100, and of 1 to 1000, 
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be the Logarithm of unity, or 1, or of the ten-millionth part of the radius, or 
10,000,000 ; by which change the very ſmall line 1 would become the common 
ſtandard to which all the Sines, Tangents, and Secants in the Quadrant were com- 
pared, or would be the common conſequent, or ſecond term, of all the ratios of 
which the ſaid Sines, Tangents, and Secants, were the Antecedents, or firſt terms. 
This propoſal of Lord Napier was greatly approved-of by Mr. Briggs as ſoon as 
it was mentioned to him: and he adopted it in the Tables which be afterwards 
publiſhed in the year 1624. This was a very uſeful change. For by it the 
Logarichms of all the Sines, Tangents, and Secants in the Quadrant became 
Logarithms of the ratios of the ſaid Sines, Tangents, and Secants to the very 
ſmall line 1, or the ten-millionth part of the radius ; all which ratios in Lord 
Napier's Trigonometrical Canon (in which the ſmalleſt arch is an arch of one 
minute of a degree, the Sine of which is much greater than 1, or the ten-millionth 
part of the radius 10, o, ooo, ) are ratios of majority, as well as the ratics of 
Secants of all the arches, and of the Tangents of all arches greater than 45 
degrees, to the ſaid common conſequent, or little line 1. And thus we are 
freed from the difficulties ariſing from the contemplation of two oppoſite kinds 


of ratios, to wi', ratios of minority and ratios of majority; of which, if the former 


ratios are ſuppoſed to have «ffirmative, or poſitive, Logarithms, (which are thofe 
which Lord Napier has aſſigned to them, ) the latter ratios mult be repreſented 
by Logarithms of a contrary kind, or zegative Logarithms. But, after this uſe» 
ful change ſuggeſted by Lord Napier, the magnitudes of the Logarithms of the 
ſame ratios will continue the ſame as they were before; only the ratios will be 
changed from ratios of minority into equal and contrary ratios of majority, which 
will have equal and contrary Lagarithms to thofe which they had before. Thus, 
for example, as the Logarithm of the ratio of the Sine 1, ooo, ooo to the radius 
10,000,000, or of the ratio of 1 to 10, was, before this fecond change, equal to 
10, ooo, ooo, and the Logarithm of the equal and contrary ratio of 10,000,000 
to 1,000,000, or of 10 to 1, was equal to 10,000,000, the Logarithm of the 
ratio of 10 to 1 will, after the ſaid ſecond change, be of the ſame magnitude 
as before, to wit, equal to 10,000,000, but without any neceſſity of conſidering 
it as negative, and prefixing the Sign — to it, becauſe the Logarithms of all the 
Bines, Tangents, and Secants in the Quadrant, (being now become Logarithms 
of the ratios of the ſaid Sines, Tangents, and Secants, to the little line 1, or the 

ten- 


Ob ervations on the feregting Trad of Lord Napier. 703 


ten-millionth part of the radius,) will all be Logarithms of ratios of the fame 
kind, to wit, ratios of majority, and the diviſion of them into two claſſes of 
affirmative, or poſitive, or abundant, and of negative, or de/efiive, Logarithms, 
may conſequently be laid-aſide. 


Theſe two changes in Lord Napier's firſt ſyſtem of Logarithms were made in 
Lord Napier's life-time, And, after Lord Napier's death, Mr. Briggs made a 
further change in the Syſtem, by dividing all the Logarichms in it by io, ooo, ooo, 
or the number which he had hitherto uſed for the Logarithm of 10, or of the 
ratio of 10 to 1; by which diviſion the Logarithms of 10, or ro“, of 100, or 
10]*, of 1000, or 105, of 10,000, or lo, of 100,000, or 19] *, &c, or of 
the ratios of thoſe numbers to 1, were reduced from 10,000,000, 20,900,000, 
30,000,000, 40,000,000, 50,000,000, &c, to the ſmall numbers 1, 2, 3, 4, 5, 
&c, or to the Indexes of the ſaid powers of 10. And this I take to be the 
preſent and moſt perfect ſtate of Brigg's Syſtem of Logarithms. 


Art. 46. I have dwelt the longer upon theſe changes and improvements upon 
Lord Napier's firſt ſyſtem of Logarithms, becauſe they ſeem to have been but 
obſcurely deſcribed in ſeveral of the books I have ſeen upon the ſubject: and 
it is only of late, and in conſequence of the peruſal of the foregoing original 
Tract of Lord Napier, and of ſome paſſages in Mr. Briggs's Arithmetica Loga- 
rithmica, that I am come to think that I have a juſt conception of them; in 
which, after all, I may, perhaps, be miſtaken. But, ſuch as it is, I have en- 
deavoured to convey it to my readers in as full and clear a manner as I could. 
And, in ſupport: of this account of theſe changes (which I take to be a correct 
one,) I will here cite two ſhort, but curious, paſſages from the writings of Lord 
Napier himſelf and Mr. Briggs, that ſeem to me to afford juſt grounds for ſup- 
poſing theſe changes to be ſuch as I have here repreſented them. 
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A Paſſage in Mr. Edward I right's Tranſlation of Lord 
Napier's 7 ratt on Logarithms, relating to the firſt 
of the above-mentioned Changes, or Improvements, of 


Lord Napier's firſt Syſtem of Logarithms, 


Art. 47. The firſt of theſe paſſages occurs in the 19th and 2oth pages 
of Mr. Edward Wright's Tranſlation of the foregoing original Tract of Lord 
Napier into Engliſh, which was made in the year 1614, or 1615, almoſt imme- 
diately after the publication of the original Tract itſelf. This tranſlation was 
ſhown in manuſcript to Lord Napier, and met with his entire approbation. 
For Mr. Samuel Wright, the fon of Mr. Edward Wright, the tranſlator of 
this Tract, (who died very ſoon after he had compleated his tranſlation, and 
before he had had time to publiſh it,) publiſhed this Tract in the year 1615, 
and dedicated it to the Merchants of the Eaſt-India Company, by whom his 
father had been employed and patronized ; and in his Dedication declares, 
e that his father's care in making this tranſlation was fo great that he procured 
te the Author's peruſal of it; who, after great pains taken therein, gave appro- 
te bation to it both in ſubſtance and form, as he [the Editor] then preſented it 
« to them.” And Lord Napier himſelf alſo added to Mr. Wright's tranſlation 
of his, Lord Napier's, preface to this work the following words; © But now 
« ſome of our countrymen in this Iſland, well- affected to theſe ſtudies and the 
* more publique good, procured a moſt learned Mathematician to tranſlate the 
« ſame into our vulgar Engliſh tongue; who, after he had finiſhed it, ſent the copy 
« of it to me to be ſeen and conſidered-on by myſelf. I, having moſt willingly 
and gladly done the ſame, finde it to be moſt exact and preciſely conformable 
« to my mind and the original. Therefore may it pleaſe you, who are inclined 
« to theſe ſtudies, to receive it from me and the Tranſlator, with as much 
G good-wall as we recommend it unto you. Fare ye well.“ 


Now 
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Now in this tranſlation, thus approved and recommended by Lord Napier, 
we find, in pages 19 and 20, the following paſſage, which is not tranſlated from 
Lord Napier's Latin original, and which, therefore, we may reaſonably ſuppoſe 
to have been added by Lord Napier to the manuſcript copy of Mr. Wright's 
tranſlation which had been ſent to him for his peruſal and examination. This 
paſſage is in theſe words: 


« Hn Admonition.” 


« But, becauſe the addition and ſubtraction of theſe former numbers 
« [23,02 5,842, 46,051,684, and 69,077,526, &c, ] may ſeem ſomewhat pain- 
« fy}, 1 intend (if it (hall pleaſe God,) in a ſecond edition to ſet.- out ſuch 
4% Logarithms as ſhall make thoſe numbers above- written to fall upon decimal 
numbers, ſuch as 100,c00,000, 250,000,000, 300,000,000, &c, which are 
&« caſier to be added, or abated, to, or from, any other number.” 


A Conjeure concerning the meaning of the foregaing 


Admoniiion, 


Theſe words (which are ſomewhat obſcure,) ſeem to mean © that Lord 
Napier intended, in a ſecond edition of his Logarithms, to make the whole 
number 10,000,000 be the Logarithm of the ratio of 1 to 10 inflead of the 
whole number 23,025,842, and conſequently to make the whole number 
20,000,900 be the Logarithm of the ratio of i to 100, and the whole number 
39,000,200 be the Logarithm of the ratio of 1 to 1000, inſtead of the whole 
numbers 46,051,684 and 69,077,526 ; by which change of the numbers 23,025, 
842, 46,051,684, and 69,077,526 for the ſimple numbers 10,000,0c0, 20,000, 
coo, and 30,000,000, the divisions and multiplications of any given numbers 
by 10, or* 100, or 1000, would be performed by adding to, or ſubtracting 
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from the Logarithms of ſuch given numbers the ſimple and eaſy whole num- 
bers 10,000,000, 20,000,000, and 30,000,000, inſtead of the leſs ſimple and 
eaſy whole numbers 23,02 5,842, 46,051,684, and 69, 077, 526.“ 


Objefions that may be made to the feregoi E conjectural 
Expoſition of the ſaid Admonition, together with ſome 
Anſwers to the ſaid Objections. 


This ſeems to me to be the meaning of this paſſage. Yet this interpretation 
is liable to two objections. The firſt is, “that the expreſſion “ ro make theſe 
numbers above-written, (to wit, the numbers 23,025,842, 40,051,684, and 69,077, 
526,) to full upon decimal nunbers, ſuch as loo, ooo, ooo, 200,000,000, and 
Zoo, ooo, ooo, ſeems an odd way of ſpeaking, if it means (as | ſuppole it to do,) 
to make thoſe numbers 23,025,842, 46,051,684, and 69,077,526 co-incide 
with, or become equal to, the decimal numbers 10, ooo, ooo, 20, ooo, oco, and 
Zo, ooo, ooo; which may be done by diminiſhing them in the proportion of 23,02 5, 
842, to 10, ooo, ooo: and the ſecond object ion is, that Lord Napier mentions 
the numbers 100,000,000, 200,000,000, and $00,000,000, or a hundred 
millions, two hundred millions, and three hundred millions, inſtead of the 
numbers 10,000,000, 20,000,000, and 30,000,000, or ten millions, twenty 
millions, and thirty millions, which I ſuppoſe him to mean. But this latter 
objection may be removed either by ſuppoſing that a cipher too much is 
printed in the numbers 100,000,000, 200,000,000, and 300,000,000, by an 
error of the preſs, or that Lord Napier (though he had, in his firfl table of Lo- 
garithms, ſuppoſed the radius of the circle to be divided into only ten- millions 
of equal parts, or had taken the ten-millionth part of the radius for the unit of 
his ſyſtem, and carried his Sines and their Logarithms only to ſeven places of 
figures,) might intend, in his ſecond edition of them, to carry them to one 
place of figures more, and, for that purpoſe, to divide the radius of the circle 
into a hundred millions, inſtead of ten millions, of equal parts, and to chuſe 

4 | the 
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the hundred-millionth part, inſtead of the ten-millionth part, of the radius for 
the unit of his Syliem ; and for this purpoſe it would be neceſſary, inſtead of 
diminiſhing the former Logarithm of the ratio of 1 to 10, to wit, the whole 
number 23,92 5,842, from 23,025,842 to 10,200,000, to increa{e the ſaid Loga- 
rithm from 23,925,342 to 100,000,000, and to increafe all the other Logarithms 
of the former ſyſtem in the ſame proportion, In one, or other, of theſe two 
ways we may, I thiak, get rid of the ſecond of theſe two objections. Bur, as 
to the firſt objection, which is grounded on the impropriety of uſing the ex- 
preſſion of © making the numbers 23,025,842, 46,051,484, and 69,077,526, 
fall upon decimal numbers, ſuch as 100, coo, ooo, 200,000,000, and $00,000,000,” 
inſtead of the expreſſion of“ making them become equal to the ſaid decimal 
numbers, or diminiſhing, or increaſing, them till they become equal to the ſaid 
decimal numbers,” I know not how to get rid of it, and can only ſay that I can 
find no meaning in the paſſage but by interpreting this expreſſion in this 
manner, And therefore, upon the whole matter, I conceive the foregoing 
explanation of this paſſige to be the true one. But of this my readers muſt 


judge for themſelves. 


Now, if this Admonition of Lord Napier has the meaning which I have here 
aſcribed to it, the change which Lord Napier declares in it that he had an 
intention of making in his firſt ſyſtem of Logarithms, is evidently the ſame 
which Mr. Biiggs had ſuggeſted to him, and had before mentioned to his 
Auditors at Greſham College. And therefore it would have been but a juſt 
acknowledgment of Mr. Briggs's ſhare in the merit of this change, if Lord Napier 
had added, at the end of the foregoing Admonition, a few words to declare that 
he had taken the reſolution of making it in purſuance of, or, at leaſt, agreeably 
to, a ſuggeſtion to that purpoſe that had been made to him by Mr. Briggs; 
though it had already occurred to himſelf, before he had received this ſuggeſtion 


from Mr, Briggs, that ſuch a change would be very convenient. 


— 
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A Paſſage of Mr. Briges's Addreſs to bis Readers, pre- 
fixed to his Arithmetica Logarithmica, relating to the 
Art and ſecond of the above-mentioned Changes, or Im- 
provements, of Lord Napier's firſt Syſtem of Loga- 
rithms. | 


Art. 48. The ſecond of theſe two curious paſſages is in Mr. Henry Brigg's 
Addreſs to the reader, prefixed to his great and excellent work, intitled, Arith- 
melica Ligarithnica, (which was publiſhed a- London, in a thin volume 5 m folio, 
in the year 1624,) and is in theſe words, 

; 

Qudd Logarithmi iſti diverſi ſunt ad iis quos clariſimus vir, Baro Merchiſtonii, 
in ſuo edidit Canone mirifico, non eſt qued mireris. Ego enim, cum meis Auditoribus, 
Londini, pubiice in Collegio Greshamienſi, horum doctrinam explicarem, animad- 
verti multo futurum commodius fi Logarithmus Sinus totius ſervaretur o (ut in Ca- 
none miriſico, Logarithmus autem partis decimæ ejusdem Sinus totius, nempe, Sinis 
5 graduum, 44 minitorum, et 21 ſecunderum, esset 10, ooo, ooo, ooo. Atque ei 
de re ſcripfi flatim ad ipſum aucterem; et quamprimùm per anni tempus et vacatio- 
nem @ publico dacendi munere licuit, profectus ſum Edinburgum; i, humaniſm? 
ab eo acceptus, 2 per integrum menſem. Cum autem inter nos de horum mutatione 
fermo baberetur, ille fe idem ſenſiſſe et cupiviſſe dicebat : veruntam?n iſtos, quos jam 
parax erat, edendos curdſſe, donec alios, fi per negctia et valetudinem liceret, magis 
commodos confecisset. am autem mutationem ita faciendam conſebat ut © eſſit 
Logarithmus unitatis, et 10,000,000,000 Sinus titins: Quod ego long? cammodiſſi. 
mum esse non potui non agnoscere. Coepi igitar, ejus hortatu, rejectis illis quos anied 
paraveram, de horum calculo ſerio cogilare: et, ſequenti eſtate iterùm f roſedtus Edin- 
burgum, horum, quot hic exhibeo, precipuos illi eftendi : idem etiam tertid aft ate 


JaFurus, fi DEUS illum nobis tamdiù ſuperſtitem eſſe voluiſſet. 


Io 
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In this paſſage we ſind mention made of both the changes in Lord Napier's 
original Syſtem of Logarithms which were made in the lite time of Lord Napier; 
to wit, firſt, of that which bad been mentioned by Mr. Briggs in his Lectures 
to his Auditors at Greſham College, which confitted io chuſing a whole number 
in which 1 was the only ſignificant figure, and was followed by ſeveral ciphers 
(ſuch as the number 10,000,c00,) for the Logarithm of the ratio of 1,000,000 


to to, co, ooo, or ct the ratio of the Sine of an arch of £5 2365 21 to the 


ra ius, or of the ratio of 1 to 10, inſtead of the nu nber 23,023,842, which 
had been the Logarithm cf that ratio in Lord Napicr's fiift 
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Fun poli nen agigſecre) and which conſilted in making o be the Logarithm 


of 1, or the 10 OOO, oooth part of the radius, In{tead of being the Lig 2:1thm 
of the radius itſelf, or 10,000,009, as it had been in Lord Napier's firfl Syſtem, 


Art. 49. It may be obſerved, however, that in this pallage of Mr. "on 
Addreſs to his Readers, Mr. Briggs ſpeaks of the whole number 10,000,099, 0090, 


or ten thouſand millions, inſtead of the whole number 10,000,090, or ten 


millions, as being the number which he had mentioned both to his audi- 
tors at Gretham College and to Lord Napier, ad which he had thought 
to be fitter to be made the Logarithm of the ratio of 1 tv» 10 than 
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of it, and which therefore I will endeavour to remove. This difficulty relates 
to the meaning of the words et 10, ooo, ooo, ooo Sinus totius, which, from the 
words that immediately preceed them, to wit, the words Ham au!em mutationen 
ita faciendam cenſebat ut o efſet Logarithmus unitatis, muſt be equivalent to the 
words er [Cut] 10,002,000,000 [ efſet Logarithmus] Sinus totius. Now theſe 
latter words et ut 10, ooo, ooo, ooo efſet Logarithinus Sinds totius are incompatible 
with the former words ut o eſet Logarithmus unitatis. For, if o is made the 
Logarithm of 1, or of the 10,000,000,000th part of the radius, and 10,000, 
ooo, ooo, is made the Logarithm of the ratio of 10 to 1, (as Mr. Briggs ſeems to 
have ſuppoſed in the foregoing Latin paſſage,) the Logatithm of the ratio of the 
whole Sine, or radius, 10,000,000,000, or 100“, to 1, mult be equal to 10 
times the Logarithm of the ratio of 10 to 1, or muſt be equal to 10 times 
10,000,000,000, or to 100,000,000,000, that 1s, the Logarithm of the radius, 
or whole Sine, Logarithmus Sinus totius, mult be foo, ooo, ooo, ooo, and not 
10,000,000,000. And therefore I ſuppoſe that in this part of the foregoing 
paſſage of Mr. Briggs the number 10,000,000,000 has been ſet-down inſtead 
of 100,000,000,000 by an error of the Preſs. 


FRANCIS MASERES, 
Inner Temple, | 
Auguſt 1, 1805. 


End of the Obſervations on the foregoing Tract of 
Lord Napier, intitled, Mirifici Logarithmorum 
Canonis Deſcriptio, 


OF 


JOHN SPEIDELL'S NEW LOGARITHMS, 


DERIVED BY SUBTRACTION FROM THE LOGARITHMS OF LORD NAPIER'S 


FIRST SYSTEM. 


IN the foregoing Obſervations on the Tract of Lord Napier, intitled Mirifc; 
Logarithmorum Canonis Deſcriptio,l have mentioned every thing that occurred to me 
as neceflary to explain the nature and uſe of thoſe Logarithms, and likewiſe to give 
the reader a clear idea of the three great improvements afterwards made in them 
by Lord Napier himſelf, and by Mr. Henry Briggs; to wit, firlt, by reducing the 
Logarithm of the ratio of 1 to 10, or of the equal and contrary ratio of 10 to 1, 
from the whole number 23,025,842 to the ſimpler whole number 10,000,000, 
and diminiſhing the Logarithms of all other ratios in the fame proportion; and, 
ſecondly, by making o become the Logarthm of 1, or of the 10,000,000th, or 
ten-millionth, part of the radius 10,000,900, inſtead of being the Logarithm of 
the radius itſelf, or the great whole nun:ber 10,000,000, or by chuſing the ſmall 
line „ or the 10,000 oooth part of the radius, (whi.h is only the 2909th part 
of the Sine of one minute of a degree,) for the common ſtandard of compariſon 
with all the Sines, Tangents, and Secants in the Quadrant, inſtead of the radius 
10,000,000 ; and, thirdly, by Mr. Briggs's laſt operation of reducing the Loga- 
rithm of the ratio of 10 to 1 from the great whole number 10,000,0c0 to unity, 
or 1, and conſequently of diminiſhing the Logarnthms of all other ratios in the 
ſame proportion; by wich improvements the modern Tables of Brigg's Loga- 
ritums, (which are now in general uſe,) have been brought to their preſent high 
degree of convenience and perfection. But there was another eminent Mathe- 
matician who diſtinguiſhed himſclf at the ſame time by his cultivation of this 
noble invention of Lord Napier as well as Mr, Briggs, and who made an im- 
provement on it which deſerves to be mentioned in this collection of tracts on 
the ſubje& of Logarithms. This was Mr. John Speidell, a learned and ingenious 
Engliſh Mathematician, who was a Teacher of Mathematicks in London from 
about the- year 1607 to ſome time after the year 1646, and who, in the year 
1619, (which was the year immediately following that in which Lord Napier 

| 512 died, 


18 


died, ) publiſhed a Table of New Legarithms, different from thoſe of Lord 
Napier, but derived from them by ſubtracting them all from the great whole 
number 100,0c0,000, which is greater than the greateſt Lovarithm in Lord 
Napiei's Canon, to wit, 40,317,433, or the Logzrithm of the Sine of one 
minute of a degree. This Table of new Logarithms ſceins to have been well 
received by the Publick, and probably went through ſeveral Eelitions: for in 
an Edition of it publiſhed in the year 1628 (which is the only Edition of 1t that 
I have ſcen,) I observe there are, at the buttom of the Title-page, the words 
the 10th Impreſſion, by which, I ſuppoſe, is meant the 15th Edition. This 
Edition I have examined. But, as it contains only the Logarichms themſelves, 
without any explanation of their nature and conſtructiop, and without informing 
his readers of what ratics they are the Logarithms, or meaſurcs, I was not able 
to underſtand them without the aſſiſtance of my very acute and learned friend, 


Mr. James Ivory, one of the Inſtructors of the New Military College at Great 
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Marlow in Buckinghamihire. Eut he, upon my application for his aſliſtance, 
has drawn-vp for me ihe following explanatory account of them, which, with 
bis permiſſion, I ſhail now proceed to inſert in this volume for the information 
and ſatisfaction of my readers. As fo: the Logarithms themtelves, though they 
were, at the time of their firſt publication, a uſeful improvement on Lord 
Napier's firſt ſyſtem of Logarithms, yet I conceive them to be ſo compleatly 
ſuperſeded by the modern Tablesof Mr. Briggs's Logarithms chat are now ingencral 
uſe, that it would be quite uſeleſs to reprint them. Mr. Ixory's account of them 


is as follows. 


- AN ACCOUNT 


OP A 
TABLE OF LOGARTTIITAIS, 


Publiſhed by Joux SpEIDELL, an eminent Engliſh Mathemalician, in ibe year 
1619, and afterwards again in the year 1628, under the title of New 
Logarithms, extracted from and out of thoſe of Lord Napier. 


BY JAMES IVORY, M. A. 


OF THE NEW MILITARY COLLEGE AT GREAT MARLOW, IN EUCKINGHAMSHIRE., 


Article 1. In Lord Napier's Canon the Logarithms are meaſures of the 
ratios of minority of the Sines of the ſeveral arches of the Quadrant to the 
radius. And therefore the Logarithms of the Sines in his Table conſtantly de- 
creale from the Logarithm of the Sine of one minute of a degree (which is the 
ſmalleſt arch contained in Lord Napier's Canon) to o, (which is the Logarithm 
of the radius 10,000,000,) becauſe the ratio of minority which the Sine of an arch 
bears to the radius, (of which ratio Lord Napier's Logaritim of the Sine is the 
meafure,) decreaſes continually from a great ratio of minority to a very ſmall 
ratio of minority, while the Sine increaſes from the fmall Sine of one minute 
and approaches very nearly to an equality with the radius. The raittos of the 
Sines to the radius are, all of them, ratios of minority throughout the whole 
is, either all affirmative or all negative. But the cate is diflerent with the ratios 
which the Tangents of the ſcvera! arches of the Quadrant bear to the radius: 
for theſe ratios are ratios of minority only ſo long as the Tangents belong to 
arches leſs than 45 degrees, and are alicrwards, all, ratios of majority; and con- 

{cquently 
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ſequently the Logarithms of the Tangents of the arches that are leſs than 45 
degrees will be of a contrary kind to the Logarithms of the Tangents of arches 
that are greater than the ſaid arch: and therefore, if the Logarithms of one of 
theſe kinds of ratios be conſidered as pęſitive, or affirmative, the Logarithms 
of the ratios of the other kind muſt be conſidered as negative. And, if Lord 
Napier's Table had included the Secants of the arches in the Quadrant as well 
as their Sines and Tangents, the Logarithms of the ratios of the Sccants to the 
radius (which are, all of them, ratios of majority,) would have been of the 
ſame kind as the Logarithms of the ratios of the Tangents of arches that were 
greater than 45 to the radius, but of a different kind from the Logarithms 
of the ratios of the Sines to the radius, and from the Logarithms of the ratios 
of the Tangents to the radius in the firſt half of the — in which the 


arches were leſs than 45 degrees. 


Art. 2, It was ſoon diſcovered to be troubleſome and perplexing in prac. 
tice to have two ſorts of Logarithms in the Canon, and it became deſirable 
to remedy this inconvenience. Now to do this was the main object of John 
Speidell's New Logarithms, And for this purpoſe he chuſes a whole number 
which is greater than the greateſt Logarithm contained in Lord Napier's Table, 
and ſubtracts from the ſaid whole number each of the Logarithms contained 
in the ſaid Table. Now, as the leaſt Sine that is ſet-down in Lord Napier's 
Table is the Sine of one minute of a degree, which bears a greater ratio of 
minority to the radius than that of any greater Sine to the ſame quantity, it 
is evident that the Logarithm of the Sine of one minute, or the Logarithm of 
the ratio of the ſaid Sine to the radius, muſt be greater than the Logarithm of 
any other Sine in the Quadrant. But the Sine of one minute in Lord Napier's 
Canon is equal to the whole number 177, 433, and it's Logarithm is the whole 
number 40,317,483. Therefore the whole number 40,317,433 1s the greateſt 
Logarithm fet-down in Lord Napier's Canon, Now this number is leſs than 
the whole number 100,000,050, or 10 times the radius 10,000,000, and con- 
ſequently may be ſubtracted from it; and therefore, à fortiori, all the other 
Logarichms in Lord Napier's Canon may likewiſe be ſubtracted from it. And 
Mr. Speidell, in framing his new Logarithms, made choice of this number 
100,020,000 for. the whole number from which he reſolved to ſubtract all the 


Logarithms of Lord * Canon; and the remainders of theſe ſeveral 
ſubtractions 


An Account of J. Speide!''s New Logarithms, pub. iſbed in 1619 & 1628. 715 


ſubtractions are the Logarithms of his new Table. We will now inquire what 
theſe new numbers, that are ſer-down in Speidell's Table, and called New Loga- 
rithas, will ſignify, when clearly and ſcientifically interpreted. 


Art. 3. Although Lord Napier's Table of Sines and their Logarithms is carried 
only fo tar as to include the Logarithm of the ratio of the Sine of one minute to 
the Radius, yet we may ſuppole it to be carried as much farther as we pleaſe, 


5 . . Go 8 3 S ; ; 
We will therefore ſuppoſe it to be carried g =. lartuer as to include the Sine 


that has to the radius 10,000,000 the ſtill greater ratio cf minority of which the 
whole number 100,000,900, (or 10 times the radius 10,000,000, ) is the mea- 
ſure, or would be the Logarithm in Lord Napier's Table, if that Table had 
been carried to ſmaller Sines than the Sine of one minute. Let the letter a denote 
this unknown, but determinate, Sine, which is leſs than the Sine of one minute, 
and of which the Logarithm is 100,000,020 ; and let S denote any of the Sines 
that are ſet- down in Lord Napier's Table; and let r be put for 10,000,000, or 
the radius of the circle. Then it is evident that the ratio of the ſmall Sine à to 
the radius r will be compounded of the ratio of the ſaid Sine a to the Sine S, and of 
the ratio of the Sine S to the radius r. Therefore the ratio of the Sine a to the Sine 
S will be equal to the exceſs of the ratio of the Sine a to the radius r above the 
ratio of the Sine S to the radius r; and conſequently the meaſure, or Logarithm, 
of the ratio of the Sine à to the Sine S will be equal to the exceſs of the 
meaſure, or Logarithm, of the ratio of the Sine @ to the radius , above the 
meaſure, or Logarithm, of the ratio of the Sine S to the radius , that is, to 
the excels of the Logarithm 100,000,000 above Lord Napier's Logarithm of 
the Sine 8. Now this exceſs is the number fet-down in Speidell's Table of New 
Logarithms as the Logarithm correſponding to the Sine S. And therefore the 
numbers ſet-down in Speidell's Table under the Title of New Legarithms are the 
meaſures, or Logarithms, of the ſeveral ratios of minority of the Sine à (which 
is leſs than the Sine of one minute,) to the Sines of the ſeveral arches of the 
Quadrant to which the ſaid Logarithms are annexed, or correſpond. 


Art. 4. If it be required to aſſign the numerical value of the ſmall Sine à, 
of which the Logarithm is 100,000,000, it may be done as follows. If, in 
Lord Napier's Table of Sines and Logarithms, the letter » be put for the radius 

of 
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of the circle, and the letter S for any Sine in It, and the letter x for tlie Loga- 
= 3 : il 

rithm of the ratio of the Sine S to the radius 7, we ſhall have S = ==, as 
| 7 


—2— 


has been ſhown above in page 665. Therefore — will be (= — * —— 


7 — * A . But, when the Logarithm x 
r 


850 'Þ 
777 


is = 100,000,000, or 10 X 10,000,000, or 10 X r, the Sine S will be equal 


to a; and conſequently — will be = —, and I — = will be = 


1 \10Xr a > . 8 5 1 lo xv 
1 — — , and — (which is = —,) will be = 1 — — » There. 
r | r r r | 


— 


278 8 
fore 2 will be ( — 1233 LD = = (by the binomial 


I . I T—1k I * — 1 7122 
Theorem, ) to the Series 1 — r x — + r N X —= — 7 X — 
8 2 r 2 3- 

I 721 71722 7 — TT 7 —2 12 
“ 88 r FR X >. x 

aw A I 121 =] - 2 21 
— X 7 &c = the Series 1— 1 ＋ —-—|— X „ 

5 45 27 gr 21 

5 

122 \ 122 17 — : # we 

* — * 2 * &c = the Series —— — 
3¹ 4” G7 > 

11 122 a | p=2 „ © — 3 Ir —1 22 3 884 "WM 
2r * 37 * 27 * 37 * 41 27 zy * a X r —— OCs 


But, becauſe r is cqual to the great number 10,c02,000, the binumial quantities 


= 1, = 2, 1 3, 7 —4, &c will be very nearly equal to, th: ough a Inte 


F - er 124 lr — 1 2 
leſs than, 7, or 1, coo, ooo, and conſequently the Series — * 
2 5 


Yoo [ 


* Ir 
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is — * 7 * — — — 2 * — * —+&c will be very nearly 

equal to the Series ——— r K + — XX == = XX IX 

2 &c, or to the Series — = — Ty ＋ — * ＋ * ＋ — * * * 

TY X — + Ke, or to the Series — — Ir + ——_ — 88 + Ke. 
1 

Therefore * will be very nearly = the Series — — 27 + 7272 — 


1 
2. 3. 4.5. 
of the Scriſ tes Logarithmici, page 373, ) the decimal fraction o. 367, 879,4. 


+ &c = (by the computation of this Series made in the firlt volume 


And conſequently —— will be very nearly 6.35%, 879, e, and à will be 


very nearly r X 0.367, 879, 4%, or 10,000,000 x 0.367,879,4\". Now 


1 RIRY : 
10,000,000,000 10,000,000 


0.307,879,4| is nearly equal to „and conſequently 


454 — 


10,000,000 X o. 367, 879, 4 * will be nearly = 10,000,500 * ——— 


454. Therefore the Sine à will be nearly = 454. 
Q. E 


It follows therefore that the numbers ſet-down in Speidell's Table under the 
title of New Logarithms are the meaſures, or Logarithms, of the ſeveral ratios 
of minority of the ſmall Sine denoted by the whole number 454 to the Sines 
of the ſeveral arches of the Quadrant to which the ſaid Logarithms are annexed, 


or correſpond, the radius of the circle being , or 10,000,000, 


Vol. VI. 5 K Examples 


— — 
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Examples of the Couneflion between Speidell's New Loga- 
rithms of given Sines, and Nopier's L:garithms of the 


ſame Sines, 


Art. 5, The Sine of one minnte is 2909, And I find = to be = 
2592722, And it will be found that the Logarithm of the Sine of one mi- 


10,000,000 
nute in SpeidelPs Table, which is the meaſure of the ratio of 454 to 2909, is 
equal to the Logarithm correſponding to the Sine 1,560,722 in Napier's Canon, 
which is the meafure of the ratio of 1,560,722, to the radius 10,000,000, 
which is equal to the former ratio of 454 to 2909. For the Logarithm of the 
Sine of one minute in Speidell's Table is 185,743, and the Logarithm of the 
Sine 1,560,722, or 1,561,472, (which 1s the neareſt Sine to 1,560,722, that 
is ſet-down in Napier's Table,) is 18,569,557, which is nearly equal to 
18,574,300, which would be the Logarithm of the Sine of one minute in 
Speidell's Table, if the Logarithms had been carried to the ſame number of 

figures in his Table as in Lord Napier's. 


As another example of the truth of this explanation of Speidell's New Loga- 
rithms, let us conſider the Sine of one degree. Now in Lord Napier's Table, 
(in which the radius of the circle is called 10, ooo, ooo, ) the Sine of one degree 


is = 174,524. And I find do be = £223 And the Loga- 


174,524 10,000,000" 

rithm of the Sine of one degree in Speidell's Table is 595,172, or (adding two 

ciphers to it, in order to make it fit to be compared with the Logarithms of 
| Lerd Napier's Table,) 59,517,200. And the Sine in Napier's Canon that 

comes neareſt to the Sine 26,013 1s 26,180, the Logarithm of which is 

59,453,453 ; which is nearly equal to the Logarithm 59,517,200, as it ought 

to be, they being meaſures of the two equal ratios of 454 to 174,524, and of 

26,013 to 10,000,000, 


Art. 
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Art. 6. Speidell's contrivance for baniſhing from the Canon the troubleſome 
diſtinction of Logarithms that were to be added, and Logarithms that were to be 
ſubtracted, and for ſubſtituting in it's place a new Table containing only one 
ſort of Logarithms, amounts therefore to this: © That he has pitched-upon a 
convenient line that is leſs than any of the Sines and Tangents that are in- 
& tended to be comprehended in the Table of Sines and Tangents and their 
“ Logarithms, and has filled-up the Canon with numbers, derived from the 
« Logarithms contained in Lord Napier's Table by Subtraction, which new 
“ numbers are meaſures, or Logarithms, of the ratios of minority of the faid 
ce ſmall aſſumed Line to the ſeveral Sines and Tangents, &c contained in Lord 
% Napie1's Canon, or Table, of Sines and Logarithms, inſtead of ferting-down 
« the meaſures, or Logarithms, of the ratios of the ſaid Sines, and Tangents, 
« &c to the radius of the circle, as Lord Napier had done.” In this way of 
proceeding, it is manifeſt that this Canon, or Table, will contain only one ſort of 
Logarithms, to wit, the Logarithms, or meaſures, of ratios of minority. And, 
becauſe the Logarithm, or meaſure, of the ratio of minority of the ſmall aſſumed 
line a to any Sine S that is ſet-down in the Table, is preciſely equal in magni— 
tude to the Logarithm, or meaſure, of the contrary ratio of majority of S to «, 
we may affirm of the Logarithms of ſuch a table as Speidell's, compoſed of one 
lort of Logarithms only, © that they are the Logarithms, or meaſures, of the 
« ſeveral ratios of majority of the Sines and Tangents, &c, to which they re- 
ce ſpectively belong, to the ſaid ſmall, aſſumed, line a,” with the ſame degree of 
propriety as we can ſay of them, * that they are the Logarithms, or meaſures, of 
« the ratios of minority, of the ſaid ſmall, aſſumed, line à to the ſeveral Sines, 
« and Tangents, &c, to which they reſpectively belong.“ 


Art. 7. We may therefore obſerve, that the principle upon which Speidell's 
Table of New Logarithms is conſtructed (as far as the object aimed-at was to 
introduce into it only one fort of Logarithms inſtead of two,) when viewed in a 
ſcientific manner, is the very ſame with that on which the Tables now in ule for 
the purpoſes of Trigonometry are formed. For the Logarithms contained in 
theſe Trigonometrical 'Tables are the meaſures of the ratios of majority of the 


ſeveral Sines, Tangents, &c contained in them, to the thouſand-millionth part 
- K 2 of 
by, 
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of the radius, which is leſs than any Sine, or Tangent, ir the Table; or (which 
comes to the ſame thing,) they are the meaſures of the ratios of minority of the 


thouſand-millionth part of the radius to the ſeveral Sines, Tangents, &c, con. 


tained in the ſaid Tables. 


Art. 8. The Logarithm of the radius in Speidell's Table, being the meaſure 
of the ratio of the ſmall line a, or 454, to the radius, would have been 109,000, 
ooo, or 10 X 10,000,000, or 10 X 7, if all the places of figures in the numbers 
contained in Lord Napier's Table had been retained in Speidell's Table. But, as 


Speidell has choſen to reject the two laſt figures of the numbers in Lord Napier's 


100,000,000 
„ Or) 
100 


Canon, the Logarithm of the radius in his table is only ( 


1,000,000. 


Art. 9. What has been ſaid above concerning Speidell's Table of New Lo- 
garithms relates only to the Logarithms of the Sines throughout the Quadrant, 
and of the Tangents in the firſt half of the Quadrant. For, as to the numbers 
ſet-down in that Table as the Logarithins of the Tangents in the latter half of 
the Quadrant, they are not the Logarithms of thoſe Tangents, though they are 
called ſo, but are the remainders that ariſe by ſubtracting the Logarithms of the 
Tangents contained in the firſt half of the Quadrant (in which the arches are leſs 
than 45 degrees,) from 1,000,000, or the Logarithm of the radius. And, in 
like manner, the numbers called Secants in SpeidelPs Table, (as if they were the 
Logarithms of the Secants of the arches ſet-down in the Quadrant,) are not (as 
they might be taken to be fromthe title given them,) the Logarithms of the Se- 
cants of the arches ſet- down in the Table, but are the remainders which ariſe 
by ſubtracting the correſponding Co- lines from 1, ooo, ooo, or the Logarithm of 
the radius. And Speidell's intention, in ſetting-down theſe remainders in his 
Table inſtead of the proper Logarithms of theſe Tangents and Secants, was to 
baniſh the operation of Subtraction from the Arithmetical operations that would 
be neceſſary to be performed in applying his Table of Logarithms to Practice, 
and to work by Addition only; as is often done in the uſe of our modern Tables 
of Logarithms by the means of Arithmeticel Complements. This he ſeems to think 


an 
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an improvement of ſome conſequence, and plumes himſelf upon it, as having 
made a happy diſcovery, See the 15th and 18th pages of the Tract intitled 4 
Brief Treatiſe of S;herical Triangles, which is prefixed to his Table of New 


Logarithms. 


Art. 10, Speidell's Table of New Logarithms, in the Edition of the year 
1628, takes-up ninety pages of a ſmall quarto ſize, every page containing the 
Logarithms belonging to the Sines and Co- ſines, Tangents and Co tangents, Se- 
cants and Co- ſecants, of 30 different arches of the Quadrant, that exceed each 
other by one minute of a Degree. Each of theſe pages is divided by parallel 
lines into eight different columns, the firſt of which, or that fartheſt on the left. 
hand part of the page, contains the number of minutes in 3o different ſucceſ- 
five arches, over and above the number of whole Degrees contained in the ſaid 
arches, the number of which Degrees is ſet-down at the top of the page, 
as it's title. And this firſt column, containing theſe 30 minutes, has the capital 
letter M. for Minutes, placed over it. The ſecond column of the page contains 
the Logarithms of the Sines of the ſeveral arches, which conſiſt of the Degrees 
ſet-down at the top of the page, and the Minutes of a Degree ſet- down in the 
firſt column of the page; which (as has been obſerved above in Axt. 6,) will be 
the Logarithms of the ratios of the Sines of the ſaid arches, reſpectively, to the 
ſmall line a, or 454, if the Sines be the ſame, or contain the ſame number of 
decimal figures as in Lord Napier's Canon, or the radius be 10,000,000, or be 
ſuppoſed to be divided into ten million equal parts; but, if the radius be only 


10,000,000 
100 
the Sines contain two figures fewer than the numbers expreſſing their lengths 


in Lord Napier's Table, (which is the caſe in Speidell's Table of Logarithms 
publiſhed in the year 1628,) the ſaid Logarithms of the Sines will be the 


„or 100,000, and conſequently the numbers expreſſing the lengths of 


Logarichms of the ratios of the Sines to the {mall line =, or 4.54. And 


this ſecond column has the word Sine placed over it. The third column of the 
page contains the Logarithms of the Co- ſines of the ſame arches, or of the Sines 
of the complements of the ſaid arches to an arch of go Degrees, and has the 
abridged word Comp. for Complement, placed over it. The fourth column contains 

the 


— — — - —ů — —̃ —ñ— — —̃— 


[ 
1 
' 
N 
1 
| 
- i 
©. 
| 


——— - _— OPT —— —„- — ” 


P SIO ct Bris ee eres came bo 1% 


722 An Account of J. Speidells New Logarithms, publiſhed in 1619 W 1628, 


the Logarithms of the Tangents of the ſame arches, and has the word Tangent 
placed over it. The fifth column contains the Logarithms of the Co-tangents 
of the ſame arches, or of the Tangents of the complements of the ſaid 
arches to an arch of go Degrees, and has the abridged word Comp. for 
- Complement placed over it. The ſixth column contains the Logarithms of 
the Secants of the fame arches, and has the word Secant placed over it, 
The ſeventh column contains the Logarithms of the Co-ſecants, or of the 
Secants of the complements of the ſaid arches to an arch of go degrees, and has 
the abridged word Comp, for Complemen!, placed over it. And the cighth and 
laſt column, or that which is neareſt to the right fide of the page, contains a liſt 
of zo ſucceſſive Minutes of a Degree, that decreaſe gradually from the top of the 
page to the bottom of it, and are the complements of the minutes that are (ct. 
down even with them in the firſt column to 60 minutes, or the number of mi— 
nutes contained in a whole degree. And this eighth column, conſiſting of 
Minutes of a Degree, has no title placed above it, but has the capital letter M. 
for Minutes, placed under it at the bottom of the page. And at the bottom of 
the page, on the right-hand fide, 1s placed the number of Degrees which is the 
complement of the number of Degrees ſet-down at the top of the page to 89 De- 
grees. And under the ſecond column of the page, which has the word Cine 
placed over it, is placed the abridged word Comp. for Cimplement, ſignifying 
that the Logarithms of the Sines of the arches reckoned from the top of the page, 
and of which the additional minutes are ſer-down in the firſt column, are the 
Logarithms of the Co- ſines of the arches, reckoned upwards from the bottom of 
the page, and of which the additional minutes are ſet-down in the eighth column, 
becauſe the Sines of the arches reckoned from the top of the page are the Co fines 
of the arches reckoned from the bottom of the page, thoſe two arches being the 
complements of each other to a Quadrant, or arch of go Degrees, And under 
the third column, (over which is placed, at the top of the page, the word Comp.) 
is placed, at the bottom of the page, the word Size, And under the fourth 
colomn (which has the word Tangent placed over it,) is placed the word Comp. 
for Complement. And under the fifth column (which has the word Ccmp. placed 
over it,) is placed the word Tangent. And under the ſixth column (which has 
the word Secaut placed over it,) is placed the word Comp. for Complement, And 


under 
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under the ſeventh column (which has the word Comp. placed over it,) is placed 
the word Secant. But this deſcription of this Table will be better underſtood by 
ſetting down the two firſt pages of it; which are as follows: 
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Deg. o. | Numbers for the 
M. Sie. | Comp. Tangent. Comp. |Secant. | Comp. | 
2 000,000 100,000 | 000,000 | 000,c00 © | 000,000 | bo 
1 | 185,743 | 100,000 | 185,743 | 814,257 o | 814,257 | 59 
2 | 255,058 | 100,C00 | 255,058 | 744,942 O | 744,942 | 58 
3 | 295,604 | 100,000 | 295,604 | 704,396 o | 704,396 | 57 
4 | 324,373 | 100,000 | 324,373 | 675,027 o | 675,627 | 56 
5 | 346,687 | 100,000 | 346,687 | 653,313 o | 053,313] 55 
=> 364,919 100,000 364,919 | 635,081 o | 635,081 | 54 
7 | 380,334 | 100,000 | 380,334 | 619,666 o | 619,966 | 53 
$ | 393,687 | 100,000 | 393,687 | 606,313 o | 606,313 | 52 
9 | 495,465 | 100,000 | 405,466 | 504,534 oO | $94,535 | 51 
10 | 416,001 | 100,000 | 416,002 | 583,998 o | 583,999 | 50 
11 | 425,532 | 999,999 | 4259533 | 5742467 1 | 574.408 | 49 
12 | 434,234 | 999,999 | 434,234 | 565,766 | 1 | 565,766 | 48 
13 | 442,238 | 999,999 | 442,239 | 557,701 1 | 557,702 | 47 
114 | 449,649 | 999,999 | 449,649 | 559,351 1 | 550,351 | 46 
15 | 450,548 | 999,999 | 450,549 | 543,451 I | 543452 | 45 
16 | 463,002 | 999,999 | 463,003 | 536,997 1 | 536,998 | 44 
17 | 469,064 | 999,999 | 469,064 | 530,936 1 | 530,936 | 43 
18 | 474,780 | 999,999 | 474,751 | 525,21g| 1 | 525,220 | 42 
19 | 480,186 | 999,998 | 480,188 | 519,812 2 | 519,614 | 4L 
20 | 485,316 | 999,998 | 435,316 | 514,084 2 | 514,684 | 40 
21 | 499,195 | 999,998 | 490,195 | 509,805 2 | 509,005 | 39 
22 494,847 999,998 494,849 505, 151 2 | 505,153 | 38 
23 | 4992292 | 999,998 | 499,294 | 500,706 2 | 500,708 | 37 
24 | $03,548 | 999,995 | 593,550 | 496,450 2 | 496,452 | 36 
25 | 597,030 | 999,997 | 507,032 | 492,308 3 492,370 35 
26 | 511,552 | 999,997 | 511,555 | 488,445 3 | 498,448 | 34 
27 | 515,326 | 999,997 | 515,329 | 484,671 3 | 434,074 | 33 
28 | 318.962 | 939,997 | 518,966 | 481,034 3 | 481,038 | 32 
29 | 522,471 | 999,996 | 522,475 | 477,525 4 | 477»529| 31 
30 | 525,001 | 999,996 | 525,865 | 474,135 4 | 474,139 30 
| Comp. Sine. Comp. | Tangent. Comp. | Secant. | M. 
Numbers for the Deg. 89. 
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Deg. © Numbers for the 
M.] Sine. Comp. 7 angent. Comp. |Secant.| Cm | © 
30 | $25,801 | 999,996 | 525,365 | 474,135 4 | 474,139 30 
31 | 529,140 | 999,990 | 529,144 470,050 4 | 470,860 | 29 
32 | 532,315 | 999,990 | 532,320 | 467,080 4 | 467,685 | 28 
33 | 535»392 | 999,995 | 535+397 | 404,603 5 | 464,008 | 27 
34 | 538377 | 999,995 538,382 461,618 5 | 461,623 | 26 
35 | 541,276 | 999,995 | 541,281 | 488,719 5 | 458,724 | 25 
36 | 544,093 | 999,995 | 544,099 | 455,901 5 | 455,907 | 24 
37 | 546,533 | 999,994 | 540,839 453,101 6 | 453-107 | 23 
38 | 549,500 | 999,994 | 549,506 | 450,494 6 | 459,500 | 22 
39 | 552,097 | 999,994 | 552,103 | 447,997 6 | 447,903 | 21 
49 | 554,029 | 999,993 | 554,635 445,365 7 | 445-371 | 20 
41 | $57,098 | 999,993 | 557,105 | 442,095 7 | 442,902 | 19 
42 | 559,507 | 999,993 | 559,515 | 440,485 7 | 449,493 | 18 
43 | 551,860 | 999,992 | 561,868 | 438,132 8 | 438.140 | 17 
44 | 564,159 | 999,992 | 564,167 | 435,833 8 | 435,841 | 16 
45 | 566,406 | 999,991 | 566,415 433,585 9 | 433-594 | 15 
46 | 568,604 | 999,991 | 568,613 | 431,337 9 | 431,396 | 14 
47 | 570,755 | 999,991 | 570,764 | 429,236 9 | 429,245 | 13 
48 | 572,860 | 999,990 | 572,870 | 427,130| 10 | 427,140 | 12 
49 | 574922 | 999,990 | 574,932 | 425,008 | 10 | 425,075 | 11 
50 | 570,942 999,989 | 576,952 | 423,048 | 11 | 423,058 | 10 
z51 | 578,922 | 999,989 | 578,933 [421,007 | 11 | 421,078| 9 
52 | 580,864 | 999,989 | 580,875 | 419,125 11 | 419,136| 8 
53 | 582,708 | 999,983 | 582,780 | 417,220 12 | 417,232| 7 
54 | 594,037 | 999,995 | 586,650 415,350 12 | 415,363] 6 
55 580,472 999,997 588 485 413,515 13 | 413,528 | 5 
56 | 589,274 | 999,997 | 588,287 | 411,713 13 | 411,726} 8 
57 | 589,934 | 999,986 | 589,947 | 410,053| 14 | 410,066 | 3 
58 591,783 999,996 591,797 | 408,203 14 | 408,217 | 2 
59 | 593:492 | 999,955 | 593507 | 496,493 15 | 406,508 | 1 
00 595.172 999,985 595,188 | 404,812 [; | 404,928} © 
| Comp. Sine. Cn p. Tangent, | Comp. | Secart. | M. 
Numbers for the 89. Deg. 

Vor. VI, 5 L 
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Art. 11. But the reader would be enabled to form a juſter notion of this 
Table of Speidell's Logarithms if the titles of ſome of the columns were changed 
for others that more correctly expreſſed the nature of the numbers contained in 
them. Thus, inſtead of the title Secant at the top of the fixth column, I would 
write Arithmetical Complement of the Logarithm of Co-ſine ; and inſtead of the word 
Comp. for C:mplement, at the top of the ſeventh column, (which ſeems to denote 
the Logarithm of the Co-ſecant of the arch, or of the Secant of it's complement 
to an arch of go degrees,) I would write Arithme!ical Complement of the Legarithn 
of Sine. And the numbers ſet-down in the fifth column, (which has the word 
C:mp. for Complement, placed over it, and ſeems to denote the Logarithm of the 
Co-tangent of an arch leſs than 45 degrees, or of the Tangent of an arch, that 
1s the complement of ſuch an arch, to go degrees, that is, the Logarithm of the 
Tangent of an arch that is greater than 45 degrees, ) ought to be intitled Aiib- 


metica! Complement of the Logarithm of Co-tangent. 


The uſe made of the Arithmetical Complements of Logarithms, to avoid the 
operation of ſubtraction in working the proportions that occur in Spherical 
Trigonometry, is founded on the two following propoſitions, to wit, firſt, © That 
the-Co-ſecant of a circular arch is to the radius of the circle in the ſame proportion 
as the radius is to the Sine of the ſame arch,” and, ſecondly, “ That the tangent of 
any circular arch is to the radius in the ſame proportion as the radius is to the 
Co-tangent of the ſame arch;” which propoſitions co-incide with the 4th axiom 
mentioned in page 2nd of the tract of John Speidell, intitled 4 Brief Treatiſe of 
Spbærical Trian, les, prefixed to his Table of New Logarithms, and taken from 
Petiſcus. In two Lemmas, one in page 16, and the other in page 20, of the 
ſame treat iſe of Speidell, it is demonſtrated that the addition of the Arithmetical 
Complements of the Logarithms, as it is commonly practiſed, is the ſame in 
arithmetical effe& with the ſubtraction of the Logarithms themſelves, of which 
the Arithmetical Complements have been ſo added. 


A Deſcription of another Table of Logarithms publiſhed by 
the ſaid John Speidell, after his New Logarithms, in 
the ſaid Edition of the year 1628. 


Art, 12. After the Table of New Logarithms of Sines, Tangents, and Secants, 
publiſhed 
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publiſhed in the year 1628, Speidell has given us another Table of Logarithms 
relating to numbers in general, without any reference to Trigonometry, in 
which are contained the Logarithms of all the natwal numbers 2, 3, 4, 
5, 6, 7, 8, 9, 10, Il, 12, &c. as far as the number 1000, by which he 
underſtands, (as mathematicians in general do at this day,) the Logarithms of 
the ratios of thoſe numbers to unity, or 1. Theſe Logarithms are the ſame 
as Lord Napier's Logarithms of the ſame numbers, the Logarithm of the 
ratio of 10 to 1 being 2, 302, 584, which is Napier's Logarithm of that ratio. 
The £coluinn of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, &c, to 1000, is 
placed in the middle of the page; and the Logarithms of the numbers are placed 
in the firſt column on the left: hand fide of the page. The next, or fecond, co- 
lumn of the page contains the differences of the Logarthms ſet down in the pre- 
ceeding, or firſt, column; and the next column to that, or the third column, con- 
tains the Arithmetical Complements of the Logarithms to the number 10,000,000. 
The numbers in the column of Logarithms are to be uſed when the given number 
is a multiplier ; the numbers in the column of Arithmetical Complements are to 
be uſed when the given vumber is a diviſor, The three columns on the right of the 
middle column com ain numbers that are the halves of thoſe which are contained 
in the three columns on the left hand fide of the middle column. The column 
immediately on the right hand of the middle column contains the halves of the 
Logarichms in the firſt column, which numbers are therefore the Logarichms of the 
ſquare-roots of the numbers in the middle column : and this column is to be uſed 
when the ſquare root of the given number is a multiplier. And the numbers in 
the eighth column, or the laſt column on the right-hand fide of the page, are the 
Arithmetical Complements of the half-Logarithms to 5,000,000, and not to 
lo, oo, oo; and this column is to be uſed when the ſquare- root of the given 


number 1s a diviſor. 


End of Mr. Toory's Account of Mr. Jobn Speidell's 
New Logarithms. 


This Second Table of Logarithms, publiſhed by J. Speidell, may, it is ſup- 
poſed, be of conſiderable uſe to Mathematicians in cultivating ſome Branches 
of the Doctrine of Fluxions: and therefore I have here re-printcd it, as follows: 

THE 


; | 


THE SECOND TABLE OF LOGARITHMS, 


Published by Mr. John Speidell in the Edition of the year 1628, being the Logarithms 
of the Ratios of the several natural Numbers 2, 3, 4, 5, 6, Sc, continued to 1000, 


to 1, according to Lord Napier's System. 


| tfferences 0 = 1 Um- alves 0 Halves of Halves of 
dere, | Tori | Tarantino | ber, | Logs, | Perce of | oi 
090,000 0,000,000 | 1 000,000 5,090,200 
693,147 04 9,306,853 | 2 | 346,573 — 450 53,427 
1,098, 612 287,682 85901,388 3 549,306 143.341 4,450,094 
1,386,294 | 8.613,706 | 4 | 693147 |,,, ..., | 4,399,853 
1,609,437 * 8,390,853 2 004,719 ai 4,195,291 
Sic co] 2,4 | © | 895.879 | 77,095 1 
1945, 909 | | 8,054,091 72,955 | 68.763 459275945 
2,079,441 i. 7,920,559 | 8 | 1,039,720 58.692 3,960,280 
| 2,197,224 105,260 7,002,770 9 ety BE -2.630 3.90388 
2,302,584 | 7,097,416 | 1o | 1,151,292 e 
2,397,894 1 7, 602, 106 i | 1,199,947 at 3,301,053 
2,484,996 $0,043 7>5155994 | 2 | 1,242,453 40%21 | 337579547 
2,564,948 7.435,52 3 | 1,282,474 3.7 ,826 
2,639,050 . 7.360 944 | 4 | 1,319,528 —_ 3.680, 472 
| 2 7 
late al 64.538 T»291,951 | I5 | 1,354,025 32,209 3,645,975 
2,772,588 7,227,412 6 | 1,380,294 3,013,700 
2,633,212 e. 7,166,788 | 7 | 1,416,606 2 3,583.394 
2,890, 3 22 09,6 8 18 a 3,554,8 
YO 3171 54,007 [2109,029 1445105 | 25,033 999945 15 
2,944,438 70559502 | 9 | 1,472,219 | ,_ , | 3,527,781 
2,995,731 43,7% | 7,004,269 | 20 | 1,497,860 oY 3,502,134 
3,044,521 ado 5.955.479 | 7 | 3:522,201 23,200 5394775739 
3,091,041 — | 6,908,959 | 2 | 1,545,521 | _, ,,, | 34543479 
3135-493 4585 | 0+864,507 | 3 | 155075747 1228 3452.23 
eee 40,822 re 1132956 20,411 ge Mah 
218,878 6,781,125 25 | 1,609,437 2,390,503 
3.258,095 3 6,741,995 j- © | 1,629,048 * 3.370, 95 
7 > a 1 
3.295˙830 36,367 ory 04,.04 2 1,047, 8 18,184 3.35—82 
3,332,203 6,667,797 | 8 | 1,666,102 3,333,898 
3-367,295 | 3599" | 6,632,705 | g | 1,683,647 | {332 | 3.310.353 
3,401,190 32,05 6,598, 80430 | 1,700,598 16,294 3,299,402 
3,433,990 6, 566,014 1 | 1,710,993 - 3.25 5,007 
4059735 | 315149 | 6,534,265 | 2 | 1,732,867 [57/4 | 3,267,133 
6,907,753 3,092,247 4,005,168 553942932 
3,4537870 6,866,931 2,302,504 | 3,1335069 
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— — ; Aritkmetical Com- 0 TIN: ee | eres = 

Logerithns, Zarte, aste, | bers | Logarithoa, Age Keen 
10,000,000. be 

Tapes 1 3 86 3,297,133 

8 3.465.735 6,5349265 | 2 | 1,732,867 15,386 322? 
1 3.490, 506 _— 6,503,494 | 3, $5083 14.927 12 ; 2747 
2 3,526,359 28,988 6,473-041 | 4 | 1,703,180 14,494 5 od 

Fo . 1 e eee 222,32 
3 | 3955:347 28,1 71 0444 58 33 8 cb 14, 08 5 * . 
58 | 22-290 6.797584 65,48 | 13-099 3,194,542 
1 | 3-610,917 26,568 ©>389,083 7185,45 13.334 31394542. 
1% 1% | 26-948 | 0399460 | 9 | 3790 | 12659 3,155,561 
. ˙ ———— 2 
1 71% ee gabe | x | 856085 deen ge 
2 3.737,68 on n 6,202,332 2 * 5834 11,765 * = 
3 3,761,149 | * — 0,238,801 3 | 1,050,599 11,495 35 97 

4 FO "NE ——— | 

26486 8 $6: 892,094 | 3,107,906 
11 | 3,784,188 6,215,812 | 4 | 1,092, 11,236 
1 | 3,806,661 2 6,193,339 | 45 | 1,903,331 10,989 3,096,669 
2 | 3,828,640 5 6,171,360 | G6 | 1,914,320 10,753 3» 55 
3 3.850. 146 U 6,149,854 | 7 119255973 | 10927 | 9274927 
Lo] 3871200 2645 6.786 9 17e | ro 385455 
1 | 2,891,819 2 6,108,181 9 1,945. 909 10, 101 9545 
2 — — be * 

3 | 3-931,324 = 15 n wt 9,709 os 
1.1} 3,951,242 I 6,048,758 2 1,975,021 9,524 7 23 

7 — — 

3 5 eee, - 
e e Leg e, ger, es 
2 | 3,988,983 y 011,01 50 4s 8475 : 

3 | 4,007,342 | 14,349 | 5,992,608 | 55 | 2,003,066 9,6% | 2,996,334 

— — — — — . 3 I 
1.2| 43025350 | 1, 60g | 529742050 | 6 | 2,012,675 3,849 — — 
1 4,043,050 Mm 2 539 524950 7 | 2,021,525 8,696 2.066 779 
2 | 4,060,441 —.— 5,939559 | 3 | 2,030,221.| 3,54) 2959.27 

2 — 

F - os PE". CT Im 
3 | 40775536 | 1G $07 e, * — 5,424 2 
1.3 4.094, 343 25555 3 265 6 
1 | 4,110,072 ne 5,889,128 I 2,055,430 8.130 2,944,504 

„ wy _ 67 ens 

| 5,072,507 225063, 506 g 2,9:0, | 
2 I27,1 5 7 ,000 : 
3 3 B 5,856,867 3 | 2,071,567 2,928,433 | 
| 832 
6,90 3,092,247 | | 4,605, 165 02394» 3 4 
Pity © 22227 2,302,504 3,133,009 | 
6M 


Vor. VI. 


— - 
- > Cp ne 


©] A, | 
p 2 oo 


Halves of 


| ; Arithmetical 
Logarithms. Difference, of | Complement 
Logarithms. ogart "oe of | Num- Halves 9 "to. 1 
” — bers. pony. 1 — —.— — 45 
* 2 2 rithms, | Complements, 
4,1435, F ; 
4,158,882 15,748 $050,007 '3 | 2,071,567 | 8, | 2,928 x80 
4,174,386 | 155524 5,841,118 | 4 | 2,079,441 nd e 
386 15,267 93259914 | 05 | 2,087,193 7.752 3 1. 4 
1 — — : 65 7 125 O7 1 
4,189,653 81 17934 | 
4,204,0 15,038 5,810,347 | 6 | 2,094,827 | — 
3 14,815 55795;309 7 3 7,519 725677 2 
614.599 89.2753 3 2 : 
— 7,209 | » 95247 15 
47234, 10 4 7529 
9 14,389 5,76 5,895 9 2,117,052 F > 982 — 
4.202,78 4185 5,751,506 | 70 | 2,124,247 | 7194 28 54448 th 
678 | 13980 | 737-322 | 1 | 201315339 | 6,96 2868,66 1 3 
4,276,665 % | $7? 85 s 
4,290,458 | 19193 7239335 | 22,138,332 3 — — 
3 13,606 557/09, 542 3 e 6,897 re e 1.6 
3423 5,095,937 | 4 2,152,032 6,803 age I 
4,317,487 ee 6,712 | 222472905 | 2 
4 1,246 | 082,513 | 75 | 2,159,743 | CEP Kh 
pay By SN I 3,072 5,669,268 | 6 — * 6.623 | 225419257 —— 
2 2&4 12,903 5,656,196 7 2,171,902 6,536 ho 56634 1.7 
4,356,707 | .. ] 5.64 7 20 4 Oad$ 2 2,828,095 | 1 
4,369,446 12,739 943,293 2,178, 3 — 2 
312775 635,55“ „2716423 | 0309 1 
mw 12,423 5,617,975 80 2,191,013 6,289 23 187 3 
| 4,394,448 . EL 4 am 6,211 2,808,987 1.8 
| 4,406,718 | 132279 5,605,552 | 1 | 2,197,224 SOYA th 
4,418 8 12,121 5,593,282 N 2,203,759 6, 13.5 02,776 r 
B39 | 11,976 558116 | 3 | 2-209,419 _ e 
8 PT 5,080 „790,581 3 
4,430,81 99 8 3 
reli} 1 1,924 5,509,705 4 | 2,235,408 g 3 1.9 
4,454,346 11,606 | 929572350 85 | 2,221,325 | 7 | $,7949592 Pm 
” | 11,561 55545,854 6 | 2,227,173 | 92948 0,770,675 | 1 
4:455,906 [40 5553 ee 52 Biddle 
44347753 11,429 4 545294 7.1 2,232,090 — D— $04 — 3 
546,635 | 1390 5,522,665 | 8 | 2,238,668 | 9714 . 
1 11,173 555015205 9 2,244,317 5,050 237 1,732 1.10 
4,490, 88 * 317 5,597 783 : 
4,510,858 80 „500, 9298 | 2,249,904 5 
5 229 5,489,421 ut 54525 "300g —— 
10, 811 37213. 2 2,260,893 5,464 7442577 3 
4,532, 598 5 r eee 
3,598 | 10,605 | 524072492 3226,29 5348 2.7 a th 
455435293 9 | 6,450,707 4 3 5,348 -, 733•70¹ — 
6,907,753 7 2,728,353 2 
e 4 3.092,247 6 = 
3,453,070 6,866,931 8 5,394,832 
302,584 3. 133.069 
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| Differences —— 1 | 7 7 ＋ 
Logarithms. | of Loge- tanta , bers. | Lage,. Diferences| Ae 
3 10,000,000. —— Complements. 
2 4,543,293 5,456,7 Ee ee dy 1 
10.882 5 450,707 4 | 2,271, yr 
* _— 10,471 5446,25 95 21256938 rn 2 
| 5 534 10, 363 5,433,654 6 2,282,173 ue 2,717,327 
I | 43574709 2 8 
| t0,256 $4,425,291 7 | 2,287 - 
i 383 ea 5,415,034 8 . 5128 2% 
Fes bales [0,050 5,404,892 9 | 2,297,559 —.— 2,702,441 
2.1 4, 605, 168 5 = — 
, f , 294,832 |100 2, 302, 58 
42407 | 5.352 %, 22735 (4975 | a 
| g . , „O i 4,92 85 
. 4 2 9,662 | 53654273 | 3 | 2317304 2,082,0 1 
i —_ 9.570 | 9355010 | 4 | 2.323195 pon 477855 
5 5 27 1 
DINE po 999 9,478 5,340,041 6. 2,320,979 ons 2,073,021 
2 | 4,063,437 5,336, 56 7 <> 
1 3 »5 3 6 2,331, l | 
3 | 672827 | 999] 529173 | 7 | 2336014 | 19 256635686 
3 4 2,129 21 5,317,871 8 2,341 065 4,651 6 399 
75 9,217 | ns” 4,608 25 58,935 
14,691,346 5.308, 6 
1 308,654 9 | 2:345,0 
8 9, | 5299-521 [L10 3 % 
7 7 5 4, 2 9 
1585 8,969 55290, 472 1 | 2,354,704 Bon 2,045,230 
2.4 | 44718,497 ,281,50 2 2, 3 MT 2 
| a SEED * e oy J ee 4,444 46% 
3 1 5 5 4 , O 2 — 
[223 WAS 9 8,734 5,203,803 | 4 | 2,368,098 —_ 2,631,992 
3 4,744,930 - 2 os” 7 
a 8,6 5,255,070 [6 2, 372, 46 627.822 
EN 4,753,588 8 - 5,240,4! 2 6 3 4,329 > £2 08 
4,702,172 7 5,237,828 72,381,080 4.292 Ky * 
ö 1 bl KS | 4,255 2 I 914 
2 4,770, 683 wy — 5 
8 3,229,317 8 | 2,355, 1 
3 97795122 | gs 5,220,078 9 2 * * 45219 2,014,059 
2.6 4+7 $7,490 | 53 8 © 212.c10 [tao Ge 501 4,184 2,010,439 
3 bo | 8,299 Fog 220 2,393,745 4,149 2,000,255 
I 4,795,789 os . 1 82 — 
| 8, £,204,21 ! I 2, 589 2 
2 4,304,019 | 8 * | 5,195 981 2 5 —— 4 45115 „ 
eee re 2,597,990 
1858 80 5,187,017 3 2,406, 091 4,052 202 
* 3,097 1 4,049 23932909 
2.7 | 4,820,280 ths | — — 9 
ee | 5,179,720 | 4 | 2,410,140 
I | 4,826,312 8,032 : e eee 2,599,900 
| 6 at tas. — 4,910 | 285,844 
| 307,753 | 2,002,247 | 4 60 163 
[ 3 45 „876 2 Fe | , 2 ; 5,394,932 
5 53 / 6,860,931 f 2,302,504 ! 3,133,009 


Arithmetical 


Halves of 


Halves of 


Logarithms, Di e Complemen 
| 4 — is oo Halves of | Differences 
— 1 e eee , Logarithms, of Loga- 1 
| 4,828,312 N e n 
e 7,963 e 125 | 2,414,156 — 
4,844,185 | 79> 47 - 6 | 2,418,140 | 3-984 2,585,844 | 1 
77843 521555915 | 7 | 224222093 ee 
4,852,028 | BY — 22 | 39922 2,577,907 3 
4.859.811 | 1*7*? 5,147,972 | 8 | 2,426,014 1 
4867,533 7565 514% 69 9 | 2,429,905 35 2,573,936 | 2.5 
_ 1.363 572.467 [130 | 2:433.760 3,635 2,570,095 | 1 
4,875,196 e 2433-700 3,3313. 
| 4,882,800 | 72295 r 
4.89, 3475347 5,117,200 | 2 | 2,441,400 | 3202 2,562,402 | 3 
2 * 705 5510,53 3 2445,74 3,45 er 
| +897,838 | | 4455174 | 2,745 | 22554320 | 1 
4,905,273 1435 5,102,162 4 | 2,448,919 1 * e 
| 4,912,653 | 72902 5,994,727 135 | 2,452,636 3,05 2,551,081 | 2 
Wi — 7,326 5,087,347 6 2,456,327 3,690 2,547,354 3 
4,919,979 | _ / | 3,003 2,543,673 | 2-10 
4,927,232 | 12473 5,080,021 | 7 | 2,459,990 3.6546 — 
4,934,472 75220 5,97 2,748 $ | 2,463,626 3,636 2,540,010 | I 
— 7,168 5,005,528 9 2,467,236 2,010 2,520,374 | 2 
4,941,640 5,058 2 3.684 25374 3 
ren nn ft 2,450,820 = 
| 4,955,825 7,067 | 5:251+242 | 1 | *2474,379 Sg | 2529-100 | 2.71 
7,018 5,044,175 2 2,477,913 3,534 2,525,021 I 
| 4,962,843 175913 | 3,509 [225224907 | 2 
4,969,811 2-066 tie 1 Wh. 247,4 [5 nr AF 
4,976,732 5,3% 5, 3% 89 | 4 | 2,484,906 | 9454 2,518,519 | 3 
8 ee 0,973 5,023,268 [145 2,488, 366 3,460 2,515,094 | 3-0 
| 4,983,605 — e eee 
4095,43! | 252 5,016,395 | 6 | 2,491,802|, 
4997.2 10 6,780 | 5˙ 009,50 | 7 | 7,495,215 37413 n 
— 6,734 | 952925799 | 8 2,498,005 | 9397 2250 4,705 3 
55002504 — ee 3,30 501,395 
35015633 8.089 4,996,950 | 9 2,501,972 —— —— 
! | 250637 e | $495.00 
} 0,to1 4,90 2,/22 I 2,508 63 3,322 2,494,083 
| 5:023,879 . ee e 2,491,361 
rern. 473278 ney FO 
5,036,951 9,515 49999504 3 | 2,515,218 | 32279 2,495,001 
6,472 449 35049 4 2,578,473 37257 2,484,782 
5 (4,423 ESA * — -# 3,230 2,481,525 
57049, 854 5,431 * £99 [155 | 24520,713 |... Ip wing 
| ve 4,950,146 | 62, 524,92 3-215 2,478,288 
| 0,901,753 0 = | 2,475,973 
| 3,453,076 43 4,605,128 | | 
7 931 2,302,584 | 5,394,832 
; 33! 33,009 
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— — 


Arithmetical 


Walver of 


_ 


—  —— 


Differences 
Logarithms. of Loga- Complements of Num- Stokes © 
— dee, ee, e ee, e, none 
3-3 | 5,04 8 1 rithms. Complements. 
e 9585 3 
5,056,744 6,390 | 429599146 | © | 2,524,927 5478003 
2 5,062,593 6,349 4,943,756 7 2,528,122 35195 We 7573 
Mg eee e Serene 8 | 2,531,297 | 3775 008 
3 | 5,068,902 p — 4,931 * 3.15 1 
3-4 | 5,07 e 9 | 2,534,451 
: —— 6,230 | #924328 fue 2,537,586 | 3+135 2:405:049 
7 6,192 4,918,598 I 2,540,701 J,ils he 2,414 
2 | 5,087,594 — 5 201 | 3.096 | 9299 
= 6 I 4,912,40 2 1 —ů— 
3 550 748 5154 2,543,797 - * 
55 3759,86 | 05116 7906,52 | 3 | 2,346,874 | 977 245% 
3 6,079 45900, 135 4 | 2.549,32 4,058 29 
e 4,894,056 |16 3.039 | 4:2 
, e 3 
e bs , 258 5,970 4,882,008 7 2,658,496 3 003 1 
3.6| 5,123,063 | _ | 4 $76,038 | 8 : 2,985 | 224412094 | 
- 5,129,0 5,935 os 2,561,981 
— 5,305 4,864,203 [170 | 2,507,898 2,945 2 | 
3 | 5141,662 | g., | +858 338 | i | 19935 
3.7 5 14 55 31 at ack 2,570 831 — — C 
I 5 5,787 422 522507 2 2,573,746 2,915 2,429,109 | 
Re 5 5,864 255 46,710 3 2,570,045 2,899 5420, 54 i 
2 | 5,159,053 rr 4.840.947. — Y 
45,840,947 7 — Jo Z 
3 | 5,164,784 | 97375 | J 2,579,452 | 
3.8 577 — 5,698 4,335,216 [175 bg age 2,867 —— 
Pea: a; 5 5,666 4,029,518 6 2,585,241 2,849 2417} 8 
1 5,176,148 ee 4,823 852 ; G 2,033 54145759 F 
* 5 , 2, 8 O F 
3 3 —.— 4,818,218 | 8 Ch he 2,827 2,411,926 
5384 5,671 4,812,016 9 2.593,642 2,801 2,409,109 | 
3-9| 5,192,955 4,80 : 2,786 3.406.508 | 
1 | 5,198,495 | 5549 | 4, 73245 8 | 2,596,477 | 2,403,52 
* 45,204,005 55810 e 12, 599,248 2770 . — 3 
3 5,480 4,795,995 2 | 2,602,002 2,755 oo 2,752 | 
3 | $5,209,484 — eee 2,740 397,958 
3-100 $,21 5,450 | 47994510 | 3 | 2,004,742 a 
I OED 55420 4,785,066 4 2,607,467 2,725 22937755 
— — 87391 4.779,46 185 | 2,610,177 rg 2389823 
2 RAT) ee were 2,095 7 5823 
552225, 45 4 | 
62 | 774,255 6 | 2,61 
3 | 5,231,107 533 4,763,893] 7 —— 2,681 1222 
: 4,447 
6,907,753 | _—— 
3,092,2 — 
L 3,454,876 * — | | 3 | 5,394,832 
ot. VI. a 5584 3.133,09 


7 34 n Account of J. Speide'l's New Logarithms, publi bed in 1619 9 16 
/ 1628, 


Logerith Differences! Sor mr 
ms, of Loga- omplements of | Num- 17 | Halves of K (9h 
ms Logarithms to alves of ifferemn es albes o 
rithinis. +4 —.— ters. Logarithms, 5 = ee | 
5,231,107 63.8 EET LE ee BA = 
236 573 447924093 2,01 — — 
57 . 4,763,560 | 8 1 | 2.667 | 2384, 47 | 3 
5 5.277 478,255 9 2,62 ,873 2,653 3 EY 
= 2 | —— 2,630 223799127 [ 
e 
| 5,257,493 5,222 | 47475729 | 1 | 2,626,136 2,625 | 23794439 | 2 
5,195 4742507 2 | 2,628,747 2,011 2,37 3,504 3 
5,262,688 os | 47379312 | 3 "pans ip 2.597 | 22315253 * 
2 2 6 
RE 5,141 437 373144 | 4 4 gs 2,584 2,368,656 |— 
| 2999 | 5,115 4,727,002 [195 2,646,499 2.571 1. 2 
235 13 08 | 4,721,387 6 Ft : — 2,558 Pac A . g f 
552 3,202 N 4,716 798 by 039,050 2 2,360 944 8 
: 5,289,265 2 4,71 7 | 2,041,001 „545 * & — 
1133 55038 7 15735 8 2,644, 133 2,532 N 1 
f 5,012 4,700,697 9 "6's 6.621 ae wb x 
7, 99,315 | 4,988 | 4791055 [200 * 59 | 2,506 2353349 —— 
303.303 4 696 6 5 49,159 f 2,750.8 
12 3 4,963 Rs 097 1 | 2,051,051 2,494 Key 42 | 4.2 
5,398,266 |, 7 54 55 2,481 3452349 g 
1768 . 3 2765682 249 2.343,66 
"a * ARE 4,890 4,081,882 4 2,659,059 2,4.57 223432390 2. 
59323090 4,866 4676 992 ee ee he — 
5 7 205 
24777 4,04 4,072,126 0 lh Kh 2 2,339,496 j—— 
593373717 2 4,067, 28 2,0635037 433 202 8 
4199 7,283 72, 666,358 2421 2233000 2 
> ret 8 ae 2,410 [233342 2 
342, 332 5790 ns * 2,0 „708 | 2 . 
£347,106 | 173 420574968 9 | 2,671,166 | 2399 r 
— 4,751 4, 52,894 210 2,673,553 2,387 5 5834 1 
| 5,351,836 [DO n : 
55350,58 4,728 49940,144 £42307 5,088 | _ 1 
6 58 447 CO 4,043,416 2 RIO”. 1-4 2,374,072 
55391, 90 a 4,028 2,678,292 $24 |, 3 
— 4,084 Hou 3 10 3 2,680,645 2,352 n 
523653974 | 66 4,34.026 „ n 82 CANTEEN 
5,370,636 4,002 4.6: = 4 2,682,987 14425 s 
nen 2,00 5a3 18 Lab LD 
7 4 62 325 4 2 2 
- 7% | 4,624,724 | b | 2,687,639 | 213% 40e 
__— 371 i620 55a om: nn e 2,3-9 2,312,302 
5184 7 I 2,89, — 
_— | $615,507 | & | 21692247 2923s, 
29073753 | | | 13073753 
J 3,092,247 5 
453,8 N 4,09 6 
” 135 70 6,006,931 | 0954 | 5,394,032 
3 6s 3, 33,009 


Logarithms, * ag 1 — _ Og 
rithms. Logarithms to —_ Halves of HEN af | 3 
— 10,000,000. ers. Logarithms. * unge = : of 
—— ——|— e Cn 
5 8 0 4,57 ; 8 ran!. VRP COMEeNts, 
33 pes 4,010,920 0 » 6 2.2838 | — 
5.398 16 25535 4,000,274 Ss $294,535 AD x: 
H— ; — a : 4515 4,001,829 5 2,690, 2 2,276 _ 305 65 
eee e 2.204187 
5,42, 33 | 3 4 25999992 |, 57 | OY 
ES 45494 435974225 2 N VE OE. 3+ bs 
EER FJ eee 
644 | 4,454 850 4 227 03-585 22247 2296 62 
I ; 703,822 23 2530.41 
2 5,416,098 1 FEY 2 3 9% 
ee eee — 
3 $44 24,949 9478 7579.69 0 | 2,7 Y 19 2.217 | © 908 
4 396 4,575,052 7 328 217 0 3 YER 
g 171 2,47 2,208 289.734 
nan en. 1 * | 2,198 2,287,526 
1 376 457656827146 | — 
— 5438,07 2357 ene g | © : 2 2,18 2 288 2 
—— 4,338 4,561,923 30 716, 860 5188 : * 328 
0 Th bs » I f 2 719 92 2,179 od ,140 
5,442,410 . e : 39 2 5 2.280 
„10 5,440,735 4,319 3 1 2,721 _ Nh, 2,200.08 
4 p CG 55 265 7 — 5 _ — 
1 5,451,036 png 3 33 2 2,723,308 2,160 * 
5,455,319 ” 3 | $+725,520 2,050 RM 
5.459.583 | 4294 4.544,681 | 4 | 2.727,66 ap 4:49 
B 534 3,830 4,246 n 2352,72 See 2.122 2,274 
See oat | or hay ee | oalpng 
I 8 Ss 31,915 „5123 , 3 2 
0 57418, 058 83 — 2,114 2,208,085 
3 5,472,209 1 | 4552 942 | 7 | 2,734,029 | 
. ' » _ @ | 3 251 CT 
_ 5:47 0,402 p 3 6 1 2,105 2,265,971 | 
55480, 6 abe ” | 9 | 2,738,231 097 29 
1 7 37 4 1 —— 2787 2,261,769 
5484,79 4,159 5 9,303 240 _ 3 
2 5,488 2 4 4,315,520 „ 
— 5 5930 pedo? 4.5 — 6 I 2,742,397 2,979 2 259,682 | 
OE 2 | 2,744,495 2,071 2 257,003 
5449 34059 | : — 5 2,062 2.25 5,532 
6,497,166 [107 4,506,941 | 3 | 2,746,530 [T0 | 
0 4,0 4,502,8 Sale, 30 _ 
| ; uh l boa rr = 2,749,583 2,053 _ 23 
- at dren 3 2. 730, 028 25045 251,417 
55505532 — 2 305,02 a. 
555389 7 740561 e 
5,509,386 4% 5 2785 . e 
04 23 : 227514093 2,028 27 
— v2 anne 2573 1693 | 2.020 | 22 5:30] 
1 7 — — 24. 
2 5,521,459 4,008 | 4,432,549 9 2 R — 22 3237 
6 478% % ee | >| nan 
4 . 21 — 25 3 5 
| 2:90/»753 r 2.230, 2 5 
35453:8 75 3838 e 5271 
5866,91 tho OP 8 * 3 | 0 
3 25,584 | 2 94, 32 | 
3,133,009 |; 


_—_— 


Bi - 
— — be 
Y = — at 
** - — — 4 
n 
. — > 42 

— - —— —— — 222 — 
- — r — — — — 
hat by — CO —_— 49% 
= — — 
— = 
* . — * — . \ 112 

0 5 0 

o —— 1 


—_— 


Fa nn 
— 
* 
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|» Wow. — — 
"= 2 oo OC 
— — — 


7 | 19 1628, 


—_— 


Logeri ' Difference. Ari ; 
gerithms. | 0 } Loge- Comp — SED 5 
ms. garithms to | ters. Halves of |D alves f| : 
; 1 19,000,000. Logarithms. 9 ny . 45 of 75 
535254451 3-992 | , MO | — Complements, 
5,529,427 3976 | #414549 | — * 
5.533.387 3.960 | 75732 247025725 5 2,2 | 
| 2 3945 4,466,613 »70497 14 »999 , 37275 3 
5.637.332 n | 2 2,766,694 1,980 - 543 
5,541,261 3,929 4,402,068 4 2 568,666 1,972 233,306 l 
553455175 3,91 43458473 - 7 5 r APD 
— 3 Res "32 2,770,631 | 19995 2,231,354 | 2 
e 2,772,588 | 957 3 9.369 | 3 
5,552,958 3,883 4,450, 926 7 2 == | 1,949 22275412 544 
5,5 50,846 3.868 42447-0342 8 227745537 | e gg 
e 3.853 4443174 | 9 Op . 
5,560,666 — 2,778,437 . 
5,554,518 3-839 4,439,320 260 | 2 tou — : 21,587 3 
5,509,342 37824 4,435,482 1 Pg I 5340 : ns PP EF. 
3.809 4,431,658 | 2 = 2,259 919 N 9,660 | 5.5 
6,572,152 ET IE „784, 171 1 | gut eg 
e e l e gag . 
559.728 3.785 924249053 | 4| 78 2270 | 1,898 | 2,21 Ig 
99728 | 3,766 | 44299272 [265 787,974 1.89% 3924 | 3 
as BG 2,789,864 | 895 ere 5.6 
| 5,587,247 3,752 NINDS 6 g ef 1,883 5210, 136 1 
5,590, 985 3,738 5 412,7 791,747 55 — 
- 3.724 . 7 227935023 N — 2 
es 795, 492 ney | 22200397 3 
| 882420 3,710 4,405,291 , 9 | 2 = . 1,663 | ? 04,508 | 5.7 
5,602,117 | 3209 4,401,580 |2 27975355 — 
7 Nis 4,3977883 1 2,7 99,210 1,855 23202,045 1 
Soo — — 2,801,058 849 8328 2 
5,609 470 3,670 4,394,200 2 2 "WF 1,842 198,940 3 
55613, 126 3,656 4,390,530 3 2 Q 2,900 255 La — 
—.—.— 3,643 38,874 CO bag een 
5.616,769 — CER 4 s 1,828 2 1 
5:6 0,399 3655 4,383,231 [275 | 2,808,385 flee | 2593487 | 
5,024,015 3,617 4,379,601 | 6 = 385 = TED 25 
7153.64 | #237 59985 | 7 $10,199 818 | 2, $6 3 
a 2,8 12,008 1,908 2 5.9 
c,63:,210 | 9959 4,372,381 | 8 | 2 OT: 1,802 | 2187992 1 
5,634,788 3+579 4,368,790 9 18 2,186 N 
3,505 4,365,212 230 27. 795 * 8 ,190 | 2 
5.638,353 39885 — — 817,394 1,789 JETTY 3 
5,041,905 | 3+552 4,361,647 | 1 | 2,8 — 182,600 5.10 
| 6 | 4,358,005 2 | 128.937 n — — 
{ 6,907,753 ee 20,052 1,776 Fig 0,824 I 
n 3.453.875 | 35092, 247 x 4 „179,045 | 2 
| 6,866 ; 4,605, 168 . : 
55 5931 5 18 
2,302,584 394,832 
| 3-1 33,009 


Atr. Jobn Sp:idelPs Second Table of Legarith ne. 731 
wy [Differences | 1 thmetical Com-| | i Hatves o 
e | ene] n , en | 
; a 10,000,000. *. Complements. 
2 | 5,641,905 4,3 58,95 2 2.820, 952 ; 2,174 2 
3 $:045:445 _— 43354»555 | 3 | 2,922,722 _ 2.177370 
FE 
1 5,052,487 ON „473475513 285 2,826,244 AF 1723 256 
2 | 5,655,990 ne 4344010 | 6 | 2,827,995 | */>. 27% | 
3 5.259.480 3,478 PICO Sat 3 with etl 4 | 2,170, 260 | 
6.0 5,662,958 | _ 443375042 8 | 2,0631,47 | | 
7 7 7 _ 5 » , 6 5 
2 4 7⸗333,575 mY 2 $33,212 * | 246% | 
2 65,569,879 3,442 42330,121 899: 2,834,939 — | 2,165,061 | 
3 | $5,073,321 Fj 4,326,679 I | 2,836,661 ED 6 he | 
* 5,070,752 mo 4,323,238 2 258 38,376 ky A 426% 
a 5,680,170 3,407 4,323,830 | 3 | 2,840,085 | * 2,159,915 
2 [5,683,578 hat] 4,314,122 | 4 | 2,841,789 ——— 155 1 
A 5,000,973 on 4,313,027 295 br ge 2 | 2 226 
-2| 5,599,357 3,353 | 4399-643 | 6 | 2.845.179 1,686 2154821 | 
I | 5,693,730 |, 4,300,270 | 7 2,346,86 2 _ | 
i 5,097,091 a 4,392,909 | 8 2:848,546 _— 2 131.484 
5.70, 441 | 2/25. | 432994559 | 9 | 2.850,221 1,669 | 2,149,779 | 
6.3| 5,703,780 g | 4,296,220 300 | 2,851,590 . 
5 25 2 2, 8 
5,707,108 23 4,292,892 : I 2 25374 2098 | 2 14608 | 
$710,425 3.3% | 462899575 | 2 | 285,218 1623 | 251449788 | 
2 | 713,737 | 4,286,269 | 2,356,865 | 1 2 
6.4 5,717,026 — 4,282,974 | - 1 2 4 
1 5.705319 3,272 279.69 3⁰⁵ 2,800, 155 — 2,139,843 
2 | 5,723,583 74,276, 41 6 | 2,861,791 | 8 
3 55726, 846 2 3 #4 gt 2 21 | 
6.5 | 5,730,098 | 2? 5 4,209,902 | 8 | 2,865,049 * 2,13 
1 3,242 # N F 1,621 „133,951 
1 | 5,733,339 4,266,661 9 | 2,866,670 f 257 | 
2 $37 30,570 —— 4,263,420 310 2,868,283 HERS 41% 
3 5,739,791 3.210 4.260, 209 12,869,895 1.605 2,130, 105 
6.6 5,743,001 f 4, 256,9 yn | 2 
256,999 | 2 | 2,871,501 2,128 
200 - „ 
I | 5,746,201 35 432534799 | 3 2,873,011 RI | 2,126,069 
6,907,753 3-092,247 4,605,168 | 
2907, „o, ,605, 5,394,822 
En pea | 6,866,931 FR 2,302,504 3:133,069 
„VI. 5 


738 Mr. John Sheidell's Second Table of Logarithme, 
| aArithmelical Halves of : 2 f 
i Differences Complements of | Num- Halves of Di Halves of 
Logarithms. | of Loga- b ow ot ” _ ifferences Arithmetical 
garithm N 1 bers. Logarithms. 9 — agen 
5,46, 2014190 | 4,253,799 32,873,101 1.393 | 2,126,899 
5,749,391 | 1.0, | $250,609 42,874,696 1,90 | 2,125,305 
EO = 2 , 2 2.87 75 7 c = 
5,752,570 3,170 4,247,430 313 2,876,283 1,585 2,123,715 
5,755,740 310 4244, 260 | 6] 2,877,870 1.580 2,122,130 
5,758,900 410 | 4,241,100 | 7| 2,879,450 1878 2,120,330 
5,762,049 31 40 | $237,951 3| 2,881,025 1.570 2,118,975 
| 5,765,189 3130 | 4,234,811 9 | 2,882,594 1.565 | 2,117,406 
3,768,319 | 2:50 | $291,681 |320| 2,884,159 1,360 | 2,115,841 
9009 3.11 Q | $228,561 1 006,79 1333 | 2,114,281 
| 9,774,549 101 | $225,451 2 2,887,275 1330 | 2,112,725 
5,777,650 3,091 | 4,222,950 | 3| 2,888,825 1343 2,111,173 
7 2 7 ; 2 
5,780,741 3.082 4,219,259 | 4 e Wk 1.541 2,109,629 
5,783,823 3.072 4,216,177 325 2,891,912 1336 | 2,108,088 
5,786,895 3063 | $219,105 |, 6| 2,893,448 | 1331 2,106,552 
5 2 7 
| 5,789,958 3.053 4,210,04 7 | 2,894,979 1.527 2,105,021 
5,793,011 | , ,,, | 4,206,989 8 | 2,896,506 1.500 2,103,494 
5,796,056 | 3033 4,203,944 9 2,898,028 551 7 | 2,101,972 
7 7 
| 5,799,090 3,026 4,200,910 | 330 | 2,899,545 1.513 2,100,455 
5,802,116 | . 1 | 4,197,884 1 | 2,901,058 1.08 | 2,098,942 
5,805,133 3006 | $194,867 2 2,902,366 1,304 | 2,097,434 
5 7 
5,808,140 2.999 4,191,860 | 3| 2,904,070 1.499 2,095,930 
| 5,811,139 2.990 $188,861 4 | 2,905,569 Seay 3 | 2,094,431 
5,814,128 | P ogg | $185,872 | 335 | 2,907,064 1490 | 2,092,936 
| 5,817,109 2.972 4,182,891 6 2,908,554 , 20 e | 
5,820,081 | 963 | 4,179,919 7 | 2,910,040 2 * 2,089,960 
| 5,823,044 293% | 4,176,956 | 8| 2,911,522 | 457 | 2,088,478 
7 - 5 
5,825,998 2.945 4.,174,002 | 9| 2,912,999 1.473 2,087,001 
5,828,943 5 937 4,171,057 340 2,914,472 1468 2,088,528 
5,831,880 2928 168, 120 12,918,940 1464 2084,60 
5,834,809 2,920 4,163,191 22,917,404 1. 460 2082,96 
5,837,728 | 2.911 | $162,272 | 3| 2,918,864 [4 1 2,081,136 
5,840,639 11 | 4,159,361 | 4 2,920,320 | | 2,079,680 
6,907,753 | | 3,092,247 4,605,168 | 5,394,832 
| 3,453,876 6,866,931 | 2,302,584 3,133,069 


Mi. John SpeidelPs Second Table of Logarithms, 739 
£58 8 Arithmetical | Halves of 
DrFFerences Complements of Num- Halves o Differences Halves of 
Logarithms. Y I Log ri tems 45 bind: — — th _ 5 4 2 . — 2 — { 

2 | 5,840,639 | „ % | 4,159,361 | 4| 2,920,920 1451 2,079,680 
1 | 5,843,542 2904 | 4,156,458 34 2,921,771 [J. 447 2,078,229 
2 5,846,437 2.886 4,153,563 2,923,218 1. 443 | 2:076,782 
3 | 5,849,323 | , g-g 150,677 7 | 2,924,661 |  ,,, | 2,075,339 

7.3 | 5,852,200 | 869 | 4,147,800 | 8| 2,926, 1001433 | 2,073,900 
1 | 5,855,070 2.861 4, 144,930 9| 2,927,535 . 430 | $072,465 
2 | 5,857,931 |, .-, | 4,142,069 | 350| 2,928,965 | 427 | 2,071,035 
3 | 5,860,784 3 4,139,216 | 1 2,930,592 | 14% | 2,069,608 

C — — 5 » 

7.4 | 5,863,629 2.837 4,136,371 2 2,931,814 1.419 2,068,186 
1 | 5,866,466 | 829 | 4,133,534 | 3| 2,933,233 1,414 2,066,767 
2 | 5,869,295 2821 | $190,705 | 4| 2,934,647 1.410 2,065,353 

S.. 5,872,116 281 g | $127,884 | 355 | 2,936,058 1. 406 | 2-063,942 

7.5 | 5,874,929 P 8035 $125,071 6| 2,937,464 1.408 | 2,062,536 
t | 5,877,734 2.797 4,122,266 7 2,938,887 | 1398 | 2,061,133 
2 | 5,880,531 | gg | $119,469 | 8| 2,940,265 1.395 2,089, 788 
3 | 5,883,320 | % 2 116,680 9 | 2,941,660 | | ,,, | 2,058,340 

7.6 | 5,886,102 2.77 4 | 4112,898 | 360 2,943,051 1.387 2,056,949 
1 | 5,888,876 2.766 4,111,124 1 | 2,944,438 1.383 2,055,562 | 
2 5,891,642 279 | 4,108,358 | 2 2,945,821 [1379 2,064,179 
3 | 5,894,401 21 | 4,105,599 | 3| 2,947,200 1278 2,032, 800 

7.7 3,897,132 2,744 4,102,848 4| 2,948,576 1.372 2,031,424 
1 | 5,899,895 2.736 | 4,100,105 | 365 | 2,949,948 | 1.368 2-050,052 | 
2 | 5,902,631 2.729 4,097,369 | 6 2,951,316 1364 | 2,048,684 

3 0 2 < 
3 | 5,905,360 2,721 4,094,640 7 2,952,680 1.360 2,047,320 
1 | 

7.8 | 5,908,081 [2714 | 4,091,919 | 8 2,954,040 | | 45 2,044,960 

1 | 5,910,794 |. | 4,089,206 | 9| 2,955,397 333 | 2,044,603 | 
5 7 0 

bY 2 | 5,913,501 2.699 4,086,499 | 370| 2,956,750 1.350 2,045,250 
3 | 5,916,200 | 692 | 4,083,800 1| 2,958,100 146 2,041,900 

7.9 | 5,918,892 2.68 p 4,081,108 2 2,959,446 1 9 42 | 2,040,554 

gy 7 0 7 9 

FM 5,921,576 2,677 4,078,424 3 2,960,788 1.339 2,000,208 | 
2 | 5,924,254 2670 | $075,746 | 4| 2,962,127 1.335 2,037,873 
3 | 5,926,924 | ©? 4,073,076 | 375| 2,963,462 | *? 2,036,538 | 

6,907,753 3,092,247 | 4,605,168 | | 5,394,832 | 
1 3,453,876 6,866.931 2,302,584 3,133,069 


Fa) 


740 
8 | Differences! Arithmetical 
ogartthms, * 23 of | Num- W of Halves of | — 
2 7 * prawn rithms to | ere. Differences) netic 
5.9 26,924 rithms. Complements. 
| 5,929,587 | 2-993 no 375 | 2,963,462 
4007757 eee 
2,649 4.067.757 | 7 2,966,121 | 1328 2,035,207 
5,934,892 | | 4.065 3 1,325 2,033,879 
3,937,334 e eee | 
3,940,169 2035 4,062,466 | 9] 2,968,767 | 1-321 2,032,554 
5 2.628 489,881 380 2,970,085 1.818 | 2-024,998 
5,942,797 | 5 1,914 | 029.915 
5,945,418 | 2021 2 7,203 | 1| 2,971,399 
5,948,033 2,014 054,582 2 2,972,709 1,310 2,028,601 
r 2,608 4,051,967 3 2,974,016 1,307 2,027,291 
5,950,640 4 , 1,304 2,025,984 
5,959,241 2,601 233 4 2,975 320 
! 5,955,835 2,594 pi 989 2.976,621 1,300 2,024,080 
5 2,387 044,163 6| 2,977,918 1,297 2,023,379 
3,958,422 11 
3,961,003 2,581! 2 7 2,979,211 | 
5,963,577 2,514 8,997 8 2,980,302 1,290 2,020,789 
2.567 | $036,423 | 9 2,981,789 1287 2,019,498 
3,966, 145 4 1,283 2,018,211 
5,968,705 | 2-201 ex 390 | 2,983,072 | 
5971260 | 255% | 4098740 | 2 277 
2,548 „O28, 740 2 2,98 5.6 30 1,277 2,015,647 
5,973,807 4 1,274 2,014,370 [8. 
5,976,949 | 2541 ,026,193 | 3| 2,986,904 _ 
5,978,884 2535 4,023,651 4 2,988,174 1271 2,013,096 
2.528 | $021,116 395 2.989. 1.267 2,011,826 2 
989,442 1267 2, , A 
5,981,412 | : 1,266 | $910,558 | 3 
5,983,934 | 5222 ee 6 2,990, 706 ZH 
| 5,986,450 2,516 3 7 2,991,967 | 1-261 2,009,294 | 8.3 
2.509 | $913,550 | 8| 2,993,225 1,258 | $008,033 [1 
5,988,959 | 4. — 1,255 2,006,775 2 
5,991,462 | 570. ,011,041 | 9| 2,994,480 | 
5.999.959 | 2497 ee 400 2,995,731 | 271 2,005,520 | 3 
e 1 2,996,980 1,248 2,004,269 | 8.4 
3,996, 40 4 _ 
6,001,413 2175 4,001,066 3 2,999,467 ae — 
. 2,472 3,998,587 4 3,000,706 1,239 2,000,533 | 3 
6,003, 885 g 7706 | 1/236 | 12999-294 | 8.5 
| 6,006,351 | £99 $996,115: | 405 1.3,001,942 55 3 
6,907,753 3.092.247 1,996,825 2 
3,453,876 ne 4. 
ak | 6,866,931 | pes: pan | 5,394,852 | 
hes of 3,133,069 | 


Mr. Jobn Speidell 
. To peidell 5 Second Table of Legarithms. 241 
Differences Arithmetical . 
Logarithms. of Loga- Complements of | Num- 8 | Halves of — 
wake ae, tes. dee, | of Dogs” wana | 
rithms, omplements. 
2 6,006,351 I 
9 64 6 ꝙ—äEé— 1 
133 3,093,175 
8.6 6,01 1,265 2,454 3,991,189 7 3,004,405 15230 12209 
— 2450 3˙988,735 | 8 | 3,005,632 1224 994.360 
1 6,013 I — — — J 1,224 bl 530 
2 er 2,442 29887 9 3,096,856 5 : 
3 6,018 591 2,436 39 3,845 [410 3,008,077 I,221 22299 
f 2,430 3981, 409 I | 3,009,295 1,218 »991,923 | 
8.7 | 6,021,021 , 3,978, N 1,215 | 29999185 
67 | gere, e, | 2976979 | Senn, ref 19 
2 pen 2,418 3,976,555 3 3 2,212 12895259 | 
2,412 3,974,136 | 4 | 3,012,932 | 2729 2 277 
3 6,028,276 3 ana re '9" | 1,206 19 7,068 
Sl onto | e407 | 29775704 (21 $024.08 
1 | 6,033,084 | 249! | 2.0 % | 6 | 33015,342 | 11293 — 
— — s 2,395 3,906,916 7 3,016,542 15200 12 
2 | 6,035,479 . 2 | 1,198 |_12993458 
3 3,915,740 [TO 2 
8.9 1 2,384 3,962,131 9 3,018,934 15195 2% 
EY 2,378 3,959,748 [420 | 3,920,126 12222 * 1,000 | 
1 | 6,042,631 [7 3,957,36 — | 1,189 | 19795974 
2 | 6,04c.002 | 2373 | nos 369 2 | 3,021,315 a 
3 — = 2,367 394997 2 —— 1,136 1 | 
_ 2379 | 2/261 | 329529039 | 3 | 3-923,685 1,183 1:97 7>498 
8.10 6,049,731 — —— 6285 15181 — 5315 | 
; 6,052,087 2,356 3,950,269 | 4 | 3,024,866 | | 1 b 
2 6,054 437 2,350 3»947,913 425 3,026,043 1,178 * 34 
8 . 2,345 3.5.5 6 | 3,027,219 | * 75 172% 
3 | 6,056,782 — 1,172 | 9725 
8.11 6.0 1 25339 3.043, 218 7 3,028, 3 I | 
I e 2,334 3,940,879 8 . 5 1,169 1,97 1,009 | 
— T 2,328 3,938,545 | 9 | 3,003,727 1,167 12978 
— 6,063,783 — 2 6 | by 1,164 999,273 
3 | 6,066,1 2,323 »936,217 [430 | 3,031,891 [= Accomm 
9.0 NG 2,31 8 3,933,894 1 8 15161 29 109 
— 25312 399315577 2 | 3,034,212 3 16 
1 6,070, 735 — — ED 1515 Db 29 / 
"0099938 [ago7 | $99950s | INI MT 
3 e 25301 3,926,950 4 | 3,930,521 I,153 1,994,032 | 
eee eee 2,29 3,924,056 [435 | 3,037,072 | 1,150 eo | 
9.1 6,077,040 | p — 3 1,149 9 2,328 
1 | 6,079,931 2,291 | 3,922,360 6 | 3,038,820 || 1,961,18 
3,920,069 7 3,039,965 | I,145 5 6 5180 
6,907,753 | 5,002 g — 0.35 
| 3,453,870 4p | 4,005,168 | | 5 = | 
7 I 2 5394, 832 
Vol. VI. 93 -P 302,584 3,133,069 


— = 
13 8 


Mr. Jobn Speidell's Second Table of Logarithms. 


712 
| "OO Arithmetical | Halves of . of e o 
wins, fie) Copano be. nave [Dire Kn, 
— 10,000,000. | i rithms, Complements. | 
6,079,931 2,920,069 7 | 3,039,905 Jus 1,960,035 | 1 
6,082,217 Rane 3,917,733 8 3,041,108 _ 1,958,892 2 
6,084,497 | 2,275 395,53 934 1,138 | 149575751 | 3 
6,086,772 0.270 3,913,228 [440 | 3,943,330 | | —| 1,956,614 | 9.2 
6,089,043 2,265 3,910,957 I | 3,044,521 —_ 1955754791 
6,091,308 2,260 3,908,092 2 | 3,045,054 1,130 1,954,346 | 2 
6,093.3) 255 | 35996433 | 3 | 35946784 1,12) 1,953,216 
6,095,822 2,250 3,904,178 | 4 | 3,047,911 112 1,952,089 | 9.3 
6,098,072 2,245 3,901,928 445 3,049, 036 1133 1,950,904. | 1 
6,100,317 4 3899,683 6 3,050, 158 120 | 1,949,842 | 2 
6,102,556 23, | 35897,444 | 7 | 359515278 1,117 | 1:945,722 | 3 
6,104,791 2,230 3,895,209 83.052, 395 1113 1,947,005 | 9.4 
| 6,107,021 [22 3-892,979 | 9 | 3953-510 7 112 | 12946,490 | ! 
6,109,245 na 3,890, 755 450 3,054,623 1110 | 199453377 | 2 
6,110,465 216 | 355589535 | 1 | 3.8-725 1,107 | 19449267 | 3 
6,113,080 x HG 3,886, 320 2 3,056, 840 1, 10% 1,943,160 | 9.5 
6,115,890 ee 3,884,110 | 3 | 3957-945 1,103 1,942,055 | 1 
6,119,095 000 3,881,905 | 4 | 39595947 1,100 1,949,953 | 2 
6,120,295 | 3,879,705 [455 | 3,060,148 |, 1,939,852 | 3 
6,122,491 5 3,877, 509 6 3,061,245 — 1, 3,55 9.6 
6,124,681 2,186 3,873,319 7 3,062, 341 1,097 1,937,059 | 
6,126,857 . | 3,873,133 | 83,063,433 P 1,930,507 | 2 
6,129,048 16 3,870,952 | 9 | 3:964,524 1,088 1,935476 | 3 
6,131,224. 172 3,868,776 [460 | 3,065,012 1,086 1,934,338 97 
| 6,133,390 2 * 3,866,604 1 | 3,066,698 ' 9 19333021 
6, 138.563 aL 3,864,437 2 | 3,067,781 $a 1,932,219 | 2 
„ „862,275 3,008,862 | * 1,931,138 | 3 
5 | 2,157 3 M5 1,079 931915 
6,139,832 | 1 —| 3,860,118 | 4 | 3,069,941 |, 6 1,939,059 | 9-6 
6,142,035 4 <4 3-857>905 405 | 3-071,01 8 _ 1,929,982 | L 
6,144183 | "144 3•855·817 6 3,07 2, 92 1,072 1,927,908 | 2 
6,146,327 |, 139 | 3953-073 | 7 3973-163 10% | 1929-937 | 3 
6,148,466 | 22239 | 3,851,534 | 8 | 3,0743233 | [125,757 9:9 
| 0.907753 | 3,092,247 4.605, 168 5,394,832 
3,453,370 | 6,866,931 2,302,584 3,133,009 |, 


Mr. Join Speidell's Secend Table of Logarithms, 743 
1 : Differences Com: — Ni. 5 Halves of . : Halves of 
Logarithms, ef rea Cn -—dgy | bers, Logarithms, omg * — 
I | 6,150,600 3,849,400 | 9 | 3,075,300 1,924,500 
, 2,170 4 1506 
2 | 6152730 2,12 | 313475270 (470 3.7% 63 | 1,923,635 
36.154,86 2,121 | 329455144 | 1 | 3.077428 | * 2 | 1,922,572 
r ih _ | n ; | 
o| 6,156,977 2.126 3,843,023 | 2 | 3,078,4$8 1,058 | 12921512 
6,1 59,093 2,112 3.840, 907 33,079,547 1,056 1,020,453 
6,161,205 108 | 32939795 | 4 | 3,080,603 1,054 | 99,397 
6,163,313 1 3,836,687 [475 | 3,081,656 ny 1,013,344 
6,165,416 2,099 3,834,584 © | 3,082,708 1,049 1,917,292 \ 
6,167,514 2,084 3,832,486 | 7 | 3,083,757 1,047 1,916,243 
6,169,508 | __ | 3,830,392 | 8 | 3,084,804 ' | 1,915,196 
6,171,698 | "086 3828.30 | 9 3,563,849 | 12945 | 1,914,151 
6,173,784 Rho 3,826,216 480 | 3,086,892 1.040 1,913,108 
Sd AEST F. it FAC RNs . 7 = AX 
0,175,865 3,8 24,135 1 | 3,087,932 028 | 1,912,008 
6,177,942 e 3.822,58 | 2 | 3,088,971 _ 1,911,029 
6,180,014 2.068 3,819,986 | 3 | 3,090,007 1,034 | 12999993 
6,182,083 | | 3,817,917 | 4 | 3,091,041 | , | 1,908,959 
, 7 „06 1 : 7 1.022 5 7 
6,184,147 2,66 | 99155953 [485 | 3,992,073 | 2935 | 1,907,927 
6,186,206 2,056 3»013,794 | ©6 | 3,093,103 1,028 1,906, 897 
6,188,262 3-811,738 73.094, 131 [ | 1,905,869 
7 3 a bl q , 26 7 1 
6,190, 313 . — 35809, 687 d | 3,095,157 a _ 1,904,943 
0,192, 360 . 35807, 640 9 | 3,096,180 , 8 : 1,903,820 
n 1 02 
6,194,403 3,805. 397 [490 | 3,097,202 1,902,798 
6,196,442 e 3,803,558 | 1 3,098, 221 . 1,901,779 
6,198,476 2,030 3,001,524 2 | 3,099,238 1,015 1,900,702 
6,200,507 | ,,026 | 32799493 | 3 | 3100,253 |, 1 | 1,899,747 
6,202,533 2 022 | 3»797»407 | 4 | 3,101,267 1 1,898,733 
6,204,555 2518 | 32795445 [495 3,102,278 100g 897722 
6,206,574 3,793,426 6 | 3,103,287 1,896,713 
6,208,588 ates 3,791,412 7 | 3,104,294 ee 1,895,706 
6,210,598 + ood 3,789,492 | 8 | 3,105,299 1,003 1,094,701 
6,212,604 . | 3,787,396 | 9 | 3,106,302 1,893,698 | 
6,214,606 tion | 3»785,394 50 | 3,107,303 ** 1,892,697 | 
0,907,753 3-092,247 | 4,605,168 | | 5,394,832 
3,453,870 6,860,931 | 2,302,504 3,133,009 


Mr. John Speide!l's Second Table of Logarithms. 


4 e Sg 

E ca Halves of —— — — of 1 | 

Diffrenced Complements of Nr. Heres of = [Difeenc®] Gbit, 
P—_————p 
1 — ”y 7 5 1,891,698 | 1 

783, 396 x | 3,108,302 97 , 

6,216,604 1,994 3 782 — * 3,109,299 — 185785 2 

6,218,598 3781, 2 1,8 89,70 3 

* 4 1,990 3.779,42 33110, 94 993 [. AER 

3 you 5 4 3,111,287 ==. | 1,868,713 | 10.6 
3 . 3.777,42 w 991 1,887,722 | 1 

224,556 150 | 3,775,444 50 dt, % 949 1886,33 

12858 1,978 3,773,466 6 3,113,267 987 1Y0%/ 

9229-534 | 1,974 | bbs | 1,885,740 | 3 
SIG 1,491 | 7 | 3»114 985 88 ,760 | 10, 
e | x,970 3,769,521 - 8 | 31152240 | 083 | 188; 777 1 

* 1,997 | 3,767,554 | 9 | 3119-223 | 981 

23244 | 1,963 Sinks eee 

— | 3,765,592 [510 | 3»** /» 979 | 1,881,816 
| e 1,959 3,763,633 1 3,118,784 977 f 880, 839 22 
3 a etl 1,955 | 3,761,678 | 2 | 3>119,101 | oo, | . 
wy , I,QSI |___ 3 86 1 
| 1 120, 137 1,079,003 
3,759,720 | 3312057 973 78,890 2 
2 81 1,947 3,757,779 4 | ais 972 10 44 3 

2240165 194+ | 3.755,835 15 3,122,082 — 
8 — — — 1,876,948 | 10.9 
| 8 6 6 3,123,052 68 I, 7 »9 
atdest | 1936 | 2:751,959 | 7 | 31243929 366 | 1875-980 | 
| 0,24 2041 I,932 3,7 50,027 g 3,124,980 965 58 75 
1. 1 — 1,874,049 | 3 
| 6,251,902 3-748,0958 | 9 i 962 1,87 3,087 10.10 
| 5 * 7925 | 3,746,174 520 3,125,913 961 1,872,126 | 1 

9 7855 g | 14921 | 2 044,252 | 1 3,127,874 959 5 225 
| 9 r —— 1877,16 2 
— iS * 

6 257 665 3,742,335 a — 957 1,870,210 3 
1888 19143, 740, 1 3 3129,79 955 1,869,255 10.11 
poet be 256 | 39738,g12 | 4 | 30130745 953 — 

, n 6 na 
— 1,868,302 | 1 
| 6,262,396 ＋ 3736,60 [525 | 351315599 | og: « 

626: 200 | 15993 | 3,734,701 | 6 3132,649 [950 1,866,401 | 3 
| 6,267,198 | 12292 | 3,732,802 | 7 | 3-13-59 948 — — 

2 they 1,89 5 ws N 0 
— 865, 11 

6,269,094 | 3,730,906 | 8 3,134,547) 946 CT — ; 

2785986 * 3,729,014 | 9 | 393549” | 944 | 1,863,563 | 2 

52/05 1, - I 4 
6,272, 8 75 1,885 337275125 — e ee 943 2 3 
2323 — 1 137,380 * 11.1 

eee 
| 6,276, , 5 | 

oy 68 5,394,832 | 
"PD 092,247 4,005,1 6a | 
| 0,907,753 | 3, | | 02,584 | - 31 33,099 
| 3-453-870 6,806,931 N T 


Mr. John SpeidelPs Second Table of Logarithms. 745 
— ig Arilumetical Com- Hiace. of | Hatres of 
Difference nents of um- alves e ferences ha. 
Logarithms, of Foes See, to — *— th . 4 7 / {= 1 4 — - 
11.1 - 6,276,641 3,723,359 23,133, 321 39 1,901,079 
1 | 6,278,519 1375 3,721,481 | 3 | 3,139,260 1 1,590,740 
2 6,280,393 * — 3,719,607 4 | 3>149,197 935 859,803 
f 6,28 264 7 717,736 {536 | 3,141,132 | __ | 1,858,868 
ow * e rr 33 p 2 2-162.006 os 1,857,93 
1 | 6,285,996 1861 3.71% | 7 3742.98 930 | 1,857,002 
2 6, 287,836 3,712,144 8 | 3,143,928 | 8 1,856,072 | 
3 6,289,713 1.9557 3,710,297 | 9 3144,87 22 1,955,143 
1.3 6,29',567 153 | 3793433 [540 | $145,783 | 925 188247 
1 | 6, 41 Sei 505,58 1 3.146,08 , | 1,853,292 
2 — 17277 e 2 3,147,632 = 1,852,308 
3 | 6,297,107 * 3,792,093 | 3 3,148,553 920 1,051,447. 
11. 6,299, Ef 701,0 * 149,473 0 1,050,527 
I ; ht _ 277 545 — = 1,849,008 
2 | 6,302,017 * — 3,097,383 DK. 3,151,308 915 e 
| 6 6 6 162,223 | 1,847,777 
RE 
1 | 6,308,096 1 3,091,904 | 9 3,154, 048 910 129459952. 
2 | 6,309,916 © | 3,690,084 550 | 3,154,958 | © 1,845,042 
3 9 HE 35688, 260 7 3,155,906 2 1,944,134 
11.6 * 6 1,513 686,4 2 | 3,156,773 907 1,043,227 
| »313,54 1,810 3,000,454 23150, 905 
6 3,684,644 157,678 | | 1,842,322 
e ro ge 6 . 3.682.830 . = 1,841 419 
3 | 6,318,966 —. 3,681,034 555 | 3,159,493 900 48817 | 
11-7 6, 320, 766 3.679, 2 6 | 3,160,383 1,829,617 
r | 6322,363 OE 2674) | 7 | $161,280 997 | 1,838,719 
2 | 6,324,357 * 3,075,043 | 8 3, 162,178 | 895 1,037,022 
3 | 6,326,147 | 2,673,853 | 9 | 3,163,074 | 1,836,926 
1.8 | 6,327,934 | 17797 | 5,672,066 56 | 3,163,907 | $93 | 1,836,033 
I »329,719 —— 3,070,281 1 | 3,164,659 890 1,835,141 | 
OPS, 5 21 —— 
2 | 6,331,499 3,068,501 | 2 | 3,ib5,750 | gg | 1,834,250 
3 6,333,277 1,778 | 3,066,723 | 3 | 3,166,039 9 1,833,301 
6,907,753 3,092,247 4,605,168 5,394,832 
3,453,876 6,866,931 2,302,504 3,133,069 
Vor. VI, 5Q 


*746 © "Tobin Fheidelpg &. | 
Mfr, John SpeidelP 8 Second Table of Logarithms. 
| Differe) Arithmetical | z ; — 
Logarithns, of Loge- 4295 nw Y mm Halves of —— Halves of 
e 10,000,000. Sv | UNO 2 * g — 
6,333,277 — 
6.335.052 | 1775 TD 3 | 3,166,639 | 887 | 1:833,361 | 3 
6,336,823 | Þ77: 3,663, 43,167,526 £56 | 1832,474 [11.9 
1,768 | 8 177 |565| 3,168,412 | ,., 1,831,388 ; 
6,338,592 3,661,40 "0 WA 
4 1 - 2 7 8 6 3 169 2 | Fg 
6,342,119 1762 g'657,8 neee. 
e 3,171,060 959 | 1,828,940 11. 10 
6,343,878 —— 
6,343,634 176 3,656,122 | 9 3,171,929 1,828,061 Ex 
343,63 3,634, 366 5703, 1 8781782771 
| 6,847,387 173 3,652, e 
1,750 | *? 32,018 1 | 8,173,693 875 1,826,307 | 3 
(0 
6,349,137 3 _ on Les 
a 1747 3,050,863 2| 9,174,568 1.825.432 |] 
5330, 3,649,117 3 3, 173,44 rn 1.11 
6,352,627 4 ; — 9p 1 
2 3,647,378 43 . 1 
1,741 176,314 | 37% | 1323,686 | 2 
6,354,368 | | ee lee —— 
| 6,356,105 | 1738 OD! een 
ones l 3 6| 8,178,053 1,821,947 | 12 
„337, | 3,642,160 7 a 867 58215 12.0 
ins , 3,178,920 866 | 1,821,080 | 1 
6,359,571 = A 
an on | 1729 3,640,429 | 8&| 3,179,786 1,820,214 | 2 
gn epi 3,638,700 | 9| 3,1 864 810 
6.363.026 1726 3,636.9 180,650 863 | 1,819,350 | 3 
12725 | $036,974 | 5801 16118 861 1,818,487 | 12.1 
6,364,748 | | wy 
6,366,468 | 1720 3,635,252 | 1| 3,182,374 1,817,626 ; 
366, 3,633,582 2 3, 183,2 8601816. 
6,368,185 | 1717 : ani pron 816,766 | 2 
"Mp 5 3,631,815 3 858 . : 
1,714 5 3,184,092 857 1,815,908 g 
6,369,899 win 
re ans {$55 | 1,815,051 | 12.2 
— 8 585 | 3,185,805 8 1,814,198 1 
R 1,705 | 5 5683 6 | 3,186,659 859 1,813,341 | 2 
6,373,022 1 mo: 
6876725 170% . 7| 9,187,511 P 851 1,812,489 
| 6.378.424 | 899 362 $275 | 8] 8,188,362 | 8350 1,811,638 
1:696 | $621,576 | 9 3,189,212 | 8 94 1,810,788 
6,380,120 | 
2881 | 1,694 3,619,880 390 3,190,060 1, 809, 940 
8141691 | 9,618,186 | 1 3,190,907 | 347 ; 
6,383,504 | „ 3.616 51909 84.5 1,809,093 
1.688 | $16,496 | 2| 3,191,752 | ,, | 1,808,248 
6,385,192 |: | : | 
6.386 877 | 1686 3,614,808-| 3| 3,192,596 | 842 | 1,807,404 
| 4 | 3,193,438 1,806,562 
| 6,907,753 $7 (I + Y 
| 3,453,876 | 6 866,931 | | — | [5206508 
: 2,302,584 3,133,069 


Mr. John Speidel!l* 
: s Second 7. 
— nd Table of Logarithms. 747 
Logarithms. 1 46 Uo — "9n9vY = 
ee, | of Lago: Lane, r, rn, ne rat 
3 10,000,000, ers. Logarith ms. of N 2 — 4 
* 6,386,877 , rithms. ampicments. 
3 — 1,682 3,013,123 4 | 3,193,438 
12.5 6,390,238 1,679 ä 395 9,194,280 841 1,806,562 
— 1,676 3,609,762 6 3,193,119 839 1,805,720 
1 | 6,391,915 | pages be 838 | 1804881 
2 6,393,588 | 1-073 2 73, 193,937 
3 6,395,259 | 1-671 606,412 8| 3,196,794 | $87 1,504,045 
i 1.668 | $604,741 | 9 3,197,630 836 | 1505,900 
12.6 | 6,396,927 | oh 090 83640 
1 | 6,398,593 | 1992 1603,073 | 600 |, 3,198,464 
> ene 1992's | *22 % 
— 1 ,660 3,3 99,745 2 3.200, ] 28 831 1 580 55704 
3 | 6,401,915 | | 9.56 128 . 220 | „ 
12.7 | 6,403,572 | 1057 598,085 | 3] 3,200,957 
1 | 6,405,226 | 102 8 3,201,786 | $29 1,799,043 | 
= 652 | $594,774 |605| 3,202,613 | $27 1,798,214 
: —_— 1 649 | 9,593,122 | 826 |" 
,408,526 | ,? 1 6 3,20 
12.8 — 1,646 8,591,474 7 — 824 1,796,561 
— 1,643 3,589,828 8 3,203,086 823 1,793,737 
1 | 6,411,816 1* 822 1794914 | 
2 | 6419457 | 41 | 2596543 9 | 3,205,908 
3 | 6,415,095 | 1-938 586,543 | 610| 3,206,728 820 1,794,092 | 
nk 1695 3,584,906 1] 3, — |. a 1,793,072 
12.9 6,416,730 | . 818 1,792,453 
1 | 6,418,363 | 1933 n i 
1 816 | % 
— 027 | 9,580,007. 48,209,996 514 1 
3 | 6,421,620 | 514 
12.10 6,423,243 1625 3,578,380 613 3,210,810 
1 | 6,424,867 1,619 n 222% 2 % 
n 1619 | $975,133 | 7| 3,219,433 811 | 1>788,378 
2 | 6,426,486 | pug 12,433 | 610 178767 
3 6,428,103 1617 g, 73,514 | 8] 3,213,243 
12.11 | 6,429,717 614 571,897 | 9] 8,214,051 808 | 786,757 
rs 1612 570,283 [620| 3,21 2 1,785,949 | 
1 | 6,431,329 3.5 806 | 786,141 
2 | 6,492,938 | 109 568,671 | 1] 9,215,664 
8 | 6,434,544 | 1000 r 3,216,469 805 28 
— 1604 2366,46 | 3| 9,217,272 | 503 1,783,531 
13.0 | 6,436,148 | LS 272802 | 1782728 
1 | 6,487,749 [e 363,852 | 4] 3,218,074 | 
| 3,502,251 625 3,218,875 801 1,7 F 26 
6,907,753 3.092. | es 1,761,125 
|. 3,453,876 " 02,247 4,605,168 
„866,931 2 302.5 : | 3,394 832 
3 2 584 2 - 
| 3,133,069 5 
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i drithmetical | Hulves of 
| ; Differences Complements of | Num- Halves of Difterences Halves of 
Logarithns. Y. —— 1 * - 1 bers, Logarithms, of Loga- 2 — 
| i ET: = 
6,487,749 309 | 3,562,251 625 3,218,875 599 | 1,781,125 
3 R O [4 
44% | 1-595 4s 7 3,290,472 | 79 | 1.779.528 
l 5 * 1,594 52 7 b) 9 72 797 1,77 „528 
6,442,538 1 0% | 3,957,462 8 3,221,269 793 | 1,778,731 
7 88. 99 0 
145,717 1386 | 9,554,283 |630| 3,222,859 | 79 | 1,777,141 
2 ; en 
6,447,303 384 3,552,697 11 2,223,652 792 1, 776, 348 
ene 
| 3 ** 1,579 5* ” 7 7 790 51 91 a 
6,452,047 | , 576 3,547,953 | 4| 3,226,023 788 773,977 
2 7 2 
8455186 | 1573 33448046 3,2275 | 797 | 1.772402 
7 2 1,571 7 7 1 5 7 28 786 7 7 
6,456,767 1.568 3,543,233 73, 228,384 784 1,771, 616 
$459,902 | 1-55 3,5400089 3,229,951 | 793 1,7700 49 
7 2 1,564 2 3 7 5 782 1,77 5 
6, 461, 466 1.561 | 3,538,534 640 3,230,733 781 1,769, 267 
5 
— — 1.559 3,536,973 1 — 779 | 1,768,486 
464,586 1.556 3,635,414 | 2| 3,232,293 . 778 1,767,707 
| 6,466,142 J --1"| 3,533,858 | 3| 3,233,071 |... | 1,766,929 
6469248 | 1552 3.530.752 |645| 3234624 | 775 | 1.765.976 
2 2 1,549 5 219 45 7 , 775 „763,37 
6,470,797 | | 547 | 3,529,203 | 6| 3,235,399 oY 4 | 1,764,601 
6,472,344 1.5 44 | 3,527,656 | 7| 3,236,172 772 1,763,828 
| 6,473,888 1342 | 9,526,112 | 8| 3,236,944 71 1,763,056 
— — bl — — | — — 
6,475,130 1.340 | 3,524,570 | 9| 3,237,715 77 1,762,285 
6,476,970 1.337 3,523,030 | 650 | 3,238,485 769 | 1,761,515 
7 X : 
6,478,507 | 1,535 3,521,493 113,239,234 767 1,760, 746 
6,480,042 | | .,, | 3,519,958 | 2| 3,240,021 | 766 | 1,759,979 
— 1.530 3,518,425 | 3| 3,240,787 | 1,759,213 
483,105 175328 | $516,895 | 4] 8,241,552 | 764 | 1,758,448 
5 1 
| 6,484,633 1.520 | 9,515,367 5] 2,242,316 76 1,757,684 
6,486,158 | 263,313,842 6 3,243,079 1,786,921 
6,907,753 | | 3,092,247 | 4,605,168 | 5,394,832 
} 3,453,876 6,866,931 2,302,584 3,133,069 


Mr. John Speidell's Second Table of Logarithms, 749 
8 b [ferences Ari ef ca 5 , Pralres of | r | 
Legerithns, | of Lage er w- | Mateo of eee eee 
rithms, 10,000,000. = 8 | Compeements. 
13-8 | 6,486,158 | _ | 3,513,442 | 6 | 3,243,979 6, | 1,759,921 
I 6,487,682 W 3,512,318 3,747,041 Kon 1,759,159 
| 6489903 | 91g [.$:319997 |_b | 304491 | 7,5 | 1175 
3. | 0,490,721 1,086 3»509,279 | 3» 2,245,391 153 1,754,939 
13-9 | 6,492,237 14 | 3597703 |600 , 3,246,:19 757 753,881 
l 6,49 2,751 | ,?*? 4,506,249 | 1 | 43,245,876 | 727 | 1,7 can 
J Kae 15512 J ͤö;sß . . IE 4s 
05 6,495,202 51 p | 3,504,737 | 2 | 3,247,032 1,752,368 
3 | 5,499,773 Pig ns 3.503,27 3 3,248,386 hoo 1,751,614 
jo $eghnbo | ogog | 259%7%2 | + | 2349140 | 754 | 196008 
1 6,499,785 ha 3,500,2i5 665 | 3,249,892 | 24 1,70, 108 
2 6,501,487 0 3,498,713 6 | 3,250,044 25 1,749,350 
I's | S50SPÞ | 1,498 | 3497213 | 7 | $35539e | 748... 
13.11 6,504,286 4% | 34955714 | 8B 3,252,143 748 747,857 
1 | 6,505,782 % | 34944218 | 9 | 3,252,891 = 1,744,109 
2 þ| $:597»275 | 1,491 324923725 670 3.253.038 746 127 46,362 
3 | 6,508,707 | g | 3,491,233 | 1 | 3-254,383 | , | 1,745,617 
140 | 6,510,250 487% | 3,489,744 | 2 | 3,255,128 | 74% | 1,744,872 
6.511,74 | 1,485 „488,257 3 | 32559071 | 744 1744129 
2 6,513,228 | | 182 | 3486772 | 4 3,256,614 741 1,743,386 
3 | 6,514,710 1,480 3:485,290 1975 | 32575355 | 5, 742,645 
2 6,516,191 1,478 3,483,809 "» 3˙258,09 739 1,741,905 
1 J 6,517,669 1,476 3,432,331 | 7 | 3,258,834 728 1,741,166 
519,145 1,474 3• 495,855 53,259,572 53, 1740%28 
3 | 0,520,019.[1 3,479,381 9 | 3,200,309 | - 1,739,091 
. 547 2 "ak . . 
14.2 | 0,522,090 ce 3,477,910 6803,26 15045 5 1,733,955 
I 6,522,500 $469 3.476, 440 I | 3,261,780 — 1,738, 220 
2 6,525,027 1,465 374973 2 3.262.514 733 1,737,486 
3525,49 1,463 | 31479598 | 3 3,263,240 732 73½754 
14-3 | 6,527,955 1,461 | 324725045 | 4 3,203,978 731 1,730,022 
OY” 6,529,416 1,459 | 324195554 085 | 3,264,708 130 | 17355292 
2 | 6,530,875 |. 3.469, 125 6 | 2,265,438 | | 1,734,562 
3 . | 6,532,332 457 | 3,467,668 | 7 | 3,266,166 | 7*9 | 1,733,834 
| 6,907,753 | 3,092,247 | 4,005,168 5,394,832 
3,453,876 6,866,931 2,302,584 | 31 33,009 | 
Vol. VI. 
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Mr. Jobn Speidell's Second Table of Logarithms. 
N 8 Arithmetical | Halves of Halves of 
i. 0b; mplements o Halves o Differences| rithmert; 
Logarithms. e. Tae 7 2 — — = — 
60 3.266, 166 1733-34 | 
42825586 15454 33 14 3,266, 893 ot 1,733 o 
, 7 1,452 732,381 
6,535,239 7 4627761 3.677619 72573381 
463,311 3,268,345 | „ | 1,731,655 
2 e 97 [ 3,269,009 * 1 
6,539,584 144% | 3,460,416 | 2 | 3,269,792 522 | 15739, 
| WED” 458,972 3,270,514 1,729,486. 
— — — 15442 1 3,271,235 510 2 765 
6,343.99 4 3,456,091 3,271,955 1,728,045 
„543.909 1,438 35 . 719 
| . 5454, 65 3,272,074 g 1,727,320 
9855785 1,436 3 | 3-27 3-391 — 1,790,008 | 
6,548, 0 8 3.454,83 3,274, 10 716 725,89 
* | »4 50,352 3,274, 8 24 1,725,176 
eee _ 3s 352757539 Los. 5 
6,552,505 2 3,447,495 7565 773 | 220233747 
6. | 6,06 2 | 3,276,965 1,723,035 
. 1,423 4 . 3 3,277,677 55 1,722,323 
Eons 6 4213 443,224 | 4 | 3,278,388 1,721,012 
»55 577 1,419 3 INT | 710 
P "| 3,441,805 [705 | 3,279,098 1,720, 902 
69855673 r | nn a 3275,36 709 1 70.19 
6,501,028 an 3-438,972 | 7 320,514 | 707 779 
7 3,437,558 8 | 3,281,221 | 1,718,779 
25 15411 3 9 552817927 — | 1,718, * 
6,565,263 5 3.43437 [710 | 3,282,631 7% 747,39 
5 3 01143 284,335 1,716,665 
| 6,568,058 | 11495 343718 » 3444 | 703 1,715,963 
— 2 | 28 1,714,560 
| 5429,11 4. 3:28 5,440 27 14,5 
33 * 3 775 15 3,286,140 85 17 13,900 
9 þ| | 1 
6.573.678 17336 3.426, 322 y 3,286,839 | 698 1,713 
e e 1 39735 15,12, 463 
6, „073 | 324242927 7 3,2 697 
6:516,467 | 1994 | 344237535 | 8 | 3,288,234 | 27127 
6, 5 605,168 5394832 
6,907,753 7 | +» E | 
3+453+876 6,866,931 80 e 3,133,009 | 
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751 
1 — Dif Arithmetical flv Halves of "Beves of e 
. ferences Complements 0 3 ithms. of Loga- omplements. 
62 po — eee bers. Logarith — _— ; 
M — 1 by 696 1 
— 37 11,071 
„ 7 22,141 9 3,288,929 695 376 
3 6,577,859 1,390 1 720 3,289,024 694 1% 
* 2872 N — 3,419,303 | 1 | 3,290,318 633. — 
1 53580, 153 | 8 
1,708,989 
1 „ 417,977 23.291,01 692 
eee 691 1) 600 
36.583.407 1,382 3,415, 11 4 | 32923394 | 690170, 
15.1 6,584,789 1,380 — 585 | 1,706,915 
Rome | 1,378 | 3413-831 [725 | 3-293,085 689 | I, 226 | 
(5,586,169 e 688 „ 
f 6586.54. 1,370 3,411,070 | 7 | 3,294,462 687 |. 
3 |: 0,500, 1,374 —1.— | 04.8 | 
? | 704,051 
Baillie | 409,701 | 5 | 3-295-149 | 586 16 
1572 82975697 "97S 3,408,329 9 | 29523 | 685 1703-479 
„ 6,567 377 3-406,958 730 3,295,521 684 7 
2 6,593,042 1369 ——— 31 7025 
* 3,403,589 13,297, 20 6841. 5111 
3 88598270 1,367 3 2 3»297,889 683 | 1 428 
15-3| 5,595,778 | 1.365 3,402,857 | 3 | 3,298,572 | gg” | 1,701, 
t | 925975143 | 1,363 | 324022 53 „% | 
01,493 | 43,299, 2 681 | * 5066 
5 28e nate e e ee 
3 6,599, 8 1,360 3,398,772 6 | 3,300,014 679 | 122992 | 
15.4 | 6,601,228 |} 1,358 | 2? — — 1,698,707 
I 002,505 1,356 3,396,059 | 8 |{3,301,971 677 1 2 
2 6,603,941 1,254 32394, 705 9 3,302, 648 D 28 © 
3 | $,60595 | 1,352 40 3,303,324 —— 1,696,676 
— | 3,393,352 [740 3, 30g, 675 6, 
15. 5 e 1,350 ——— I 3:303,999 674 1 4 ü 
I | 6,607,99 15349 2,390,653 | 23,304,673 „% 
2 | 6,609,347 8 ww bY =" i. 653 
_ | 3,399,306 3 | 3,305,347. | 672160308 
3 —— 1,345 303837957 | 4 | 3,306,019: | 671 | — 
15.6] 6,612,029 | "243 3,386,618 [745 | 3,396,691 6/1 f. "_ 
1 6,613,382 1,341 | — , * 6 11 1,692 638 
— — 85,277 | 6 | [3,307,302 670 6 | 6 
e e e, ee 
1371 8777 % | 5997 1 — 
E 6,017,401 1,336 oy 68 657 1 690,632 | 
* 6,618,737 1 3,381,263 | 9 4443 667 1,069.98 
2 6,6 20, 7 525 — tt 68 : 5,394,832 
| | 4,605,1 5 
| $,907753 8.886791 | | 2,302,584 3,133,069 
34533870 | Las 
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- Tn] 11 
Logarithnis. of Loge- 1 to | bers. Logearithons, of Loga- ve ours I 

f rithms. 10, 000, 000 rithms, / . 

— . = 5566 a 

1 6.621,40}3 | *? bs 378,59 1 | 23,310,702 1,089,29 3 
28734 1133! 2377480 2 | 3,311,367 86. 1,588,633 | 15.8 
6,624,963 | „% | 3,375,937 | 33.312,31 664 587,99 1 
ee fe 1. 7 682,305 | 2 
6,6 2 »374,010 | 43,312,095 , 
6626715 0935 237155 755 3,373,358 >. | 1,685,642 | 3 

| 6,628,039 |? 2+ | 3,371,961 | 6 | 3314-919 | 661 | 12085,981 | 15.9 

| 51 þ £4332 55 685,320 | 1 
6,629,730 : 0,029 3,314,080 1,085,3 

l 6,630,681 wars x 0 3.315,340 5 1,684,660 2 
6,531,999 . 3,398,001 | 9 3,316,000 658 ee 3 

| 161 237 | 6,6 8 , | 1,683,342 | 15.10 
6,533,316 | * ,366,684 1760 | 3,3i6,05 6 „835,3 5 

| 5632831 ett: N le 13.317, 315 — 1,082,085 1 

6,63 5,944 8 3.364. 56 2 | 3317972 656 at X46 He | 

|. | 56 1 3 | 8,628 1,681,372 3 
6,637,256, 62,744 | 3 | 3431 „681,3 
6,655,585 56 . 4 3,319,283 Fey 1,680,717 | 15.1 
6,639,873 3,365,125 [765 3.319,37 653 $080,963 | 1 

| 6 a 2 

| 6,641,180 | 32 358,320 | 6 | 3,320,590 1,079,410 
6.642.484 1325 3.35756 7 | 3:321,242 2 1,678,758 | 3 

| 6,043,787 | 2303 3,350,213| 8 3,321,894 691 1,678,106 | 16.0 
6,6 88304 1219 3,322,544 | 1,677,450 | 1 

| 6 40-88 "—_ g (2 770 35323194 2 1,676, 806 | 2 

| 6,647,686 | 229? | 3,352,314 | 13,323,843 648 | 72076157 | 3 
p * 612 | Fr 17 16.1 

6,648,982 2 351,018 23,324,491 1,075,509 

| 6.656.297 $444 325 3 | 3,325,138 7 1,674,862 | 1 

| 6,651,569 ns 3.348, 431 43,325,785 646 1,074,215 2 2 
6,652,861 | 1291 | 3,347,139 [775 3,326,430 6. 1,673,570 | 3 

6 ze 12789 FTE Ts 6 3:327,075 * 1,672,925 | 16.2 
6,055,438 ul 3,344,562 7 3327790 643 1,672,251 | 1 
6,656,72 122 3,343,270 | 8 3,328,302. 6 1,071,03 | 

285 ond 3,341,991 9 | 3,329,004 | 5 1,670, 996 : 
6,659,291 3.340, 09 780 3,329,646 | 641 1,670,354 | 19-3 

37 * ; | 3,330,286 | 1,669,714 | 1 

6,660,573 [23,339,427 13,330, 86 g,. | 1669, 
6,661,852 | 1,259 3,338,146 2 3,330, 926 4 1,669,074 | 2 
; 68 5,394,832 
6,997,753 3,092,247 | 4,605, 1 | | 7 | 
3:453,876 6,866,931 2,302,584 3,133,009 
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ü ;Aerences Arithmetica ——_— 
Logarithnis. 'f Log Complencns _ Halves of — Hal!res of 
3 rithms. 10,600,000 - ers Logerithns, Y Zoom - 4 — 
2 | 6,661,852 4 * 5 — ä —ů—— 
65663730 1275 E 1,669,074 
16.4 6,064,407 1,276 mo 2 3 3,331,565 639 1,668,425 
1 1,275 53357593 4 | 3,332,203 638 1,607,797 
I 6,66 5,68 ä 55 637 _ 
2 eee 1,273 | . 785 3,332,041 — 1,067,1 59 
3 6,668,226 I,271 rw '+ 37333477 637 1,666,523 
1,290 [ 31,774 | 7 | 33349113 | 636 | 1,665,887 
16.5 | 6,669,496 | 8 1 
. 75 1,268 8 8 3,334,748 |—q— 1,06 252 
2 | 6,672,030 1,267 229390 | 2 33354382 | 634 | 1,608,618 
6 1,205 3,327,979 790 3,330,015 633 1,663,985 
3 6,6 2 | b 2 < 033 12835 
16.6 6,574,555 | 15263 3,326,705 | 1 | 3:336,648 | 1,663,352 
f 6.675.821 1,262 | 323252441 | 2 | 393375279 632 | 1,662,721 
— — 1,260 3+324,179 3 | 32337910 631 1,662,090 
s 66% 67 " 630 |— 
ö 1,561,360 
16.7 6,679 597 1,257 Ho „560 983,339, 70 629 | 1,660,830 
1,255 3,3 203403 6 | 3,339,798 628 | 1,000,202 
I 6,680,852 Ra — 628 |— 
2» | 6682-126 | 11254 __ 00 | 7 ONT 1,059,574 
4 : | 6685208 | 358 II 3-341,053 | 627 | 1,658,947 
„„ 1,251 3,319,042 9 3,341,679 626 1,658,321 
16.8 6,684, 00 Ne b 625 |— 
1. 6,685,359 1,249 1 800 3,342,305 | 1,057,695 
: 6,687,106 1,249 4 [ 2 1 | 3-342,929 624 1,657,071 
3 9 1,246 (331394 2 | 325435593 _ 1,656,447 
3 6,088 Jags? 4 der 1 i 
1 6.9 * ns 15244 yn 1,548 3 37344, 176 — 1,055,824 
I 6,690,840 1,243 3,310,493 4 3,344,798 622 | 1,655,202 
„ ou | 1,241 3,309,160 $05 | 3,345,420 | 621 | 1,654,580 | 
2 6,692,081: |, 4.30 1 
* 218 1,240 | 397-919 | 6 | 3,346,041 1,653,958 
16.10 6645365 1,238 3,306,679 | 7 | 3,346,661 | 620 15633339 
eee. — | 1,237 3,305,440 | 8 | 3,347,280 | 619 | 1,052,720 
a 6,693,796 3,304, 20 e | boom: 
2 | 6669702 | 2235 3,30 968 81 a Wt" F 
3 3,346,516 618 | 1,651,484 
ed os 1,232 3530734 1 | 3,349,133 617 | 1,650,867 
2 1 | 0,099,499 * 3.300, 502 7 3,349 L — 1 65 
00.7 3 , 7 05251 
| 57 729 3,299,271 3 3,350,304 16 
6,907,753 3,0 
| 3,092,247 4,005,168 
34532070 6,866,931 | | 523949532 
Vol. VI. dy * 8 2,302,504 3,133,069 
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754 Mr. John Speidell's Second Table of Logarithme, 
N 1 Di erences| Gemen. 3 I Halves | Hale 0 7 , 
a. | Complements Num- Halves of |Differonees ithmetic 
Logarithms, | Soup —— bers. | Logarithans, f Compl n — - — 
| 6,700,729 2% 3299,71 33,350,364 | 1,049,036 | 1 
6,701,958 | *, 22 | 3,298,042 | 4 | 3,352,979 1,049,921 | 2 
| 6,703,186 | 146 | 3-296,814 |815 | 3,351,593 1,648,497 | 3 
6,704,412 | ,,, | 3,295,583 6 3352, 206 1,647,794 |17.0 
6,705,037 N 3,294,303 | 7 | 3,352,818 | 1,047,182 | 1 
| 6,706,860 | 222 | 34293140 | © | 32353430 | 1,646,570 | 2 
| 6,708,082 J 20 3,291,918 | 9 | 3,354,041 19545,959 | 3 
| 5,709,302 219 | 342994698 [520 | 3,354,057 1,045,349 17.1 
| 6,710,521 1217 3. 289,479 3,355,200 1,044,749 | 1 
6,711 8 3,288,262 2 | 3,355,869 | 1,644,131 2 
6,712,954 141% | 2,287,046 | 3 | 35350477 | 63. | 1643523 | 3 
6,714,168 121 - 35265,832 43,357,084 1,642,910 17.2 
Wnt | Ep a 1 2 * — — 
6,715,381 |, 211 3˙284,619 625 3,357,690 1,042,310 | 1 
6,716,592 |,\*) 16 3˙288,48 © | 3,358,296 1,641,704 | 2 
6,717,802 1.208 3,282,198 | 7 3,358,901 1,041,099 | 3 
6,719,011 [20 3,280,989 | 8 | 3,359,505 1,640,495 [17-3 
6,720,218 1% | 3,279,782 | 9 | 3,360,109 1,639,891 | 1 
6,721,423 1,204 3,278,577 [830 3,300,712 1,639,288 2 
6,722,627 | 2. 3,277,373 13,361,314 | 1,638,686 | 3 
6,723,830 0% | 3,276,170 | 2 | 3,361,915 1,638,085 [17-4 
0,7355931 | 1/200 | 2749999 | 3332,56 1,637,484 | 2 
6,726,231 | 106 3,2737 | 4 | 3,363,115 | 1,636,885 | 2 
21429 11% | 392724571 635 | 3,363,715 1,636,285 | 3 
6750 „19 | 912792374 | © 3,3313 1,635,687 7.5 
16,729,822 7 3,270,198 | 7 | 3,364.91 , 1,535,089 | I 
06,731,016 ape 3,268,984 8 3,305,506 1,034,492 2 
6,732,208 9 3, 0 | 9 | 3,306,104 1,033,896 | 3 
647335399 |"; Too 3.266,60 [540 | 3,366,700 | 14633,300 
6,734;589 1788 37268, 11 | 1 | 3,367,295 5632, 705 
6,735,718) 3264,22 | 2 3,367,889 15632, 111 
%a, 964 186 3,2635036 | 3 | 3,368,482 || 1,631,518 
6,738 180% | 3,261,850 | 4 | 3,369,075 1,630,925 |! 
16,907 57.53 | | 3,992,147 | 45605, 168 | | 55394332 
| 354535870 - 6,860,931 2,302,584 3,133, 09 
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. offer cee, of T. ee ee, 
| 5 4 cee, F = _ T0 g 2 — | 
= eee 2 E ms. = 4 
my 6,738, 150184 3,261,880 4 3.369,75 215630, 92 5 | 
1 6,739,334 183 3-260.666 45 | 3:36,607 501 | 15039333 
2 | 6,74%517 |, 182 | 3259-493 3:3799255 | 591] 2029748 | 
3 6,741,698 | 1.180 | 3,258,302 | 7 | 3,370,049 | 1 629,151 | 
. | „* 33,3 590 
7 8 224875 1,179 ap 3 gt 589 I, 2 155. | 
»7 443057 1,177 332554943 913,372.02 589 1027,97 
2 6,45, 234 1,76 3,254,766 [850 3,372, 617 588 1,627,383 | 
3 | 0,746,410 | ,,,, | 3253-599 | 1 | 3»373-205 | 7g. _— 
17-9 6.747.584 1,173 32546 | 2 33739792 58/2 
5 6,746,757 | 199 | 3251-243 | 3 3,374,370 „ 1,625,621 
72 586 
| | C000 | cone | 2200008 | 4 33744904 | 5-85 | 12025-0360. 
3 27 51,099 1,169 3,248,901 [955 | 3537 5»549 584 1,924,451 
17.10| 6,752,268 | _ 67 | 3-247»732 6 | 3376-134 | 684 1,623,866 
= „5435 1,166 3,246,566 | 7 | 3376718 | 683 623,282 
2 6,7 £4,002 17165 3,245,398 8 | 3,377,301 582 1,622,699 
3 | 6,755,766 | 3-244,234 | 9 337,883 32 62% 17 
17.11 | 6,756,930 1162 3,243,070 865 27840 581 1,621,535 
=. 6,758, 092 1161 3,241,908 13,379, 04 580 1,620, 934 
2 6,7 59,2 53 1 p 3,240,747 2 3,370,620 | 5 1,620, 374 
4 e 59 - 550 
4 re 1,158 363396608 3 3.30 han, 579 1,019,788 
18.0 | 6,761,570 | "176 | 31238439 | 4 | 3380785 | 71g | 1:619,215 
1 067624727 5135 7237278 * 30363 578 rs 
2 ö 9 „3815 1,018,005 
COS | longs | TO $9002] $77 | Gl 
3 »7 05,03 1,153 3,234,904 | 7 | 339235 576 * 17,482 
18.1 - 766,189 3,233,811 8 3.363, h 6 1,616,905 
I 707, 12151 232,6 3,383,570 ?7? | 1,616 
2 by 491,149 | 3231-599 [870 | 33846245 | 504 | 1015-755 
6,760, 3,230, 36 [ 2,384.82 1,615,186 
4. 
1 67,933 144 3228, 3538567 5% 614.33 
2 6,773,078 | 143 3,226,922 | 4 3,386,539 Ed 1,613,401 
3 ie | 3,225,799 875 | 387,111 | 7! | 1,612,689 
6,907, 753 3,092,247 4,005,168 | 5,394,832 
| 3:4534870 6,656,934 2,302, 884 3,1335069 
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756 Mr. Jobn Speidell's Second T, able of Logarithms. 
| J rrences Arithmetical | 2 . -Halves 7 | as 
| Logarithms. 2 22 ons * | TOW awed M 6 - ——— 
| | Fithms, 10,000,000. rithms. , 
06 | AY | 1 22 g- 3 387,111 1,612,889 3 
6 e, 8 : 3,387,682 hd 1,612,318 | 18.3 
6,7751364 | 1,144 3,223,496 | 7 | 3388-252 | 75, | 1611748 | 1 
»71 504 1,140 5 _ eee 570 ee, ce ee 
6 ,6 222,366 8 3,388,822 7 | 1,611,178 | 2 
rela hey 1,136 322118 9 | 3:389,391 509 | 1,610,609 | 3 
6,779,919 1,137 3,220,081 880 | 3,359,900 569 1,610,040 | 18.4 
7 99. 1,136 5 7 vet A Bi 1 * 1 
| 6,781,055 ” þ $,518 1 | 3-399,528 | 1,609,472 | 1 
Cihalayo 19134 | 31217510 2 3.39, | 567 | 1,608,905 | 2 
6,783,323 4 3,216,677 | 3 3391,% 1 566 1,608,339 | 3 
6,78 —— 3.215,46 4 | 323929757 1,607,773 | 13.5 
6.785.585 91 Ng 8385 3,392,793 — 1,607,207 | 1 
EE 4 3,213,486 6 3-393.357 564 1,606,043 | 2 
| 3212,58 3,393,921 | 1,605,079 3 
FFI 1 ren e ee, bk 
| 6,799,095 1134 3,209,905 9 3955047 562 — 1 £2 
6, 1,2 —| 2 208,781 |$90 | 3395009 ' 1,604,391 | 2 
N 1 — 4 2 3,390,171 "> 1,003,829 3 
6,793,464 1120 3,206,530 2 32399,7 32 560 1,603,268 | 18.7 
PY 8 205,416 3,397,292 1,602,708 | 1 
. wa of 3 204-297 4 | 3,397,852 8 1,602,148 | 2 
6,796,821 — 3.203, 79 895 3.358 350 60-5 Be 
6,797,938 7 | 202,062 | 6 3,398,969 1,6003 18.8 
eu 3720 % 4) | 7 37399527 357 160,8 
| 6;200,168 | 2174 | 379 | B | 340024 | 556 — — 
| 6,801,286 "08.920 | 9 3,400, 40 0.6 | 15999360 | 3 
6.8039 net 3.797.608 goo | 3,491,196 — 1,598,304 | 15-9 
6.893-593 | 1,109 | 3190-497 * 3, 40,751 355 125959249 3 
6,804,612 | 193,388 2 3,402, 300 1,597,094 2 
9 8 — 3 3,402,860 — 1,597,149 | 3 
tes der | 19197 | Gaggn7s | eee, 55g ET 
6,807,932 3,192,068 905 3,403,965 552 | 1599957 
6.809037 10% | 3,190,963 | 6 3.4 — | 552 | 1,595,482 | 2. 
0, 907.753 | poo? | | 4605168 | | 5.394332 
eee LIGHT 
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. : Arithmetical Halves of 8 
Differences Complements of | Num- Halves of Differences Hatres of 
Logarithms. 25 — — Y bers. | Logarithms, y Logs — 
—— — 
2 6,809,037 1103 | $190,963 6 | 3,404,518 | 33% | 1,595,482 
3 6,8 10, 1401102 3,189,860 | 7| 3,405,070 pt 1,594,930 
18.11 6,811,242 1.101 3,188,758 8 | 3,405,621 | 350 | 1,594,379 
1 6,812,343 | 1.099 3,187,637 9 3,406,171 550 | 1593,829 
2 6,813,442 17098 | $186,558 |910| 3,406,721 | 349 | 1,593,279 
3 6,814,540 | 1,097 3,185,460 1 | 3,407,270 | 349 1,592,730 
19.0 | 6,815,637 | 7.006 3, 184,363 2 3, 407,819 546 1,592,181 
1 6,816,733 | 1093 | $183,267 3 | 3,408,367 | 1, | 1,591,633 
2 | 6,817,828 1.09 4 | 9,182,172 | 4 3,408,914 547 1,591,086 
3 6,818,922 | | 0, | 9,181,078 |915| 3,409,461 | 346 1,590,539 
19.1 | 6,820,014 1091 3,179,986 | 6| 3,410,007 346 | 1,589,993 
1 6,821,105 1.090 3,178,895 7 | 3,410,552 | 345 | 1,589,448 
2 | 6,822,195 1089 3,177,805 | 8| 3,411,097 44 1,588, 9030 
3 6,823,234 | 1088 376,716 9| 3,411,642 | 344 | 1,588,358 
Bu 6,824,371 1,086 3,175,629 |920| 3,412,186 | _ 43 1,587,814 
1 6,825,457 1.085 | $174,543 1| 3,412,729 54g | 1,587,271 
2 6,826,543 | 1084 | $179,457 2 3,413,271 | 342 | 1,586,729 
3 6,827,627 1,083 3,172,373 3| 3,413,813 | 341 1,586,187 
19.3 | 6,828,710 1.089 3,171,290 4 | 3,414,355 | 541 | 1,585,645 
1 6,829,791 1081 $170,209 |925| 3,414,896 | 540 1,585,104 
: 2 6,830,872 1,079 3,169,128 | 6| 3,415,436 | 1,584,564 
3 6,831,951 | 1.078 3, 168,049 7 | 3,415,976 339 | 1,584,024 
19.4 | 6,833,029 1.077 3,166,971 8 | 3,416,515 | 339 | 1,583,485 
1 6,834, 106 1,076 3,165,894 | 9| 3,417,053 | 338 | 1,582,947 
2 6,835,182 | 1.075 | 3,164,818 |930| 3,417,591 537 | 1,582,409 
3 6,836,257 1.07 4 | 3,163,743 1 | 8,418,128 | 337 | 1,581,872 | 
19.5 6,837,330 1.072 3,162,670 | 2| 3,418,665 | 346 | 1,581,335 | 
1 6,838,403 1.071 3,161,397 3| 3,419,201 [ 336 1,380,799 
2 6,839,474 11.070 3,160,526 | 4| 3,419,737 | 333 | 1,580,263 
20 6,840,544 1,069 - 3,159,456 |935 | 3,420,272 | 334 | 1,579,728 
19.6 | 6,841,613 | |. | 8,158,387 | 6| 3,420,806 | 534 | 1579,194 
1 6,842,681 | *? 3,157,319 | 71 3,421,340 1,578,660 
6,907,753 | | 3,092,247 | | 4,603, 168 | | 5,394,832 
3,453,876 6, 866,931 2,302,584 3,133,069 
VE. | 5 T 
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758 Mr. John Speidell's Second Table of Logarithms., 
: - 1 a 
ö Differences ———— Halves of Halves of 
c omplements of Num- Halves of Differences e 
een | dee, Lee, ee, de, Cee. 
6,842,681 106 | 3,157,319 7,421,340 3% | 1,578,660 
6,843,747 1066 | $196,259 8| 8,421,874 | 333 | 1,578,126 
6,844,813 1,06 4 | 3,155,187 9| 3,422,406 332 1577,594 
6.845.877 1.063 | $154,123 | 940 3,422,939 | 332 | 1,577,061 
| 6,846,941 1062 | 9,153,059 1 | 8,423,470 | 7.7 | 1,576,580 
| 6,848,003 2 3,151,997 2| 3,424,001 531 | 1575,999 
5 | — 
6,849,064 1000 3,150,936 3| 3,424,532 | 530 | 1575,468 
6,850,124 1039 | $149,876 4| 3,425,062 | 329 | 1,574,938 
| 6,852,240 Toon | 3,147,760 | 6| 3,426,120 528 1,573,880 
6,853,297 1.05 5 | 3,146,703 7 | 3,426,648 | 528 1,573,352 
6,854,352 1.05 4 3,146, 648 5 8,407,176 327 1,572,824 
| 6,855,406 | 1.053 | 3,144,594 | 9| 3,427,703 | 327 1,572,297 
| 6,856,459 * 3,143,541 | 950 | 3, 428, 230 526 171,770 
6, 857,512 1051 3,142,488 1 | 3,428,756 526 1,571,244 
bl : —ä—ẽ— — — — 
| 6,858,562 1.050 | $141,438 2| 3,429,281 | 323 | 1,570,719 
6,859,612 | 1049 | $140,388 3 | 3,429,806 | 324 | 1,570,194 
6,860,661 1,048 3,139,339 | 4 nw i 524 1569, 669 
6,861,709 1047 3,138,291 | 95 3,430,834 32g | 1,569,146 
6,862,755 1043 | $137,245 6| 3,431,378 | 323 | 1,568,622 
6,863,801 1,044 3,136,199 7 | 3,431,900 | > 1,568,100 
| 6,864,845 | 1043 | 9,135,155 8 | 3,432,423 | © — 1,567,577 
6,865,889 | 1042 | 9,194,111 9 | 3,432,944 | 321 1,567,056 
6,866,931 1,041 3,133,069 | 960 eee 521 | 1,566,535 
6,867,972 | 1040 $132,028 1 | 3,433,986 | © 520 | 1,566,014 
6,869,012 1039 3,130,988 | 2| 3,434,506 | 320 | 1,565,494 
7 Oo | 
6,870,051 1.038 3,129,949 3| 3,435,025 519 1,564,975 
6,871,089 | , 087. 3,128,911 4| 3,435,544 | 518 | 1,564,456 
6,872,126 | 1036 127,874 965| 3,436,063 | 518 | 1,563,937 
6,873,161 1033 3,126,839 6| 3,436,581 | 517 e 
6,874,196 [10 | 3,125,804 73,487,098 517 | 1,562,902 
6,873,230 | 3,124,770 8| 8,437,615 | 1,562,385 
| 6,907,753 | 3,092,247 | 4,605,168 | | 5.394,832 
' 3,453,876 | 6,866,931 | 2,302,584 3,138,069 | 


— 
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* 5 * Arithmetical Halves of 
Differences Complements of Num- Halves of Differenc Halves of 

Logarithms. Aung m_ — 4 mo bers, Logarithms. o Loca: : — he mo 
6,876,262 | | 031 | $123,738 9 3,438,131 | 51 g | 1,561,869 
6,877,294 1030 | $122,706 | 970| 3,438,647 515 | 861,333 
6,878,324 1,029 3,121,676 1 3,439,162 | '-1- | 1,560,838 
6,879,353 | | g9g | $120,647 2| 3,439,677 | .1, | 1,560,323 
6,880,382 1027 3,119,618 3} 3,440,191 | 314 | 1,559,809 
6,881,409 1,026 3,118,591 4] 3,440,704 513 1,559,996" 
6,882,435 05 | 9,117,565 | 975| 3,441,217 | - | 1,558,783 
6,883,460 ** 4 | 3,116,540 6| 3,441,730 | 312 | 1,558,270 
6,884,484 1.023 3,115,516 7] 3,442,242 | 311 | 1,557,758 
6,885,507 || 099 | 9,114,493 8 3,442,754 | 311 | 1,557,246 
6,886,529 1021 113,471 3,443,265 | 310 | 1,556,735 
6,887,550 1,020 3,112,450 | 980| 3,443,775 510 | 1556,225 
6,888,570 F 820 3,111,430 1 3,444,285 500 | 1,555,715 
6,889,589 | 1018 9,110,411 2| 3,444,794 — 1,555,206 
W 101 7 3,109,393 g 3,445,303 | 308 | 1,554,697 
6,891,623 1016 3, 108,377 4] 3,445,812 508 | 1-554,188 
6,892,639 | "15 3,107,361 | 985| 3, 446, 320 507 | 1553,680 
6,893,654 1,01 4 3,106,346 6| 3,446,827 507 1,333, 178 
6,894,667 1013 3,105,333 7| 3, 447,334 300 1,332,666 
6,895,680 | 17012 | $104,320 8 3,447,840 | 306 1,552,160 
6,896,692 1,011 3,103,308 9] 3,448,346 505 551,634 
6,897,702 | | 119 3,102,298 | 990 3,448,851 | .- | 1,551,149 
6,898,712 | 1009 | $101,288 1 3,449,356 | 304 | 1,550,644 
6,899,721 1.008 3,100,279 2 3,449,860 | -, | 1,550,140 
6,900,728 [f 007 3,099,272 30 3,450,364 50g | 1549,626 
6,901,735 1006 3,098,265 4] 3,450,867 | 303 | 1,549,133 
6,902,740 1,00 5 3,097, 260995, 3,451,370 | 302 | 1,548,630 
6,903,745 | a 3,096,255 6| 3,451,872 | | 1,548,128 
6,904,748 — 3,095,252 7 8,452,374 | 301 | 1,547,626 
6,905,751 1,002 3,094,249 8 3,452,875 301 | 1,547,125 
6,906,752 1001 3,093,248 9| 3,453,376 | % | 1546,624 
6,907,753 | ? 3,092,247 11000| 3,453,876 | 1,546,124 
6,907,753 | 3,092,247 | 4,605,168 | | 5,394,832 
| 3,453,876 6,866,931 2,302,584 3,133,069 
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A 


COMPUTATION 


OF THE 


Length of the Tangent of one Minute of a Degree, 


DERIVED FROM 


THE TANGENT OF AN ARCH OF 45 DEGREES, 


BY DR. ANDREW MACKAY, L.L.D. 


Article 1, Ix one of the preceding Tracts of the preſent volume, in 
pages 451, 452, 453, &c, - - - 474, I have exhibited a curious and valuable 
computation of the length of the Sine of a circular Arch of one Minute of a 
Degree, performed by the learned Dr. Charles Hutton (Profeſſor of Mathema- 
ticks in the Royal Military Academy at Woolwich in Kent,) by divers ſections 
of a circular arch of 60 Degrees, the chord of which is known to be equal to 
the radius of the Circle. And that method of finding the length of an arch 
of one Minute is, as I conceive, the beſt that can be taken for that purpoſe 
without having recourſe to the infinite Series which Sir Iſaac Newton has given 
us for expreſſing the length gf the Sine of a circular arch in powers of the arch 


a . 3 a? as a? 
and radius, to wit, the Series 4 — = 1 _ + &c, 
as a7 


55 1222 —— + Ke, in which # denotes the radius 
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of the circle, and 2 any arch of it that does not exceed go degrees, or the 
fourth part of the whole circumference, For by this Series the value of the 
Sine of an arch of one Minute may be computed to a great degree of exactneſs 
by computing only two, or, at moſt, three, terms of the ſaid Series ; the labour 
of which would be trifling in compariſon of that employed in the atorelaid 
computation of Dr. Hutton. But the inveſtigation of this infinite Series cannot 
be underſtood without a knowledge of Sir Iiaac Newton's Method of Fluxions, 
and likewiſe of ſome one of the Methods of reverting an infinite Series ; which 
are matters of conſiderable ſubtlety and difficulty. And hence it ſeems to be ex- 
pedient, in explaining the doctrine of Plane Trigonometry and the conſtruction 
of a Table of Sines and Tangents, to exhibit ſome other mode of finding the 
length of a Sine of an arch of one Minute, (which is the grand foundation of ſuch 
a Table,) that may be underſtood by the help of only Euclid's Elements of Geo- 
metry, and the doctrine of the reſolution of Algebraick Equations by Raphſon's 
ſimple and perſpicuous Method of Approximation. And of theſe more 
elementary modes of finding the length of this Sine, I take that given by 
Dr. Hutton in the above-mentioned computation, and derived from the pro- 
perties of the Chords of multiple arcs, to be the beſt. But the ſaid Sine may 
alſo be obtained, though with rather more labour, by deriving the Tangent 
of the ſaid arch of one Minute from the Tangent. of an arch of 45 Degrees 
(which is known to be equal to the radius of the circle,) by performing divers 
ſections of the ſaid arch of 45 degrees by means of the Tangents of the ſeveral 
arches inſtead of their Chords, or by reſolving the ſeveral equations that expreſs 
- the relations between the Tangent of any given arch that is leſs than go De- 
grees, and the Tangents of it's half, and it's third part, and it's fourth part, 
and it's fifth part, and other aliquot parts denoted by any whole number what- 
ſoever, and, laſtly, (when we ſhall, by theſe means, have obtained the length 
of the ſaid Tangent of an arch of one Minute to the propoſed Degree of exact- 
neſs,) by deriving the Sine of the ſame arch from it's ſaid Tangent by the 
known rules of Trigonometry. And, if the value of the Sine of an arch of one 
Minute thus derived from it's Tangent, after having derived the ſaid Tangeat 
from the Tangent of an arch of 45 Degrees, ſhall be found to agree, to a great 
number of figures, with the value of it before-derived from the Chord of an 
arch of 60 Degrees by the above-mentioned computation of Dr, Hutton, it 


will be a ſtrong confirmation of the truth of both the computations, and of 
the 
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the exactneſs of the two numbers obtained by them (ſo far as the figures of 
the ſaid wo numbers ſhall agree,) for the value of the Sine of one Minute, 
which value is the grand foundation of the Trigonomeirical Canon, or the 
T:ble of the numeral values of Sines and Tangents. And from this conſideration, 
L ave thought it might be worth while to enter upon this ſecond method of 
ob:aining the length of a Sine of one Minute, and to exhibit to my Readers a 
cat eful and compleat computation of it, with which the learned Dr, Mackay 
has, with great ſkill and uncommon efforts of induſtry, been ſo kind as to 
furnih me. 


Of the Equations that expreſs the relations between the 
Tangent of any given circular Arch that is leſs than 99 
D-grees, or the fourth part of the wio/e Circumference, 
and ihe Tangent of the half. and the third part, a d 

' the fourth pait, and the fifth part, and any other- 
aliquot part, of the ſaid Arch. 


Art. 2. Now, in order to explain this Method of computing the length of 
the Sine of an arch of one minute, it will in the firſt place, be neceſſary to 
ſhow how we may find the equations that expreſs the relations between the 
Tangent of any given arch of a circle that is leſs than go Degrees, or the fourth 
part of the whole circumference, and the Tangents ot half the ſaid arch, and a 
third part of the ſaid arch, and a fourth part of the ſaid arch, and a fifth part 
of the ſaid arch, and any other aliquot part of the ſaid arch that is denoted 
by any whole number called 2. Now this may be done by means of the 
following Problem, he Solution of which has been given us by Mr. John 
Machin (a very celebrated Mathematician in the beginning of the laſt, or 
eighteenth, century, who was Profeſſor of Aſtronomy at Greſham College, and 
one of the Secrcraries of the Royal Society,) as one of the preliminary propo- 
ſitions to his excellent Quadrature of the Circle, which has been fſet-forth at 
large in the third volume of this Collection of Tracts, called Scriptores Laga- 
rithmict, in pages 158, 159, 160, &c « « 164, 

A Problem, 
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A Problem. 


Art. 3. The radius of a circle, and the tangent of two arches in it which 
together are leſs than an arch of go Degrees, or a quarter of the whole cir- 
cumſerence, being given; it is required to find the tangent of their ſum. 


Let CAI (in the figure here under following) be a Quadrant of a circle, of 
which the point C is the center, and the right lines CA and Cl are the two 
radiuses that bound the ſaid Quadrant. And in this quadrantal arch Al take 
the two contiguous arches AG and GH. From the point A draw the right 
line AM touching the circle in the point A; and from the point G draw the 
right line GN, touching the circle in the point G. And from the center C, 
through the points & and H, draw the right lines CG and CH, and produce 
them till the.line CG meets the Tangent AM in the poiat B and the line CH 
meets the Tangent GN in the point E and the Tangent AM in the point D. 
Then will AB and GE be the Tangents of the arches AG and GH, and AD 
will be the Tangent of the arch AH, which is the ſum of the two arches AG 
and'GH. Therefore the two Tangents AB and GE are ſuppoſed to be known, 
and likewiſe the radius CA ; and the Tangent AD 1s ſuppoſed ro be unknown, 
and is required to be found by means of the radius CA and the two Tangents 


AB and GE, which are known. 
A 
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Mr. Machin's Solution. 


Let r be put for the radius CA, and à for the Tangent AB of the arch AG, 
and 5 for the Tangent GE. of the arch GH ; and let x be put for the Tangent 
AD, which is ſought. 


From the extreme point E of the ſecond Tangent GE draw the right line 
EL parallel to the Tangent AD, and meeting the radius CA in L; and let the 
point in which it cuts the line CG be called E. 


Then will the triangles ABC and EFG be both of them ſimilar to the 


triangle CFL, and conſequently ſimilar to each other. Therefore CA will be to 


CB as EG is to EF; that is, will be to Wrr+aa.as + is to EF. And con- 
ſequently EF will be — 


Tr + aa 
"ED ..- 


Further, CA will be to AB as EG is to GF, or will be to à as 6 is to 


GF. Therefore GF will be = 2 And conſequently CF (which is = CG. 


— GF,) will be = r — = oy 
. r * 


But from the fimilarity of the triangles CBD, CFE, we ſhall have CF to EF 


as CB to BD, that is, === to — as Vrr aa to BD, or (becauſe 


is to — as rr - ab is to bX rr aa, ) we ſhall have 1 al 


to BN rr+aa as Vrrrad is to BD. Therefore BD will be = 

byx rr X x/rr +aa _ bXxrr+aa 
Tr —ab rtr 

af EY 2 bxrr+aa __ rra—aab + rrb+aab __ rra+rrb __ 

= AB + BD,) will be = @ + — 2 —ũ—ũ— ena — 

rr 2 

r- ab 


rr - 45 


And conſequently x, or AD, (which is 


and 


; that is, AD, the tangent of AH, the ſum of the two arches AG 


F © 7 * 2 
- — 


* 1 r a... R 
— — Dr Sa) £4...4 
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and GH, will be to a+3, the ſum of the two tangents AB and GE of the aid 
two arches, as the ſquare of the radius CA 1s to the exceſs of the ſaid ſquare 
above the rectangle under the two tangents AB and GE of the ſaid two arches, 


Q. E. I. 


Note. This proportion of the Tangent of the Sum of the two arches to the 
ſum of their Tangents has been alſo demonſtrated in the form of a Theorem by 
the learned Dr. Smith, (formerly Maſter of Trinity College, Cambridge,) in his 
compleat Treatiſe of Opticks, and from thence was transferred into my Ele- 


ments of Plane Trigonometry, Prop. 25, pages 72, 73, 74, 75, and 76. 


Art. 4. Coroll. 1. Now let the ſecond arch GH be ſuppoſed to be equal 
to the firſt arch AG. Then will the Tangent GE be equal to the Tangent 
AB; that is, & will be = 4. Therefore in this caſe are will be (= ara) 


a+b 
= 24, and ab will be = aa, and x, or = 1 will be = — that is, 


AD, or the Tangent of the arch AH, (which in this caſe is double of the arch AG,) 
will be = = And conſequently Tr a X AD, or ra X x, will be 


= rr aa, or rrz—aax will be = 2rra, and 2rra + aax will be = rrx ; that 
is, the relation between a, the Tangent of the ſingle arch AG, and æ, the Tan- 
gent of the double arch AH, will be expreſſed by the equation 2rra + aax = 
rx, or xaa + 2rra = rra. Therefore, if we vary the notation of the Tangents 
a and x, and denote the former Tangent @ by the ſmall letter t, and the latter 
Tangent # by the capital letter T, the relation between the Tangent of the 
ſingle arch AG and the Tangent of the double arch AH will be expreſſed by 
the equation T #t + arri = rr T. And conſequently, if, inſtead of ſuppoſing 
the Tangent F of the fingle arch AG to be known, and the Tangent T of the 
double arch AH to be ſought, we ſuppoſe the Tangent T of the double arch 
AH to be known, and the Tangent 7 of the ſingle arch AG to be fought, the 
aid leſſer Tangent ? may be derived from the ſaid greater Tangent T by re- 
ſolving the equation T zz + arri = rr T, or (if we divide all the terms by T,) 


the equation it + E x S rr; which is a quadratick equation properly 


prepared for reſolution, This is called þ:/eFing a circular arch by means of it's 


Tangent. 
Art. 
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Art. 5. Coroll. 2, Now let us ſuppoſe that a third arch HK is taken in 
the quadrantal arch Al from the point H towards the point I, that is equal to 
each of the two former arches AG and GH, the ſaid two arches being, as in 
the foregoing Corollary, ſuppoſed to be equal to each other. Then, it is evi- 
dent, the Tangent of this third arch HK mult be equal to a, or t, the tangent 
of the firſt arch AG. 


It has been ſhewn in the foregoing Corollary that the Tangent AD of the 
double arch AH is = ==." 
noted by the capital 1 A. 


For the ſake of brevity let this quantity be de- 


Now, fince it is ſhewn in the foregoing Problem that, when any two arches 
of which the two. Tangents are à and 6, and the ſum of which is leſs than the arch 


of a quadrant, are contiguous to each other, the Tangent of the ſum of thoſe arches 


will be = — it will follow that, when the arch HK, of which the 


—,or A, 


Tangent is a, is added to the arch AH, of which the Tangent i is — 
the Tangent of the arch AK (which is equal to the ſum of the two phe AH 


and HK) will be = . But r Ta is (=rrA+rre = wr x 
rr * 22 21 ＋ Harra 3 —rra?. Bs bm 
— + 76 = ——_— * — ; and rr—Aa is (= rr—@ X 
mX24 rea) 5 — 12 rr Xx A+a will be (= the 
Ir = aa rr — aa rr aa rr— Aa 

fraction ——— divided by the fraction — = che fraction — 


2 1: rr -a T z. rr; Zrra -a 
multiplied into the fraction . the fraction — = —— 


Therefore the Tangent of the arch AK (which is triple of the arch AG, of 


_ e or, if we ſubſtitute ? inſtead of a for 


which à is the Tangent,) will be = 
the tangent of the ſingle arch AG, and I for the Tangentof the arch AK, which is triple 
of the arch AG, we ſhall have T = A, Therefore rr T — 3T# will be = 


| 371 
zrrt 5, and rrT will be = zrri ＋ 3 T-, or gr xt+3T xi - will be 
Ser; which is a cubick equation by the reſolution of which, if the Tangent 

Vor. VI, 5 X T of 
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T of the triple arch AK is known, we may find , the Tangent of the fingle 
arch AG. This is called 7ri/e7ing the arch AK by means of it's Tangent. 


Art. 6. Coroll. 3. In like manner we may find the relation hetween the 
Tangent of the Single Arch and the Tangent of the W 


Arch. | 
For, if the Tangent of the triple arch (which has been ſhewn to be equal to 
I „) be called c, and the Tangent of the exceſs of the quadruple arch 


above the triple arch be called 4, the Tangent of the quadruple arch (which 
is the ſum of the triple arch and the ſaid exceſs,) will (by the foregoing Pro. 


blem,) be = . But the exceſs of the quadruple arch above the triple 
| rr -d 


arch is, equal to the ſingle arch, and conſequently it's Tangent d will be equal 
to a, the Tangent of the ſingle arch. Therefore the Tangent of the quad- 


— lll be == rr x TA 


ruple arch, to wit, 


d rr=ca © 
— Zrra - a3 3Zrra—43 rra = — 4rra—4a 
But * 1 (= rr 3aa 3 Tr — 3aa + r- 3a / rr=gaa ? and 
- 47 — 443 Os. 
— — and ca 
conſequently rr Xc+8@ will be (= rr x — — —) = — nnd c 


* 4 __ grra—a3 — 3rraa—a* 2 — — 

is (= 1 25 = =— — and conſequently rr—ca is (= rr 

—2 =- . = IE Therefore the fraction 
rr — 3aa _ rr 3aa e 

rr xc: r 1. - brraa a 

ill be (= the fraction ——=— divided by the fraction — 
rr ca rr 3aa rr — 34a 


4 a A4 "> Ye . rr — 304 
= — | = ace 
the fraction On multiplied into the fraction — rg the frac 


4 — 4 
- Grraa ＋ 


the fraction — — —_— -. Therefore, if 7 be put for a, or the Tangent of the 


ſimple arch, and T. be put for the Tangent of the quadruple arch, we ſhall 


14t — 4r 
have T = r — 2, and conſequentiy FT —6rrTit+TH will be = 41. 


41, and (adding Err Tit to both ſides,) TTT.“ will be = 4er brr T.. — 
47 


tion that is, the Tangent of the quadruple arch will be equal to 


| 
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477, and (ſubtracting Ti from both fides,) T will be = 4% err — 
4 P— TH, or 41% +6rr Tf — 4773 — THF will be = , and (dividing all the 


terms by T,) + xt+6r7Xf — = * 1*—t* will be = ; which is a 


biquadratick equation, by the reſolution of which, if T, the Tangent of the 
quadruple arch, is known, we may find t, the Tangent of the ſingle arch. This 
is called guadriſecting a circular arch by means of it's Tangent. 


Art. 7. Coroll. 4. In like manner we may find the relation between 
the Tangent of the Single Arch and the Tangent of the Quintuple 
Arch, 


For, if the Tangent of the quadruple arch (which has been ſhewn to be = 


£2) be called e, and the Tangent of the exceſs of the quintuple arch 


above the quadruple arch be called f, the tangent of the quintuple arch (which 
is the ſum of the quadruple arch and the faid exceſs,) will (by the foregoing 


Problem,) be = rack But the exceſs of the quintuple arch above 


the quadruple arch is equal to the ſingle arch, and therefore it's Tangent F will 
be equal to a, the Tangent of the ſingle arch. Therefore the Tangent of the 


: 8 ; — 8 . 
quintuple arch (which is equal to =») will be = ——. 


4 —4rras 4r%a—4rra® +ria—Orra? +05 


B = — — ö 
ut ea 1s 7+—brraa ＋ 4 ( 1* — brraa + a* 


N 0 WS 3 $ 
. conſequently rr xe Ta will be (= rr X —— — ) 


- brraa + a* ? 
579 — 101423 +rras 41%a - Arras? 4 α - 4rra* 
1* - 0 raa + a* - orraa+ a* 74 Daa f 
ere, aa rra⸗ 
1:4 —brrag+a* © 1* —brraa+a* 


and con- 


wa} = 


and ea is (= 


ſequently 77=ea will be (= rr — 


„ —brrag+a* © r- Grraa +@* 


Jaa Arta — T1 =br%aa—4riaa+rra'+4qrra', „oa ＋t ra-. 
+ Therefore 


- Orraa + a 
5 re- 10r'a3 + rras 
r'\—trraa ra 
r*—10r7'\ga+gzrra' _ . 5r®a—107'a® + rras 

ES = the fraction Tha bens 
- rraa a! . 5 - lor þrras SL- 
1*=107%aa +5rra% © the fraction 1* — 10r\aa + 5rra' ) = — 7 10774 ＋ ga”. 


5X2 is, 


divided by the fraction 


* 3 2 . 
E will be (= the fraction 
TT 44 


multiplied into the fraction 


; that 


— 


2 ys 2 — —— —— ® 
——— — — — * E 


1 
IT 
111 
* 
| 
| 
l 
1 
ny 
11 


foregoing equations will be converted into the following equations; to wit, 
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| 3 : . 8 — ra- 1c as 
that is, the Tangent of the quintuple arch will be = A Der. There. 


fore, if # be put for a, (the Tangent of the ſingle arch AG,) and T be put for 
the tangent of the quintuple arch, or 5AG, (the ſaid quintuple arch being ſtill 


ſuppoſed to be leſs than the whole quadrantal arch Al,) we ſhall have T — 


. 5 ö 
= — gn? and conſequently T 10 TXf/+5T x = gr —10” +6, 


and (adding 10 TH to both fides,) TT xi = 51% iT X10 
+75, and (ſubtracting 5T x7* from both ſides,) T = g TX 
107 — 5TXf+5, or B-;TxXf—10fXP+107 T XET = rT ; 
which is an equation of the fifth order, by the reſolution of which, if T, the 
tangent of the quiptuple arch, is known, we may find t, the tangent of the 


ſingle arch. This is called guingui/eFing a circular arch by means of it's tangent, 


Art. 8, Theſe ſeveral equations, obtained in the foregoing Corollaries for 
biſecting, triſecting, quadriſecting, and quinquiſecting, a circular arch of which 
the Tangent is given, or known, or that expreſs the relations between T, the 
Tangent of the given arch, and 7, the Tangent of it's half, or it's third part, or 
it's fourth part, or it's fifth part, if they are ſet-down in order, ſeparately from 
the reaſonings by which they have been obtained, will be as follows; to wit, 


For the bilection of the N of which T is the ns 
* + —— X ? = > 
For the triſection of the ſame arch, 


arrt+3Tf—f=rT; 
For the quadriſection of the ſame arch, 


Lt + Ox — „n; 


And for the quinquiſection of the ſame arch, 
5 iorrIT * — 10 r. If = T. 


And, if we ſuppoſe the radius of the Circle to be called 1 inſtead of r, the 


For 
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For the Biſection of the arch of which T is the Tangent, 
P + 1 n 


For the Triſection of the ſame arch, 
3 T3 7 - T; 
For the Quadriſection of the ſame arch, 
* | 6 = . 
N 171 Of 7 XP i; 


And for the Quinquiſecton of the ſame arch, 
zt T10T X 105 —gTxi*+i® = T. 


Art. 9. And in the ſame manner as theſe equations have been derived one 
from another by means of the foregoing Problem, it is evident that we might 
proceed to derive from them the like equations for expreſſing the relations, 
between T, the Tangent of the given arch, and the tangents of it's fixth part, 
and it's ſeventh part, and it's eighth part, and it's ninth part, and other following 
leſſer aliquot parts of it, as far as we pleaſed to purſue the inquiry, But the 
Algebraical operations required for this purpoſe grow (as we have already ſeen in 
the foregoing Corollaries), continually more and more intricate and troubleſome 
the further we proceed in the inveſtigation, I ſhall therefore content myſelf 
with having obtained the foregoing four equations for the biſection, triſection, 
quadriſection, and quinquiſection, of a given arch of a circle, that is leſs than 
go degrees, or the arch of a quadrant ; as theſe will be ſufficient to enable us to 
derive from the Tangent, of an arch of 45 degrees (which is known to be equal 
to the radius of the circle,) the Tangent of an arch of one minute, which is the 
object of the following computation performed by Dr. Mackay. 


Art. 10. Nevertheleſs, as Mr. John Bernoulli, the celebrated Mathematician of 
the former part of the laſt, or eighteenth, century, has given us a general expreſ- 
ſion of the value of T, the Tangent of the greater, or multiple, arch, in terms 
involving the powers of 7, the Tangent of a leſſer arch that is any aliquot part 
of the former arch denoted by the whole number n, I will here ſet it down for the 
ſatisfaction of my readers, and likewiſe apply it to the biſection, triſection, qua- 
driſection, and quinquiſection, of the ſaid given arch of which T, is the Tangent; 
whereby we ſhall obtain the very ſame equations, for thoſe ſeveral ſections of the 

ſaid 


a Þ _ XC IS — Ix 
- 5 _— 5 
CE <p - — 
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, 
' 1h 
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Series which forms it's Denominator has 1 for it's firſt term, and in it's ſecond 
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ſaid greater arch, which have been obtained in the foregoing articles by means of 
the toregoing Problem of Mr. Machin. 


This general expreſſion of the value of 
the Tangent T may be deſcribed as follows. | 


A general Expreſſicn of the value of T, the Tangent of any 
given Arch of a Circle (that is leſs than go Degrees, 
or the fourth part of the whole Circumference,) in 
Terms involving the powers of t, or the Tangent of any 
Aliquot part of the ſaid former Arch that is denoted by 
any whole Number whatſoever called n, upon a Suppo- 

ſition that the Radius of the Circle is called 1. 


Invented by Mr. Joux BxrnovuLLI, fcrmerly Profeſſer 
of Mathematicks at Baſle, or Baſil, in Switzerland, 
and publiſhed in the ſecond Volume of his Works in the 
Geneva Edition of them in four Volumes, Quarto, 


IJage 532. 


THE tangent, T, of the greater, or multiple, arch of-a circle, which is equal 
to x times a leſſer arch of the ſame circle, of which the tangent is z, will, if the 
radius of the circle be called 1, be equal to the following fraction, to wit, 


nXa—1Xn-2 Xn-—-7J Xn—-4 


i 3s 1 
1. 3. 4. 5 


1 . '$ 


£4 2 * 2—1 2 NXn—l Xn—2Xn—-3 5 
: 68 XK? + E-4 3. 4 * 1 &c. 


xX 3 + X 15 = & 


In this fraction the Series which forms it's Numerator contains the ſeveral 
odd powers of the lefler tangent r, to wit, 7, 5, ff, “, , 7*, #3, &c, and the 


and 
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and third and other following terms contains the ſeveral even powers of the ſaid 
leſſer tangent t, to wit, F, #4, F, , le, z**, &c. And the firſt Series, which 
forms the Numerator of this fraction, has, for the numeral co-efficients of the 
odd powers 7, i, i, 4, i®, tn, Us, &c contained in it's terms, the correſponding 


T — — . 
terms of the Series „ SY * : f X 


— &c, or (if we put A for —, or the firſt term of this Series, and B 


for — * — * = it's ſecond term, and C for — X _ X — 


— X >, it's third term, and D, E, F, G, H, &c for it's fourth, fifth, ſixth, 
ſeventh, eighth, and other following terms reſpectively,) the correſponding 


a RE we — — — 
terms of the Series — A X _ — B X q X oy 6 * 


_ — —8 — — . 
—,D * — * ＋ T5 MW. - — * — &c; and the ſecond Series, 


which forms the Denominator of the ſaid fraction, has for the numeral co effi- 
cients of the even powers of t, to wit, “, “, F, if, tio, e, &c, contained in 
it's ſecond, and third, and other following terms, the correſponding terms of 


. n 1 — 1 N 111 1 —2 nz n Nl MN 2 223 
WW R 


X _— * . &c, or (if we put à for — * —— or the firſt term of this 
Series, and 6 for — * — X — Xx A, or the ſecond term of this 
Series, and c for — * — * 22 * = X A * — 5 or it's third term, 


and d, e, /, g, b, &c for it's fourth, fifth, ſixth, ſeventh, eighth, and other 
following terms, reſpectively,) the correſponding terms of the Series 


n 1 —1 1 — 2 1 —3 n—4 n—5 n—6 n—q7 n—8 

PIES ERS SSI x —O OI * 4K 
1 —9 1 — 10 „ n—11 . 

Xe OX X &c; in which two Serieſes of the numeral co-effi- 


cients of the odd and the even powers of the tangent r, the laws of the con- 
tinuation of the terms are very manifeſt. And, as to the figns, — and +, 
which are to be prefixed to the fecond and other following terms of the two 
Serieſes which form the Numerator and Denominator of this fraction, 
they are the ſame in both Serieſes, the ſign — being prefixed in both Serieſes 

to 
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to the ſecond, and fourth, and fixth, and other following even terms, and 
the ſign + being prefixed to the third, and fifth, and ſeventh, and other 


following odd terms, 


The Application of the foregoing General Expreſſion of 
the value of the Tangent T, (given by Mr. JohN 
BEKRNOULLI,) % the Biſefion, the Triſeion, the 
Quadriſection, and the Quinquiſection of a Circular 
Arch. 


Art. 11. In order to biſect, by means of the foregoing general expreſſion, 
the circular arch of which T is the tangent, we mult proceed as follows. 


In this caſe 2 is = 2. Therefore the foregoing fraction 
WXA—IXA=2 4 . N 


— * — = X —2 YO + 


+ ST” . 3. 4. 5 
1 2X n—TI 8 Xu —2 X 1 —3 X ; — &c. 


LE * 3. 4 
will in this caſe become equal to the fraction 


2 X 2—1 X Sm XI=3X3=4, 5 &c 


2 2 2—1 X 2—2 3 
I X # I. 2. 3 WF" 21 3 4+ 5 
5 2 2 * 2—1 „ 2—2 „ 2=3 3 
: F 3. * &c 
2· -O ro &c 1 27 . 
= — Therefore T will be = 2 and 27 will be = 


ifi © 1=# 

T — TZ, and 22+ T“ will be = T, and * + 2 will be = 1, or + 
— * twill be = 1; which is the ſame equation that was obtained for this 
purpoſe above in Art. 8. 


Art. 12. For the Triſection of the Arch of which T is the Tangent, we muſt 
proceed as follows. | 
In 
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In this caſe is = = 3 Therefore the foregoing fraction will become = 


y x02 e 
EE ng 225 —— 28 X # the 

1 — == * f + Fm X &— tec 
_ — = 375 Therefore T will be = = and conſequently 


3 — will be = T— 3Tif, and 34+3T x&f—f will be = T; which 
is the ſame equation that was obtained for this purpoſe above in Art. 8. 


Art. 13. For the QuadriſcCtion of the Arch of which T is the Tangent, we 
muſt proceed as follows, 


In this caſey is = 4. Therefore the foregoing fraction will become equal 


— — ——— — — — ñ — — — — 


* rA 
I * 1. 2. 3 1 I. _ 4+ . "HS 
4X41 , y , 4X4=1 X 4=2 X 4=3 2 
: ——_ es bh th 3. — Mo 
* 3X2 
#— Tone 52 +© 414? 
= =. Therefore T will 
% 3 4X3 5 . „ — 0 1 —6e* ＋“ 
1X2 1X2X3X4 


be =z — and conſequently T — 6TX+T x # will be = 4 — 4%, 
and TTT“ will be = 47 +6TXx&f — 48, and 44 +6T x f— 4 —TX7 will 
be = T, and (dividing all the terms by T.) we ſhall have . x 1 + 6 — 
+ X — = 1; which is the ſame equation that was obtained for this 


purpoſe above in Art. 8, 


Art. 14. Laſtly, for the Quinquiſection of the arch of which T is the tan- 
gent, we muſt proceed as follows. 


Vol. VI. 1 In 
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In this caſe n is = 5. Therefore the foregoing fraction will become equal 
to the fraction | 


2 5X5—1X 5—2 X$=3 X5—4 


« 


5 5 *5 — 3 
X kf — ES 
FR. * 1. 2. 3 ** Ph " *..- 3+ 5 X tk oO + &c 
LL $Xg=1, . 5X 5=1I X 5=2 X 53 
5 1. 2 * / + 4. * 4 X [4 — Oo + &c. 
FXN4XZ JX4X3X2X1 
/ e ad — f:%: — 
198 a ens —— G —— Me meer 
1 — CSE X ** + ZX4X3X2 W RPO 25 1— 10/3 + 514 0 
I * 2 IX2X3Xx4 


T will be = te and conſequently T 10 R K will be = 


5.10 .,, and T+5;TX1* will be = 5t+FioTxif —10f+8, and T 

will be = 5r+10Tx#—10—5T x&* +7, or (placing the known 

quantity T on the right-hand fide of the equation, as it is uſual to 
do in arranging the terms of equations,) 5 T 10 x 10 — 5TX7*-+ 7 
will be = T; which is the fame equation that was obtained for this purpoſe 
above in Art. 8. 


Of the Manner of applying ſome of the foregoing Equations 
zo the Computation of the Value of the Tangent of an 
Arch of one Minute of a Degree. 


Art. 15. I will now proceed to ſhew how, by reſolving a moderate num- 
ber of equations of ſome of the four foregoing forms, we may, from the 
Tangent of an arch of 45 degrees (WHieh is known to be equal to the radius 
of the circle,) find the length of the Tangent of an arch of one minute to as 
great a degree of exactneſs as we pleaſe, This proceſs will be as follows: 


In the firſt place let the arch of 45 degrees, (the tangent of which is equal 
to the radius of the circle, and which we will here ſuppoſe to be called 1,) 
be quinquiſected by reſolving the equation 57 + 10T xi = 1075 — 5T x#+# = 
T, or 
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T, or (becauſe T is in this caſe equal to the radius, or 1,) by refolving the 
equation 5/+1oX1Ixt'—1lof—gXI X/*+7* = 1, of 5t+1of*—108 — ;t*+ 
!* = 1, And we ſhall thereby obtain the value of 7, or the tangent of the 
fifth part of 45 degrees, or the Tangent of an arch of 9 degrees. 


In the ſecond place, let T be equal to the tangent of 9 degrees, the length 
of which is now known by means of the foregoing quinquiſection of an arch 
of 45 degrees; and let ? repreſent the tangent of an arch of 3 degrees, or the 
third part of an arch of 9 degrees. And the relation between T ander will 
now be expreſſed by the equation 37+3T xif—i = T. Let this equation 
therefore be reſolved. And we ſhall thereby obtain the value of , or the 
tangent of an arch of 3 degrees. 


In the third place, let I be equal to the tangent of an arch of 3 degrees, 
the length of which is now known by means of the foregoing triſection of an 
arch of g degrees; and let 7 repreſent the tangent of an arch of one degree 
or the third part of an arch of 3 degrees. And the relation between T and: 
will be expreſſed by the equation 3/+3TX&/—O = T. Let this equation 
therefore be reſolved. And we (hall thereby obtain the value of 7, or of the 
tangent of an arch of one degree. | 


In the 4th place, let T be equal to the Tangent of an arch of one degree, 
the length of which is now known by means of the foregoing triſection of an 
arch of 3 degrees; and let / repreſent the tangent of an arch that is the fifth 
part of an arch of one degree, that is, the tangent of an arch of 12 minutes 
of a degree, And the relation between T and ? will be expreſſed by the 
equation 5f+10T xf—10f—$;TXi*+/ = T. Let this equation be re- 
ſolved. And we ſhall thereby obtain the value of , or of the tangent of an 
arch of 12 minutes. 


In the 5th place, let T be equal to the tangent of an arch of 12 minntes, 
the length of which is now known by means of the foregoing quinquiſection 
of an arch of one degree, or 60 minutes; and let ? repreſent the tangent of 
an arch of four minutes, or the third part of an arch of 12 minutes. And the 
relation between T and - will be expreſſed by the equation 37 +3T X= = 

| 6 TX 3 T. Let 
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T. Let this equation therefore be reſolved, And we ſhall thereby obtain the 
value of 7, or the tangent of an arch of 4 minutes, | 


In the 6th place, let T be equal to the tangent of an arch of 4 minutes, the 
length of which is now known by means of the foregoing triſection of an arch 
of 12 minutes; and Jet ? repreſent the tangent of an arch of 2 minutes, or of 
One half of an arch of 4 minutes. And the relation between T and ? will be 


expreſſed by the quadratick equation _ * +£O&=1, or F + ＋ X 7 


= 1, Let this equation therefore be reſolved. And we ſhall thereby obtain 
the value of , or the tangent of an arch of 2 minutes, 


In the jth and laſt place, let T be equal to the tangent of an arch of 2 
minutes, the length of which is now known by means of the foregoing biſection 
of an arch of 4 minutes; and let ? repreſent the tangent of an arch of 1 minute, 
or of one half of an arch of 2 minutes. And the relation between the tangents T 


and z will be expreſſed by the quadratick equation 1. X t r F g, or * + 


4 * tt. Let this equation therefore be reſolved. And we ſhall thereby 


obtain the value of 7, or the tangent of an arch of 1 minute; which was the 
object of which we were in ſearch by means of the foregoing equations con- 
cerning the relations between the tangents of two circular arches of which the 


tefler is an aliquot part of the greater, 


Of the Manner of deriving the Length of the Sine of an Arch 
of one Minute from the Length of the Tangent of the ſame 
Arch, 


Art. 16. When the length of the tangent of an arch of 1 minute has been 
thus obtained to the propoſed degree of exactneſs, the fine of the ſame arch 
may be derived from it in the following manner. 


Let the number expreſſing the length of the tangent of an arch of 1 minute 


be multiplied into itſelf, ſo as to obtain the value of its ſquare, Then add 
; this 
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this ſquare to the ſquare of the radius, to wit, 1X1, or 1; and extract the 
ſquare-root of the ſum. This ſquare-root will be the value of the ſecant of 
the ſame arch of 1 minute, Laſtly, make this proportion, to wit, As the ſecant 
of this arch is to it's tangent, ſo will the radius of the circle, weich is 1, be to 
the fine of the ſame arch. And the fourth proportional, which will be hereby 
obtained, will be the value of the fine of an arch of one minute ; which was 
the ultimate object of the whole computation. 


A Computation of the Tangent and the Sine of an 
Arch of one Minute of a Degree in the Manner de- 
scribed in this and the foregoing Articles, to eighteen 
places of decimal Figures. 


Performed by DR. ANDREW MACKAY, L. L. D. 


LATE OF ABERDEEN IN SCOTLAND, A FELLOW OF THE ROYAL SOCIETY OF EDINBURGH, 


All the calculations neceſſary to obtain the values of both the tangent and 
the ſine of an arch of one minute exact to eighteen decimal places of figures, 
reckoning from the place of units, have been performed by Dr. Andrew 
Mackay, L. L. D. and Fellow of the Royal Society of Edinburgh, with great 
{till and induſtry, in the manner following. 


Dr. Mackay's Reſolution of the Equation 5t + 10t*— 1007 
— 5 +8 = 1, for the S uinquiſection of a Circular 
Arch of 45 Degrees, the radius of the Circle bein 
called . 


Art. 17. Dr, Mackay obſerves in the firſt place, that, if the diameter of a 


circle be called 1, the circumference of it will be = 3.141,592,653,539,793, 
238,462,6 


_— 


a . —_ 
— — 


— — — — — 
. — - —— 
mt - 
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238,462,6 &c, as was ſhewn by that induſtrious Dutch calculator, Van Ceulen, 
from the principles of Common Geometry, by computing the Perimeters of 
Poly gons of a great number of fides inſcribed in, and circumſcribed about, the 
circle, before Sir Iſaac Newton had invented the doctrine of Fluxions and 
infinite Serieſes. Therefore, when the radius of the circle is called 1, (as it is 
on the preſent occaſion,) the ſemi-circumference of the circle will be equal to 
the ſame number 3.141,592,6053,589,793,238,462,6 &c, Conſequently an 


arch of 9 degrees, or the fifth part of an arch of 45 degrees, which is 


equal to the 2oth part of the ſemi-circumference of the circle, will be = 


1419200097009 = 0.157,079,632,679,489,661,923,13 Ke. 


But the tangent of any arch of a circle is always greater than the arch 1ifel/. 
Therefore 7, the tangent of an arch of 9 degrees, (which we are now ſecking,) 
muſt be greater than 0.157,079,632,679,489,661,923,13 &c. We will there- 
fore conjecture that it is equal to 0.1571, and will ſubſtitute 0.1571 in it's ſtead 


in the quinquinomial quantity 57+ 10 — 105 — 5 +75, in order to diſcover 


whether the value of the ſaid quantity reſulting from ſuch ſubſtitution will be 
greater, or will be leſs, than 1, or the abſolute term of the equation, and con- 
ſequently whether 0.1571 is greater, or is leſs, than the true value of 7, or 
the leaſt root of the ſaid equation, And for this purpoſe Dr. Mackay raiſes 
the powers of 0.1571 in the following manner, 


0.1571 
0.1571 
1571 
10997 
7855 
1571 
0. 15) J = o. oa4, O80, 41 
o. 1871 
2 468 O41 
172 762 87 
I 234020 5 
2 408 041 


5.157] = 0,003,87 7,292,411 
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0.1 775 = 0,003,87 7,292,411 
0. 1571 
387 729 2411 
27 141 046 877 
193 804 620 55 
387 729 241 1 
0.157:| = o. ooo, bog, 122, 63 7, 68,1 
6.1571 
00 912 203 770 Su 
4 263 858 464 370 7 
30 456 131 888 405 
60 912 26477681 
0. 15710 o. ooo, o9 5, 69 3, 166, 393, 368, 51 


Therefore, if 0.1571 be ſubſtituted inſtead of ? in the quinquinomial quan- 
tity 5f+10/*—10/3—5f +715, we (hall have 5 (= 5 XO. 1571) = 0.785,50, 
and 10 (= 10 x 0.024,680,41) = 0.246,804,1, and 1055 (= 10 x 0.003,877, 
292,411) = 0.038,772,924,11, and 57 (= 5 x 0.000,609,122,637,768,1) = 
O. og, o45, 613, 188,840, 5. Therefore the quinquinomual quantity 57+ 1ctf— 
10/*-- 5t* +8 will be 


0.785, $00,000,000,000,000 — 0.038,772,924,110,000,0 
= +4 + 0.246,804,100,000,000,000 — 0.003,045,013,188,840,5 
+ 0.000,095,093,1606, 393, 368,1 — O. 041,818, 537,298, 840, 5 


= Noe 
—]— .o41,818,537,298,840,500,00 | - 

= 0.990,5$1,255,867,552,868,51 ; which is leſs than 1, or the abſo- 
lute term of the equation 5? + 10/* — 101 —101* +15 = 1. Therefore 0.1571 
is leſs than the true value of , or the leaſt root of that equation, 


A Process of Mr. Raphson's Method of Approximation. 


Art. 18, Having thus diſcovered that 0.1571 is leſs than the true value of 
„ Dr. Mackay puts z for their unknown difference, and ſubſtitutes the bino- 
mial 
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mial quantity 0.1571+2 inſtead of 7 in the propoſed equation gt 10 — 105 
—51*+1* = 1, omitting all the terms of the powers of the ſaid binomial 
quantity that involve any higher powers of the unknown quantity z than it's 
firſt, or ſimple, power, or 2 itſelf, agreeably to the directions of Mr. Raphſon 
in his excellent Tract on the Reſolution of all ſorts of Equations by the Method 
of Approximation. This he does in the following manner, 


Since t is = 0.1;571+2, we ſhall have 
Pf = 0.1571+2)* (= o. 1571“ + 2x0.1571x2 + & = o.1571Þ + 
0.3142X2 + &c) | | 
= 0.024,680,41 + 0.3142X2 + &c, 
and E = 0.157i+2}' (= 0.1571) + 3Xx0-1571)* Xx z + & 
= 0.1571] + 3 X0.024,680,41Xx2 + &c 
= . 1571 + 0.074, O41, 23 * ) 
= o. oog, 877, 292, 411 + o. o7 4, o4 1, 23 + &c, 
and * = 0:1571+2* ( 6.1571“ + 4X0.1571]? X2 + &c 
= 0.1574}* + 4 N 0. oog, 87), 292, 41 I x2 + & _ 


— 0. 1874 + o. o 5, 509, 169,644 X 2 + &c) 
= o. ooo, 60g, 122,637,768, 1 + o. 01 5, 509, 169, 644; X 2 + &c, 


and * = G. 1571 TZ (=0.1571\* + g N. i 55“ X 2 + &c 
= ©.1571]* + gv. ooo, 609, 122, 637, 768, 1 x2 + &c 
= . 1571] + o. oog, o45, 613, 188, 840, 5 X + &c) 
o. ooo, og 3, 693, 166, 393, 368,51 + o. oog, o453, 613, 188, 840, 5 X 2 
＋ &c. 


Therefore 44 will be = 5x0.1571+2z (= 5X0.1571+5z) = 7855 ＋ S; 
and rot“ will be = 10X0.024,080,41 +0.3142 K 2 + &c | 
(= 10 X0.024,680,41 + 10X0.-3142X2 ＋ &c) 
= 0.246,804,1 + 3. 142 & 2 + &c; | 
and 1055 will be = 10X0.003,877,292,411 + 6.074,04, 3 * + Nc 
(= 10X0,003,877,292,411 + 10X0.074,041,23X2 + &c). 
== 0.038,772,924,11 + 0.740, 41 2, 3 x + &c; 


and 
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and g.“. will be = 5X0.000,009,122,637,765,1 + 0.015, 509, 109, 644 KK + &c 
(= 5X0.000,609,122,637,768,1 + 5 X0.015,509,169,644 x 2 


+ &c) 
o. oog, 45,6 13, 188,840, 5 + 0.077, 545,848, 2 20, X 2 + &c, 


Therefore the whole quinquinomial quantity 5 ＋ 10 —1cB—100 will 
be equal to the following multinomial quantity, to wit, 


0.78 5,500, + 5z 
+ o. 246, 804, 1 + 3-142X2 + &c | 
— 0,038,772,924,11 — 0.740,412,3X2 — &C 
— 0.003,045,013,188,840, 5 — 0.077,545,049,220X z — &C | 
+ 0.000,095,093,166,393,368,51 + 0.003,045,013,188,840,5Xz + &c 


={ 1.032,399,793,166,393,368,51 + 8.143, 045, 613, 188, 840, 5 K + =} 
_ L—0.041,018,537,298,840, 500,00 — 0.817,958,148,220,000,0Xz - &c 


— 


= . 990, 581,255, 86, 552, 868, 5 1 1 7.327, 87, 464, 968, 840, 5 1 + &c 
But the quinquinomial quantity 5/+10f 104 10 . is = 1. 


Therefore the quantity o. 990, 58 1,2 55, 867, 552, 868,51 + 7.327,08), 464, 
968,840, 5 XA + &c will alſo be = 1, 


Therefore 7.327, o8 7, 464, 968, 840, 5 X will be = 1 — 0.990,5$1,255,867, 
352, 868,51 = o. oo, 418, 744, 132, 447, 131, 49, and conſequentiy z will be = 


0.009,413,744,132,447, 131,49 __ mW be 
ITT, o. oo 1, 28. Therefore 2, or 0.1571 + 2, will b 


(= 0.1571 + o. oo, 28) = o. 15838, that is, the tangent of an arch of 9 de- 
grees will be nearly equal to 0.158438. | Q. E. I. 


Art. 19. Having thus obtained the number o. 1 58, 38 for a ſecond near 
value of t, or the tangent of an arch of 9 degrees, Dr. Mackay proceeds to 
ſubſtitute it inſtead of ? in the quinquinomial quantity 57 ＋ 10. 105 +), 
in order to diſcover whether the value of the ſaid quantity reſulting from this 

Vor. VI. 5 2 ſubſtitution 
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ſubſtitution will be greater, or will be leſs, than 1, or the abſolute term of the 
propoſed equation 57+ 10. — 105 10 +75 = 1, and conſequently whether 
the ſaid number 0.15838 will be greater, or will be leſs, than the value of 7, 
or the leaſt root of that equation, And for this purpoſe Dr. Mackay raiſes the 
powers of the number 0.15838 in the following manner. 


0.15838 
0.15838 
12 670 4 
47 $14 
I 267 04 
1838 
5 03 
o. 1 5838) = o. 025, o84, 224,4 
0.15838 
2 006 737 952 
7 $25 267 32 
200 673 795 2 
I 254 211 220 


RES: 508 422 44 
0.15838) = 0.003,972,839,460,472 
0.15838 


317 827 156 837 76 
1191 851 838 141 6 
31 782 715 683 776 
198 641 973 023 60 
397 283 946 047 2 
0. 15838 = 0.000,629,218,313,749,555,36 
0.15838 
0,000,062 921 831 374 955 536 
: 31 460915 687 477 768 
5 033 746 509 996 443 
188 765 494 124 867 
50 337 465 099 964 , 
0.15838] = 0.000,099,055,590,531,054,578 


Therefore, if 0.15838 be ſubſtituted inſtead of 7 in the quinquinomial 
quantity 5f 10.105. 10. 5; we ſhall have 5 (= 5X0.15838) = 


0.79190, P 
an 
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and 107 10 o. oꝛ g, 084, 224,4) = . 250, 842, 244, 

and 1015 (= 10 X. oo, 972, 839, 460, 472) = o. o39, ) 28, 304, 604, 72, 

and 55. (= FN. ooo, 629, 218, 3 13,749, 55 5, 36) = o. oog, 146,09 1, 568, 
747,76, 80. Therefore 57 ＋ 10 +15 will be = 


o. 791, 9oo, ooo, ooo, ooo, oo, ooo 
+ o. 250, 842, 244, ooo, ooo, ooo, ooo 
+ 


0.000,099,055,596,531,054,578 
1.042,84 1,899, 596, 331,6 54,578; and 108+ 5;1 will 


be = 0.039,728,394,604,720,000,00 } 
I + 0.003,146,091,568,747,776,80 


= 0.042,874,486,173,467,776,380; and conſequently the 
whole quinquinomial quantity gr 10 10 -g +75 will be = 
| 1.042, 841, 899, 596, 531,654,578 
— 0.042, 874, 486, 173,467,776, 80 
= 0. 999,967, 413, 42 3, 063, 87778; which is leſs than 
1, or the abſolute term of the equation 57 10 105.5. +8 = 1. There- 


fore o. 1 58, 38 is leſs than the true value of t, or the leaſt root of the ſaid 
equation. | 


A Second Process of Mr. Raphson's Method of 
Approaimation. 


Art. 20. Dr. Mackay then puts z for the exceſs of f above 0.158,38, and 
in order to obtain a more exact value of 7, he ſubſtitutes the binomial quan- 
tity 0.15838 + @ inſtead of 7 in the equation 57+ 10 —10—5f +15 = 1. 
This he does in the following manner. 


Since 7 is = 0.15838 + 2, we (hall have 


* = 0.15838+2|* (= 0.15838] + 2X0.15838 x z + &c 
5 Z 2 = 0.15838, * 


. — In, _ — 
— — 


— — = 
— — — . 
. TT — 2 — — — — — — — — 
— . a= So — * — - — — — 
- 
— — ——— ů — - _ =_ b 
— — — — — = - — — — — — — = = 
= 2 — — =_ T—_ 


—— — — — 
_ — 


— —ũ—I — — — — 
— I” +” 
— 

— 


— 


Ne 
5 n 
— — — — — 8 
= - _ = _ > —e — 
_ 
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0:15838)* + 0.31676Xz + &) 

0.025,084,224,4 + 0.31676Xz + &c; 

0.15838+2* (= 0.15832* + 3X0.15338)* X2 + &c 
0.15838] + 3X0.025,084,224,4X2 + &c 

0.15838\* + 0.075,252,673,2X2 + &c) 

o. oog, 97 2, 839, 460, 472 + 0.07:,252,673,2Xz + &c; 
0.15838+z,* (= Gisa + 4x0.15838} x2 + &c 
0.15838“ + 4x . oog, 972, 839, 460, 472 xz + &c 

0.15838)* + 0.01 5, 891, 357,841,888 xz + &c) 
0.000,629,218,313,749,555,36 + 0.01 5, 891,357, 841,888 Xxàx + &c; 
0.15838+2)* (= 0.15838 + 5X0.15838\* Xx + &c 

= 0.15838]* + 5X0.000,629,218,313,749,555,30X2 + &c 

= '0.15838)* + 0,003,146,091,568,747,776,80X2 + &c 

= 0.000,099,655,596,531,054,578 + o. 03, 146, 09 1, 568,747, 76, 80 
xz + &c, 


and xe 


and . 


and # 


Therefore gt will be = 5X0:13838 +z (= 5X0.15838+5Xz) = 
0.791,90 + 52; 
and 10g“ will be = 10 X0.025,084,22 4,4 T 0-31676Xz + NG 
(= 10 x0.025,084,224,4 + lo xo. 31676 K + &c) 
= 0.250,842,244 + 3.1676x2 + &c; 


and 1055 will be = 10X0.003,972,8 39,400,472 + 0.07 5,252,073, K + Kc 
(= 10X0.003,972,839,400,472 + 10X0.075,252,073,2 X2 
+ &c) 
= 0.039,728,394,604,72 + 0.752,526,732 Xz + &c 


and 51* will be = 5 x 0.000,629,218,313,749,555,30 + 0.015,891,357,841, 
888 x Nc 
(= 5 xo. ooo, 629, 218,313, 749,55 5,36 + 5 N. 015, 891, 357, 
$841,888 x2 + &c,) | 
= 0.003,146,091,568,747,776,80 + o. 079, 456, 7 89, 209, 440, 
X2 + &c, 


Therefore 5+ to +7 will be = 


0.79 1,900,900 
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0.791,900,000 + S. ooo, ooo X 2 
{ + 0.250,842,244 + 3.167, 600 x 2 | 
+ 0,000,099,055,596,531,654,578 + 0.003,146,091,568,747,776,$0Xz 
= 1.042, 841, 899,596, 53 1, 65578 + 8.170,746,091,568,747,776,80Xz 
+ &c; 
and 10-þ 57* will be = 
0.039,728,394,004,72 + 0.752,526,732 X2 + &c } 
+ 0.003,146,091,568,747,776,,0 + 0.079,456,789,209,440, XZ 


= 0.042,874,486,173,407,776,,0 ＋ 0.831,983,521,209,440 X 2, and 
conſequently the whole quinquinomial quantity 57 ＋ 108? —108 — 514+ will 
be = 
1.042,841,899,596,531,654,478 + 8.170,746,091,568,747,776,80 x 2 
— o. o42, 874, 486, 173,467,776, 800 — 0.831,983,521,209,440,000,00 X 2 
= . 999,967,413, 423, 063, 877, 778 + 7.338, 762, 570, 359, 307, 7b, do X 2. 


But the quinquinomial quantity 57 ＋ 10-10 - 5t.＋τ. is = 1, 


Therefore the quantity o. 999,967, 413, 423, 063,877,778 + 5.338,62, 570, 
359,30), 776, 80 Xx will alſo be = 1. And conſequently 7.338, 762, 570, 359, 
30), 76, 80 x will be = 

1. ooo, ooo, ooo, ooo, ooo, ooo, ooo 

— 0.999,907,413,423-063877,778 

= o. ooo, o 32, 586, 576,930, 122, 222 
o. ooo, o32, 586, 576, 936, 122,222 
7.338, 762, 570, 359,307,776, 80 


o. ooo, o32, 586, 576,936, 122, 222, 


and 2 will be = = 0.000,004,440, 3. 

Therefore t, or 0.15838 +2, will be = 0.158,38 + 0.000,004,440,3 = 
0.158,384,440,3 ; that is, the tangent of an arch of 9 degrees will be very 
nearly equal to 0.158,384,440,3. Q. E. I. 


Art, 21, This value of /, or the tangent of 9 degrees, is probably exact in 
all it's ten figures, But, as Dr. Mackay in this valuable Computation has pro- 
poſed to obtain his final reſults exact io eighteen places of decimal figures, he 
makes uſe of another proceſs of Mr, Raphſon's Method of Approximation 
grounded on this laſt-found value of t, to wit, o. 138, 384, 440, 3; and for that 
purpoſe he ſubſtitutes this value of 7 fnflead of r in the quinquinomial quan- 

tity 


Is 
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tity 57 + 10. 10-5 +7*, in order to diſcover whether the value of the 
ſaid quantity reſulting from ſuch ſubſtitution will be greater, or will be leſs, 
than 1, or the abſolute term of the equation 5f+10/—10—5#+5 = 1, 
and conſequently whether the ſaid number o. 158, 384, 440, 3 is greater, or is 
leſs, than the true value of 7, or the leaſt root of the ſaid equation. This he 


does in the following manner. 


He firſt raiſes the powers of the number o. 158, 384, 440, as follows. 


; = o. 158, 384, 440, 3 
SS o. 158, 384, 440, 3 


47 515 332 09 
6 335 377 612 0 
63353776 12, 
633 537 761 2 
12 670 755 224 | 
47 515 332 09 
1267 075 522 4 
7 919 222 015 
15 838 444 03 
j* = 0.025,085,630,929,144,204,09 
| t = 0.158,384,440,3 
ooa 508 563 092 914 426 409 000 0 
1254 281 540 457 213 204 5000 © 
200 685 047 433 154 112 7200 
7 525 689 278 743 279 2270 
2 006 850 474 331 541 127 2 
100 342 523 716 577 056 3 
10 034 252 371 657 705 6 
1 003 425 237 165 770 6 
7 525 689 278 743 3 
P'= 0.003,973,173,014,284,883,225,850,0 
t = o. 158, 384, 440, 3 
o. ooo, 397 317 361 428 488 322 585 0 
198 658 680 714 244 161 292 5 
31 785 388 914 279 065 8068 
1191 952 084 285 464 967 7 
317833 889 142 790 658 1 
15 892 694 457 139 532 9 
| 1 589 269 445 713953 3 
1581926 944 571 395 3 
2 3 1191 952 084 285 5 
# o. ooo, 629, 288, 8 79, 113, 239, 314, 47771 
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# = 0.000,629,288,879,11 3,239, 314,477, 
t o. 158, 384, 440, 3 

0.000,062 928 887 911 323 931 447 7 

31 464 443 955 661 965 7239 

5 034 311 032 905 914 515 8 

188 786 663 733971 794 3 

50 343 110 329 059 145 2 

2 517 155 510 452 957 2 

251715 551 645 295 7 

25171 555 164 529 6 

188 786 663 734 © 

;* o. ooo, o99, 609, 566, 905, 364,769, 143,4 


Therefore t will be (= 5X o. 1 58, 384, 440, 3) = o. 791, 922, 201, 5, 
and tor will be (= ioo. oag, o8 5, 630, 929, 144, 264, 9) = o. 2 50, 8 56, zog, 
291,442, 640, 9, 
and 10 will be (= 10x o. oog, 973, 173, 614, 284, 883, 225, 8 50,0) = 0.039,731, 
736, 142, 848, 832, 258, 500, 
and 5.“ will be (= No. ooo, 629, 288, 879, 113,239,314, 477,1) = o. oog, 146. 
444,395,566, 196, 372, 38 5, 5. 


Therefore 50 ＋ 10 4 +15 will be = 
o. 791,922, 201, 300, ooo, ooo, o 1) 
1 0. 250, 8 56, 309, 291, 442, 640, 9 8 
+ o. ooo, ogg, 669, 566, 905, 364, 769, 143,4 
= 1.042, 878, 180, 358, 348, 00 5, 669, 143,4 
and 105 + 5 will be 
0.039, 731,736, 142, 848,832, 258, 500, o ? 
+ 0.003,146,444,395506,196,572,385,5 
= 0.042,878,180,538,415,028,830,885,5 ; and conſequently the 
whole quinquinomial quantity 57 ＋ 10 — 10 —5f +1 will be = 
1.042,878,180,3 8,348, 005,669, 143,4 : 
— co. 42, 878, 180, 538, 415,028, 8 30, 88 5, 5 
= o. 999, 999, 999,8 19,9 32, 976,8 38,257,9 ; which is leſs than 
1, or the abſolute term of the equation 5t 10 —10/—5;1*+i5 = 1, There- 
fore the number o. 158, 384, 440, 3 is leſs than the true value of 7, orthe leaft 
root of that equation, or of the tangent of an arch of 9 degrees. Q. E. I. 


A Third 
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A Third Process of Mr. Raphson's Method of 
Approximation. 


Art. 22. Having thus diſcovered that the number o. 158, 384, 440, 3 is leſs 
than the true value of r, Dr. Mackay puts 2 for their unknown difference, and 
ſubſtitutes the binomial quantity o. 1 58, 384, 440, 341 2 inſtead of 7 in the terms 
of the quinquinomial n 5t+10/*—101 + 51 . This he does in the 
following manner. 


Since # is = o. 158, 384, 440, 3 T 2, we ſhall have 


f = 0.158,384,440,3+2|* (= 0.158,384,440,3] + 280. 158, 384, 440, 
3X2 + &c = 0.158,384,440,3) + 0.316,768,880,6 xz + dc) 
= o. O26, o8 5, 630, 929, 144, 264, 9 + o. 316, 768, 880, 6x2 + &c, 
and = 6.158, 384,440, 3 T] (= 0.158,384,440,3]'+3 x 0.158,384,440,3]" 
ee . 
= . 158,384,440, + 3 x0. o 5, o8 5, 630, 929, 144, 264, og xx + &c 
= 0. 158, 384,440, l + o. 07, 256, 892 787,432, 792, 2 * + &c) 
= 0.003,97 3,1 73.6 14,284,883,225,850,0 + 0:075>256, 892,787,432, 
792,27 X2 + &c, 
and i = 0.158,384,440,3+2z\* (= rere + 415,384,445, 3 
Xxx + & c 
= 0.158,384,440,3] + 4 X 0.003,973,173;614,284,883,225,850,0 
Xz + & | | 
= 0.158,384,440,3] + 0.015,892,694,457,139,532,903,400,0 X 2 
+ &c) | 
= ooo, 629, 288,79, 113, 239,3 14,471 + 0.015,892,694,457-139, 
532,903, 400, o * 2 + &c, 


and 1 2 ri TA (=5.158;384,400,3* +5 x 0.158,384,440,31* 
Xx + &c 


— 
— 
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= o. 1 58, 384,440, 33 + 5 xo. oco, 629, 288, 879. 113,239,3 14,477, 
X2 + &c) 

= 0. 158, 384,44, + o. oog, 146, 444,39 5,566, 196, 572, 3835 X * 
+ &c 

= o. ooo, og, 669, 566, 905, 364,769, 143,4 + o. oog, 146, 444, 395, 566. 
196,572,385, * + &c, 


Therefore 5 will be = 5 Xx. 158, 384,440, 34 à (= 5 X. 158, 384, 440, 3 
＋ X) = o. 791,922, 201,5 +52; | 
and 108* will be = 10 X0.025,08 5,630,929,144,204,09 + o. 310, 768, 880, 6 


Xxx + &c 
(= 10 xo. oag, o8 3, 630, 929, 144, 264,9 + 10X0.316,768, 
880,6xz + &c) . 
= o. 250, 8 56, 309, 291, 442, 640, 9 ++ 3.167,688,806Xz + &c; 
and 10 will be (= 10x o. oog, 973, 173, 614, 284, 883, 22 5, 8 50, + 10 Xx 00753 
256,892,787, 432,792, 7 XZ + &c) 
= d. 039, 731, 736, 142, 848, 832,2 58, 00 + o. 752, 568,927, 
| 874,327,922,7X2 & ; | 
and ;1* will be (= 5 x o. ooo, 629, 288,879, 113, 239, 314,477, 1 ＋ 5 X0.015, 
| $92,694,457,139,532,903,400,0X2 + &c) 
= 0.003,146,444,395,506,196,572,385,5 + 0.079,463,472, 
285,097,004,517,000,0 Xxx + &c. 


Therefore the whole quinquinomial quantity r 10f—10f—5*+5 will 
be equal to the following multinomial quantity, to wit, 
0. 791,922, 201, 5 + 5.00 „O, ooo, ooo, ooo, oo X 2 A 
＋ 0.250,856,309,291,442,040,9 
+ 3-167,688,806,000,000,000 X 2 + &c 
— . 039, 73 1, 736, 142,848,832, 2 58.5 
\ — 0.752,565,927,874,327,922,7 X23 —= &C 
— 0.003,146,444,395,500,196,572,335,5 
— 0.079,463,472,255,097,664,517Xz— &c 
Þ+ O. 000,099,069, 566,905, 304,709,143,4 | 
a + o. oog, 146, 444.395, 566, 196, 572, 383, 5 XR + & c. 


| 1.042, 878, 180, 358, 348, 006, 669, 143,4 + 8.170, 83 5, 250, 398,556, 


ol 4 


196,872,385, XZ 

— 0.042,878,180,538,415,028,830,885,5 + 0.832,032,490,190,02 5, 
587, 17 & 
Vor. IV. 6A = 
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= o. 999, 999.999, 8 19.932, 976, 838, 257,9 + 7-338,802,350,2 35,540,009,355, 
38 5, 5 X + &c. 


But the quinquinomial quantity 57 + 10 = 105 5 t. is = rt, 


Therefore the quantity o. 999,999, 999, 8 19,932, 976, 838, 257,9 + 7 338, 802, 
850, 235,540, 609, 355, 385,5 xz+&c will be alſo = 1. And conſequentiy 
7.338, 80a, 8 50, 235, 540, 609, 353.385, 5 * 2 wilt be (= 1—0.999 999,999,819, 
932,976,838, 257,9) o. ooo, ooo, ooo, 180, o67, oag, 161,742, l, and z will be (= 
o. ooo, ooo, oo, 180, 67, 23, 161,742, 
7-338,802,850,235,540,009,355,385,5 
t, or 0.158,384,440,3 + x, will be (= o. 158, 384, 440, 3 + 0.000,000,000,024, 
836,293, 83) o. 158, 384, 440, 3 24, 5 36, 293,83; that is, the tangent of an arch 
of 9 degrees will be = o. 158, 384, 440, 324,536, 293,83. Q. E. I. 


) = o. ooo, ooo, ooo, oa 4, 5 36, 293,83. Therefore 


This value of 7, or the tangent of 9 degrees, is exact in all it's twenty 
figures. But Dr. Mackay has purſued the inveſtigation ſtill further, and deter- 
mined the value of this tangent exactly to 24 places of figures, which are 
0. 158,384, 440, 324,336, 293,838,883. This he does by employing a fourth 
| proceſs of Mr. Raphſon's Method of Approximation in the following manner. 


A fourth Process of Mr. Raphson's Method of 
Approximation. 


Art. 23. He takes the number o. 158, 384, 440, 324,336, (conſiſting of the 
firſt fifteen figures of the number laſt-obtained, to wit, o. 1 58, 384, 440, 324, 
536, 293, 83,) and ſubſtitutes it inſtead of ? in the quinquinomial quantity 
5/+10f — 105 — 5f +2, in order to diſcover whether the value of the 
ſaid quantity will be greater, or will be leſs, than 1, or the abſolute term of the 
propoſed equation 57+ 10 —108 —5#+1* = 1, and conſequently to deter- 
mine whether the ſaid ſubſtituted number 0.1 58, 384, 440, 324,536, is greater, 
or is leſs, than the true value of t, or the leaſt root of that equation. And, 

in 
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in order to make this ſubſtitution, he raiſes the powers of the ſaid number 
0.158,384,440,324,530 in the following manner. 


- — = 2 LE, 1 — 
> — — — — — 
— — — 
8 —— —— 


0. 68,384, 440, 324,536 
0. 15, 384, 440, 324, 536 


Fa 
7 


— ; — 
— — 
"= 2 22 „ 


0.015 838 444 032 453 600 090 000 o 
7919 222 016 226 800 ooo 000 o 

1 267 075 522 596 288 000 000 o 

47 515 332 097 360 800 020 0 

12 670 755 225 962 880 200 o 

633 537 761 298 144 000 o 

63 353 776 129 814 4000 

6 335 377 612 981 4400 

47 515 332 097 3608 

3 167 688 806 490 7 


633 537 7601 298 2 
79 192 220 162 3 
4751 533 209 7 
950 306 6419 


= 0.025,085,630,936,916,505,345,003,6 
= 0.158,384,440,324,536 


0.002 508 563 093 691 650 534 $00 4. 
1 254 281 546 845 825 267 250 2 
200 685 047 495 332 042 760 © 
7 525 689 281 074 951 603 5 

2 006 850 474 953 320 427 6 
100 342 523 747 666 021 4 

10 034 252 374 766 602 1 

1 003 425 237 476 660 2 

7 525 689 2810749 

501 712 618 738 3 

100 342 523 747 7 

12 542 815 468 5 

752 508928 1 

150 513 785 6 


& = 0.003,973,173,616,13 1,386,347568,5 


6 A2 
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© = 0.003,973,173,016 130 386,347,568, 5 
t = 0.158,384,440,324,530 

0.000, 397 317 361 613 138 634 736 9 

198 659 680 $06 5669 317 37S 4 

31 735 388 929 051 090 780 5 

I 191 952 084 839 415.904 3 

317 853 889 290 510 907 8 

15 892 694 464 525 545 4 

1 589 269 446 452 554 5 

158 926 944 6452555 

1191 952 084 839 4 

79 463 472 322 6 

15 892 694 464 5 

I 986 586 808 1 

119 195 208 5 

£ 23 639 041 7 

= O. ooo, 629, 288, 122•80 8558445 55768, 1 
. 158, 384, 440, 324, 536 

o. ooo, oba, 928, 88 7, 9 50, 318, 246, 570, 3 

31 464 443 975 159 123 288 4 

5 034 311 036 025 459 726 1 

188 786 663 950 954 739 7 

50 343 110 360 254 597 3 

2 517 155 518 0127299 

251 715 551 8012730 

25171 555 180 127 3 

188 786 663 8509 

12 585 777 590 1 

2 $17 155 5180 

314 044 439 7 

18 378 666 4 

13775 7333 

PX 0.000,099,669,506,982,505,928,856,9 


Therefore 5# will be (= 5X0.158,384,440,324,536) = 0.791,922,201,622, 
680, and 10/* will be (= 10 xo. oz, o85, 630, 936, 916, 505, 345, 03, 6) = 
0. 250,8 56, 309, 369, 165,05 3,450, o36, o, and conſequently 57+ 102 ＋ will be 

0. 791,922, 201, 622, 680 
_ {+ 0.250,8 56,309, Ns 
+ co. odo, o99, 069, 566,982, 565,928, 8 56,9 


— 1,042,878,1 80,5 58,8 27,0 I 9,379,892,9 D 
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and ot will be (= 10X0.,003,973,1 73,016,131,386,347,568,5) = 0.039,73', : 


739,161,313,863,47 5,08 5,0, 
and 537 will be (= 5X0.000,629,288,879,503,182,465,768,1) = 0.003,145, 
444,397,515, 12,328,840, 5, 
and conſequently 10 + 52% will be = 
0.039,731,736,161,313,363,475,685,0 
+ o. oog, 146,444,397, 515,912, 328, 840, 5 
=. O. oda, 878, 180, 558,829,775, 804, 5 23, 5. Therefore the 
whole quinquinomial quantity Sr t i = i, = g +15 will be = 
1.042, 878, 180, 558,827,619, 378, 892,9 
— oO. o2, 878, 180, 558, 829,775, 804, 525, 5 
= 0. 999, 999, 999,999,997, 843, 574, 367, 4, which is leſs than 
1, or the abſolute term of the equation 57 + 10t*—10/— +3 = 1. There- 
fore 0.158,384,440,324,536, is leſs than the true value of 7, or the leaft root 
of the ſaid equation, or than the true value of the tangent of an arch of 9 
degrees, 


' 


Art. 24. Having thus found that the true value of z, or of the tangent of 
an arch of 9 degrees, or of the leaſt root of the equation 5t+ 10 107 — 57 + 
;* = 1, is fomewhat greater than 0.158,384,440,324,536, Dr. Mackay puts 
z for their difference, and then ſubſtitutes the binomial quantity o. 158, 384, 440, 
324,536 + z inſtead of / in the faid equation, omitting, in the new, or trans- 
formed, equation, all the terms that involve any higher powers of the ſmall 
quantity z than it's ſimple power or 2 itfelf, agreeably to the directions of 
Mr. Raphſon's Method of Reſolving High Equations by Approximation, 
This he does in the following manner. 


To avoid the repetition of very long numbers, let us ſubſtitute the letter a 
for the number o. 158, 384, 440, 324,536. And we ſhall then have a+z (= 
0. 158,384,440, 324, 536 ＋ 2) . Therefore 

will be (= a+2*) = @* a ＋ Kc, 
and i will be (= 4725) = 63 +34*2 +&c, 
and i will be (= a+2|*) = AA + &c, 
and /* will be (= A) = a+ 58*+&c ; 


2 — 


5 - x — — — — k - 
— P ˙ A ˙²˙myu 7˙ —_—_— SD eg 
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and conſequently 57 will be (= 5Xa+z) = 54 ＋ 3, 
and io“ will be (= 10xa*+24z+&c) = ia +10 x 2 ＋&cc, 
and 1046 will be (= 10x &+ 3a*z+&c) = 108*+10 x 3 &c, 
and 5 will be (= 5 X a*+ 48%2+&c) = Sg 5 X 442+ &cc, and 
the quinquinomial quantity 57 + 10 .- 10 —5f +75, will be = the multino. 
mial quantity 


5a ＋ 52 $852 
+ 10a +10 x 242 ＋ &c + 104a*+20ax2+&c 
— 104 —10 Xx 34e -& c = — 104*—3048* Xx 2— &C 
— 5a —5 X 44*ZY—&C — ga- X 2—-&c 
+ a* + 5 + &C + & + 5&X2+&c, 


But the quinquinomial quantity St+ of —1of—gf+* 5 = 1, 


Therefore the multinomial quantity 


54 T5 2 

+ ia 204 Xx Z＋T& c 

— 104*%—JOa*X -& c will alſo be = 1. 
— 5a 200) X z—&C . 

+ &* +5 x 2+&c 


But it has been ſhewn in the foregoing article that ga ＋ 104.102. gat + 
a* is = 0.999-999-999-999»997»8433574+35 74 


Therefore the multinomial quantity o. 999.999, 999,999,997, 843, 574, 367, 44 
5X2 + 20aX -g X 2-20 NK 54a*x 2 &c will be = 1, and conlequently 
the quantity 5Xz + 20aX2z—30d x 2-20 xz+ g x2 &c will be (= 1 — 
o. 999, 999, 999,999, 99 7, 843,574,367, 4) = 0.000,000,000,000,002,1 56,42 5, 
o. ooo, ooo, ooo, ooo, oo 2, 1 56, 425, 637,6 

5 20-30 20 r g * 


632,6, and conſequently z will be 


But, becauſe à is o. 158, 384, 440, 324, 5 36, we ſhall have 
, 20a (= 20 o. 158, 384,440, 324, 536) = 3.16, 688, 806, 490, 7 20, 
and 3oa! (= 30 x o. 025, o85, 630, 936, 916, 505, 345, oog, 6) = o. 752, 568, 928, 
| 107,495,160,350,108,0, 
and 20a (= 20 X 0. oog, 973, 173, 616, 13 1, 386, 347, 568,5) = 0.079,463,472, 


322, 627,7 26, 951,3 70, o, 
and 
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and 5a* (= 5 X0.000,629,288,879,503,182,455,768,1) = 0.003,146,444, 
397,515,912, 328,840, 5. 


Therefore the quinquinomial quantity 5+20a4—308*—20a" g will be 
equal to the quantity 


g ooo, ooo, ooo, ooo, ooo 
+ 3.167, 688, 806, 490,720 
— 0.72, 508, 928, 10%, 493, 160, 3 50, 108, o 
— . 079, 463, 472, 322, 627, 726,951,370, o 
+ o. oog, 140, 444, 397,5 13,9 12, 328, 840, 5 
8.170,83, 250, 888, 235, 912,328, 840, 5 
t— O. 83 2,032, 400, 430, i 22,88, 301, 478,0 
= 7.338, 80a, 8 50, 458, 113,025, 027, 362, f. Therefore the 
o. ooo, ooo, ooo, ooo, ooa, 156, 42 5, 632,6 di o. ooo, ooo, ooo, ooo, ooa, 15 6, 425.632, 6 
5 120 — 304? - 204 + 5a . 7.338, 802, 8 50, 4 8, 113,025,027, 30a, 3 
= o. ooo, ooo, oco, ooo, ooo, 293, 838,883, 06, and conſequently z (which is 
„ooo, ooo, ooo, ooo, oo 2, 156, 425, 632, 6 
5 + 20a - zoa — 2043 + 5a 
293,838,883,06, and a+2, or , will be = 4 + 0.000,000,000,000,000,293, 
$38,3883,00 = 0.158,384,440,324,536 + 0.000,000,000,000,000,293,838, 
883,06 = o. 158, 384.440, 324, 5 36, 293,838, 88 3, 06; that is, the tangent of an 
arch of 9 degrees will be equal to o. 1 58, 384, 440, 3 24, 536,293, 838,883, 06. 


ay — nmmnnÞ 


fraction 


| "+ th 
equal to the fraction ) 0.000,000,000,000,000, 


A Proof of the Triuh of the foregoing Computation for 
quinquisecting an Arch of 45 Degrees. 


Art. 25. In order to aſcertain the truth of the preceeding computation 
Dr. Mackay ſubſtitutes the twenty-five firſt figures, to the neareſt unit of the 
above-found value of the tangent of 9 degrees, to wit, 0.158,384,440,324, 
536,293,838, 883, 1, inſtead of 7, in the quinquinomial quantity 57 þ 10/*— 
lof®—=51*+715, in order to diſcover how nearly the value of the faid 
quantity reſulting from ſuch ſubſtitution will approach to 1, or the abſolute 
term of the equation 52+ 10f—10f—5*+8& = 1, and conſequently to de- 
termine 
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termine how nearly the ſaid ſubſtituted number 0. 158, 384, 440, 324.5 30, 293, 
838,883, 1, will approach to the true value of t, or the leaſt root of that equation, 
In order to this he raiſes the powers of the number 0. 158, 384, 440, 324,536, 


293,838,883, t, as follows. 


t = 
1 = 


o. 158, 384, 440, 324, 536,293,838, 883, 


o. 158,384,440, 324, 336, 293, 838,883, 


0.015 838 444 032 453 629 383 888 3 
7 919 222 016 226 814 691 944 1 
1 267 O75 522 596 290 350 7111 

47 515 332 097 360 888 151 7 
12 670 755 225 962 903 507 1 
633 537 761 298 145 175 4 
63 353 770 129 814 517 5 

6 335 377 612981 4518 

47 515 332 097 3609 

3 167 688 $06 490 7 

633 537 701 298 1 

79 192 220 162 3 

4 751 533 2097 

950 306 6419 

31676 888 1 

14 254 599 6 

4751533 

120 707 © 

313 

1267 1 

126 7 

127 

8 


= 0.025,08 5,630,936,91 9,599,424,0177 
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NW 0,025,085,630,926,916,593,424,017,7 
S o. 155, 36a, 440, 34,5 30, 293, 838, 883,1 


0.002 508 563 093 691 659 842 401 8 
1254 281 540 845 829 921 200 9 
200 685 047 495 332 707 3921 
7 525 689 281 074 979 527 2 

2 006 850 474 953 327 8739 
100 342 523 747 060 393 7 
10034 252 374 706 639 4 
1003 425 237 476 6639 

7 525 089 281 075 © 

501 712 618 738 3 

100 342 523 7477 

12 542 815 468 4 

752 568 928 1 

150 513 7856 

5017 126 2 

2 257 7068 

75 2509 

20 008 5 

752 6 

200 7 

201T 

29 

T 


2 = o. oog, 973, 173,6 16, 13 1,408, 460, 969,9 


Vor. IV. 6 B 24 
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5 = 0.003,973,173,016,131,408,460,969,9 
/ = 0.158,384,449,324,530,293,838,083,1 

0.000 397 317 301613 140 846 097 o 

198 658 680 806 570 423 048 5 

31 785 388 929 051 267 687 8 

1191 952 094 839 422 538 3 

317 853 889 290 512 6769 

15 892 694 464 525 6338 

I 589 269 446 452 503 4 

158 926 944 645 250 3 

1191 952 084 839 4 

79 463 472 322 6 

15 892 694 464 5 

1986 586 808 $ 

119 195 208 5 

23 839 041 7 

794 034 7 

357 585 6 

11919 5 

3178 5 

119 2 

318 

32 

IF | 3 

f* O. ooo, 629, 288, 879, 303, 187, 135,6 59,6 
? = 0. 138,384, 440,324,536, 293.838, 883,1 


—— 


.000 o 928 887 930 318 713 566 © 
31 464 443 975 159 356 7330 
$ 034 311 036 025 497 O85 3 
188 786 663 850 956 140 7 
50 343 110 360 254 970 8 

2 517 155 518 012 748 5 

251 715 551 8012749 
25171 555 180 1275 

188 786 663 351 0 

12 585 777 590 1 

2 517155 518 0 
314 044 439 7 

18 878 666 4 


3 775 733 8 


: ws 5 
f* = 0,000,099,669,566,982,566,8 53,404, 7 
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Therefore 5! will be (= 5X0. 158, 384, 440, 324, 336,293, 838,883, 1) 
0.791, 922, 201,522.68 1,469, 194, 415,5; 

and 10 will be (= 10 XO. o2;j, 85, 630, 936, 9 16, 598,424, 17,7) = 0.2509, 
8.56, 309, 369,163, 984, 240, 177,0; 

and 105 will be (= loo. oog, 973, 173, 616, 131,408, 460, 969,9) = 0.039, 
731,736, 161, 3 14,084, 609, 699, 0; 

and 3.“ will be (= 5 xo. oco, 629, 288, 879, 503, 187, 135,659,6) = 0.002, 

146,444, 397.5 15,935,678, 298,0. Therefore 5 +10/*+7* 
will be ; 


o. 2 50, 8 56, 309, 369, 165,984, 240, 177, o 
o. oo, 99, 609,506,982, 566, 8 53,404, 7 
= 1.042, 878, 180, 558, 830, 20, 287,997, 2 
and 10 ＋ 5/* will be = 
{ 0.039,731,736,161,314,034,009,099,0 \ 
0.003,140,444,397,515,93 5,078,298,0 
= 0.042,878,180,558,830,020,287,997,0; and conſequently 
the whole quinquinomial quantity 52+ 108 —1013 — 514+#5 will be equal to 
+ 1.042,878,180,558,830,020,287,997,2 { 
— 0.042,878,180,558,830,020,287,997,0 
= 1.000,000,000,000,000,000,000,000,2 ; which differs from 
1, or the abſolute term of the equation 5#+ 10 —10fP—5#* +75 = 1, only 
in the twenty-fifth decimal place. Therefore, the number o. 158, 384,440,324, 
536, 293,838,883, is the true value of z, or the leaſt root of that equation, or 
of the tangent of 9 degrees, exact to twenty-four places of decimal figures. 


Q. E. I. 


{ 0.791,922,201,022,681,469,194,415,5 


End of the Quinquisection of an Arch of 45 Degrees. 


6B2 The 
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The Trisection of an Arch of 9 Degrees by resolving the 
Cubick Equation 8t+$Ttf—O = T, in which T is the 
Tangent of 9 Degrees, and is = 0.158,384,440,324, 
536,293,838,883, and t, or the lesser Root of the 
Equation, is the Tangent of an Arch of 3 Degrees, the 
Radius of the Circle being called 1. 


Art. 26. Dr. Mackay obſerves that the tangent of one-third of an arch 5 
leſs than one-third of the tangent of that arch, and greater than the length of 
the correſponding arch; but that it is neareſt to this laſt quantity. Therefore 
the tangent of 3 degrees is leſs than one-third of the tangent of 9 degrees, or than 


— or 0.05246; and greater than the length of an arch of 3 degrees, 


which is equal to one: ſixtieth part of the femi-circumference, or to one-third 


of the length of an arch of 9 degrees, or to 2 — , or o. o 5236; but it will 


be neareſt to this laſt quantity. We will, therefore, conjecture that it is equal 
to 0.05240, and will ſubſtitute 0.0524 for # in the trinomial quantity 32+ gTff 
, which forms the firſt, or left-band, fide of the equation 383 T = 
T, and compare the reſult of this ſubſtitution with the abſolute term T, or 
0. 1 58, 384,440, 324, 5 36, 293, 838,883, in order thereby to diſcover whether 
0.0524 is greater, or is leſs, than the true value of 7, or the leaſt root of the 
ſaid equation. And for this purpoſe Dr. Mackay raiſes the ſecond and third 
powers of 0.0542 in the following manner, and computes the value of 3T, 
(which is the co-efficient of“ in the faid equation 3f+3Tf—#£ = T,) and 
finds it to be (= 3Xx0.158,384,440,324,536,293,833,883) = 0-47 551532320, 
973, 608, 88 1,5 16,649, and then multiplies it into the value of . 
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12 0.052,4 
# = 0.052,4 
209 6 
1 048 
26 20 
© = 0.002,745,76 
= 0.052,4 
1 098 304 
5 491 52 
127 288 © 
1 = o. O00, 143,877, 824 


— . —— 


31 = o. 475,1 53, 320, 973, 608, 88 1, 516,649 
2 0.002,745,70 

o. oo 950 306 641 947 217 763 033 

332 607 324 681 526 217 062 

19 006 132 B38 944 355 261 

2 375 766 604 868 044 408 

332 607 324 681 526 217 

28 509 199 258 416 533 

z3Ti* = 0.001,304,050,982,590,496,322,514 


Therefore, if 0.0524 be fubitituted inſtead of ? in the trinomial quantity 
3. ＋3T. -, we ſhall have 37 (= 3 x0.0524) = 0.157,2; and 33 T 
(= 0. 157, 2 10.001, 304, 656, 982, 596, 496, 322,514) = o. 158, 504, 656,982, 
596,496, 322,5 14; and, conſequently the whole trinomial quantity 3#+ Tf 
will be equal to | 

0.153,504,656,982,596,496,322,514 } 
— 0.000,143,877,324 
= 0.158,360,779,158,596,496,322,514 3; which is leſs than 
0.1 58, 384, 440, 324. 5 36, 293, 838, 88 3, or the abſolute term of the equation 37 ＋ 
3T..— 2 = T. Therefore 0.0524 is leſs than the true value of 7, or the leaſt 
root of the ſaid equation, 


4 Process 
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* TIE 1 


Process of Mr. Raphson's Method of Approximation, in 
order to obtain*d nearer YValue of the lesser Hoot t of the 


Equation $t+3TF—O = T. 


Art. 27. Having diſcovered that 0.05240 is leſs than the true value of /, 
Dr. Mackay puts z for the excels of t above 0.0524 ; and, in order to obtain 
a more exact value of 7, he ſubſtitutes the binomial quantity 0.0524 +2 inſiead 
of /, in the trinomial quantity 3? + 3T#—£, which forms the firit, or left-hand, 
ſide of the * 23f+3lt'—* = T. This he does in the following 


manner. 


Since g is o. 01524 +2, we [hall have 
© = 0.0524+2) (= S. Or + 2X0.0524X2 + &c) 0.0524? 4+ 
0.1048X2 + &c) = 0.002,745,76 + 0.1048%2 + &c, 
and & = 6524 TZ (= 0.0524) + 3X0.0524] Xz + &c = 0.0324) 
+ 3X0.002,745,70x2 + & = 0.0524)? + 0.008,237,28 X 2 
+ &c) = 0.000,143,877,824 + 0.008,237,28Xz + &c. 


Therefore 3t will be equal to 3X0:00524 7% = 0.1572+ 3X2, 
and 3TH will be = 0.475,153,220,973,608,881,516,649 X 


0.002,745,745,76 + C. 10, X + & 
= o. 475, 153, 320, 973.608, 88 1,5 16,649 X ©, 002,45, 76 + 0.0409, 
796,068,033,034,210,782,945,X2 + &c) 
= 0,001,304,656,982,596,496,322,514 + 0.049,796,008,0385 
034,210,782,945X2 + &c. 
Therefore the whole trinomial quantity 3t+3Tif—i3 will be equal to the 
multinomial quantity 


1 55 I 3. xx + & c 


+ o. oo, 304, 656, 982, 596, 496, 322,514 + . 049, 796, o68, o38, 034, 210, 
782,945 K + & c 


— o. oc, 143,877, 824 2 do. oo8, 237, 280 Xx R + & c 
= o. 158,360, 779, 158, 596, 496, 322,5 14 + 3.041,58, 788, 038, 034, 2 10, 782, 
945 xx + Kc. 


But 
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But ihe trinomial quantity g7 + 3Tf—& is = o. 158,384, 440, 324, 50,293, 
833,883, Therefore the quantity 0.158,360,779,158,595,495,322,514 + 
3.041, 5 58,788, 038, 034, 210, 782, 945 Xl, will allo be = o. 138, 384,440, 
324, 26, 293,8 38,383. And conſequently 3.041, 538,788, 038, 034, 2 10,782, 
945 XZ will be 

0 o. 158, 384, 440, 324, 536,203, 838, 983 | 

— o. 158,360, 7, 158, 596,496, 322,514 

=  0.000,02 3, 00 1, 165.939, 797,5 16,369. And x will be = 
0.90%,02 3:661,165,939,797+5 16,369 
3.041, 558, 788,038, 034, 210,782,945 
0.0524 + 2, will be (= o. 0624 + o. ooo, oo), 79, 289,3) = o. 052, 40), 
779,289, 3; that 1s, the tangent of an arch of 3 degrees will be nearly equal 
to 0.052,407,779,289,3- | - 0. EY 


= 0.000,007,779,283,3. Therefore 7, or 


Art. 28, Having thus obtained the number 0.052,407,779,289,3 for 
a ſecond near value of z, or the tangent of an arch of 3 degrees, of which 
it is probable the firſt nine figures, viz. 0,952,407,7 79, are correct, Dr. Mackay 
proceeds to ſubſtitute it inſtead of ? in the trinomial quantity 3/+3Tf—1, 
in order to diſcover whether the value of the quantity reſulting from this 
ſubſtitution will be greater, or will be leſs, than o. 1 58, 384, 440, 324,536,293, 
838,883, or T, the abſolute term of the propoſed equation 3t+3Tf—& = I, 
and conſequently whether the ſaid number o. 052, 407, 779 will be greater, or 
will be leſs, than the true value of 7, or the leaſt root of that equation. And 
for this purpoſe Dr, Mackay raiſes the powers of the number o, 032, 407,779, 
in the following manner. 


5 1 c. 052, 407,779 
1 = 0.052,407,779 
TILE 471 670011 
3608 544 53 
36 685 445 3 
356 854 453 
20 963 111 60 
104815 558 
2 620 388 95 


P 0.002, 746, 57 5,299,7 12,841 


+ 
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f = o. 002, 46,5) 6,299, 12,841 
? = 0.0 52, 407, 770. 
o. 000 137 328 764 985 64205 
5 493 159 599 425 682 
1 068 630 119 885 136 4 
19 226 027 097 989 $87 
1 922 602 709 798 989 
192 260270 979 899 
24 719 177 697 415 
** 0.000, 143,941,911,314,209,334,590 


— ...... —U— 


31 = o. 47 5,153,320,973,608,88 1,516, 649 
* = c. oo, 746, 675, 299,7 12,841, 
0.000.950 306 641 947 217 763 033 
332 607 324 681 526 217 062 
19 006 132 838 944 355 261 
2 8 50 919 925 841 653 289 
237 576 660 486 804 441 
33 260 732 468 152 622 
2.375 766 604 868 044 
95 030 664 194 722 
42 763 798 387 625 
4 276 379 888 762 
332 607 324 682 
4751 533210 
950 306 642 
380-122 657 
19 006 133 
475 153 


3T Xr = 0.001 JO O37 H9Gaben, $53.3. 


| Therefore if 0.05 2,407,779 be ſubſtituted inſtead of in the trinomial quan- 

tity 3f+3T/*—P, we ſhall have 37 (= 3 X0.052,407,779) . 157,223, 337. 
and 34 1 3 T (= 0.157,223,337 + o. oo, 305, o44, 374, 962, 64 1,553,338) 
o. 158,528, 38 1, 374,962, 64 1, 553,338; and conſequently the whole trino- 
mial quantity 3#+3Ti*—£ will be = 


0.158, 
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+ 0.158,528,381,374,962,041,553,338 
— 0.000,143,941,911,3144209,3 34,590 


= 0.1 58,384,439,463,648,432,218,748 ; which is leſs than 
o. 158,384,440, 324, 536,293,838, 883, or the abſolute term of the equation 
3 ＋3T Y = T. Therefore o. 052, 407, 779 is leſs than the true value of 5, 
or the root of the ſaid equation. 


A second Process of Mr. Raphson's Method of 
Approximation. 


Art. 29. Dr. Mackay then puts z for the exceſs of f above 0.052,407,779 3 
and, in order to obtain a more exact value of t, he ſubſtitutes the binomial 
quantity 0.052,407,779+z inſtead of ? in the equation 3f+3Tifi—E = T. 
This he does in the following manner, | 


Since # is equal to 0,052,407, 779+2, we ſhall have 
= 0.052,497,799+2\* (= 9:052,407,7791' + 2X0.052,407,779 & 
= o. O52, 407, 7791 + 0.104,815,558X2) 
= o. O0, 746,675,299, 7 12,841 + o. 104, 8 15, 558 X a, 


and & = 0.052, 40%, 79 T (= 0.052,407,779| +3 & C054, 40%, 7790 Xz 
o. 052, 40, 779 + 3X o. oo, 746, 57 5, 299,7 12, 841 X 2 
0.052,407,779|* + 0.008, 239,725, 899, 138, 523 *) 
0.000, 143,941, 911,314, 209, 334,590 + o. 008, 239,725, 899, 138, 
523 XK. 
Therefore gt will be equal to (3 xo. 052, 407,79 +2) 
= 0.157, 223,337 + 3X2, 
And 3Tr* = 0.475,153,320,973,608,881,516,649 * 
0.002,746,575,299,712,841 + 0.104,815,558 XZ 
(= o. 475,183, 3 20, 973, 608, 88 1,516 X o. o02, 746, 575,299, 7 12, 


841 + o. o49, 803, 459,428, 064, 6 12, 47,984 & A, 
Vor. IV. | 6 C = 0.001, 


x D Pp - 
— —-— 4 — — ̃ OD — Son OR — 
— = 
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= 0.001,305,044,374,962,041,553,338 + o. o49, 803, 459,428, 
064, 612,047,984 X 2+ 


Therefore the trinomial quantity 37 31-5 will be equal to the multi- 
nomial quantity 


+ 0. 157, 223,337, + 3.X2 + &c IJ 

+ 0.001,305,044,374,902,041,553,338 + 0.049,803,459,428,064,612, 

047,984Xz | 

— o. ooo, 143,941, 911, 314, 209, 334,590 — 0.008,239,725,899,148,523 

| XZ + & c 
= . 158,384,439, 463,648, 432, 218,748 + 3.041,563,733,523,926,089, 
047,954 X x. 


But the trinomial quantity 37 + 3T*—# is = o. 158, 384, 440, 324, 336,293. 
838,883. Therefore the quantity o. 158, 384, 439,463, 648,432, 218,748 + 
3.041, 563, 733,528, 926, 089, 47, 984 Xx A will allo be = o. 158, 384, 440, 324, 
536,293, 838,883; and conſequently 3.04 1, 563, 733.528, 926, 089, 047, 984 x2, 
will be = ; 
[ 0.158, 384, 440, 32 4.536, 293, 838, 883 

— 0.158, 384, 439, 463,648, 432, 2 18,748 

= o. ooo, ooo, ooo, 860, 887, 86 1, 620, 135. And 2 will be 
(= 0.900,000,000,36c,887,861,620,135, * 

3.041,63, 733,5 28,926,089, 47, 984 
1, or o. 05 2, 40, 779 1 K, will be (= o. 052, 40, 779 + o. ooo, ooo, ooo, 283, oꝗ41, 
204) o. 052, 407, 779,283, o4 1, 204; that is, the tangent of an arch of 3 de- 

grees will be nearly equal to o. 05 2, 40, 779, 283, og 1, 204. QE. I. 


o. ooo, ooo, ooo, 283, 41, 204. Therefore 


Art. 30. This value of 7, or the tangent of 3 degrees, is probably exact 
in all it's firſt ſeventeen. figures. But, as Dr. Mackay, in this valuable computa- 
tion, has propoſed to obtain his final reſults exact to eighteen places of decimals, 
he makes uſe of another procefs of Mr. Raphſon's Method of Approximation, 
grounded on the firſt fifteen figures of the laſt- found value of t, to wit, 0,052,407» 
779,283,041. And for that purpoſe, he ſubſtitutes this value of t, inſtead of z,in the 
trinomial quantity 3/+3T#—27, in order to difcover whether the value of the ſaid 
quantity refulting from ſuch ſubſtitution, will be greater, or will be leſs, than 
0. 158, 384, 440, 324, 536, 293, 838,883, or the abſolute term of the equation 
"3t+3Tf—P = T, and conſequently whether the ſaid number o. 052, 40), 
| T19» 
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779,283,041, is greater, or is leſs, than the true value of t, or the leaſt root 
of the ſaid equation. This he does in the following manner, He firſt raiſes 
the powers of the number 0.052,407,779,233,041, as follows, 


fi = 0.052,407,779,233,041 
. 0.052,407,779,253,041 


: — —ęk— — ——— — . — — 


— — 
— 


0.002 620 388 964 152 050 000 000 

104 815 558 566 082 000 000 

; 20963 111 713 216 400 000 
1 366 854 454 981 287 090 
I | 36 685 445 498 128 700 
3 668 544 549 812 870 

471 670013 547 369 

10 481 555 856 608 

4 192 622 342 643 

157 223 337 849 

2090311 L7I 

52 407 779 


= o. o02, 746, 575,329, 379,941,431, 989 
= 0.052,407,7 79,283,041 


* 


0.000 137 328 766 468 997 071 599 
$5493 150 658 759 882 864 
I 098 630 131 751 976 573 
19 226 027 305 659 590 
1,922 602 730 565 959 

192 260 273 056 596 

24 719 177 964 419 

549 315 065 876 

219 726 026 350 

8 239 725 988 

109 863 013 

2 740 575 


© O. ooo, 143, 941, 913, 646, 389, 605%, 402 


6C2 371 


F 
i [ | 
. 
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31 = 0. 475, 153.320, 973. 608, 88 1,5 16,549 
1 = e 57 $:329437 959+ 4243 1,989 


0.000 950 300 641 947 217 763 033 
332 607 324 681 526 217 062 
19 006 132 838 944 355 261 
2 850 919 925 841 653 289 
237 576 660 486 804 441 
33 260 732 468 152 622 
2 375 766 604 868 044 
142 545 996 292 083 
9 503 066 419 472 

4 276 379 888 762 
142 545 996 292 
33 260 732 468 
4 276 379 88g 
427 637 989 
19 006 133 


2 | IF 2 8. 7 IE VI 2" — 
31˙ = 0,001,305,044,389,059,002,347,254 | 


Therefore, if 0.052,407,7 79,283,041 be ſubſtituted inſtead of 7 in the tri- 
nomial quantity 3? + 3T/*—#,, we ſhall have 
3! (= 3X0.052,407,779,283,041) = 0.157,223,337,849,123, 
and 373 T- (= 137, 223, 337,849,123 + 0.001,305,044,389,059,062,, 
847,254) 
8 = o. 158,528,382, 238,882,062, 847,254, and conſequently 
the whole trinomial quantity .3zt+3T/*—7 will be = . 
. 0. 158,5285382, 238,182,062, 847,24 
— o. ooo, 143, 941, 9 13,646, 389, 605, 402 
= 0. 1 58, 384, 440, 324, 53 5,673, 241, 85 2, which is leſs than 
0. 158,384, 440, 324, 536, 293, 838,883, or the abſolute term of the equation 
3t+3Tif*—f* = T. Therefore 0.052,407,779,283,047, i is lefs than the true 


value of /, or the leaſt root of the ſaid equatio 
* : 7 A third 
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A third Process of Mr. Raphson's Method of Approximation. 


Art. 31. Dr. Mackay then puts 2 for the exceſs of F above 0.052,407,779, 
283,041 ; and, in order to obtain a more exact value of t, he ſubſtitutes the 
binomial quantity 0.052,407,779,283,04t +2, inſtead of 7, in the equation 
347317 = T. This he does in the following manner. 


Since t is = 0.052,407,779,283,041 +, we ſhall have 
f = 0.052,407,779,283,041 +2] (= 0.052,407,779,283,040* + 
2 X 0.052,407,779,283,041 x2 + &c | 
= 0.052, 407, 779,28 347 + o. 104, 8 13, 5 58, 566, o8 2 + &c) 
= . oo2, 740,575,329, 379,941, 431,989 + . 104, 8 5,558, 5066, 82 
Xxx + &C, 
and = 0.052,407,779,283,041 - 2Þ (= 0.052,407,7 79,283,041] + 3X 
0.052,407,779,283,04:]* x2 + & 
= . C2, 0, 79,63, 41% + 3X0,002,746,57 5,329,379, 94 l, 31, 
98 + &c 
0.052, 40%, 779% 63, 041] + 0.008, 239, 72 5, 988, 139,824, 295,967 
Xz + &c) 
= 0.000, 143, 94 1,91 3,646,389,605,402 + 0. 008, 239,723,988, 139, 
$24,295,967 X2 + &c. 
Therefore 3t will be = 3x00.052,407,779y,283,041 + 2 &c 
= 0.157,223,347.949,123 + 3X2 + &c, 
and 3T * = 0.475, 153.320, 97 3,608,881,516,649 * 
o. 002, 740, 575,349, 79,941, 431,989 + 0.104, 815,558,566, 
082 x 2 + &c 
(= 0.47 5,453,320,973,608,88 1,516,649 x 0.002,746,57 5,329, 
379, 941, 431,989 + 0 049, 803, 460,742, 377, 600, 433, 30 X 2 
+ &e) 
= 0.001,305,044,389,059,062,847,254 ＋ 0.049, 803, 460, 74, 
377.660, , 33,300Xz ＋ Kc. 


Therefore 
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Therefore the whole trinomial quantity 34 3 T7 5 will be equal to the 
muilnomial quantity 


+ 0. 157,223, 337.849, 123 | + 3X2, 
＋ 0.001,305,044,399,059,002,847,254 + 0.049;803,460, 742, 177,660, 
433, 306 X* 

— 0.000, 143,941,913 546, 389,605, 402 — o 8 239.75 988,129,824, 
0 2595,96) KK. 


= 0. 158,38 4-449, 3349635067 364 $52 + * 563,534. 5737,83, 
; 137,339 K + &C. 


Ef 


But the trinomial quanrity 3 1 Fee 1 o. 158, 384, 440, 324,5 36,29 z, 
838,883, the abſolute term of the equation 3/+31#—& = . Therefore 
the quantity 0.158, 384,440, 324,535,673, 41, 852 * 3 041, 563,734, 754,237, 
836,137,339 & K + &c, will alſo be equal to 0. 158,384, 440, 324,5 36, 293, 838, 
$83, and conſequently 3. 041456373497 54.247.836, 137,339 & 2 will be = 

1 0. 1 58,384, 440, 324,5 36, 293,838,883 
| — . 158, 354,440, 324, 535,673, 241,852 
— o. ooo, ooo, ooo, ooo, oo0, 620, 597.03 1. And 2 will * 


O. doo, ooo, ooo, ooo, ooo, 620, 597,031 
— o. ooo, ooo, ooo, ooo, oo 204, og8, 80 5, 4. 
3041,53, 754,7 54,237,836, 137,339 i 14 3 0 TA 8 5:4 


Therefore t, or o. e e bb a +2; will be (= 0.0 $2,407,779,28, 3. 
041 + o. ooo, ooo, ooo, ooo, ooo, 204, o38, 805, 4) = 0.052, 40, 779,283, O4 1, 204, 
038, 805, 4; that is, the tangent of an arch of 3 degtees will * d equal to 


9:052,49747791283,041 N 805, 4. Bu "Q E. I. 


This value of t, or the cangent of 3 Jegradd,: is meg in the firſt twenty- 
four places of decimals, to wit, in the figures 0052 407,779,283, o41, 204, 
038,805 ; as is ſnewn by Ore — in the favoring manner, 


TIM 


” GU” — — oo nw —_— — 


# 7 . 
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A Proof of the Exactness of the foregoing Number 
 0.052,407,779,283,041,204,038,805, found in the 
foregoing Article for the Valne of the Tangent of 
an Arch of 3 Degrees. 


Art. 32. Di. Mackay takes the above-found number to all its twenty-four 
places of decimals, viz. 0.052,407,779,283,041,204,038,305, and ſubſtitutes 
it, inſtead of , in the trinomial quantity 3#+ z3T&f—2, in order to diſcover 
whether the value of the faid quantity ariſing from ſuch ſubſtitution will be greater, 
or will be leſs, than o. 58,384,440,324,536,293,8 38,883, or the abſolute term 
of the propoſ-d equation 3/+z3T#—# = T; and conſequently to determine 
whether the faid ſubſticuted number 0.052,407,779,283,041,204,038,805, is 
greater, or i leſs, than the true value of /, or the leaſt root of that equation. And 
in order to make this ſubſtitution, he raiſes the powers of the {aid number 


0.052,407,779,283,041,204,038,805 in the following manner, 


5 = 0.052,407,779,283,041,204,038,8 5 
t o. o 52, 407, 79, 283, o41, 204, o3 8.805 


0.002 620 388 964 152 060 201 940 
104 815 558 550 032 408 078 
20 463 11! 713 216 481 615 
366 854 454 981 288 428 
36 685 445 498 128 843 

3 668 544 549 812 884 

471 670013 547 37L 

10 481 555 856 608 

4 192 622 342 643 

157 223 337 849 
2096311177 

32 407 779 

10 481556 

209 631 

I 572 

419 

42 


# = o. 002,746, 573, 329,379,962, 818,429 
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4 =. 0. ee 
= . 052,40 7779228 3-041,204,038,805 
0.000,137 328 766 468 998 140 921 
5 493 150 658 759 925 637 
1098 630 131 751 985 127 
19 226 027 305 659 740 
I 922 602 730 565 974 
192 260 273 056 597. 
24 719 177 904 420 
549 315 065 876 
219 726 026 350 
8 239 725 988 
Iog 863 013 
2 740 575 
549 315 
10 986 
82 
22 
2 


1 6.5005 14 3,941,913,046,391,286,625 


3T = 0.475,153,320,97 3,608,881,516,649 
= 0.002,746,575,329.379,962,818.429 
o. O00 950 306 641 947 217 763 033 

332 607 324 681 526 217 062 

19 006 132 838 944 355 261 

2 850919 925 841 653 289 

237 576 660 486 804 441 

33 260 732 468 152 622 

2 375 766 604 868 044 

142 545 996 292 083 

9 503 066 419 472 

4 276 379 888 762 

142 545 996 292 

33 260 732 468 

4 276 379 889 

427 637 989 

28 509 199 

950 307 

380 123 

4752 

3 801 

190 

3 

Sd, 4 

CS 37.“ = 0.001,305,044,389,059,073,009,092 
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Therefore, if 0.052,407,779,283,041,204,033,8c5, be ſubſtituted inficad 
of # in the trinomial quantity g#-+3Tf—2, we (hall have 
3. (= 3 X0.052,497,779,283,041,294,038,80;) = 0.157,223, 
337,849, 123,12, 116,415 
and 3 ＋3 TF (= . 157,223, 337, 840, 123, 612, 1 16,415 + 0.001,305,044, 
389, 0 59,073, oc, 92) = o. 138, 528, 382,238, 182,685, 
125,507 ; and, conſcquently the whole trinomial quantity 
A ＋ JT will be = 
0. 158,528, 382,238, 182,685,125, 07 
— o.oco, 143, 94,913, 646,391, 286,625 
= c. 158, 384, 440, 3424, 5 36, 293,838,882; which is leſs than 
o. 158, 384, 440, 324, 5 36,293,838, 883, or the abſolute term of the equation 3#+ 
3T5— = T, by the very ſmall difference of o. ooo, ooo, ooo, ooo, ogg, ooo, 
oc, oi, or an unit in the 24th place of decimal fractions. Therefore 
o. 05 2, 407,79, 283,041, 204, o38, 80 f ts leſs than the true value of 7, or the 
leſſer root of the [aid equation, or than the tangent of an arch of 3 degrees, 


Q. E. 1. 


Art. 33. But, though this number o. 052, 407, 779, 283, 41, 204, o38, 80g 
is leſs than the true value of 2, or the leſſer root of the ſaid equation 371 3 T. 
— 1, or than the tangent of 3 degrees, yet it will be nearer to the ſaid 
true value than any greater number expreſſed in the ſame number of places of 
decimal fractions. For, if we increaſe this number by only a ſingle unit in the 
laſt, or 24th, place of figures, or by the very ſmall decimal fraction o. ooo, ooo, 
ooo, ooo, ooo, ooo, ooo, ooi, the number thence ariſing, to wit, o. 052, 40,779, 
283,04 1, 204, o38, 806, will be greater than the ſaid true value. This Dr. Mackay 
proves in the following manner. 


To avoid the repetition of the great number of figures contained in the num- 
ber o. 052, 407,779, 283, o41, 204, O38, 905, he denotes it by the letter 4; and 
then the next greater number conſiſting of the ſame number of figures, 
to wit, the number o. 052, 40, 779, 283, o41, 204, 038, 806, will be = 


1 . . . 
4 + 0.000,000,000,000,000,000,000,001, Or 4 + — Now, if this bi- 


10 
nomial quantity be ſubſtituted inſtead of ? in the trinomial quantity 36＋ Tx. 
——f*, we ſhall have | 
Vol. IV. 6 31 


24 
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2 n 
„ A N e = 30 + A, 
and? (= «+ Sal) = i „8 ＋ 7 


and 5 [= 4 + ==| q = & + 3 N == = + 3a X = 7500 + —— => 


— — 


and 31 *r rr 1 + * = TX + 3T X 22 


* — + zT x — Therefore the whole trinomia! 
100 10 


quantity 3/+3T x f—£ will be equal to the following multinomial quantity, to 
wit, | 


G | 
4 _— | 
CT 1 > 


— 3 — 34 V —- & =T 


— — — ] 


A 


700 


Now of theſe ſeveral terms there are only four that will enter into the 24h, 
or any _ place of decimal fractions; which are the four terms 34 + 3T x 


OG — 42 ＋ . = —, For, ſince a is = 0.052,407, &c, and conſequently is leſs 
than 0.06, and 31 is = 047 551 53, &c, and conſequently is leſs than o. g, it 


follows that 2T X 20 Xx * will be leſs than o. 5 x 2 X0.06 x D (or 


I 6 I 
han — . than 8 T tha 


2 8 or than 6 in the 26th place of decimal —_— and that 3T x 


72 leſs than 0.5 * 57> (0r than = x 57» or than -g Sb) or 


than 5 in the 49th place of decimal hikes; you that 34* * = will be 
108 


leſs than 3X 0.c036 * He (or than 0.0108 * Toft or than . x 


10, 00 
=) or than , of which the higheſt figure 1 


would 


108 
= , or than = Ie =D 
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would enter only in the 26th * of decimal fractions; hea; that 3a - 


aer vill be leſs than 3 x0.06 & Se) or than 0.18 K , or than 10 


10) 20) 
1 18 22 | 
* , Or than 1007 * IT" (or than? 7005 of which the higheſt figure 


1 would enter only in the 49th place of decimal fraftions ; and, laſtly, it is 


evident ==; will enter only in the 72d place of decimal fractions. All theſe 


To's 


terms Aer will not affect the figures of the firſt 24 places of decimal frac. 
tions, and conſequently may, on the preſent occaſion, be neglected. There- 
fore the trinomial quantity 3/+3Tx/*—2£, reſulting from this ſubſtitution of 


4 + = or 0.052,407,779,283,041,204,033,8006, inſtead of 7, in the ſaid 
I 


quantity, may be conſidered as being equal to the four terms 32+ 3T * - 


je xa 
[Dd 
is = 0.158, ge 324, 5 36, 293,838,882. Therefore the four terms 4 


Xaf—g? + = will be = 0.158,384,440,324,536,293,838,882 + 2— = 


(= 0.158,384,4492,32445 36,293,838,882 + o. ooo, ooo, ooo, ooo, ooo, og, ooo, 
003) = o. 188, 384.440, 324,536, 293.838, 885; that is, the value of che trino- 
mial quantity 35 ＋ T X= reſulting from the ſubſtitution of o. 052, 40%. 
779, 283, 041, 204, o38, 806 in its terms inſtead of t, will be equal to o. 158, 
384.440, 324, 536,293,838, 88 5; which is greater than o. 158, 384, 440 34,636, 
293,838,883, or T, or the abſolute term of the equation 3/+3T Kt = = T. 
And conſequently the faid number 0.052,407,779,233,041,204,038,306 is 
greater than the true value of f, or the leſſer root of the equation 3/7 + 3D X/— 
* T, or than the true value of the tangent of an arch of 3 e There. 
fore the ſaid tangent 1s of an intermediate magnitude between o 052,407,770, 
283,041,204,038,805, and 0.052,407,779,283,041,204,C33,806, and all the 
24 figures of the former of theſe numbers are conſequently exact. Q. E. P. 


But it has been ſhewn already in Art. 32, that 34+ 3T NA 


Ind of the Trisection of an Arch of 9 Degrees ty reolring the 
Cubick Equation qt T Xx, = T, in which T 7 the targen/ 
of 9 degrees, and is = 0.158,384,440,324,536,293,838,882, 
and t, or the lesser Root of the said Equation, is the Tangent 
of an Arch of Degrees, the Radius of the Circls fein called J. 
6D 2 77 
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The Trisection of an Arch of 3 Degrees by resolving the 
Cubick Equation $t+8TXOf—& = T, in which T is the 
Tangent of 3 Degrees, and is = 0.052,407,779,283, 
041,204,038,805, and t, or the lesser Root of the said. 
Equation, is the Tangent of an Arch of 1 Degree. 


Arr. 34. Dr. Mackay begins this computation by obſerving that the tangent 
of an arch of one degree is leſs than the third part of the tangent of an arch of 
three degrees; but greater than the length of an arch of one degree, whiclr 
is the 180th part of the ſemi-circumference of the circle, or (when the radius. 
is called 1, as it is in the preſent computation,) the 180th part of the number 
3.141,592, &c; but that it will be nearer to this latter quantity than to 


the former, Therefore this tangent will be leſs than ——, or 0.017,469, 


3-141,592 


. 017,46 ! 
but greater than e, Or o. 017, 453, and leſs than — 2. 


or than , or o. 017,461. And therefore Dr. Mackay conjectures 


0.034,922 
2 
that the tangent of an arch of one degree will be = o. 01), 455, and he ſub. 
ſtitutes this number for 7 in the trinomial quantity 35 XH, which forms 
the firſt, or left-hand, fide of the equation 37 , - = T, which is to 
be reſolved; and he compares the reſult of this ſubſtitution with the abſolute 
term T, or 0.052,407,779,283,041,204,038,805, of the ſaid equation, in order 
to diſcover whether the ſaid reſult will be greater, or will be leſs, than the 
ſaid abſolute term, and conſequently whether the ſaid quantity 0.017,455 is 
greater, or is leſs, than the true value of t, or the leffer root of the ſaid equa- 
tion. And. for this purpoſe Dr; Mackay raiſes the powers of the number 
0.017,455, and likewiſe computes the value of 3T, or the co. efficient of “ in 
the ſecond term of the ſaid equation 3/+3TXf—® = T, and multiplies it 

into the ſquare of 0.017,455, or 1. This he does in the following manner. 


Since T is = 0.052,407,779,283,041,204,038,805, it follows that 3T will 
be (= 3X0.052,407,779,283,041,204,035,005) = . 157, 223,337,849, 123, 
612,116,415. 


46 


4 Computation of the Length of the Tangent of one Mintz of a Degree, $21 


d. 07, 455 
S 0.017,455 
87 275 
872 75 
6 982 © 
122 185 
7 | 124.85 
| * = 0.000,504,077,02 5 
= ©.017,455 
I $23 395 125 
15 233 $51.25 
121 8703100 
2132 739175 
3 0460 770 25 


if = o. ooo, oo5, 318, 137, 471,375 


— — — 


zT = . 157,223, 337,849, 123, 612, 116,415 
F O. ooo, 304, 577, 2 

0.000 047 167 001 354737 083 635 

628 893 351 390 494 448 

94 334 092 709 474 167 

11 cog 633 649 438 653 

1 100 563 364 943 865 

3 144 466 756 983 

786 116 689 246 

FT = 0.000,047,902,338,836,440,880,997 


Therefore if 0.017,455 be ſubſtituted, inſtead of 1j in the trinomial quantity 
3t+3Tf*—P; we ſhall have 
| zt (= 3X0.017,455) o. og, 365; 
and 317 3 T, (= o. og, 365 + o. ooo, o47, 90a, 338, 8 36, 440, 880,997) 
o. 052, 412, 902, 338, 836, 440, 8 80, 997; and therefore the 
whole trinomial quantity 3573 T= will be equal to 
+ o. 052, 412, 902, 338, 8 36,440, 880, 997 
— o. ooo, oo3, 318, 137, 471,375, 
= do. 052, 40), 584, 201,365,065, 880,997; which is leſs than 
9.052, 407,779, 283, 041, 204, o38, 80g, or the abſolute term of the equation 
37 ＋ 31.7 - = T; and therefore o. o 17, 455 is leſs than the true value of t, or 
the lefler root of the {aid equation. Q. E. I. 
A Process 
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A Process of Mr. Raplson's Method of Approximation. 


Art. 35. Having thus diſcovered that 0.017,455 is leſs than the true value 
of t, Dr. Mackay puts 2 for the exceſs of # above o. 017, 455, and, in order to 
obtain a more exact value of t, he ſubſtitutes the binomial quantity o. 017, 455 +z 


inſtead of 2, in the equation 37 3T&f - = T. This he does in the following 
manner. 


Since # is = 0.017,455+2z, we fhall have 


22 9.017455 +21" (= 0.017,45 + 2X0.017,455X2 + &c 
0.017,455| + 0.034,910X2 + &c) = 0.000, 304,677,025 + 
0.034,910X2 -þ &c, 

i T (= c + Z x + de 
9.01775 5 ＋ z X0.000,304,6077,025 XZ + & 

0.0 17,438 + 0.000,914,031,075X2 + &c) 

= 0.000,005,318,137,471,375 + 0.000,914,031,07;5Xz + &c. 


and £3 


TOM 


Therefore 37 will be ( 3X0. 617,485 +2) = 0.052,365+3X2 + &c, 
and 3T xe will be (= 0.157,223,337,849,123,612,116,415 * 


0.000,304,677,025 + 0.034, 9 10 + &c 
(= 0.157,223,337,$49,123,612,116,415 Xx 0.000,304, 
677,025 + 0.005,488, 666,724,312,905,298,984X2 
+ &c) 
='0.000,047,902,338, 836,440,880, 99) + 0.005,488, 
666,724,312,905,298,984 X 2 + &c. 
Therefore the whole trinomial quantity 31 3 T- will be equal to the 
quantity | | ; ; 
[+ 0.052, 366, 8 + 3x2 + &c | 


+ o. ooo 04,02, 338, 836, 440, go, 99 + 0.005, 88, 666,724, 312,905, 
298,984 & & + & 


— o. ooo, ocs, 318, 137,471,375 — do. ooo, 914, o3 1, 5 XK + & c 
— Oc 855 $074594,201,30 5,00 800/997 © ＋ 3 04557 50355505, 
298,984 X 2. 


But | 
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But the trinomial quantity 3#+3T#*—2 is equal to 0.052,407,779,283,041, 
204,038,805, or T, the abſolute term of the equation 37+z3T x f—£& = T, 
Therefore the quantity o. 052, 40), 584, 201, 365,06 5,880,997 + 3.004, 574, 
635,649, 312, 905, 298,984 * & will allo be equal to o. 052, 40%, 779, 283, o41, 
204,038, 805, and conlequently 3.004, 574, 635, 649, 312, 903, 298,084 XK 2 will 
be equal to ; 

ON o. oc 2, 40), 779, 283, 41, 204, 38 80g 

— o. 52, 40), 584, 201,365,065, 880.997 
= o. ooo, ooo, 195, 08 1, 676, 138,137,808, and 2 will be = 
7855 568 4 = O. ooo, ooo, 64, 928, 2 1757 33. Therefore 2, 
or 0,017,455 + 2, will be equal to (o. 017, 455 + 0.000,009,064.928,217,733) 
= 0.017,455.004,928,217,733, that is, the tangent of 1 degree, or the leaſt 
root of the equation 3#+31f—#i = T, will be nearly. equal to 0.017,455, 


064, 928, 217,733. Q. E. Lk 


Art. 36. Having thus obtained the number o. 0 17, 455, 64, 9 28,217,773 
for a ſecond near value of 7, or the tangent of an arch of 1 degree, of which 
it is probable the firſt twelve figures, viz. 0.017,455,004,928, are correct, 
Dr. Mackay proceeds to ſubſtitute thoſe twelve figures inſtead of / in the trinomial 
quantity 3/+3Tf—-??, in order to diſcover whether the value of the quantity 
reſulting from this ſubſtitution will be greater, or will be leſs, than 0.052,407, 
779,283,041,204,038,80z, or T, the abfolute term of the propoſed equation 
3t+3TXe—7* = I; and confequently whether the faid number o. 017, 455,064, 
928, will be greater, or will be leſs, than the true value of z, or the leſſer root 
of that equation, And for this purpoſe Dr. Mackay raiſes the powers of the 


number 0.017,45 5,064,928 in the following manner, 
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# = 0.017,455,064,928 
s 0.017, 455,064, 928 


139 640 519 424 
349 101 298 56 
15 709 558 435 2 
69 820 259 712 
1 047 303 895 68 
87 275 324 640 
872 753 246 40 
6 982 025971 2 
122 185 454 496 
174 550 649 28 


= 000,304,679,291, 640,695,645,184 | 
12 e 0 r{AGA | 


n 


0.000 003 046 792 916 406 = 452 
2 132 755 041 484 869 516 
121 871 716 656 278 258 
15-233 964 582 034 782. 
1 523 390 458 203.478 
18 280 757 498 442 
1218 717 166 563 
£44211 362 477 
7 6 093 585 833 
| 2437 434 333 


P = 0.000,005,318, 196, $17,805,390, 134 


| 
| 
| 


A Comprtation of the Length of the Tangent of ene Minute of a Degree. $25 


3T = 0.157,223,337,349,123,012,116,415 
* = 0.00c,304,079 291, (40, 695,645, 184 


o. oo 047 167 coi 354 737 033 635 

623 893 351 390 494 445 

94 334 002 JC9 474 107 

11 005 633 649 438 653 
1415 1 040 642 112 

31 444 667 569 825 

14 150 100 400 421 

157 223 337 $49 

94 334 002 709 

9288 933 514 

94334003 

14 150 100 

786117 

94 334 

6 289 

780 

16 

13 

1 


. — * 


3TX , = o. oco, og), 902, 695, 205, 256, 7 54,993 


Therefore, if the number o. o 17, 435, 064, 928 be ſubſtituted inſtead of ? 1a 
the trinomial quantity 3? ＋73T.—, we ſhall have 
3! (= 3Xx0.017,455,064,928) = 0.052,305,194,784, 
and 3073 T. (= 0.052,365,194,784 + 0.000,047,902,095,205,256,7 54,992) 
o. 052, 413, 97, 479, 203, 256,754,992; and therefore the 
whole trinomial quantity 37 131“ — . will be = 
+ 9.052, 413,097, 479,205, 256,754,992 
— o. ooo, oo5, 318, 190, 817, 805, 390, 134 
| = 0.0 52, 407, 779, 283, 387, 45 1,364, 838, which is leſs than 
o. o 52, 407, 779, 283,041, 204, 038, 805, or the abſolute term of the equation 
3t＋ 31. = T. Ard therefore o. 017, 455,064, 928 is leſs than the true 
value of 7, or the leſſer root of the ſaid equation, Q. E. I. 
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A Second Process of Mr. Raphson's Method of Approximation. 


Art. 37. Having diſcovered that-0.017,455,064,928, is lefs than the true 
value of t, Dr, Mackay puts z for the exceſs of f above 0.017,455,064,928 ; 
and, in order to obtain a more exact value of r, he ſubſtitutes the binomial 
quantity 0.017,455,004,928 +2, inſtead of , in the equation 3#+3T X- 
= T. This he does in the following manner. 


Since : is = 0.017,455,064,928 ＋ z, we ſhall have 
P = 0.017,455,004,928+2\* (= 0.01 7,455,004, 9281 + 2X0.017, 
455,064,928 x2 + &c 
= 0.017,455,064,928|* + o. 934 910,129,856X2 + &c) 
= 0.000,304,079,291,640,095,645,184 + 0.034, 910, 129, 8 56 X 2 
+ &C, 
and 6 = 0.017,455,004,928 + z]* (= 55577,755,5645978½ + 
3X0. .017,455,064,928)* X 2 
= 0.017,455,004,928]* + 3X0.000,304,679,291,640,69 5, 64 5, 184 Xz 
= 0.017,455,004,928]* + 0.000,914,037,874,922,086,935,552 X 2 
+ &c) 
= 0.000,005,318,196, 817,806, 390, 134 + o. ooo, 914, 037, 874, 922, 
086, 935, 5 12 X2 + &c. 
Therefore 37 will be = 3 Xx. 017, 435, 64, 928 ＋ K, 
= . o5j 2, 365, 194,784 + 3 Xx A + &c, 
and 3T X will be = o. 15), 223, 337,849, 123,612, 116,413 * 
O. 500, 3079, 291, 040,09 5,045,154 + 0.034,910, 
| 129,856 X z + & c 
(= 0. 157, 223, 337,849, 123,6 12, 116,415 * o. ooo, zo, 
679,291,640, 69 55645, 184 ＋ 0.005, 488,687, 140, 
706, 665,34, 7 80 & ) 


= co. ooo, o47, 902, 695, 205, 256,7 54, 99 2 ＋ 0.005,488, 
68 7, 140, 706, 665,034, 7 80 xx. 


Therefore 
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Therefore the whole trinomial quantity 3/+3T K f- will be equal to the 
guantity 
+ 0.052,365,194,784 + 3X 2, J 
+ 0.000,047,902,695,205,256,7 54,992 + 0.c05,488 68771 40,706,665, | 
O34, 780 Xx |» 
ha 0,C00,CO5,3 18,196,8 175805, 390, 134 — C. 000,9 14 037,874 1 92 2,08 65 | 
935552 * 2. 
7 


= o. 52, 407, 779,282, 387,451, 364,838 + 3.004, 574, 649,27 5, 34, 578, 
099,228 &ð A 


But the trinomial quantity 353 T . =P is equal to 0.05, 407, 7797 $3,041, 
204,038,805, or T, the abſolute term of the equation 3 717317 T7 
Therefore the quantity o. 052, 407, 779,282, 387, 451,364,858 + 3.004, 574,649. 
273,784, 578, 99, 228 & K, will alſo be equal to o. 052, 407, 779, 283,041, 204, 
038,805, and conſequently 3. O04, 374, 649, 275,784,578, 099, 228 x 2 will be 
equal to 4 

+ o. 0 52, 40, 779, 283, 041, 204, 038, 805 
— 0.052, 407, 779, 282, 387, 451, 364,58 
= O. ooo, ooo, ooo, ooo, 653,752, 673,947. And z will be = 
d. ooo, ooo, ooo, ooo, 65 3,5 2, 673,947 
3 004,5 74,049,275, 84,578, %, 228 
fore t, or o. 017, 455, 64.928 4 x, will be equal to (o. 0 17, 45 5, 064,928 + 0.090, 
ooo, ooo, oo, 217, 585,765, 126) = 0.017, 455,064, 928, 217, 583,765, 126; that 
is, the tangent of one degree, or the leſſer root of the equation 37 + JT —t* 
= T, will be nearly equal to 0.017,45 5,004,928,217,585,703.,129. 


Q. E. I. 


Art. 38. Having thus obtained the number o. o 17,435, 064, 928, 217,585, 
765,126, for a third near value of t, or the tangent of an arch of one degree, 
of which ic is probable that all the figures are correct, Dr. Mackay proceeds 
to ſubſtitute ir, inſtead of t, in the trinomial quantity 3#+ 3T#—2?, in order to 
diſcover whether the value of that quantity reſulting from the ſaid ſubſtitution, 
will be greater, or will be. lefs, than o. 03 2, 407, 779, 283, 041, 2034, 38, 80g, 
or the abſolute term of the cquation 351 +31P—85 = T, and conſe- 
quently to determine, whether the ſaid fſubſtituted number, o. 017,485, 
064,928,217, 585,765,126, will be greater, or will be lefs, than the true 

6 E. 2 value 


o. ooo, ooo, ooo, ooo, 217,58 5, 765, 126. There - 
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value of 7, or the leſſer root of that equation. In order to this he raiſes the 
powers of 0.017,455,064,928,217,585,765,126, in the following manner, 


f = 0.017,455,064,928,217,585,7605,126 
f = 0.017,455,0604,928,217,585,705,126 


0.000 174 550 649 282 175 857 651 
122 185 454 497-523 100 356 
6982 025971 287 034 306 
3572 753 246 410 879 288 

87 275 324 641 087 929 
1 047 393 895 693 055 
69 820 259 712 870 
15 709 558 435 390 
349 101 298 564 

139 640 519 426 

3 491 012 986 

174 550 649 

122 185 454 

8 727 532 

I 396 405 

87275 

12 219 

1 047 

87 


2 


3 = do. ooo, 304, 679, 29 1, 648, 291,592,497 
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* 
/ 


37 


37T , = 0:000,047,902,695,200,451,015,181 


= o. ooo, 304, 679, 29 1,648,201, 592,497 
= o. 017, 453, C64, 928, 17, 883,765, 126 
o. ooo 003 046 792 910 432915 925 
2 132 755 041 530d O41 147 

121 871 716 659 316 637 

15 233 964 532 414 586 

I 523 390 458 241 458 

18 280 757 498 897 

1218 717 166 593 

274 211 362 483 

6 093 585 833 

2 437 434 333 

60 935 858 

3 040 793 

2 132 755 

152 340 

24374 

I 523 

213 

18 

2 


— 0.000,005,3 18,196,81 $,004,271,768 


= 0.157,223,337,840,123,612,116,415 
= 0.000,304,079,291.648,291,542,497 
0,000 047 107 001 354 737 083 635 
628 893 351 399 494 448 

94 334 C02 709 474 167 

11 005 633 649 438 653 

1415 010 040 042 112 

31 444 067 569 825 

14150 100 406 421 

157 223 337 849 

94 334 002 709 

6 288 933 514 

1257 700 703 

31 444 668 

14 150 100 

157 223 

78 612 

14150 

314 

63 

14 

I 


829 


839 A Computation of the Length of the Tangent of one Minute of a Degree. 


Therefore if 0.017,455,064,928,217,58 5,765,126 be ſubſtituted inſtcad of 
t, in the trinomial quantity 37+ 2T#—2#, we ſhall have 
3t (= 3X0.017,455,064,928,217,585,76c,126) = 0.052,365, 
194, 784,652,757, 295, 378; 
and 37+ 3Tr (= o. 052, 365, 194, 784,652,757, 29,378 + 0.c00,047,902, 
693, 206, 45 1,0 13,181) = o. 052, 413,097, 479, 859, 208, 
319,559, And therefore the whole trinomial quantity 
z +3T#—?£ will be equal to 
ſ + 0.052,413,097,479,859,208,310,559 ? 
t — 0.c00,005,318,199,818,004,271,706 5 


= 0.052,407,779,283,041,204,038,791; which is leſs than 
*0.052,407,779,283,041,204,038,805, or the ablolute term of the equation 
31+3Tf—i T; and therefore 0.017,455,064,928,217,585,765,126 will bc 
leſs than the true value of z, or the leſſer root of the ſaid equation. 


Q. E. I. 
A Third Process of Ar. Raphson's Method of Approximation, 


Art. 39. Since t, or the leſſer root of the equation 3/+3T *, - = T, 
or 3t+3Txf*—® = 0.,052,407,779,284,041,204,038,805, is greater than 
o 017,455,004,928,217,585,765,126, let à be put for their difference. And 
we hall then have 7 = 0.017,455,064,928,217,585,765,126+2; or, if, to 
avoid the repetition of this long number, we denote it by the letter a, we {hall 
have f = a+ | 


Therefore F will be (= a+2*) = &*+2az + &c, 
and £ will be (= a+) = &- 34's + &c, ; 
and gT NH will be (= 3T Xa +24az+ &c) = 3Txa*+3T x 2az+&c, 
and the whole trinomial quantity 3#+3T xi*—£ will be equal to the multino- 
mia] quantity 


38 * 82 
. + 3Tx2az+&c 
— & — 34 K — & 


But 
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But the trinomial quantity $#+ T* F is = o. 05 2, 107, 779, 283, ogt, 
204, 038.805. Therefore the multinomial quantity 34 +3TIa'—& % TX 
28% + &C.— 34'Z— & will allo be S o. o 32, 407, 779, 283, 041, 204, 038, 80 ;. 


But it bas been ſhewn in the laſt article that the trinomial quantity 34 4 3 Ta* 
24 is o. 052, 407, 779, 283, 41, 204, 38 91. 


Therefore. the muliinomial quantity o. 052, 407, 770, 283, 041, 204, 38 91 
+ 32 1 3˙T x2az+&c—34*;—&c will be = o. 052.407, 779, 283, 04 1, 204, 
038,808. And conlequen:ly 33 TT x 2 t &c—3a*z—&c will be (= 
q. 052, 407, 7 79, 283,041, 204, 038, 805 — 0.052, 497,779, 283, 41, 204,038,791) 
= O. ooo, ooo, doo, ooo, ooo, ooo, 00, 014; that is, X X37 ITX 2a 3a &c 
will be 2 O. oo, ooo, Ogo, ooo, ooo, ooo, ooo, oi4, and therefore 2 will be = 


0,000,000,000,000,0C0,000,000,014 


31731 x 2434 


But @ is o. c 17, 455, &c, and a* is = o. ooo, zo, &c, and 3T is = 0.157, 
223, Kc. Therefore 3a is (= 3 Xx o. ooo, 304. & c) = o. ooo, 912, &c, and 31 X 
2a is (= O 157, 223, &c Xx 2. 01,455, &c = o. 157,223, &c X 0.034,910) 
= 0.005,438,654,930, and 3+31T x 24— 34 is (= 3. oog, 488,654,930 — 
c. ooo, 912 = 3.005, 488,654,930 — o. oo, 912 = 3. oog, 5706, 654, 930) = 
— — — 14 wil} be 


3.004. 376, &c. Therefore the fradt ion 

o. oo, ooo, ooo, o, ooo, oco, ooo, oiꝗ 
2380004, 576 
Therefore 2 will be = c. oo, oo, ooo, ooo, ooo, ooo, ooo, oo, 659, and conſe- 
quently à＋ 2, or 7, will be = a o. ooo, ooo, oob, ooo, ooo, ooo, ooo, go, 659 
(= o. 17,45 5, 64, 928,217, 585.76, 126 + 0.000,000,000,cc0,000,009,009, 
co4, 659) = o. 01, 455,064, 928, 217, 585,765, 130, 659, or the true value of 7, 
or the leſler root of the equation 32+ 3T xf—8 = T, or 31 TY = 
0.052,407,779,283,041,204,038,805, or the true value of the tangent of an 
arch of 1 degree, will be = 0.017,455,004,928,217,585,765,130,059; which” 
(if no miſtake has been made in the operations of the calculation,) will be exact 
in all its twenty-ſeven places of figures, and may therefore be depended-upon as 
exact in t e ſirſt 24 places of figures, to wit, in the figures o. 017, 455,004, 928, 
217,583,763, 130, which are all that Dr. Mackay makes uſe of in the follow- 
ing part of this extenſive computation. | Q. E. I. 

> of 


= 0.000,000,000,000,000,000,000,094,0 59. 


| 


— ———DU—U—ůBᷣ— 
_ 1 <F — 
— = Rx — 


— _— * 


= a. 


— 


End of the Trisection of an Arch of 3 Degrees. 
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The Quinquisection of an Arch of 1 Degree, or 60 Minntes, 
by resolving the equation t OT X *—108F — 5T x i 
+1 = T, in which T denotes the Tangent of an Arch 
of 1 Degree, and t denotes the Tangent of an Arch du. 
is the fifth Part of Degree, or an {rh of 12 Minutes, 
the Tangent T of the Arch of 1 Degree, being equal to 
the number 0.017, 433, 064, 928, 217,583,763, 13, when 
the Radins of the Circle is called 1. 


Ä 


Art. 40. Dr. Mackay begins his :cfolution of this equation by obſerving 
that the tangent of twelve minutes, or the fifth part of an arch of 1 Cegree, 
is leſs than one fifth part of the tangent of one degree, and greater than the 


length of a circular arch of 12 minutes, but that it is nearctt to this 


R : 4 0. o17, 155, 06 
lalt quantity; that is, the tangent of 12 minutes is lefs than — ——— 


3.141,592,05 
18O X 5 
but, being neareſt to this laſt quantity, it is conſequently leſs than 


. , , . , 6 006, 8 5 | 
0.C02,491,01 - — or than — , Or o. oog, 490, 83. And he 


therefore conjectures that the tangent of twelve minutes is = o. 003, 490, 67; 
and ſubſtitutes this number for z, in the equation 57+10TxXif—1ct—;T 
+15 = T, and compares the reſult wih the abfolute term T, or o. o 17,435, 
064, 928, 2 17, 58 5,765, 13, in order to diſcover whether o. og 3, 490, 67 is greater, 
or is leſs, than the true value of , or the leaſt root of the taid equa jon. And, 
for this purpoſe, Dr. Mackay raiſes the powers of o. 003, 490, (7, in the fol- 
lowing manner. | 


or 0.003,491,0r; and greater than „ or 0.003,490,05 ; 
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S 0.903,490,07 
; = o. oo3, 490, 67 


244 349 9 
2 094. 402 
314 160 30 
I 396 208 
10 472 01 


1 oO. ooo, o12, 184, 777,048, 
4 = 0.003 490 67 


952 934 393 423 
7310 866 229 34 
1096 629 934401 
4 873910819 56 
36 554 331 146 7 


_— 


n = 0.000,000,042,533,035,701,283,703 
4 = 0.003,490,07 
0.000 ©00 COO 127 599 107 103 351 
17 013 214 280 513 
3 827 973 213 116 
25519 821 421 
2 977 312 49% 
- og = 0.000,000,000,148,468,791,731,400 
s = 


0.003,490,07 


o. ooo ©0909 000 000 445 400 375 194 
59 397 516 693 
13 362 191 256 
89 081 275 
Io 392 815 


0,000,000,000,000,518,255,557,233 
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02 o. 174, 5 50, 640, 28, 17538 57,651, 3 
* = o. oo, O12, 184, 777, o48, 9 
0.900 001 745 500 492 021 755 570 5 
349 101 298 504 351 715 3 
17 455 004 928 217 585 8 
13 964 051 942 574 068 6 
698 202 597 128 70, 4. 
122 185 454 497 523 1 
12 218 545 449 752 3 
I 221 $54 544 975 2 
6982 025 9713 
1396 405 1943 
5 157 095 5843 
10T * = 0,000,002,120,860,745,244,049,051,0 


— — — — 


5T = o. 087, 275, 324, 641,087, 928, 825, 65 
!* oO. ooo, ooo, ooo, 148, 468, 791.731, 
o. ooo 000 000 008 727 532 464 108 8 
3 491 012 985 643 5 
698 202 597 128 7 
34 910 129 856 4 
5 236 519 478 4 
698 202 597 1 
61092 727 2 
7854779 2 


ES 34 9 
5T x# = o. ooo, ooo, ooo, o12, 95 7, 661, 997, 42 7, 8 


Therefore if o. oog, 490, 67 be ſubſtituted, inſtead of 7, in the quinquinomial 
quantity g ＋ io xf—108 —gT x1*+7*, we ſhall have 
57 (= FN. oog, 490, 67) = o. o1), 453,35; 
and 10 (= 10 X o. ooo, ooo, o42, 53 3, 033, 701, 283, 763) 
o. ooo, ooo, 425, 330, 357,02 2,837, 63. Therefore the quan- 
ty 5 r 10T XF＋, will be equal to 


it | 
0,01 7s 
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0.01, 453.35 
+ o. ooo, oo, 126, 860, 745, 244,049, 661 | 


< 
* + o. ooo, oco, ooo, ooo, 318, 25 5,557, 233 
= 0.017, 453,476, 861, 263, 499, 600,384. And the quantity 
10 gx“ will be equal to 


o. ooo, ooo, 425, 330, 357, 012, 83), 63 
o. ooo, ooo, ooo, O12, 957, 661,997,43 


o. ooo, ooo, 42 5, 343, 314, 674, 835, 06. Therefore the whole 
quinquinomial quantity 53 10 * — 10G —;T x1*+75, will be equal to 
o. 0 17, 455, 476, 861, 263, 499, 606,88 — o. ooo, ooo, 425, 343,314, 674, 833,06 = 
o. 017, 453,051, 5 17,948, 8 24, 771,82; which is leſs than o. 17, 455,064, 928, 
217,583, 768, 13, or the abſolute term of the equation 5!/+10T x f—1of— 51 
* = T. Therefore o. 003, 490, 6) is leſs than the true value of , or the 
leaſt root of that equation. | Q. E. I. 


A Process of Mr. Raplison's Method of Approximation, 


Art. 41. Having thus diſcovered that 0.003,490,67 is leſs than the true 
value of 7, Dr. Mackay puts 2 for their unknown difference, and ſubſtitutes the 
binomial quantity 0.003,490,67 + x, inſtead of 7, in the propoſed equation 57+ 
10T x f —10f—5T xf+= , omitting all the terms of the powers of the ſaid 
binomial quantity, that involve any higher powers of the unknown quantity x, 
than its firſt, or ſimple power, or z itſelf, agreeably to Mr. Raphſon's directions 
for reſolving all forts of equations by the method of approximation. This he 
does in the following manner, 


Since ? is = 0.003,490,67 +2, we ſhall have 
f = 0.003,490,67 + z\* (= O. 003, 490, % + 2X 0.003,490,67 Xz+ &c 
= do. 003, 490, % + 0.006,381,34X2 + &c) = 0,000,012,134,777, 
048,9 + 0:006,981,34X2 + &c, 


and & = 0.003,490,67+2]* (= 0:092,499,67] + 3 & 6.003,49, 7, X 
+ &c 


6F 2 = 0.003, 
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= 0.003,499,67]* + 3X0.000,012,184,577,043 9x2 + &c 


= O. 003, 490, 67] + 0.000,036,554,221,145,7 X2 + &c) 


— 0.000,000,C42, 533,035,701,283, 763 + O. oo, 36, 5 54, 331, 146,7 


Xz + &c, 


and 


+ &c 


0.003,499,07 +2|* n 570 + 4 0.003, 490, % x2 


o. 003. 490, 67 + 4. oo, ooo, 042, 533,3 5, 01, 283, 763 NK ＋ 


= 0.003,492,67] + o. ooo, ooo, 170, 132, 142, 805, 133, 5% N= ＋ & c) 
o ooo, ooo, ooo, 148, 468,791,731, 100 + o. ooo, ooo, 70,132, 142, 


803, 135, 5 2 Xx 2+&cz 


and 55 = 0.003,490,67 +2/* ( = 0.c03,490,07 . + 5 X0.003,490,071* x 2 


+ &cC 


— 0.00.4 o, 07) + 5 No. ooo, oo, ooo, 148, 468,791,731, 400 Xx R ＋ & c 


= . O03, 490, 67)* + o. 090,000,000, 742,343, 958,057,000Xz+&c) 


= 0.000,000,000,000,518,255,557,233 + 7 42, 343, 


958,657,000 c 2+ KC. 


Therefore 51 will be = 5XG:003,400 67 T (= 5X0.003,490,67+52) 


= 0.017,453,35+5% + &c, 


and 10Tx?* (= 10 X 0.017,455,064,928,217,585,765,13 X | 
O. oo, 12, 184, 777, 048,9 0. 006, 987,34 NL + &c 

. = o. 174, 550, 649, 282, 175, 857, 65 1,3 * o. ooo, 12, 184, 

777,048, 9 + 0.001, 218,597,429, 859, 62 5, 602, oſ5 *) 

do. ooo, oo 2, 126, 860, 745, 244,049, 651,0 + o. oO 1, 2 18, 


597,429, 8 59,62 5,002,055 Xx ＋ &c. 


and 1075 (= 10X0,000,000,042,533,035,701,283,763 + 10x 


0.000,036,554,331,146,7 XZ + &c) 


o. ooo, ooo, 42 5, 330, 357, 012, 837,63 + o. ooo, 365, 


543,311,407 X2 +&c, 


and 5T x7 (3. 017,4655064, 928, 217, 585,76 5,13 * 0.000, 


ooo, ooo, 148, 408, 791, 731, 400 +0,.000,000, 170,1 32 ; 


142 2905, 135,052 Xx 2+ &c 


= 0.067, 
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——— — 


= 0.c87,275 324, 641,087,928, 828,65 x 0.000.000, 


— —ͤU— — — 


Co, 148, 458,79 731,40 T0. ooo, oo, 130, 132,142, 
$05,145,052 X2 + &C 

= 0.087,275,324,641,037,928,825,65 * o ooo, ooo, 
O00, 148, 468,791,731, 00 . o. ooo, ooo, 014, 848, 


337.995, 202, 093, (Xx 2+ & c) 
= C. ooo, ooo, ooo, O12, 957,66 15997 427 8 + o. coco, 


ooo, 014, 848, 337,995, 202, 93, 6Xx RA &c. 


Therefore the whole quinquinomial quantity 5 T1 xXf—10f—;T N 
+#5, will be equal to the following multinomial quantity, to wit, 


{ + 0.017,453,35 ＋ 5X2 4 
+ o. o, 2, 120,8 50, 745, 244, 049, 5 + 0.001, 218,397,429 859, 52 5, 
602,955X2+KC |! 

— O. coc, oc, 4 $,320,357,012,837,03 — 0.000,265,5142,311,467,000, | 


292,094 X Z— CC | 
+ o. ooo, oo, cop, co, 318, 255, 557,23 + 0.009,000,002,742,34 3,958, | 
og ο = 


+ 0.017, 453,476,861, 263,499, 606,88 + 5.001, 218, 808,172, : 03.884, 
| 2599055 X 3 +&C 

— 0.c00,000,425,343,3 12,074. 35,96 — o. ooo, 365, 558, 189, 804, 995, 
202, 04 XS — &C 

= . 017, 455.061, 517,948, 824.771,82 + 5.000,853,040,01 2,398, 38g, 
OO, UL XZ, 


020,000 X Z — &C | = 
— 0.009,000,000,012,957,661,997,43 — © 000,000,014,843,337,995, | 


But the quinquinomial quantity 5f+10T x f—10P—5;Tx!i* +1 is (= T) 
= 0.017,455,004,928,217,585,765,13. Therefore the quantity 0.017,455, 
051,517,948,824,771,92 + $g.000,853,040,012,398, 589,050,961 Xz+&c, 
will alſo be = 0.017,455,064,928,217,585,765,13, Hence 5.000,853,040, 
012,398, 389,0 56, 91 will be = 0.017,455,064,928,217,5*5,7 65,13 — 


0,017,455,051,51 7,943,824,77 1,82 = o. ooo, ooo, o. 354 o, 268,760, 993,3 I, 
0.,000,000,013,410,268,760,993,31 


and conſequently z will be (= = 0.000,000, 


5.000,853,04c,012,398,589,0, 6,90 
002 „681,596,250, 401. Therefore 7, or 0.003,490,67 + x, will be (= o 003, 


490, 67 + 0.000,000,002,681,596,250,401) = 0.003,490,672,681,596,250, 
401; that is, the tangent of an arch of 12 minutes will be nearly equal to 0.003, 
490,672,081,590,250,401. El. 
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Art. 42, Having thus obtained the number 0.003,490,672,681,596,250, 
401 for a ſecond near value of t, or the tangent of 12 minutes, of which it 
is probable the firſt fifteen figures, to wit, 0.003,490,672,681,596 are correct, 
Dr. Mackay proceeds to ſubſtitute thoſe fifteen figures, inſtead of 7, in the quin— 
quinomial quantity 5/+10T x f—10—;5Txf+#, in order to diſcover whe- 
ther the value of the ſaid quantity reſulting from this ſubſtitution will be greater, 
or will be leſs, than 0.017,455,064,928,217,585,765,13, or the abſolute term of 
the propoſed equation 5/+ 10 X, 10 —5T N =, IT; and conſequently 
whether the ſaid number o. oog, 490, 672, 68 1, 596, will be greater, or will be 
leſs, than the true value of 7, or the leſſer root of that equation. And for 
this purpoſe Dr. Mackay raiſes the powers of the number o. oog, 490, 672,68 1, 
596, in the following manner. 


t O. oog, 490, 672, 68 1,3596 
t ooo], 490, 672, 68 1, 596 


0,000 O10 472 018 044 788 
1396 269 072 638 4 
314 160 541 343 64 
2 094. 403 008 957 6 
244 347 87 711 72 
6981 345 363 192 
2 C94 403 608 957 6 
279 253 814 527 7 
3 490 672 6816 
I 745 330340 8 
314. ibo 541 3 
20 944 030 1 


—_ 


# = 0.,000,012,184,795,770,040,609,597,1 
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#5 = 0.000,012,184,795,770,040,009,597,1 
z = 0.003.490,072,081,596 


0.000 000 036 534 387 310 121 8288 

4 873 918 308 016 243 8 

1 096 631 619 303 6549 

7 310 877 462 024 4 

852 935 703 902 8 

24 309 591 5401 

7 310 877 462 © 

974783 6616 

12.184 795 8 

6 092 397 9 

1 096 631 6 

731088 

PF o. ooo, ooo, o42, 533, 133,723, 307, 252,5 
r do. 03, 490, 672, 681, 596 


o. oo O00 ©00 127 599 401 175 921 8 
17 013 253 490 1229 
3 827 982 035277 6 
25 519 880 235 2 
2977 319 3608 

85 066 2674 

25 519 880 2 

3 402 650 7 

43 333 1 

212006 6 

38280 


2552 


f 0,000,000,000,148,469,247,957,599-5 


> 
(} 


840 
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1* = 0.000,000,000,148, 762.4057890 5 8 
2 o. oog, 490, 67 2,8 1, 596 


o. oo ©00 ©00 000 445 407 743 872 8 
| 59 387 699 1830 

13 362 232 310 2 

6 89 081 548 8 
10 392 847 4 

296 938 5 

89 0815 

11877 5 

148 5 

742 

13 4 

9 


»„ä 


1 * = o. ooo, oo, ooo, oo, 518 257,547,902, 


10T = o. 174,550,649,282,175,8 $7,651,9 
* = 0.000,012,184,795,77 7 70,940,609,597,1 


c. ooo O0QI.745 506 492 821 758 576 5 
349 101 298 554351715 3 
17 455 064 928 217 585 8 
13 964 051 942 574 068 6 
658 202 597 128 703 4 

122 185 454 497 523 1 

15 709 559 435 3958 

872 753 240 4109 

122 185 454 497 5 

12 218 5454498 

6 982 0260 

104 730 4 

155710 

873 

157 

2 


10T X = o. ooo, ooa, 126, 804, o13, O31, 298, 357,2 
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zT = 0.087,275,324,041,087,928,825,65 
/ o. ooo, ooo, ooo, 148,469, 247,957, 599,5 


0.000 oO oO 008 727 532 464 108 8 
3 491 012 985 643 5 

698 202 597 128 7 

34910 129 856 4 

5230 519 478 4 

785 477 9218 

17 4550649 

390130 


436 , 


5T X. = 0.0c0,000,000,01 2,9 57,701,814,717,6 


Therefore, if o. oog, 490, 672, 68 1, 596, be ſubſtituted inſtead of z, in the 
quinquinomial quantity 5 , 10TX/—10/— 5T xi +#, we ſhall have 
zt (= 5 X0.003,490,672,681,596) = 0.017,453,363,407,980, 
and 10. (= 10X0.000,000,042,533,133,725,397,25245) 
= 0.000,000,42 5,331,337,253,072,525. Therefore the quan- 
tity g7+10Tx/* +75 will be equal to 


o. o 17, 453, 363, 407, 980 
O. oo, oo, 126, 864, 013,031, 298, 3 58 


o. ooo, ooo, ooo, ooo, 5 18, 257, 547,903 
= 0.017, 455,490, 272, 5 11, 88,840, 261, and the quantity 
1 TX will be equal to 


O. OO, , 425,331, 337,253,072.525 
o. ooo, ooo, ooo, 12,957,701, 814,718 


= co. ooo, ooo, 425, 344, 294, 954.887, 243. Therefore the 
whole quinquinomial quantity Sr τ i K- = x&f +135, will be equal 
to o. o 17, 455, 490, 272, 511, 288,846, 261 — o. ooo. ooo, 425 341, 94,905,887, 
243 . 017, 455, 064, 928, 216,333,959, 18; which is leſs than o.0 7,455, 
064, 928, 217,585, 765, 130, or the abſolute term of the equation 3754 
F—1o0f—TXf+5 = T; and therefore o. 003, 490, 672,681,596 is leſs than 
the true value of 7, or the leaſt root of that equation, 
Vor. IV. 6 G A Second 
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A Second Process of Mr. Rehhso7s Method of Approximation. 


Art. 43. 


672,081,595; and, in order to obtain a more exa&t value of f, he lubſlitutes 
the binomial quantity o. 003, 490, 672, (8,596 +2, inflead of 7, in the equa. 
tion 5f+10T K - 10 = XH = T, This he docs in the following 
manner. 


Dr. Mackay then puts 2 for the exceſs of ? above O. oog, 390, 


Since t is o. ooz, 490, 672, 68 1,596 T x, we ſhall have 


5 


and 25 


and ff 


ll 


o. 00g, 490, 672,68 1,596 -2]* (= 0.003,490,072,681,596]* + 
2 X o. oog, 490, 672,8 , 906 xz + & c 

0.003, 400,67, 81,5900 + o. o06, 98 1,345,362, 192 * + &c) 

o. ooo, 12, 184, 795,70, o40, 609, 597 + 0.006, 981,345,363, 192 
XZ + Kc, ö 

0.503.400, 57 2, 55 l, 5906 % . — 0.003, 490, / 2,08 1,596] + 

3 X0.003,490,072,081,590]* xz + &c 

0.003, 490, 0 2,08 1,590] + 3X0.000,012, 84, 795.770, 40 ,609, 
597,1XZ2 + &c 


- 0.003,490,072,081,5961* + 0.000,036,554,387,310,121 „828,791, 


3X 2 + &c) 
O. ooo, ooo, 042, 533,133,726, 30, 252,5 + o. ooo, o36, 5 54, 387, 3 10, 
121,828,791, 3 &x 2 + &c, 

0.003, 490, 672, 08 1,96 f1·ꝙ s (= o. O03, 490, 672,68 1,5961“ + 

4 X o. oog, 490, 672, 68 1, 59605 Xx 2 + &c 

o. 003, 490, 672, 08 1,5960 + 4 & o. ooo, ooo, o42, 533, 133,7 25, 30), 
25% XZ ; 

0.003, 490, 672, 68 1, 5961 + o. ooo, ooo, 10, 32,5 34, 901, 229, 10,0 
X2 + &c) 

0.000,000,000,1483,469,247,957,599,5 + o. ooo, ooo, 170, 132, 534, 
901, 229, lo, o& 2 ++ &c, 


and 
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and 5 = o. 003, 490, 52, 68 1, 596 C (= 0.003,490,072,051,5991* + 


5X0 002,4992,072,081,596]* X + &c 


= 0.003,499,972,98:,596!* + 5 No. ooo, ooo, ooo, 148, 469,247,937, 


599,5 & + 


&C 


= 0.003,499,67 


5X2 + &c) 


2,081,,90]* + o. ooo, ooo, ooo, 742, 346, 239,787,997. 


= d. oo, ooo, ooo, ooo, 518, 257, 547,902, + c. ooo, oo, go, 742,346, 
239,787,997, X 2 Kc. 


Therefore 5¹ will be = 5 X 0.003,490,67 2,001,590 + 2 
(= 5X0.,003,490,672,681,596 + 5X2 
= o. o 1, 453, 363, 407, 980 π XR + &c, 
and 10T XF will be (= 10 Xx. o 17, 455, 064, 928, 217,585, 765,13 * 


o. oco, o 12, 184,795, 770, O40, 609, 597, 1 + 0.006,981, 
345,303,192 X Z + & 


(= 0.174,550,049,282,175,857,051,3 X 0.000,012,184, 


and 1087 will be (= 


and 5Tx# will be (= 


795,770, o40, 609, 597, 1 + 0.001,218,598, 366,008, 
271,427, 026, 5 X2 + &c) 

O. ooo, oo, 126, 864, o 13,031, 298, 358,3 + o. 001, 218, 
598, 366,008, 271, 427, 026, & + &c, 

IO xo. ooo, ooo, o42, 533, 133,725, 30%, 252,5 + lO & 
o. ooo, o36, 5 54, 387, 3 10, 121,828,791, 3 Xx + &c) 

o. oo, oo0, 425, 331, 337, 253,072,525 + o. ooo, 365, 
543,873, 101, 218,287, 913 Xx K + &c, i 

5 XO. 017, 455,064,928, 217, 58 5,763, 13 * 

O. Oo, ooo, ooo, 148, 409, 247,957, 599,5 + 0.900,000, 
170, 132,5 4,901,229, 010K + &c 
0.087,27 5,324,041,087,928,825,65 X 


o. oo, ooo, odo, 148, 409, 247,057 39%, 5 + o. ooo, ooo, 


170, 132, 534, 901, 229, 10 Xx 2 + & 
o. 087, 275, 324, 641, 087,928, 823,65 * co. oo, ooo, 
ooo, 148,469, 24,957, 599,5 + o. ooo, ooo, o14, 848, 
372, 215,515,983, 8 Xx + &c) 

6 G 2 = 0.000, 
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= o 000,000,000,012,957,701,814,717,6 ＋ o. ooo, ooo, 
014,848,372, 215 515,58, 8 XR + &c. 


Therefore the whole quinquinomial quantity 5 + 10T x f — 10P—5T x #* 
+7, will be equal to ihe following multinomial quantity, VIZ. 
[3 0.017,452,303,407.080 + 5X2 


＋ o. ooo, oo, 126, 864,0 13,31, 298,353 + 0.001,218,598, 366, ooh, 271, 
427,26 x x + & c 


| — o. co, c ooo, 425, 33 , 37,253, 24525 — 0.000,305,543,57 3,101,218, 


287,913 X2Z2 + &c 
— o. ooo, oo, oo, 012,957, 701, 814,718 — o. ooo, ooo, 014, 848372, 215 


513,983 XR + &c 


+ o. ooo, ooo, ooo, ooo, 5 18, 257,547,903 + o. ooo, ooo, ooo, 742, 3406, 239, 
be 787, 997 XZ + &C 


* 0. 17,465,490, 272,511,288, 246, 261 + 5-001,218,599,108,354, l 


$11,215,023 XZ 


— 0.000,000,42 5, 344,294, 954,585, 243 — 0. 000, 365,5 58,74, 473. 
433,503, 89 X 2 


= 0. 017,455,064,928, 216,333,959,018 + 5-000, $543,040, 380, 88 1,077 
412,127 XZ + &c. 


But the quinquinomial quantity 57+ i x /*— 106 XA is equal to 
T, or o. 0 17, 455,064, 928, 217, 883, 765, 130. Therefore the quantity 0.017, 
455,064, 928, 216, 333,959, 18 + 5.000, 85 3, o40, 386, 88 1,077, 411, 127 X , will 
alſo be equal to o. 017, 455,064, 928, 217,585,763. 130. Therefore 5.000, 
$53,040,386, 881,077,411,127 X2 Will be equal to 0.017,455,004,928,217, 


58,765, 130 - 0.01), 45 5,004,928,216,333,959,01 8 S. ooo, ooo, ooo, ooo, oi, 
O. oo, ooo, ooo, coo, oo 1, 251, 806, 112 
5. oo, 85 3, 040, 386, 881,077, 411,127 


D o. ooo, ooo, ooo, ooo, ooo, 2 0, 3 18,516. Therefore 2, or o. oog, 490, 672, 681, 
596 T z, will be (= o. oog, 490, 672, 68 1,596 + o. ooo, ooo, ooo, ooo, ooo, 2 50, 
318,516) o. oog, 490, 67 2, 68 1, 596, 250, 318,5 16; that is, the tangent of an 
arch of 12 minutes will be o. 00g, 490, 67 2, 68 1,596, 250, 318,516. Q. E. I. 


2 51,806, 112, and conſequently z will be equal to 


A Proof of the Truth of the preceeding Computation. 


Art. 44. In order to confirm the truth of the preceeding computation, 
Dr, Mackay ſubſtitutes the above-found value of 7, or the tangent of twelve 
minutes 
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minutes, namely, © 003,490,572,681,596,250,318,516, inſtead of t, in the 
quinquinomial quantity 57+ 10T x P—10f—gTxi* +8, that he may thereby 
diſcover whether the value of the ſid quantity refulting from ſich ſubſtitution, 
will be equal to, greater than, or leis than, the number, 0.017,455,054,928, 
217,585, 6 5, 130, or the ablolute term of the equation 5f+10TÞ xtf—1087 
NF = T. and conſequenily whether the ſaid ſubſtituted number, 
o. O 3.490, 72,68 1,596, 2 50, 318,56, will be equal to, greater than, or leſs than, 
the rug value of t, or the leate dot of that equation, And for this pur- 
poſe be rates the powers of 0.0c,,490,072,08:,595,250,318,516, in the fol- 
lowing manner. 

S o. oo3, 490, 72, 681, 396, 2 50, 318, 5 16 
t cd. 03, 490, 672,081, 396, 250, 318,516 


8 


ws 


0.000 010 472 018 044 788 750 955 5 
1 396 269 072 638 500 127 4 
314 160 541 342 662 528 7 
2094 403 608 957 750 2 
244 347 087 711737 5 

6 981 343 563 192 5 

2 094 403 608 957 7 

279 253 814 527 7 

3 490 672 6816 

1 745 335 3498 

314 160 541 3 

20 944 036 1 


| Þ = 0.000,012,184,795,770,042,357,156,9 


846 4 Computation of the Length of the Tangent of one Minute of a Degree, 


N. Doole. 295,7 20% 6275609 
ft = o. oog, 490, 672, 68 1,596, 250, 318,516 

o. ooo 000 036 554 387 310 127 071 5 

4 873 918 308 016 942 9 

I 096 631 619 303 8121 

7 310 877 462 025 4 

852 935 703 903 0 

24 369 5% 540 lr 

7 310 877 402 0 

974 793 6616 

12 184 795 8 

6 092 3979 


5 = 8755780670487 5,153,725,316,4025 8 
4 = 0.003.490. 6 2,68 1,506, 250.3 8,516 
o. oo o ©00 127 590 401 175 949 2 
17 013 253 490 120 6 
3 827 982 035 2704 
25 519 880 235 2 
2977 319 360 5 
85 066 267 4 
25 519 880 2 
3 402 650 7 


21 
#7 — 0.000,c00,000,148,a09,24 7595 7,042,0 
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0.000,002,000,1483,409,247,95 7,042,0 
0. 03,490,572, 8 06,250, 18,5 16 

0.000 000 000 000 445 40% 743 829 

59387 699 1831 

13 362 232 316 2 

89 081 648 8 

10392 847 4 

296 958 5 

89 081 5 

118775 

148 5 

742 

134 

9 

d. ooo, ooo, ooo, ooo, 5 18, 25 7, 547, 902, 9 


t* 
4 


181 


i0T = 0.174,5592,649,282,175,857,651,30 

!* = 0.000.012,1 $4.705,770,042,357 1 56,9 
0.000 0OI 745 50b 490 821 758 576 5 

349 101 298 564 351 715 3 
17 455 064 928 217 5858 

13 964 O51 942 574 068 6 

698 202 597 128 703 4 

122 105 454 497 523 1 

15 709 558 435 3958 
872 753 240 4109. 

122 185 454497 5 

12 218 545 449 8 

6 982 026 0 


349 191 3 


10T xe = 0.000,002, 120,864,013,031,003,390,0 


5T 
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51 = 0.087,275,324,641,087,928,825,65 
sf W7S: 000,000,000, 148,469,247,9 37,764, 2 


o. ooo ooo 000 008 727 532 464 108 8 
3491 12 983 643 5 
698 202 597 128 7 
34 910 129 856 4 

5 230 519 478 4 
785 477 9218 
174550649 

3491 0130 
610927 3 

78 547 8 

4 3638 

610 9 

524 

3$ 

2 


Tx.“ = 0.000,000,000,012,957,701,814,721,5 


of a Degree, 


Therefore if q. oog, 490, 672 „681,596,250, 318, 516 be ſubſtituted, inſtead of 
t, in the quinquinomial quantity 5#+10T KF -i - 5TH, we ſhall 


have 


57 (= 5X0.003,490,672,681, 596,2 50,318,516) = 0,017,453, 


363, 407,98 1,281, 592, 580 


and 104 ( 10 x O. ooo, ooo, o42, 533, 33,725,315, 402,8) = 0,000, 
ooo, 425,33 1, 337, 253, 164, 28. Therefore the quantity 


zt ＋T IT x f+8 will be equal to 
0.01 7,453,363, 407, 98,251, 392,580 
＋ 0. ooo, oo2, 126, 804, 013, 031, (603, 390 
+. 0. ooo, ooo, ooo, ooc, 5 18,257, 547,903 
| =. 0.017,455,490,272,512,540,743,879. 

icP+;T xi will be equal to 

0.000 ,000,425,331,337,253,1 64,028 
C +... 0.000,0c0,c00,012,957,7 01,814,721 


= ol oco, oco, 42 5, 243,294, 954, 978, 749. 


ö 


And the quantity 


; 


Therefore the whole quinquinomial quantity 5/+10T x - -T x 


Cu will be equal to o. 01), 455,490, 272, 512,540, 743,87 


= 


9 — . 000,900, 
425) 
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42 5,344,294, 9 54, 978,749 = 0,017,455,064,928,217,585,765,130; which is 
equal to o. o 17, 455, 04, 928, 217,383, 765, 130, or the abſolute term of the 
equation 5 +10T -i = H ,; and therefore 0.003,490,072,00 1, 
596,250,318,516 is the true value of z, or the leaſt root of that equation, or 
the true value of the tangent of twelve minutes, exact in all its figures, 


Q. E. I. 
End of the Quinquisection of an Arch of 1 Degree. 


The Trisection of an Arch of 12 Minutes by resolving the 
Cubic Equation 801 ＋ 3TH = IT, in which T is the 
Tangent of an Arch of 12 Minutes, and is = 0.003, 490, 
672,681,596,250,318,516, and t, or the lesser Root of the 
Equation, is the Tangent of an Arch of 4 Minutes. 


Art. 45. Dr. Mackay obſerves that the tangent of four minutes is leſs than 
one-third part of the tangent of 12 minutes, and greater than the length of 
a circular arch of four minutes; but that it is neareſt to this laſt quantity; 


k , F 003, 490, 672,6 
that is, the tangent of four minutes is leſs than === * , or 0.001, 


.141,592,053,5 


oxen > 0.001,163,552,8 ; but, being 


163,557,5 ; and greater than # 


o. oo t, 163, 55 7,5 0.091,16;,,5 52,8 
2 


neareſt to this laſt quantity, it is conſequently leſs than $ 


or than , or o. o0 1, 163,55: 1: and therefore, Dr. Mackay con- 


jectures that the tangent of four minutes is = o. 001, 152.53, and then ſub- 
ſtitutes that number for t, in the trinomial quantity 3/+3 I -t, (vhich forms 
the firſt, or left-hand, fide of the equation 5T + g, , - T, or g X 0.903, 
490, 672,58 1, 596, 250, 318,5 16 & f- go. oog, 490, 672, 881, 596,230, 318, 5 ) 
Vol. IV. 6 H and 
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and compares the reſult of that ſubſticution with the abſolute term T, (of which 
the firſt twenty-two figures are o. oog, 490, 672, 68 1, 596, 2 50, 318, 5,) in order 
to diſcover whether the ſaid reſult is greater, or is leſs, than the ſaid abſolute 


term, and conſequently whether 0.001,163,553 is greater, or is leſs, than the 


true value of 7, or the leſſer root of the ſaid equation. And for this purpoſe 
Dr, Mackay raiſes the powers of 0.001,163,553, in the following manner, 


; = 0.001,167,553 
; = 0.001,163,553 


3 490 659 
58 177 65 
581 776 5 
3490 659 
69 813 18 
f 116355 3 
1162 553 


o. oOo, oo 1, 353, 855, 583, dog 
o. 00 1, 163.53 


* 
il 


o. ooo oo0 OOL 353 855 583 809 
135 385 558 380 9 
81231 3350286 54 
4 061 566 751 427 
676 927 791 9045 
67 692 779 190 4 
4 061 566 751 4 


© = 0.000,000,001,575,282,726,107,713,3 


” 
. 
Ld 
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T = 0.003,490,672,681,596,250,318,5 
3 


zT = 0.010,472,018,044,738,750,955,5 
= 0.000,001,353,855,533,509 


o. ooo 000 C10 472 018 044 788 751 0 
3 141 605413 430 625 3 
523 600 902 239 437 5 
31 416 034 134 366 3 

8 377 614 435 8310 
523 600 902 239 4 

52 360 090 2239 

5 236 009 022 4 

837 761 443 6 

31 416 0541 

8377 614 4 

94 248 2 


TIRE = 0.000,000,014,177,600,103,685,857,1 


Therefore, if 0.001,163,553 be ſubſtituted, inſtead of r, in the trinomial 
quantity 3/+3T xf—#&, we ſhall have 
3 (= 3X0.001,163,553) = o. oog, 490, 659; 
and 37 3 T, (= o. oog, 490, 659 + o. ooo, ooo, O14, 17 7, Goo, 103, 68 5,86) 
= o. oo3, 490, 673, 17, 600, 103, 685, 86; and, therefore, the 
whole trinomial quantity 35 ＋ 3T F-, will be equal to 
+ o. oo 3, 490, 673, 177, 600, 03, 68 5,55 
— o. ooo, ooo, oo 1, 5 7, 282,726, 107,71 
= o. oog, 490, 671, 602, 319, 377,578, 5; which is leſs than 
o. oog, 490, 672, 68 1, 596, 250, 318.3, or the abſolute term of the equation 
gt+3Txf—#f = T; and therefore c. 00 , 163, 553 is lels than the true value 
of 7, or the leſſer root of the ſaid equation. Q. E. I 


6 H 2 A Process 


852 A Computation of the Length of the Tangent of one Minute of a Degree, 


A Process of Mr. Raphson's Method of Approximation, 


Art. 46. Having thus diſcovered that 0.001,163,553, is leſs than the true 
value of 7, Dr. Mackay puts 2 for the exceſs of f above o. 001, 163,553; and, 
in order-to obtain a more exact value of z, he ſubſtitutes the binomial quantity 
0.001,163,553+ 2, inſtead of 7, in the equation 3/+zT XF = T. This he 
does in the following manner. 


Since 7 is = 0.001,163,553+2, we ſhall have 
f = 0.001,163,553 + 2,7 (= 0.001,163,353|* + 2X0.001,163,553X2z 
+ &c) 
= 0.000,001,353,855,583,809 + 0.002,327,106X2 + &c, 
and F = 1, 163,553 TZ (= 0.001,163,5541* + 3 xo. 01, 163, 550 
XZ | 
= 0:001,i163,553)* + 3 X0.000,001,353,855,533,809 X 2 
= 0.001,163,553\* + 0.000,004,061,566,751,427 X2 + &c) 
o. ooo, ooo, oO 1,575, 282, 726, 10% 7 1 ＋ 0.000,004,061, 566,751, 
427 Xz + &c. | 


Therefore 3t will be = 3X0.001,163,553+% = 0.003,490,659 + 3 X z 
+ &c, 


and 3T x?7* will be (= 0.010,472,018,044,788,750,955,5 X 0.000,001,353, 
855,583,809 + 0.002,327,100 K 2 + &c 
= o. 010, 472, o18, o44, 788, 750, 955, X o. ooo, oo 1, 353, 
855,583,609 + o. oo, o24, 369, 496, o24, 131, 671, 08 
XR) | 
= 0.000,000,014,177,600,103,685,86 + 0,000,024, 
369,496,024,131,071,08 x 2, 


Therefore the whole trinomial quantity 3/+3T XF., will be equal to 


the quantity ; 
| + 0.003, 
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+ o. o 3, 490, 659 + 3. * K A 
+ O. o, oo, C4, 177, 600, 03.085, 86 + 0.000,024,369,496,024,131, | 
| 071,08X2 ;- 

— o. ooc, ooo, 01,573,282, 726, 107,1 — 0.009,004,061,506,7 51,427, | 
XZ) 


= 0.003,490,671,002,317,377,578;1 5 + 3.000,020,307,029,272,704,071, 
| CS X 2. 


But the trinomial quantity 37+ T x *—£, is equal to 0.003,490,472,681, 
597,250, 318, 5, or IT, the ablolute term of the equation 37 +3T x f—£i = F. 
Therefore the quantity o.00 3, 490, 67 1, 602, 3 17,377,578, 15 + 3. ooo, oz0, 307, 
929,272, 704, 67 f, od Xx will alſo be equal to o. 003, 490, 672, 68 1, 590, 250, 
318, 5, and co:lequently 3.009, 020,307, 929, 272, 704, C71, o8 X z will be 
equal to | | 

+ 0.003,49c,672,681,596,250,318,5 

— o. 03. 490, 671, 602, 317,377,578, 

= co. ooo, ooo, oo, 59, 278, 872,740, 4; and therefore 2 
0.990,000,001,070,27 8,372,740,4 
3-000,02c,307,929,27 2,704,0;, 1,08 
Therefore 7, or 0.001,163,553 + z, will be (= 0.001,1643,553 + o odo, ooo, ooo, 
3597 57,188,938,y) = 0.001,163,553,359,757,188,938,9 ; that is, the tangent 
of four minutes, or the leſſer root of the equation 3t+3T * e = = T, will 


be nearly equal to 0.001,163,553,359,7 57,188, 938, 9. 
QLE. L 


Art. 47. Having thus obtained the number 0.001,153,553,359,7 57,188, 
938, 9 for a ſecond near value of t, or the tangent of an arch cf four minutes, 
of whic it is probable che firſt ſixteen figures, to wit, 0.001,103,553,359,757,1 
are correct, Dr. Mackay proceeds to ſubſtitute this number, inſtead of 7, in the 
trinomial quantity 3/+3T XH, in order to diſcover whether he value of 
that quantity reſulting from this ſubſtitution will be gie ter, or il be lels, than 
o. S0 3, 490, 672, 68 1, 596, 250, 318, 516, or T, the ablolute term of the propoſed 
equation 3er TF -“ = T; and conſcquently whether the faid number 
o. oO 1, 163, 553,3 59,7 5 „1 will be greater, or will be lets, than the true vag of 
t, or the leſſer root of that equation. And for this purpoſe Dr. Mackay railes 
the powers of the number o. o0 1, 163, 553,355,737, 1 in che following manner. 


. ooo, ooo, ooo, 359,757, 188, 938, 9. 


will be = 
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f = 0.c01,163,553,359,757,1 
t = 0.c01,163,553,359,7 571 


0.000 001 163 553 359 757 1 
116 355 335 975 71 
69 813 201 585 426 
3 490 660 079 271 3 
581 776 679 878 55 
58 177 667 987 855 
3 490 660 079 271 3 
349 066 007 927 I 
58 177 667 987 9 
10 471 980 2378 
814 487 3518 
58 177 6680 
8 144 873 5 
116 355 3 
= 0,000,001,353,856,421,002,035,3777 
= 0.001,163,553,359,757»! 


o. ooo ©00 001 353 856 421 002 035 4 
135 385 642 100 203'5 
81231 385 260 1221 
4061 569 263 006 1 
676928 210 501 © 
67 692 821 0501 
4061 569 263 0 
406 156 926 3 
67 692 821 © 
12 184 707 8 

47 699 
3 692 8 
94770 
135 4 


33 = 0,000,000,001,57 5,284,187,285,041,0 
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zT = 0.010,472,018,0441,798,750,955,5 
* = 0.000,001,353,856,421,002,936,377,7 


O. ooo ooo 010 472 018 0447503 7510 
3 141 603 413 436 625 3 
523 600 902 239 437 5 
31 416 054 134 399 3 

8 377 614 4353 831 0 
523 600 yo2 239 4 

62 832 1c8 268 7 

4 188 807 217 9 

209 440 360 9 

10 472 018 o 

20 9440 


3TX!* = o. ooo, ooo, O14, 177, C08, 8 70, 786, 430, 5 


Therefore if o.o0 1, 163, 553, 359, 757, be ſubſtituted inſtead of 7 in the tri- 
nomial quantity 3/+3T x#*—?7, we ſhall have 
3t (= 3X0.001,163,553,359,757,1) = 0.003,490,660, 
079,271,353 
and 3t+3T x# (= 0.003,490,660,079,271,3 + 0.000,000,014,177, 
608,870,786,430,5) 
= 0.003,490,674,256,880,170,786,430,5 ; and there- 
fore the whole trinomial quantity 34+ TX -, will be equal to 


+ 0.003,490,674,256,880,170,786,43 
— 0.000,000,001,575,284,187,28 5,64 


= 0.003,490,072,681,595,983,500,79, which is leſs than 
0.003,490,672,681,596,250,318,516, or the ablolute term of the equation 
3t+3I Xx . = I; and therefore 0.001,163,553,359,757,1 is leſs than the 
true value of 7, or the leſſer root of theſ aid equation. Q. E. I. 


A Second 
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A Second Process of Mr. Raphson's Method of Approximation, 


Art. 48. Dr. Mackay then puts z for the exceſs of f above 0.001,163,553, 
359,757, 1; and in order to obtain a more exact value of t, he ſubſtitutes the 
binomial quantity 0.001,163,5 53,359,757 ,1T+2, inſtead of 7, in the equation 
3t+3T xf—i = T. This he does in the following manner. 


Since # is = 0.001,163,553,359,757,1 +2, we ſhall have 


f = 6.001,163,553:359-757-1+3|* (= 6.501, 163,553,359,75751 + 
2 X0.001,163,553,359,757,1 X32 + &c 
= = 0.001, 163, 553,359,757 1 + o. oon, 327, 106, 719, 5 14, * ＋&c) 
= 0.000 ,001,353,856,42 1,002,035,38 ＋ 0,002,327,100,719,514,2 XZ 

and & = 0.001, 103,553»359»7 571 +2\* (= 0.CO1,103,553:35997 57511" + 
3x. 001, 163,553,359, 757.1 X 

= 0.001 163,583,350,757 05 + 3X0:909,0014353,856,421,002,035, 
38 X2 

= 0.001,163,553,359,7 57,1" + 1 106, 
14 X2) 

= 0.000,000,001,575,284,187,285,64 + 0.000,004,061, 569,26 3,006, 
106,14 X2 + &c. 


Therefore 37 will be equal to 3X0.001,163,553,359,757,1 +2 
= 0.003,490,060,079,271,3+3 X2+&c, 


and 3 TX will be (= 0.010,472,018,044,788,750,955,5 X 0.000, 


001,353,050,421,002,035,38 + 0.002,327, 
106,719,514,? Xx 2+ &c | 

= 0.010,472,018,044,788,750,955,5 X o. ooo, 
001,353,050,421,002,035,38 + 0.000,024, 
369,503,558,901,856,90 x 2) 

o. ooo, ooo, o14, 177, 608, 8 70, 86,43 + o. ooo, 
024, 369, 503, 55 8, 901, 8 56, 96 X. 


Therefore 
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Therefore the whole trinomial quantity 3#+3T x& —&, will be equal to 
the quantity 


+ 0.003,490,600,079,271,3 + ZX2 
＋ o. ooo, ooo, o14, 177, 608 870, 86,43 + o. ooo, o 24, 369, 503, 5 58, 901, ] 
859,90 X2 > 

— 0.000,000,001,575,284,187,285,04 — o. 2 569,263,005, | 
8 106, 14x 


= o. oog, 490, 672,68 1, 395,983,500, 79 + 3. ooo, o20, 307, 934, 293,895, 
750, 82 X2 


But the trinomial quantity 35 ＋ T x f—2£ is equal to o. oog, 490, 672,68 , 
596, 250, 318,3 16, or T, the abſolute term of the equation 3/+3T x f- = 
T. Therefore the quantity o. o03, 490, 672, 68 1,95, 983, 500, 79 + 3.000,020, 
30, 934,295,895, 750, 82 x2, will alſo be equal to o. 003, 490, 672, 68 1,596, 250, 
318,516, and conſequently 3. ooo, oz20, 307, 934,295, 895, 7 50, 82 & 2 will be 
equal to | | 

+ 0.003,490,672,681,595,2 50,318,516 

— 0.003,490,072,681,595,983,500,790 

=. 0.,000,000,000,000,000,266,817,726 ; and therefore z will 
de 2 o. ooo, ooo, ooo, ooo, ooo, 266, 819,726 

3.000, 20, 307, 934,295,895, 75082 

Therefore 7, or o. O01, 163, 553,3 59,757, 1 4 , will be (equal to o. oo 1, 163, 553, 
359,757, 1 + o. ooo, ooo, ooo, ooo, ooo, o88, 938,65) = o. oo 1, 163, 553,359,757, 
188,938,665; that is, the tangent of four minutes, or the leaſt root of the 
equation 36 ＋3 TK F- = T, will be equal to o. 001, 163, 553,339,757 188, 
938,6 5, which is true in all its figures, Q. E. I. 


=. o. ooo, ooo, ooo, ooo, ooo, o88, 938, 65. 


A Prof of the Truth of the foregoing Computation, 


Art. 49. In order to prove that the number o 001,163,553-359,757,138, 
938,65, is the true value of the tangent of four minutes, Dr. Mackay ſubſtitutes 
it for t, in the trinomial quantity 3#+3T#f—2@, which forms the firſt, or left- 
hand, ſide of the equation 30 +3'T x = = T, and thereby ſhews that the 
final reſult will agree with o. 003, 490, 672, 681, 596, 250, 318,516, the abſolute 
term of the ſaid equation. For this purpoſe he raiſes the powers of the num- 
ber o. o0 1, 163, 553,3 59,787, 188,938, 65, in the following manner. 


Vor. IV. 61 ; ; = 
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S 0.001,163,553,359,757,188,938,65 
t = 0.001,163,553,359,757,188,938.65 


0.000 o 163 553 359 757 188 938 65 

116 355 335 975 718 8939 

69 813 201 585 431 336 3 

3 490 660 079 271 566 8 

581 776 679 878 594 5 

58 177 667 987 859 4 

3 490 660 079 271 6 

349 066 007 927 2 

58 177 667 987 9 

10 471 980 237 8 

814 487 351 8 

58 177 6680 

8 144 873 5 

116355 3 

93 084 3 

9308 4 

10472 

34 9 

23 

7 

1 

* d. ooo, oo i, 353, 8 56, 42 1,002, 242, 347, 5 

0.001,163,553,359,757,188,938,65 

©,000 OOO OOL 353 856 421 002 242 3 
135 385 642 100 2242 

81 231 385 260134 5 

4 061 569 263 006 7 

676 928 2105011 

67 692 821 050 I 

4 061 569 263 0 

406 156 926 3 

67 692 8210 

12 184 707 8 

947 699 5 
67 692 8 

94770 


1354 
108 3 


10 8 
I2 
4 
I 


* 
I 
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zT = 0.010,472,018,044,788,750,955,5 
t = 0.000,001,353,856,421,002,242,347,5 
0.000 oO Olo 472 018 044 788 7510 
3 141 605 413 436 025 3 
523 600 902 239 437 5 
31 416054 134 366 3 
8 377 614 435 8310 
523 600 goa 239 4 
62 832 108 208 7 
4 188 807 217 9 
209 440 300 9 
104720180 
20 944 © 
2 094 4 
4189 
209 
31 
4 
1 


zT = o. oco, ooo, oi, i 77,508, 870,7 88, 597,8 


Therefore, if o.00 1, 163, 553,359, 57, 188,938, 65 be ſubſtituted, inſtead of z, 
in the trinomial quantity 37 g X-, we ſhall have 
3! (= z xo. oor, 163, 553,359,757, 188, 938,65) = 0.003,490,660, 
079,271, 66,8 15,95; 
and 33 T* ( o. oog, 490, 660, 079, 271, 566, 8 15, 95 + co. ooo, ooo, oi, 
177,608, 870, 788, 597,8) 
o. oog, 490, 674, 256, 880, 437, 604, 55; and therefore the 
whole trinomial quantity 3 ＋3T XV -, will be equal to 


+ o. 03, 490, 674, 286, 880, 437, 604, 55 
— o. ooo, ooo, oo 1, 573, 284, 187, 286, 0 


= o. oog, 490, 672, 68 1, 596, 250, 318,5; which agrees with 
the number R or the abſolute term of the 
equation zt 3 TX = = T in the firſt 22 figures, to wit, o. 003, 490, 672, 
681,596,250, 318, 5, and excecds the ſaid abſolute term by only the very ſmall 
quantity o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, o34, and is therefore confidered by 
Dr. Mackay as being equal to the ſaid abſolute term. And hence he concludes 


that the number 0.001,163,553,359,757,188,938,65, is the true value of 7, or 
che leaſt root of the ſaid equation, or of the tangent of an arch of four minutes. 


Q. E. D. 
End of the Trisection of an Arch of 12 Minutes. 
612 The 


> — — 
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The Bisection of an Arch of 4 Minutes of a Degree, by 


resolving the Quadratick Equation t* + — Kt, in 


which T is the Tangent of an Arch of 4 Minutes, and is 
= 0.001, 163,333,369, 757, 188,938, 65, and (, or the 
Root of the said Equation, is the Tangent of an Arch of 
2 Minutes, | 


Art. 50. Dr. Mackay begins this Biſection by reducing the vulgar fraction 
2 


0.001,163,5532359-75 ., © | / 
number and a decimal fraction, by dividing it's numerator by it's de- 


nominator, and finds the mixt number that reſults from this diviſion to be 
1718.8 72, 609, 690, 509, 838, 486, 820, 225,3. Therefore the equation # + 


, to a mixt number conſiſting of a whole 


2 
* ox 


＋ Xx #= 1 will, when this mixt number is ſubſtituted in it inſtead of —_ 


be i? + 1718.87 2, 609, 690, 309, 838, 486, 820, 225,3 & = 1, This diviſon 
is performed as follows. | 
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The Quotient. 
(1718.872,609,69c,509,838,486,820,225,3 


The Divisor, 101019 95488 

o. 001, 163, 553,350,757, 88.938,65) 93 084 268 78 
The Dividend. 7935 690 10 

2. ooo, ooo, ooo, ooo, ooo, ooo, ooo, oo, ooo, 00 6 981 220 16 
1.163,55335947 $72138,938,05 , 954 375 94 
836 445 640 242 811 001 250 930 842 69 
814 487 351 $30 032 257 055 23 533 275 
21 959 288 412 778 804 295 0 23 271 07 

11 635 533 597 571 839 386 5 262 18 
10 323 754 815 200 9i4 908 50 232 71 

9 308 426 878 057 511 509 20 29 47 
1015 327 937 149 403 399 300 23 27 

939 $42 687 805 751 150 920 _ 6 20 

84 485 249 343 652 248 380 0 5 82 

81 448 735 153 003 225 705 5 NEON 38 
3035 514 160 649 o22 674 50 | 35 

2 327 106 719 514 377 877 30 _ 2 


709 407 441 134 044 797 200 
698 132 ol5 $54 313 363 190 
11 275 425 280 331 434 010 00 
10 471 980 237 814 700 447 85 
803 445 042 516.733 502 15 
698 132 015 854 313 463 19 
105 313 026 662 420 198 96 
104 719 802 378 147 904 48 
59324 234 273 194 48 
581 770 679 878 594 47 
11 447 004 394 600 01 
10 471 980 237 81470 
975 024 156 755 31 
930 642 687 805 75 
44 781 458 979 56 
34 906 600 792 72 
9 874 868 186 84 
9 3098 426 878 06 
566 441 308 78 
465 421 343 90 
101 019 964 88 


The 
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The abridged method of performing this long operation of diviſion, which 
has been here employed by Dr. Mackay, conſiderably leſſens the labour of it, 
without at all diminiſhing the exactneſs of the quotient, when carried only to 
the 25th place of decimal fractions, as will appear from the following exhibition 
of the ſame operation performed at full length, which produces the very ſame 
quotient as has been here obtained by Dr. Mackay's abridged method. 


The Quotient. 
(1718, 872, 609, 690, 509, 838.486, 820, 223, 3 
The Divisor. 
0.001,163,553,359,757,188,938,65) 
The Dividend, 
2. Oo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, & 
1 163 553 359 757 188 038 65 
836 446 640 242 811 O01 350 
$14 $14 437 3 51 830032 257 055 
21 959 288 412 778 804 295 0 
11 635 533 597 571 889 386 5 
10 323 754 815 206 914 908 50 
93 308 426 878 057 511 509 207 
1 015 327 937 149 493 399 300 
930 842 687 805 751 150 920 
„84 485 249 343 052 248 380 0 
81 448 735 183 003 225 705 5 
*3 036 514 160 649 022 674 50 
2 227 106 719 $14 377 877 30 
709 497 441! 134 644 797 200 
608 132 015 $54 313 363 190 
11 275 425 280 331 434 010 00 
10 471 980 23781470044) 85 
803 445 042 510 733 502 150 
698 132 015 854 313 363 1 199 
105 3 313 ons 0662 420 190 9000 
194 71g 502 378 147 004 478 5 _ 
** 593 224 204 273 194 401 500 
581 776 679 378 594 469 325 _ 
11 447 604 394 600 012 175 00 
10 471 980 237 814700 447 85 
975 024156 785 31172715 
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975 624 156 785 311 727 150 
930 842 687 805 5 751 150 920 
*44 751 468 979 9 560 5: 5762 2300 
34 996 boo 792 75 668 159 5 
9 9 874 868 186 844 908 070 59 
9 308 426 878 057 511 509 20 
506 441 308 787 396 561 300 
465 421 343 902 875 575 460 
IOL 019 964 584 520 985 840 © 
93 084 263 780 575 115 co 
7 935 090 103 945 870 748 09 
6 98: 520158 443 133 631 90 
"954 375 945 492 737 116 100 
930 842 687 805 751 150 920 _ 
'23 533 257 596 985 965 1800 
23 27: 067 195 143 778 7730 
202 190 190 401 842 186 407 0c0 
232 7:0 671 951 437 787 730 
29 479 729 890 748 619 270 © 
23271 067 195 143 778 7730 
*6 208 662 695 604 840 497 00 
5 817 766 798 785 944 623 25 
390 395 896 818 895 303 759 
349 066 007 927 1564631 595 
*41 829 888 891 739 122 155 


Art. 51, Having thus obtained the value of 15 the co · efficient of ? in the 


equation * + 1 X t 1, and thereby converted the ſaid equation into the 


equation + 1718.872, 609,690, 509, 8 38, 486,8 29,2 5, 3 X 1 1, Dr. Mackay 
proceeds to reſolve this laſt equation in the following manner. 


He begins by obſerving that the tangent of an arch of 2 minutes is leſs than half 


o. oot, 163, 53,350, 3 60,57, 188,939, 65 ) 
2 
2 


the tangent of an arch of 4 minutes, (or than 


or than o. oo0, 58 1,776, 67, &c; and that it is greater than an arch of 2 minutes, 
3-141,592,653, 
3400 
and that it is nearer h it's leſſer limit, o. o, 58 1,776, 41, than to it's greater 
limit, o. ooo, 58 1,776, 67, and conſequently that it will be leſs than half their 
fum 


3 


6 
(or than 3 3-141,592. $2959 
180 x 39 


2, or than 


25 or than o. oo, 58 1, 776,41; 
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0.001,163,55 3,08 
2 


ſum, (or than ,) or than 0,000,581,776,54. He therefore con- 


jectures that this tangent will be equal to o. ooo, 58 1,776, 42, or that the root : 
of the equation ? 1718.8 72, 609, 690, 509, 838, 486, 8 20, 22 5, 1 * f = 1 will 
be = o. ooo, 58 1, 776, 42, and he ſubſtitutes this number for ? in the binomial 
quantity “ + 1718.8 72, 609, 690, 509, 838, 486, 820, 225,3 X t, which forms 
the firſt, or left-hand, ſide of the ſaid equation, and then compares the value 
of the ſaid binomial quantity, reſulting from ſuch ſubſtitution, with the abſolute 
term 1, of the ſaid equation, in order to diſcover whether the ſaid value will 
be greater, or will be leſs, than the ſaid abſolute term, and thereby to deter- 
mine whether the ſaid number o. ooo, 58 1,776, 42 will be greater, or will be leſs, 
than the true value of 7, or the root of the ſaid equation. And for this purpoſe 


Dr. Mackay finds the values of “ and of = X t, or 1718,872,609,690, 509, 


$38,486,820,225,3 X 7, in the following manner. 


S 0.000,581,776,42 
S 0.0c0,581,776,42 


11635 528 4 
232 710 568 
3 490 658 52 
40 724 349 4 
407 243 494 
581 770 42 
46 542 1136 
290 888 210 


* 0.000,000, 338,46 3802,868,016,4 


1 = 1718.82, 609, 690, 50g, 8 38, 486,820, 22 5 
2 o. ooo, 8 1,776, 42 


0.859 436 304 845 254 919 243 4101 
137 509 808 775 240 787 078 9456 

I 718 872 609 690 50g 838 486 8 
1203 210 826 783 356 886 940 8 

120 321 082 678 335 688 694 1 

10 313 235 658 143 059 0309 

687 549 043 876 203 935 4 

34 377 452 193 810 1968 


T* = 0.999,999,553-391,802,121,809,640,5 
Therefore, 


A Computation of the Length of the Tangent of one Minute of a Degree, 865 


Therefore, if 0.000,581,776,42 be ſubſtituted, inſtead of ?, in the binomial 
quantity f + 1 X 7, the value of that quantity reſulting from ſuch ſubſli- 


tution, will be (= 0.000,000,3 38, 463, 802,868,016, 4 + 0.999,999,5 53,301, 
802,121,809,640,5) = 0.999,999,891,765,004,989,826,040,5 ; which is leſs 


than 1, or the abſolute term of the equation 3 + ＋ X 1 1, and conſe. 


quently o. ooo, 38 1,76, 42 is leſs than the true value of 4 in the ſaid equation, 
or than the tangent of an arch of 2 minutes, 
Q. E. I. 


A Process of Mr. Raphson's Method of Approximation. 


Art. 52. Having thus diſcovered that o. ooo, 58 1,776, 42 is leſs than the true 
value of 2, or the root of the equation “ + _ X # = 1, Dr. Mackay puts 2 


for the exceſs of f above o. ooo, 38 1,76, 42; and, in order to obtain a more 
exact value of 7, he ſubſtitutes the binomial quantity o. ooo, 58 1, 776, 42 + x, 


inſtead of z, in the equation : + -- X # = 1. This he does in the follow. 
ing manner. 
Since t is o. ooo, 58 1,776, 42 T æ, we ſhall have 
F = 0.000,581,776,42 T (= o. oo, 58 1, 776, ]“ + 2 X o. ooo, 38 1, 
776,42 Xx + & c 


= 5.000 581,776,42)* + 0.001,163,552,84X2 + &c) 
= o. ooo, ooo, 338,463,802,868,016,4 + 0.001,163,532,84Xz + &c, 


and T Xx 5 2 ＋ * o. ooo, 581,776, 42 +2 (= ＋ Xx o. ooo, 584,776, 42 
+ * = 0.999,999-553-301,802,121,809,640,5 + 1716. 
872,609,690, 509, 8 38, 486, 820, 225 X 2. 


Therefore the binomial quantity 8 + OY X # will be equal to the mul- 
4inomial quantity | 
Vor. IV, 6K o. ooo, 
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| 0 o. ooo, ooo, 338, 463, 802, 868,0 16,4 + o. oo 1, 163, 552,84 2 7 


= + 0.999,999, 553+301,802,121,809,040,5 ＋ 1718.87 2, 009, 600, 500, 838, 
: i 486, 820,22 5 * 2 


_ 09826808 Wy 1718. 873,773. 243,349, 838, 
486,820,225 x 2. 


But the binomial quantity ? + 1 X #15 = 1, the abſolute term of the 


. 2 
equation * + Xt = I. 


Therefore the quantity 0.999,999,391,765,604,989,826,040,5 + 1718.87, 
773,243,349,438,486,820,225X2 will allo be = 1, And conſequently 
1718.873, 773,243, 349,83 8,480,820, 225 x2 will be = 

I. oo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, o 
— 0.999, 999,89 , 765.604, 989, 820,40, 5 
= o. ooo, ooo, 108, 234, 398,0 10, 173,959, 5; and 2 will be = 


o. oo, ooo, 103, 234,395-010,173,959,5 — 
1718. 873,773,243, 349,8 38,486,820, 225 


fore t, or o. ooo, 58 1,776, 42 +z; will be (= o ooo, 58 1,776, 42 + o. ooo, ooo, 
ooo, o62, 968, 204, 352) = o. ooo, 38 1,76, 482, 968, 204, 352; that is, the tan- 
gent of an arch of two minutes will be nearly equal to o. ooo, 58 1,776, 482, 968, 


204,352. Q. E. I. 


= o. ooo, ooo, ooo, ob 2, 968, 204, 352. There- 


Art. 53. Having thus obtained the number o. ooo, 58 1,776, 482, 968, 204, 
352 for a ſecond near value of t, or the tangent of an arch of two minutes, 
Dr. Mackay proceeds to ſubſtitute this number, inſtead of 7, in the binomial. 


quantity * + — x 1, in order to diſcover whether the value of this quan- 
tity reſulting from ſuch ſubſtitution will be greater, or will be leſs, than 1, or 


the abſolute term of the equation F + ＋ = 1; and conſequently whether 


the ſaid number will be greater, or will be leſs, than the true value of 7, or 


the root of that equation. And for this purpoſe Dr, "_— proceeds in the 
following manner. 
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0.000,581,776,482,908,204,352 
0.c00,581,776,482,968,204,352 

0,000 Oo 290 888 241 484 102176 © 

46 542 118 637 456 348 2 

581 776 482 968 204 4 

407 243 538 077 7430 

40 724 353 807 774 3 

3 490 658 897 50g 2 

232 710 593 187 3 

46 542 118 637 5 

1163 552 965 9 

523 598 834 7 

34 906 5890 

40542119 

116 355 3 

2 327 1 

1745 

291 

1 2 

!* O. ooo, ooo, 338, 463, 8 76, 134, 8 53,308, 6 


f = 


＋ = 1718.872,609,690,509,8438,486,820,225 
32.2 0.000, 58 1,7757482, 968. 204,3 52 


0.859 430 304 845 254 919 243 410 
137 309 808 775 240 787 078 945 6 
1718 872 609 690 509 838 486 8 

1 203 210 826 783 356 886 940 8 
120 321 082 678 335 688 694 1 

10 313 235 658 143 059 030 9 

687 549 043 876 203 935 4 

137 509 808 775 240 787 1 

3 437 745 219 381 0197 

1 546 985 348 721 4589 

103 132 356 581 430 6 

13 750980 877 524 1 

343 774 $21 938 1 

6 875 4904388 

515 6617829 

85 943030 5 

3 437 7452 


＋ X t = o. 999, 999,661, 336, 123,863,857, 199,6 
6 K 2 Therefore, 
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Therefore, if 0.000,581,776,482,968,204,352 be ſubſtituted, inſtead of ,, 
in the binomial quantity “ + 15 * t, the value of that quantity reſulting 
from ſuch ſubſtitution will be (= o. ooo, ooo, 338, 463, 8 76, 134, 8 53, 368,6 + 
o. 999, 999,66 1,536. 123,863,857, 199,6) = 0.999, 999.999.999.999, 998,7 10, 


568,2; which is leſs than 1, or the abſolute term of the equation # + ＋ 


t=1; and conſequently o. ooo, 38 1,776, 482,968, 204, 352, is leſs than the true 
value of /, in the ſaid equation, or than the tangent of an arch of two minutes. 


E. I. 


A Second Process of Mr. Raphson's Method of Approximation. 


Art. 54. Having thus diſcovered. that o. ooo, 58 1,7 76, 482, 968, 204, 352, is 
leſs than the true value of t, or the root of the equation & + ＋ . 
Dr. Mackay puts 2 for the exceſs of f above o. ooo, 58 1,776, 482, 968, 204, 3 52, 


and, in order to obtain a more exact value of t, he ſubſtitutes the binomial 
quantity o. ooo, 58 1,776, 482, 968, 204, 352 +2, inſtead of t, in the equation 


4 ＋ * i. This he does in the following manner. 


Since # is = ©. 000,581,776,482,968,204,3 52 +2, we ſhall have 
15 = 0.000,58 1, 776, 482, 968, 204, 3 52 T2. 
(= 0.000,581,776,482,908,204,352]* + 2 xo. ooo, 58 1,776, 
482,968, 204, 3 52 X Z 
= 0.000,581,776,482,968,204,352) + o. oo 1, 163, 55 2, 963, 
936, 408, 04 xũ 1 
= do. ooo, ooo, 338, 463, 976, 134,853,368, 6 + 0.001 163,552 
ss. X 2 ＋ &C, 


and == * 1 ＋ * 0.000,58 1,5 70, 48a, 968, 204,3 52722 


(= ＋ * o. oo, 58 1,776, 482, 968, 204,332 + ＋ * + xc) 


= o. 999, 999,661, 536, 123,863,857, 199,5 + 1718.872 og, 


690, 509, 838,486, 80, 225 x K + &c. 
Therefore, 
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| Wherefore, the binomial quantity 9 + - ＋ X t, will be equal to the multi- 


nomial quantity 


o. ooo, oo0, 338, 463,87 6,134, 853, 368,6 + o. oo * 5,936, 1 


2704 XZ 
i 0.999,999,061,536,1 23,863,857,199,6 + 3 872 609;600 % 
480,820,225 X 2 


= = 9.999-999-999-999+999-998,7 10,508,2 +1718. 973377 3+243+47 $3774» 
895,524,225 & 2 


But the binomial quantity #* + + X t is = I, the abſolute term of the 


equation & + ＋ * & =. 3 the quantity o. 999, 999,999,999, 999, 


998,7 10, 568,2 + 1718.83, 73,243, 475,774,895, 5 24, 225 * 2, will alſo be 
= 1. And conſequently 1718. 873, 773,243,475, 74, 895, 524,225 K will 


be = 
1.000,000,000,000,000,000,000,000,0 } 


,— 0.999, 999, 999,999, 999.998, 7 10, 568, 2 

= o. ooo, ooo, ooo, ooo, ooo, oo 1, 289, 431,8; and z will be equal 
o. ooo, ooo, ooo, ooo, ooo, oo 1, 289, 43 1, 8 

1718.873,77 3524347 $7 749895 »5 24,225 

coo, ooo, 750, 16. Therefore 7, or 0,000,581,776,482,968,204,352 +2, will 


be (= 0.000,581,776,482,968,204,352 + 0.000,000,000,000,000,000,000, 
750,16) o. ooo, 58 1,76, 482, 968, 204, 35 2,7 50,16 ; that is, the tangent of an 
arch of two minutes will be = o. 900; 581,776,482,968,204,352,7 50, 16. 


Q. E. 1. 


As this method of approximation generally doubles the number of figures 
at every operation, and there were twenty-one places of decimals uſed in the 
above proceſs, it is evident that the additional five places of figures muſt be 
correct: and conſequently the above- found value of 7, or the tangent of two 
minutes, to wit, o. 000, 58 1,776, 482, 968, 204, 35 2,7 50, 16, muſt be exact in all 
its twenty- ſix places of deeimals. This would alſo appear by ſubſtituting the 
above-found value of the tangent of an arch of two minutes, inſtead of z, in the 


to the fraction = do. ooo, ooo, ooo, ooo, ooo, 


equation A 4- 1 X 4 = 1:. but this ſeems to be altogether unneceſſary, ſince 


only the twenty-three firſt places of decimals, to wit, 0.000,581,776,482,968, 
204,352,75, are uſed in the remaining part of the computation. 
End of the Bisection of an Arch of 4 Minutes, by resolving the Equation 
® + -F X «© = 1, by Mr, Raphson's Method of Approximation, 
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Art. 55. But this equation #& + = * # = 1, being a quadratick equation, 


may alſo be reſolved to any propoſed degree of exactneſs, in a direct manner, 
or by only one ſet of arithmetical operations, without having recourſe to the 
repeated proceſſes of Mr. Raphſon's Method of Approximation. And 
Dr. Mackay has furniſhed me likewiſe with ſuch a reſolution of it, which 
is as follows. | 


* 


The Bisection of an Arch of 4 Minutes, performed by resolving 


in the common way, or by the extraction of the square- 
root, the Quadratick Equation t* + _ W3= 1, is 


which T ts the Tangent of an Arch of 4 Minutes, and ts 
= 0.001, 163,333,339, 737, 188,938, 65, and t, or the 
Noot of the said Equation, is the Tangent of an Arch of 


2 Minutes. 


The co- efficient ＋ of the unknown quantity 7 in the ſecond term of this 


2 


ion is = = the mixt number 1718.872 
-2 26245; abs o. oO 1, 103, 553,339.75 7,188, 938,65 7 1s 


609,690, 509, 838,486, 8 20, 225 which, being ſubſtituted for 1 in this equation 


* + = X # = 1, will convert it into the equation 7 + 1718.872,609,690, 
809, 838,486,820, 225 Xx 1 = 1, or (neglecting the three laſt figures 225 of the 
value of * into the equation + 1718. 872, 609, 690, 509, 8 38, 486, 820 X. 


— I, 


Now this equation may be reſolved by the common method of reſolving quad- 
ratick equations of th's form, to wit, by adding to both ſides of it the ſquare of 
half the co- efficient of the unknown quantity /, that is, of half the number 1718. 
$72,609,690,509,838,486,820, or the ſquare of the number 8 59.436, 304, 845, 
254,919, 243,4 0, and extracting the ſquare-roots of the oppoſite ſides of the equa- 

tion 
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tion thereby obtained. The ſquare of this number 859.436, 304, 845, 254,919, 
243,4! 0, Dr. Mackay finds to be = 738, 630.762, 086, o6 5,944,179,205,412,018; 
which, heiug added to both fides of the equation ? + 1918.872,609,690, 509, 
$38,480,520 X # = 1, produces the equation * + 1718.872,609 ,690,509, 
538.486, 20 + 859.436, 304,845, 254,9 19,243,410] = 738,631.762,086, 
06 5,944, 179, 205, 412,018. Therefore, by extracting the ſquare- roots of 
both fides, we ſhall have # + 859.436, 304, 84 5, 254,9 19,243,410 (= 
* 738,03 1.702, 080, 06 5, 944, 179,205,411 2,018) = 859.436, 886,621,737,887, 


447.762, 7, and (by ſubtracting 859 436, 304, 845, 254,919,243, 410 from both 
fides,) we [halt have # = 


359.430,396,621,737,887,447,702,7 
— 859 436, 204,845,254,919,243,410,0 


= 0.000,581,776,482,968,204.352,7 ; that is, the root 
of the equation /* + ＋ X#= 1, or the tangent of an arch of 2 minutes, 


will be = o. ooo, 581,776,482,968,204,352,7+ Q. E. I. 


This number agrees with the number 0.000, 58 1,776, 482, 968, 204, 352, 50,76, 
found above in Art. 54, by Mr. Raphſon's Method of Approximation, in all 
it's twenty-two figures o. ooo, 38 1,776, 482,968, 204, 352,7. 


The operations of (quaring the number 859.436, 304, 84 5, 254,919,243, 410, 
and of extracting the ſquare · root of the number 738, 53 1. 762, o86, o65, 944, 179, 
205,412,018, are performed by Dr. Mackay in the following manner. 


872 Computation of the Length of the Tangent of one Minute of a Depree, 


859.436, 304,8 45, 254,9 79, 243, 410 
859.436, 304, 845, 25439 19, 243, 410 


2 


65 7, 549.043 876 203935 394 728 
42,97 1.815 242 262 745 962 170 5g 
7,734.926 743 607 294 273 190 69 
343-774 521 938 101 967 697 364 
25-783 089 145 357 647 577 302 3 
5.156 617 829 071 529 515 460 46 
257 830 891.453 576 475 773 923 
3 437 745 219 381 019 676 974 
687 549 043 876 203 935 395 
34 377 452 193 810 196 770 
4 297 181 524 226 274 596 
171 887 260 969 050 984 
42 971 815 242 262 746 
3 437 745 219 381 020 
773 492 674 360 729 
8 594 363 048 452 
7 734 926 743 607 
171 887 260 969 
” 34 377 452 194. 
2 578 308 915 
343 774 521 
8 594 363 


738,630.762,086,065,944,179,205,412,018 
1 


— 


738,63 1. 76a, O86, O65, 944, 179, 205, 412, or8 
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Noot. 8 59.436, 886,621,737, 887, 447,762, 
78 86 31.760 20 86 06 59 4417 92 03 41 20 18 


152541c684514849 

165 55 137 50 90185047 80 
— 1503116659 20069 

e 1375000018 59478 
334 | 12801704000591 

17184 318976 120321164123 O4 
We N 709647047887 

171883 1 687549509297 
82098138590 

1 83 1 687% 
1031319 13343187660 
e 12032116413 
— — 4311071247 
7 488918259 1203211641 
375098944 1078 59606 
ee 103132426 
10313242 596 _ 4727160 
17188737726] 106868894817 3437745 
103132426356 1289435 
171887377322 1373040840192 1203212 
343774754644 36223 


1718873773241 . — 
178873773241 


17 188737732427 1126833538 156441 
120321 164126989 _ 


171887377 324343 (651237402945220 
515602131973029 


17188737732434671 13557 527097219118 
| 12032116412704269 


15254106845 4849 
End of the Bisection of an Arch of 4 Minutes, by resolving 
the Quadratick Equation t + 15 X t 1, (in which 
T is the Tangent of an Arch of 4 Minutes, and is = 
0.001,163,553,359,757,188,938,65,) in a direct way. or 
by adding to both sides the Square of 5 „ and extracting 


the Square-oots of the Quantities — arising. 
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The Bisection of an Arch of 2 Minutes, by resolumg the 
Quadratick Equation t* + _ X t = 1, in which T 


is the Tangent of an Arch of 2 Minutes, and is equal te 
0.000,581,776,482,968,204,352,750, (as it has been 
found to be above in Art. 54,) and t, or the Root of 
the said Equation, is the Tangent of half the said Arch, 
or of an Arch of 1 Minute. 


Art. 56. In order to prepare this equation for reſolution, Dr. Mackay, in 
2 
04000,581,770,482,968,204,352,750” 
(which is the co-efficient of the unknown quantity ? in the ſecond term of the 
laid equation,) to a mixt number conſiſting of a whole number and a decimal 
fraction, by dividing it's numerator by it's denominator, and finds it to be equal 
to the mixt number 3437-746,382,933,985,613,383,297,287. And conle- 


the firſt place, reduces the fraction 1 or 


quently by ſubſtituting this number inſtead of 1 in the equation #* + 1 X ft 


= 1, he converts the faid equation into the equation #* + 3437-746, 382,933, 
985,013,383,297,287 Xt = 1. 


The operation of dividing the numerator 2 by the denominator o. ooo, 581, 
7276,48 2, 968, 204,352, ) 50, is performed by Dr. Mackay in the following 
manner. 
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The Quotient. 
(3437-746,382,933,985,013,333,297,28 7 


The Divisor, 
©0,000,581,776,482,968,204,352,75) 
The Dividend. 
2. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, oo 
1.745+329,448,904,613,059,25 
*254 670 551 095 386 941 750 
232 710 593 187 281 741 100 
*21 959 957 908 105 200 6500 
17 453 294 489 046 130 582 8 
*4 506 663 419 059 070 067 50 
4 072 435 380 777 439 469 25 
*434 228 038 281 639 598 250 
497 243 538 077 743 046 925 
*26 984 500 203 896 551 3250 
23 271 059 318 728 174 1100 
*3 713 440 885 168 377 215 00 
3 490 658 897 809 226 116 6 50 
*222 781 987 359 151 1 098 5 500 
174 532 944 890 461 305 825 
48 249 042 468 689 792 6750 
46 542 118 637 456 348 220 0 
*1 706 923 831 233 444 455 © 
1163 552 965 936 408 705 5 
849 370 865 297 035 749 5 
523 598 834 671 383917 5 
19 772 030 625 651 832 0 
17 453 294 489 046 1306 
*2 318 736 136 605 701 4 
1 745 329 448 904 6131 
*573 406 687 701 088 3 
823 598 834 671 3839 
49 807 853 029 704 4 
46 542 118 637 456 3 
*3 265 734 392 2481 
2 908 882 414 841 © 


356 851 977 407 1 


6L2 


356851977 407 1 


349 065 889 730 9 


*+ 7 786 087 626 2 
5 817 764 $29 7 
1968 322 796 5 
1245 329458 5 

2:2 993 347 6 
174 532 9449 
48 460 402 7 
46 542 1186 
*1 918 284 1 
1 745 3294 
1172 954 7 
116 355 3 

56 599 4 

52 3599 
42395 
40724 

167 1 

1164 
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= 2 | . 
Art. 57. Having thus converted the equation # + -- X 7 1, into the 


equation * + 3437.746,382,9:33,955,013,353,297,287 5 Dr n 
proceeds to reſolve this laſt equation in the following manner. 


He begins by obſerving that the tangent of an arch of x minute is greater 
than the arch itſelf, but leſs than half the tangent of an arch of 2 minutes, 
Now an arch of 1 minute is the 6oth part of an arch of 1 degree, or of the 
180th part of the ſemi-circumference of the circle, which when the radius is 
called 1, (as it is in the preſent computation,) is = 3-141,592,05 3,59 Kc. 


3-141, 592,05 3,59 Kc , __ 3-141,592,653,59&c 
ll be = 60 x 180 2 10,500 ) 


= o. ooo, 290, & 88, 208, &c; and conſequently the tangent of the ſaid arch wil! 
be greater than o. ooo, 290, 8 88, 208, &c. And it will be leſs than half the 
tangent of an arch of 2 minutes, which has been ſhewn to be equal to o. ooo, 
o. ooo, 58 1,776, 482, &c 
2 
o. ooo, 290, 888, 241, &c. Therefore it will be of an intermedinte magnitude between 
o. 000, 290, 888, 241, &c, and o. ooo, 290, 888, 208, &c. And, further, it will be 
nearer tothis leſſer limit o. ooo, 290, 888, 208, & than to it's greater limit o. ooo, 290, 
888,241, &c. Therefore Dr. Mackay conjectures that it will be equal too. ooo, 290, 
888, 21, and then ſubſtitutes this number o. ooo, 290, 888, 21, inſtead of 7, in the 


binomial quantity “ + ＋ x t, which forms the firſt, or left-hand, fide of the 


Therefore an arch of 1 minute 


or than 


58 1,776, 482, &c; and therefore it will be leſs than — 


equation * + * X t = 1, and compares the reſult with 1, or the abſolute 


term of the ſaid equation, in order to diſcover whether the ſaid reſult will be 
greater, or will be leſs, than the ſaid abſolute term, and conſequently whether the 
ſaid number o. eee (which has been ſubſtituted, inſtead of 7, in the 


binomial quantity?“ + —- 1 * ,) will be greater, or will be leſs, than the true 


value of , in the ſaid equation 7 + ＋ X 1, or than the root of the ſaid 


equation, which root is equal to the tangent of an arch of 1 minute, This 
ſubſtitution of 0.000,290,888,21, inſtead of r, in the ſaid binomial quantity 


* * XI is made by Dr. Mackay in the ner following, 
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? = 0.000,290,888,21 
S 0.c00,290,888,21 
0.000 o O59 177 042 
26 179 938 90 
232 710 568 
23271 0568 
2 327 105 68 
58 177 042 
2 908 8821 


. = o. ooo, ooo, o84, 615, 950, 717, o04, 1 


3437746, 382, 933,98 5,613,383, 297,287 
2 o. oo0, 290, 888,21 

0.687 549 276 586 797 122 676 659 

309 397 174 464 058 705 204 497 

2 750 197 106 347 188 490 709 

275 019 710 634 718 849 071 

27 501 971 063 471 804 907 

687 549 276 586 797 123 

34 377 463 829 339 856 


a] 


1 * 0. 999,999, 891,765, 641,623, 242, 8 20 


Therefore * + A Xx t will be = 


0.000,000,08 4,61 5,950,717,004,1 } 
+ 0.999,999,891,765,641,023,242,820 


= 0.999,999,976,381,592,340,246,920; which is leſs than 


1, or the abſolute term of the equation & + 1 X 7 = 1, or the value of the 


binomial quantity“ + ＋ X # in that equation: and conſequently o. ooo, 290, 


888,21, is leſs than the true value of ? in the ſaid equation, or than the true 
value of the tangent of an arch of 1 minute. Q. E. I. 


A Process 
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Process of Mr. Raphsen's Method of Approximation, 


Art. 38. Having thus diſcovered that the number 0.000,290,888,21 is lets 
than the true value of t, or the root of the equation ? + 1 X 1 = 1, 


Dr. Mackay puts 2 for their difference; and, in order to obtain a more 
exact value of t, he ſubſtitutes the binomial quantity o. ooo, 2 90, 888, 21 + x, 
inſtead of 1, in the equation?“ + ＋ XT = 1. This he does in the follow. 
ing manner. 


Since t is o. ooo, 290, 888, 217K, we ſhall have | 
- # = 0.000,290,888,21 +2\* = 0.000,290,888,2 11 + 2 X 0,000,290, 
888, 21 X2 ＋ & c 
= 0.000,290,888,21)* + o. ooo, 58 1,76, 42K + &c) 
o. ooo, ooo, o84, 61 5, 950, 17, oo4, 1 + o. ooo, 58 1,776, 42 X + &c, 


and A * 1 * o. ooo, 290, 888, 21742 (= * X do. ooo, 290, 888,21 
+ * 2) 
= 0.999,999,891,765,641,623,242,820 + 3437-746,382,933, 
985, 613, 383, 297, 287 Xx 2; and conſequently the binomial 
quantity * + 1 x # will be equal to the multinomial quantity 


{ 0.000,000,084,615,950,717,004,1 + 0.000,581,776,42X2 & 
> 0.999,999,891,765,641,623,242,820 + 3437- 140,332,933-98 5,013, | 
383,297,287 XZ 
= 0.999,999-976,381, 592,340,246,920 + 3437-746,964,710,405,613, 
383, 297, 287 Xx x. &C 


But the binomial quantity & + TN. 


Therefore 
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Therefore the quantity 0.999,999,976,381,592,340,245,920 + 3437-746, 
964.710, 405, 6 13, 383, 297, 287 X will allo be = 1. And conlequently 
3437.746, 904, 7 10, 405, 613,383, 297,287 x 2 will be (= 1 — . 999,999,976, 
381,592, 340, 246, 920) = 0.000,000,02 3, 618, 407, 659, 753, 80, and 2 will 
be = the fraction e dee 

3437. 746,964, 7 10, 405, 613, 383, 20787 
870, 315,908, 123. Therefore , or o. ooo, 290, 888,21 z, will be = ©.000, 
290, 888,21 + o. ooo, ooo, ooo, oo6, 870, 315, 908,123 = o. oco, 2 90, 888, 210, 
870, 315, 908, 123; that is, the tangent of an arch of 1 Minute will be very 
nearly equal to o. ooo, 290, 888, 2 16,8 70, 315, 908, 123. Q, EE 


= 0.000,000,000,006, 


Art. 59. Of this number the firſt twenty-one figures, to wit, 0.000,290,888, 
216,870,315,908, at leaſt, will certainly be exact, if no miſtake has been made 
in the calculation; and it is probable that the figure 1 in the twenty-ſecond 
place of decimal figures (reckoned from the place of units,) is likewiſe exact. 
But, to remove all doubts upon this matter, Dr. Mackay proceeds to ſubſtitute 
the ſaid twenty-one figures, to wit, o. o00, 290, 888, 216, 870, 31 5,908, inſtead of 


t, in the binomial quantity F + — x 7, in order to diſcover whether the 
value of the ſaid quantity refulting from ſuch ſubſtitution will be greater, or will 
be leſs, than 1, or the abſolute term of the equation # + E = 1; ano 


ſequently whether the ſaid number 0.000,290,888,216,870,31 5,908 is greater, 
or is leſs, than the true value of 7 in that equation. This ſubſtitution he per. 
forms in the following manner, 


t = 0.000,290,888,216,870,315,908 
; = 0.000,290,858,216,870,315,908 


0.000 000 058 177 643 374 063 


26 179 939 518 328 
232 710 573 496 
23 271 057 359 

2 327 105 735 

58 177 643 

2 908 882 

I 745 329 


1 = 0.000,000,084,015,954,71 32990 


3437.746, 382, 933,985, 613, 383, 297 
o. ooo, 290, 888, 216,8 70, 315, 908 


0.687 549 276 586797 122 677 
309 397 174 464 038 705 204 
2 750 197 106 347 188 491 

275 019710 634 718 849 

27 501 971 063 471 885 


687 549 276 586 797 


34 377 463 829 340 
20 626 478 297 604 
2750 197 106 347 
240 642 240 805 
1031 323 915 

34 377 404 

17 188 732 

3 093 972 

27 502 


＋ xt S o. 999,999, 915,384, 45, 8 5,584 
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Therefore 
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Therefore?“ + BY X will be = 


o. ooo, ooo, o84, 61 3,9 54, 713, 990 
+ 9. 999,999,915,384,045, 285,584 
. 999, 999,999,999, 999, 999,574; which is leſs than 
, or the abſolute term of the equation 7* + _ Xt = 1. And therefore the 


number 0,000,290,838,216,870,315,908 is leſs than the true value of 7 in 
that equation, or than the root of that equation, Q. E. J. 


Art, 60, But, if this number o. oo, 290, 888, 216, 8 70, 3 15, 908, be increaſed 
by only an unit in the laſt, or 21ſt, place of figures, ſo as to be converted into 
the number 0.000,290,888,216,870,315,909, and the ſaid new number be 
ſubſtituted inftead of / in the binomial quantity * + 1 * , the value of 
the ſaid binomial quantity reſulting from hay ſubſtitution will be greater than 
I, or the abſolute term of the equation 6 + -— 1 nt, and conſequently 


the ſaid new number . 5,909, will be greater than 
the true value of ? in that equation. This may be ſhewn in the following 
manner, 


Let à be put for the number 0.000,290,588,216,870,315,908, and & for 
the new, or greater, number o. oo, 290, 888, 2 16, 870, 31 5,909. 


Then will 5 be (= ao. ooo, ooo, ooo, ooo, ooo, ooo, ooi) = 4 + 18 
© 


1 


Therefore /* will be = @ + ==a| (= 4 + 20 X = + = = + 


I 
2X. ooo, 290, &c * = + 187 = & To. ooo, 380, &c * 7007: + == 


10 
1 go &c I 4 580 I 3 53 &e 
= & T X . = 4 0” + = 
+ 100 10 * 7+ 101? + 100 4 1 Py 


I 
=>) = 4 + o. oco, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 58 + 7605 or (neglect- 


A I ; 5 
ing — on account of it's extreme ſmallneſs,) &“ will be = a. + o. ooo, ooo, 
10 


Vol. IV. 6 NI oo, ooo, 
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; . "© 
000,000,0C0,0c0,000,000,58, And — X 6 will be = T * + — _ 
| 10 
1 


2 5p I 1 
* r * q F 347. Ke * Y 7 X @a + 


2 

1 
| 2 

3437. &c X 0.000,000,000,000,000,000,001) = & @ + o. ooo, ooo, ooo, 


oco, ooo, oog, 437, &c. And conſequently b* + 1 de 


2 
o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 58 + F X @ + O. ooo, ooo, ooo, ooo, 


ooo, oog, 437, &c 
= 64 1 + o. ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, 58 
T + o. ooo, ooo, ooo, ooo, ooo, oo3, 437, &c 


= * + ＋ * @ + o. ooo, ooo, ooo, ooo, ooo, oog, 437, ooo, 98 
— 1 9.999.999, 999, 999,999,999, 574 | 


” 1 + do. ooo, ooo, ooo, ooo, ooo, oo3, 437, &c 
= 1. ooo, ooo, ooo, ooo, ooo, oog, oli, &c; Which is greater 


than 1, or the abſolute term of the equation F + —_ X# = t. Therefore 5, 


or 0.000,290,888,216,870,315,909, is greater than the true value of z, or the 
root of that equation, We may therefore now conclude with certainty that 


. . 2 
the true value of 7 in the equation # + -- x # = 1, or the tangent of an 


arch of 1 Minute, is greater than o.o00. 290, 888, 216,8 70, 3 1 5,908, but lefs than 
o. ooo, 290, 888, 216,870, 313, 909, or, in other words, that all the twenty-one 
figures of the number o. ooo, 290, 888, 216,8 70, 315, ho8, that has been found 
above for the value of /, or the tangent of 1 Minute, are exact. 


Q. E. n. 


Art. 61. But this equation?“ = 
may alſo be reſolved to any propoſed degree of exactneſs, in a direct manner, 
or by only one ſet of arithmetical operations, without having recourſe to the 
repeared proceſſes of Mr. Raphſon's Method of Approximation, And 
Dr. Mackay has furniſhed me likewiſe with ſuch a reſolution of it; which 


is as follows. 


- X # = 1, being a quadratick equation, 


The 


A Computaticn of the Length of the Tangent of ane Minute of Degree. 883 


The Bisection of an Arch of 2 Minutes, performed by resolving 
in the common way, or by the extraction of the Square-Ront, 


the Quadratich Equation © + 1 N i, in iel 


is the Tangent of an Arch of 2 Minutes, and is equal to 
0.000, 581, 776, 482, 968, 204,352,750, (as it has been 
found to be above in Art. 54,) and i, or the Root of 
the said Equation, is the Tangent of half the said Arch, 
or of an Arch of 1 Minute, 


It has been ſhewn above in Art. 56, that == is 3437-740,382,933,985,013, 
383,297,287.. Therefore, if this number be ſubſtituted, inſtead of A in the equa- 


tion “ + . Xi, the ſaid equation will be converted into the equation 


* + 3437.746, 382, 933,983, 613, 38 3,297, 287 X t = 1. This equation 
Dr. Mackay reſolves in the following manner. 


He divides the co- efficient of :, to wit, the number 3437.74, 382,933,985, 
613,383,297, 287, by 2, and thereby obtains the number 1718.873, 191,466, 
992, 806, 69 1,648,642, 5, and he then ſquares this laſt number, and finds it's 
ſquare to be 2,954, 5 25. 04 8, 343, 923, 312, 842, 322,79, 310. He then adds 
this ſquare to both ſides of the equation /* + 3437. 746, 382, 933, 98 5,61 3,383, 
297,237 X# = 1, and thereby obtains the equation /* + 3437-740,382,93 3, 


— — 


172,954,525. 048,3 43,25, 312,842, 322,795, 310) = 2,954, 526.048, 343,925, 
312,842, 322,795, 310; and then (by extracting the ſquare- roots of both fides,) 
obtains the equation 2＋1718.873, 191,466,992, 806,691, 48,642, = 1718. 
873.182, 353,209, 677, 007, 556, 766, 9. Therefore 7 will be = 

6 v1 2 1718, 
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1718.873,482, 355,209, 67, 009, 356, ) 66,9 
— 118.873, 191,466,992, 806,691,648, 643.5 


— o. 000, 290, 888, 2 16, 870, 315, 908, 123,4; which agrees 
in the firſt twenty-four ſigures, o. ooo, 290, 888, 216, 870, 313, 908, 123, with the 
value of the ſame root # that was found above in Art. 58, by means of 
Mr, Raphfon's Method of Approximation. We may therefore now conclude + 
that 7, or the tangent of an Arch of 1 Minute, is equal to the decimal fraction 
0.000,290,688,216,870,315,908,123. Q. E. I. 

The operations of ſquaring the number 1718.8 73, 191,466, 992, 806, 691,648, 
643,5, and of extracting the ſquare - root of the number 2,954, 56, 038, 343,925, 
812,842, 322,795, 3 10, are performed by Dr. Mackay in the following manner, 


— 1718.873, 191, 466,992, 806, 691,648, 643,5 
— = 1718.873,191,466,992,806,691,648,643,5 


1718,873.191 466 992 806 691 648 643 5 
1203 211.234 026 894 964 634 154.050 45 
17 188.731 914 669 928 066916 486 43 

13 750.985 531 735 942 453 533 189 148 
1 375-098 553 173 594 245 353 318 915 
120,321 123 402 689 496 468 415 405 

5-150 619:574 400 978 420 074 946 

171 887 319 146 699 280 669 165 

154 698 587 232 029 352 602 248 

1718 873 191 466 992 806 692 

687 549 276 586 797 122 677 

103 132 391 488 019 568 401 

10 313 239 148 801956 840 

1 546 985 872 320 293 526 

154 698 587 232 029 353 

3 437 746 382 933 986- 

1 375.098 553173 594 

- 10 313 239 148 802 

1.031 323 914 880 

154 698 $87 232 

1 718 873 191 

1031 323915 

68 754 928 

13 750 986 

I O31 324 

68 755 

5 157 

859 


g Es 
DD = 2,954, 25-048, 343,925,3 12,842,3 22,795,310 
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= 2,934, 5 25.048, 343,925, 312, 842, 322,795, 310 
1.000,000,000,000,000,000,000,9000 


—  -- 


6 Þ 5 of _ 2,954,526.048,343,92 54312,942,322,795,310 
I 
27) 195 
189 
341) 645 3 
341 
3428) 30420 
274124 
34368) * 300204 
274944 _ 
343767) * 2526083 
2:06309 _ 
3437743) * 11971443 
10313229 
34337464) 105821492 
137509556 _ 
343774588) *28 31163053 
2750197594 _ 
3437746962) 80966149012 
6575493924 _ 
34377469643) 122112098884 
103132408929 
343774696465) 1897968995523 
1718873482325 
3437746964705) *17909551319822 
171887 34823525 
34377469647102) ** 72081649629779. 
9828493929424 
34377469647 1g 33267 103355755310 
3093 9722682393681 
*2327380573361629. 
2062018178826245 
* 204732494535384 
240042287529728 
* 24090207005650 
24064228752973 


2 . 25978252083 


The Square-Root. 
(1 740,973,482, 
3554209,077,007, 

556,706,9. 


25978252683 
24064228753 
1914023930 

1715873482 
"195150448 
171887548 
* 23203100 
20626482 

* 2030018 
2400423 
230195 
206265 
23930 
20626 
3304 

> 2 wa 


5210 
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Art. 62. And thus, by finding by two different methods of reſolving 
the equation * + 1 * = 1, or“ + 3437.74, 382, 933,98 5,613,383, 
297, 87 Xt = 1, that it's root # (which is equal to the tangent of an arch 
of 1 Minute) is = C. ooo, 290, 888, 216,870, 315,908, 123, the long and dif- 
ticult Computation, undertaken by Dr, Mackay, for deriving the length of the 
Tangent of an Arch of 1 Minute from the Jangent of an Arch of 45 Degrees, 
by the principles of Plane Geometry, and without the help of the intinite 
S-rictes invented by Mr, James Gregory for expreſſing the length of a circular 
ach in powers of the tangent and the radius, and the length of the tangent in 
powers of the ach and the radius (which Serieſes are obtained by the Method 


of Fruxions, and the Doctrine of the Reverſion of Serieſes,) is now, at laſt, 
tuccelsfully concluded, 


Fnd of Dr. Mackay's Computation of the Length of 
the Tangent of an Arch of Minute of a Degree 
Jrom the Tangent of an Arch of 45 Degrees ty 
repeated Sections of the said Arch, begun above 112 


Zi 7 5 1 0 


.. 


THE 


SECOND COMPUTATION 


Mentioned above in page 780, Art. 16; to wit, the Computation of 
the Length of the Sine of an Arch of 1 Minute in a Circle of 
which the Radius ts called 1, derived from the Length of the Tan- 
gent of the same Arch, which has been found in the foregoing Com- 
Putation to be = 0,000,290,888,216,870,315,908, Sc. 


By DR. ANDREW MACKAY, LL. D. 


Late of Aberdeen in Scotland, and a Fellow of the Royal Society of Edinburgh. 


Art. 63. The Secant of any arch in the Quadrant of a Circle 1s to the 
Tangent of the fame arch in the ſame proportion as the radius of the circle 1s 
to the ſine of the fame arch. Therefore the ſecant of an arch of 1 Minute of 
a Degree is to the tangent of the ſame arch in a circle of which the radius is 
called 1, in the fame proportion as 1 1s to the fine of the ſame arch of i Minute 
in the ſame circle; that is, the ſecant of an arch of 1 Minute is to o. ,, 
$88,216,870,315,908,8c, in the ſame proportion as 1 is to the ſine of the 
ſame arch of 1 Minute in the fame circle. Therefore, if the length of the 
fecant of an arch of 1 Minute in the faid circle were known, the length of the 
fine of the ſame arch of 1 Minute might be found by means of this proportion. 
But the length of the ſccant of this arch may be found by ſquaring tbe number 
o. 00,9, 888, 216,8 70, 313, 08 (which is equal to the tangent of this arch,) 
and adding to the ſaid ſquare the ſquare of the radius 1, that is, 1X1, or 1, 
and extracting the ſquare- root of the ſum. Now the ſquare of the tangent 
0.C09,290,888,216,870,315 908, has been computed by Dr. Mackay above 
in Art. 59, page 880, and found to = 0.000,000,984,015,954,713,990; to 
which if we add 1, or 1.000,000 000,009,000,900,000, we ſhall have the num- 
ber 1.000,000,084,015,954,713,990, for the ſquare of the ſecant of 1 Minute. 
Therefore the ſecavt of 1 Minute will be equal to the ſquare-root uf the num- 
ber 1.00 ooo, O84, 61 6,9 34, 13,990, that is, to ihe nvmber 1.000,000,042, 
307, 976,462,012; as will appear by the following operation. 
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Square of Secant 1. Secant of 1. 
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1.002,000,084,615,954,713,990 (1,000,000,042,307,976,462,042 


— 


20) oo 
oo 


200) oo 
oo 


2000) **00 
oo 


20000) **08 
CO 


200000) * 846 
ooo 


2000000) 0401 5 
OCOOOO 


20000000) 8461595 
0000000 


200000004) 846159547 
80000001 6 


2000000082) 4615953113 
40000001064. 


20000000843) * 61595294999 
60000002529 | 


200000008460) * 159529247000 
000000000000 


2000000084507) 15952924700000 
14000090592249 _ 


20000000946 149) I9529241077 $100 
18000000761 5341 


200000008 461 587) * 1529240315975900 
1400000059231109 _ 
200000008461 5946) 1292402 5674479 100 
1 200000050769 5676 
200000008461 59524) ** 92402516678342400 
80000003 384638096 _ 
200000003461 595286) 1240251329370440400 
1200000050769571716 
2000000084615952922)* * 402512750008 5868400 
4000c00169231905844 
 20c000008461 59529240) ** 251270908 5396255600 
| 0000000000000000000 


200000008461 595292401) 2512796908529625 560000 
200000008401 595292401 
200000908461 5952924022) * $12769000780302&7 59900 
4000000169231905848044 
112760890 38571120911850 
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Therefore the number 1. ooo, ooo, o42, 307, 976, 462, 12 will be to the num- 
ber o. ooc, 209, 888, 216, 870, 315,908 in the ſame proportion as 1 to the fine 
of an arch of 1 minute; and conſequently the fine of 1 minute will be equal to 
1 x o. ooo, 290,888,216,870,31 5,908 (= o. ooo, 200, 88, 2 16,8 70, 315, gogꝗ 
1. O00, ooo, 042, 307, 976, 402,012 1. 00, oo, o42, 307, 976,162,012 
888, 204, 563,424,596; as will appear from the following operation of div.fion- 


) co. ooo, 290, 


The Divisor. The Quotient, 
1.000,000,042,307,976,462,012) (0.000,290,888,204,503,424,596 
The Dividend, 


0.000,290,888,216,870,315,908,000,000,000 
200 Oo 008 461 595 292 402 4 
90 888 208 408 720 big 597 60 
90 oo 003 807 717 881 581 08 
* + 888 204 601 002 734 010 520 0 
800 ooo 003 846 381 169 609 6 
* 88 204 567 156 352 846 910 40 
80 ooo 003 384 638 116 960 96 


*8 204 503 771 714 729 949 449 
8 ooo 000 338 463 811 696 096 


* 204 503 433 250 918 253 3440 
200 000 008 461 595 292 402 4 
** 4 503 424 789 322 960 941 600 
4 000 000 169 231 905j 848 048 
563 424 620 091 055 093 552 0 
500 000 021 153 988 231 006 Oo 
* 63 424 598 937 066 862 546 00 
60 000 002 538 478 587 720 72 
3 424 596 398 588 274 82; 280 
3 ooo ooo 126 923 929 386 036 
424 596 271 664 345 439 244 © 
400 000 016 923 190 584 804 8 


24 596 254 741 154 $54 439 20 
20 oo ooo 846 159 529 240 24 


* 4 596 253 894 995 325 198 960 
4 000 000 169 231 9056 848 040 


596 253 725 763 419 350 912Q 
Vol. IV. 6N * 596 


— — = — 2 — 
8 > =: — 2 — — — 5 — — — 
== D__G#@/vpTQ k©y@..cc,c—-4.:: .-- -- 


— — — 
— — — W — 


— —- — 

— — 
— = —¾— 
= ay - 


' N 
1 11 
/ 
tw 18 
$1 
= 
l 
1 
wh 1 
| | 
1 Fi. 
" 
$4 | 
47 


. — 


— 


— — 


— 
—— — 
— 


3 — — 
— — 
7 > = - G—— 


890 A Computation of the Length of the Tangent of one Minute of a Degrea. 


596 253 725 763 419 350912 © 
500 oo 021 153 988 231 006 o 


*96 253 704 6:9 431 i119 906 00 
go ooo 003 80 717 88158108 
*6 253 700 801 713 238 324 920 

6 000 000 252 547 858 772 072 
253 700 547 865 379 552 548 


Therefore the Sine of an arch of 1 Minute of a Degree, in a circle of which. 


the radius is called 1, will be = o. ooo, 290, 888, 204, 563, 424, 596. 
Q. E.. . 


Art. 64. This value of the Sine of an arch of 1 Minute of a Degree agrees 
with the value of it found above in Dr. Hutton's Computation of it in page 473, 
to wit, o. ooo, 290, 888, 204, 563, 5, in the firſt 15 places of figures, reckoned 
from the place of units, to wit, the figures o. o00, 290, 888, 204, 563, and there. 
fore confirms the truth of the ſaid value of the Sine of 1 Minute, obtained by 
that Computation, in all the ſaid 15 figures. And, therefore, we may now 
fafely conclude, from the agreement of the two values of the Sine of an arch 
of 1 Minute, obtained by theſe two different Computations of it by Dr. Hut- 
ton and Dr. Mackay in the firſt fifteen figures, (which Computations have 
been grounded on the ſimple principles of common Geometry, without any 
aſſiſtance from the infinite Serieſes of Sir Iſaac Newton and Mr. James Gre- 
gory, which are derived from the Method of Fluxions and the Doctrine of the 
Reverſion of Serieſes,) = I ſay, we may now ſafely. conclude, © that the Length 
of the Sine of an Arch of 1 Minute of a Degree, in a circle of which the radius 
is called 1, is equal to the decimal fraction 0.000,290,888,204, 563, as nearly 
as it can be expreſſed in 15. places of decimal fractions, reckoned from the 
place of units; which was the object of the two preceeding Computations 

performed by Dr. Mackay. 


End of Dr. Mackay*s Computation of the Length of the 


Sine of an Arch of 1 Minute of a Degree by deriving it 
from the Length of the Tangent of the same Arch. 


Comparison 
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Comparison between the foregoing Values of the 
Tangent and the Sine of an Arch of 1 Minute of a 
Degree, in a Circle of which the Radius is called 1, 
with the Values of the same Lines, computed by 
Means of the infinite Serieses invented by Mr. Jauxs 
GREGORY and Sir Is AAC NEwroN for erpressing 
the Lengths of the Tangent and the Sine of a Cir- 
cular Arch that is less than an Arch of 45 Degrees, 
in powers of the Arch and of the Radius. 


By Dr. ANDREW MACKAY, LL. D. 
Late of Aberdeen in Scotland, and Fellow of the Royal Society at Edinburgh. 


Art. 65. When Dr. Mackay had compleated the two preceeding Compu- 
rations of the Length of the Tangent of an Arch of 1 Minute of a Degree 
from the Tangent of an Arch of 45 Degrees, and of the length of the Sine of 
the ſame Arch of 1 Minute from the value of it's Tangent which he had ob- 
tained by his former Computation, he had the curioſity to compute the length 
of the ſame Tangent and Sine by the help of the two infinite Serieſes, which 
have been invented by Mr. James Gregory of Aberdeen, and Sir Iſaac New- 
ton, for expreſſing the lengths of the Tangent of any given arch of a Quadrant, 
that is leſs than 45 Degrees, and of the Sine of the fame Arch, in terms involv- 
ing the powers of the arch and of the radius of the Circle. The former of theſe 
two Serieſes, (which was invented by Mr. James Gregory, about the month of 
December, 1670,) is as follows. 
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If the radius of a ciFcle be called r, and any arch of it that is leſs than 45 
Degrees, be called a, and it's Tangent be called , the Tangent will be 


a3 2a5 1747 624? 1382 a¹ ; 
3 © izr © zii © 35 © rag gages © EG This 


Series may, perhaps, be true alſo when the arch à is greater than an arch of 
45 Degrees, but leſs than the radius 7; but it converges ſo flowly when the 
arch à is greater than 45*, and. even when it is equal, or nearly equal, to 45°, ag 
to be of little, or no, uſe, But, when the arch is small, it converges with very 
great ſwiftneſs, and is exceedingly uſeful. The Inveſtigation of this Series has 
been given in the 3d volume of this Collection of Tracts, called Scriptores 
Logerithmici, in pages 419, 420, 421, &c, « 431, and again in pages 432, 
433, 434, &C, - - - 437, of the ſame volume. If the radius 7 be equal to 1, 
(as it is in the preceeding computations of the Tangent and Sine of an arch of 


= the Series a+ 


1 Minute of a Degree,) this Series will become = the Series à + — + 


245 17 a7 62 as + 1382 a” 
15 315 2835 155,925 


+ &c.. 


Art. 66. Now the length of an arch of 1 Minute of a Degree in a Circle of 
which the Radius is called 1, and of which the ſemi-circumference is conſequently 
3-141,592,653,589,793,238,462,6 & 


= 3-141,592,653,589,793,238,462,6,8&c, is = 580 
- , ,6 , 8 , , 8, 6 & 
(= 3.141,592,05 3 29.798 238,462 *) = 0.000,290,888,208,665,721,596,153, 


&c ; or, if we carry the figures only to 21 places below the place of units, it 
is = o. ooo, 290, 888, 208,66 5, 721,96. Dr. Mackay therefore takes @ = 
o. ooo, 290, 888, 208, 663,721, 596, and then computes the four following powers 
of a in the following manner. 


* 
* 


6 
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4, or Length of an Arch of 1' = o. ooo, 290, 888, 208, 66 5,721, 596 
o. ooo, 200, 888, 208, 00 5, 721,506 


o. O00 000 058 177 641 733 144 3 
26 179 938779 9149 

232 710 566 932 6 

23 271 056 693 3 

2 327 105 669 3 

58 177 641 7 

2327 21057 


0.000,000,084,015,949,940,7 52,2. 
0.000,290,888,208,065,721,596 

o. oo oO 000 ©23 271 056 693 3 

1163 552 834 7 

174 532 925 2 

2 908 882 I 

I 4544410 

261 799 4 


116355 
2 6180 


2618 

11 6 

2 

= 0.000,000,000,024,613,782,102,8 
= 0.000,290,888,208,665,721,596, 

o. oo0 oO 000 000 005 817 764 2 

1163 5528 

174 532 9 

2 905 9 

8727 

203 6 

233 

6 


8 % 
1 II 


8 % 


' = 0. O00, Oo, O00, ooo, o07, 1 59, 8 59,0 
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a* = o. ooo, ooo, ooo, ooo, oo), 159, 8 59, o 
4 = 0.000,290,888,208 26605,721,596 _ 

0.000,000,000,000,000,002,0 36,2 

291 

$3 

2 6 

2 


a* = 0.000,000,000,000,000,002,082,0 
2 
24* = 0.000,000,000,000,000,004,165,2 


245 
— = 0.000,000,000,000,000,000,27 7 ,7 


15 


But 25 is = o. ooo, ooo, ooo, oz 4, 613,782, 102, 8. 


| F'OM . 6 » 8 * , 
Therefore . is (= — — ht c) 


o. ooo, ooo, ooo, oo8, 204, 594, 034, 3, 
and a + <= EN ein qþ &c will be = 
3s o. O00, 290, 888, 208 n 


+ o. ooo, ooo, ooo, oo8, 204, 594, 034, 3 

+ O. ooo, ooo, ooo, ooo, ooo, ooo, 277, 7 

= o. ooo, 290, 888, 216,870, 315, 908, 0; that is, r, or the 
tangent of an arch of 1 Minute, will be = o. ooo, 290, 888, 216,8 70, 315, 908; 
which agrees with the values of the ſaid tangent found above in Art. 38 and 61, 


in all it's 21 figures. 


Art. 67. The ſecond of the two infinite Serieſes above-mentioned, which 
was invented by Sir Iſaac Newton, and expreſſes the length of the Sine of a 
given arch (that is not greater than the arch of a Quadrant of a circle,) in 
terms involving the powers of the arch and of the radius of the circle, 1s as 
follows. If the radius of the circle be denoted by r, the arch by a, and 
it's Sine by 5, the Sine s will be equal to the infinite Series 4 — 


a3 as .a7 a? at 
2.3. 75 * 2.3.45. 23.45.67. 75 + 2.3. 4.5 · O. 7. d. 9. v 2.3.4. 5. ö. 7. S. 9. 10. 11. 150 
as a) a? a"? + 


+ XC, or 57 + 120777 5040 r® + 352,850 * 39,916,800 19 


&c. Therefore, when r is = 1, or the radius of the circle is denoted by 1, 
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(as it is in the foregoing Computations of the Tangent and Sine of an arch of 


i . . a3 8 a? 
1 Minute,) the Sine 5 will be equal to the Series 4 — . 5090 


48. al 
+ 0 Ta 7 
Now, when the arch a is an arch of 1 Minute of a Degree, it appears from 
the foregoing article that it's length will be = 0.000,290,888,208,665,721,596, 
and that it's cube, or , will be = 0.000,000,000,024,613,782,102,8, and 
that it's fifth power, or 4, will be = o. ooo, ooo, ooo, ooo, ooo, oo2, o8 2, 6. There. 


a3 ; 0.060,000,000,024,613,782,102,8 
fore ＋ will be (= — — 7 5 ) = 0.000,000,000,004,102,. 


0.000,000,000,000,000,002,08 2,6 


" SH 
297,017,1, and — will be = = 0.000,000,900, 


120 
a3 as . 


0,000,290,888,208,665,721,596 
ſ — 0.000,000,000,004,102,297,017,1 
+ 0.000,000,000,000,000,000,0i7,3 


— & 


co. ooo, 290, 888, 208, 565,7 21,613,3 J] 
— o. ooo, ooo, ooo, oo4, 102,297, 017, 1 
— &c 


= oO. ooo, 290, 888, 204, 563, 424, 596, 2, — &c, Therefore 
s, or the Sine of 1 Minute of a Degree, in a circle of which the radius is 
called 1, will be = o. ooo, 290, 888, 204, 563,424,896, 2; which agrees in the 
firſt twenty-one figures, reckoned from the place of units, with the value of the 
ſaid Sine found above in Art. 63, to wit, o. ooo, 290, 888, 204, 563, 424, 596. 
And conſequently this number o. ooo, 290, 888, 204, 563, 424, 596 may be ſafely 
concluded to be the true value of the Sine of an arch of 1 Minute of a Degree 
as exactly as it can be expreſſed in twenty- one places of decimal fractions. 


End of the Comparison of the Values of the Tangent and 
Sine of an Arch of 1 Minute of a Degree, obtained by 
the Principles of Common Geometry, with the Values of 
the same Lines, obtained by means of the Infinite Serieses 


invented by Mr. James Gregory and Sir Laac Newton. 
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Observations on the foregoing Computation of the 
Length of the Tangent of an Arch of 1 Minute 
of a Degree, by repeated Sections of an Arch 
of 45 Degrees. 


By DR. ANDREW MACKAY, LL. D. 
Late of Aberdeen in Scotland, and Fellow of the Royal Society of Edinburgh. 


Art. 68. The foregoing Computation of the length of the Tangent of an 
arch of 1 Minute of a Degree in a circle of which the radius is called 1, by 
repeated Sections of an Arch of 45 Degrees; to wit, iſt, A Quinquiſection of 
the ſaid arch, by which we obtain the length of the tangent of an arch of 
9 Degrees; and 2ndly, A Triſection of an arch of 9 Degrees, by which we 
obtain the length of the tangent of on arch of 3 Degrees; and, 3dly, a Triſec- 
tion of an arch of 3 Degrees, by which we obtain the length of the tangent of 
an arch of 1 Degree, and, 4thly, a Quinquiſection of an arch of 1 Degree, or 
6o Minutes, by which we obtain the length of the tangent of an arch of 12 
Minutes; and, gthly, a Triſection of an arch of 12 Minutes, by which we 
obtain the length of the tangent of an arch of 4 Minutes; and, 6thly, a Biſec- 
tion of an arch of 4 Minutes, by which we obtain the length of the tangent of 
an arch of 2 Minutes; and, 7thly, a Biſection of an arch of 2 Minutes, by 
which we obtain the length of the tangent of an arch of 1 Minute ;—I ſay, this 
method of deriving the length of the tangent of an arch of 1 Minute from the 
tangent of an arch of 45 Degrees (which is known to be equal to the radius of 
the Circle, or to 1,) is the moſt obvious and dire& method that could be taken 
for the purpoſe, But it is alſo very laborious, as we have ſeen. And part of 
Ra this 
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this labour might have been avoided by taking another method of diſcovering 
the length of the tangent of an arch of 3 degrees, which would have required 
much leſs calculation than was employed for that purpoſe in the foregoing 
Quinquiſection of an arch of 45 Degrees, and Triſection of an arch of 9 De- 
grees. This method is as follows. 


Art. 69. An arch of 3 Degrees is the difference of an arch of 15 Degrees 
and an arch of 18 Degrees. Now it is ſhewn in books of Tiigonometry, that, 
if there be two unequal arches in the quadrant of a circle, each of which is lets 
than the arch of the whole quadrant, and the leſſer of thete two arches is ſub- 
tracted from the greater, and we draw the tangents and fecants of the ſaid two 
arches, and likewiſe the tangent and ſecant of the arch which is the difference 
of the two former arches, the tangent of this third arch (which is equal 
to the difference of the two former arches,) will be to the difference 
of the tangents of the two former arches in the ſame proportion as the ſquare 
of the radius of the circle is to the ſum of the ſaid ſquare of the radius and the 
rectangle contained under the tangents of the two former arches ; or, if r be 
put for the radius of the circle, and à for the tangent of the greater of the two 
former arches, and & for the tangent of the lefler of them, and c for the tangent 
of their difference, the tangent c will be to 42-5 (the difference of the two 
former tangents,) as 77 is to rr +ab, And conſequently, when r is = 1, or 
the radius of the circle is called 1, we ſhall have c to 4-5 as 1X1 is to 
IXI+ab, or c to a—b as 1 is to 1725; and therefore c will be 


_ Therefore, if the two tangents @ and 5 of the two former arches are 
known, the tangent c of the third arch (which is equal to the difference of the 


two former arches,) may be derived from them by computing the expreſſion 


==. And conſequently, if the two former arches were arches of 18 Degrees 


and 15 Degrees, and we knew the lengths of their tangents @ and 86, the 
tangent of their difference, which is an arch of 3 Degrees, would be (= 


a—b, tang. 18%=tang. 15 . 
I) = AWE and might be obtained by computing the 


value of the ſaid fraction. Now the values of the tangents of two arches of 
18 and 15* may be obtained with only a moderate quantity of calculation, 


by the following methods. 
Vol. IV. 60 A PRO- 
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Co jind the Length of the Tangent of an Arch 
of 18 Degrees, in a Circle of which the Radius 
ts called 1. 


a 
SOLUTION; 


Art. 70. An arch of 18 Degrees is the fifth part of an arch of 90 Degrees, 
or of a whole quadrant of a circle. Now, if the tangenc of any circular arch, 
that is leſs than the arch of a quadrant, be denoted by the capital letter T, and 
the tangent of the fifth part of ſuch arch, be denoted by the ſmall letter 7, and 
the radius of the circle be called 1, the relation between the tangents T and 
t will be exprefled by the quinquinomial equation 57+ 10T x f—108—;TX## 
+5 = T. Therefore, if T denote the tangent of any arch, how great ſoever, 
that is leſs than go Degrees, (as, for example, the tangent of an arch of 89e, 
59', 59”), and # denote the tangent of the fifth part of the ſaid arch, it will 
ſtill be true that the quinquinomial quantity 5/+10Txf - 10G —5T x#+t 


is equal to T, or to T x1, and conſequently that the quinquinomial quantity 


| 42 0 T x * 8 T 3 
4 + LL — 1 — —.— + _ => —1— or that the quinqui- 
1013 


nomial quantity . + 10“ 5 _— * + 1 1. Now in the 
caſe of ſuch a near approach of the greater arch (of which T is the 
Tangent,) to an arch of go Degrees, the tangent T will become immenſely 
great in compariſon of the tangent r, which (being the tangent of the 


fifth part of the greater arch, which is leſs than go degrees,) can never 


be ſo great as the tangent of 'the fifth part of go Degrees, or the tan- 


3 
gent of 18 Degrees; and conſequently the three terms ==, = and T 


muſt be exceſſively ſmall in compariſon of the two terms 10. and 57, fo as 
to be only the millionth part, or the millionth part of the millionth part, of the 
ſaid 
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ſaid two terms, or to be leſs than the ſaid two terms in any other and greater 
proportion of minority whatfoever. And hence it follows that, when the 
greater arch (ot which T is the tangent,) is quite equal to an arch of go Degrees, 
or the arch of the whole quadrant, aad the faid rangent T becomes abſolutely 


3 4 : e 3 3 
infinite, the ſaid three quantities *. — 1 


T 
at all, and conſequently the ſaid equation * 41 10 = * — ft + ＋ 
= 1 will become oi ο = , ο = 1, or 105 = 1. Therefore 


will have no magnitude 


(dividing all the terms by 3,) we ſhall have 2f—1* = * and (ſubtracting 


both ſides from 1,) we ſhall have 1=2P+# (= 1 — — = ond 


5 


(extracting the ſquare- roots of both ſides,) 12 = 7" and conſequently 


= cs 8 eee eee Te | 2s. 
1 — + , and“ == 1 and e= N ** f 


that is, z, or the tangent of an arch of 18 Degrees, will be = V/ = SEE 
5 


or li — , or V 1—-0.4XV 5. Q. E. I. 


110 


Another demonſtration that the tangent of an arch of 18 Degrees is equal 


to „1 — 2 or / 1 — —— has been given in the third volume of 


this Collection of Mathematical Tracts, called Scriptores Logarithmici, pages 
148 and 149 ; to which I refer the reader. 


Art. 71. The computation of this expreſſion / 1—0.4x Vs requires 
four arithmetical operations, to wit, the extraction of the ſquare-root of the 
number 5, the multiplication of this ſquare- root into the decimal fraction 0.4, 
the ſubtraction of the product of this multiplication from 1, and the extraction 
of the ſquare-root of the remainder of this ſubtraction. Neither of theſe four 
operations is very difficult, and the ſecond and third are remarkably eaſy. 
The extraction of the ſquare- root of 5 has been made to a great number of 
figures by Mr. Abraham Sharp, the great Engliſh Calculator of the latter part 
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of the 17th century; and he has found the ſaid ſquare-root to be = 2.236,067, 
977,499,789, 696, 409, 173, 668,731, 276,235,440, 6 18,357, 3 75, 457, &c, as 
may be ſeen in page 149 of this Collection of Tracts, called Scriptores Loga- 
rithmict, lines 7th and 6th from the bottom. 


The next operation, of multiplying the (aid ſquare into the decimal fracior. 
0.4, will be as follows. 


Vs = 2.236,067,977,499,789,696,409,173,668,731,276 
0.4 


o. 4x V5 = o. 894, 427, 190, 999,915, 878, 503, 609, 467, 492, 710,4 


The third operation, of ſubtracting 0.4 x V 5. from 1, will be as follows. 


1. Oo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, ooo, o 
0. 894,427, 190, 999,91 5.87 8.36 3,669, 467, 492,7 10, 4 
I—0.4X4 5 = o. 103, 572, 80g, ooo, 84, 121, 436, 330, 53 2, 50, 289, 6 


And the ſquare- root of this laſt number, which is equal to 1-0. 4 Xx V5, 
has been found by Mr. Abraham Sbarp to be = o. 3 24, 919,696, 23 2,906, 326, 
155,871,412, 213, 134, 4 &c, as may be ſeen in the third volume of theſe 
Scriptores Logarithmici, page 146. | 


Therefore / 1—0.4xXw 5, or the tangent of an arch of 18 Degrees, in a 
circle of which the radius is called 1, is = 0.324,919,696,232,996,326,155, 
871,412, 213, 134, 4 &c. ; Q. E. I. 
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PROBLEM II. 


To find the Length of the Tangent of an Arch 


of 15 Degrees, in a Circle of which the Radius 
is called 1. 


SOLUTION, 


Art. 72. The ſecant of any arch in the quadrant of a circle, that is leſs 
than go Degrees, or the arch of the whole quadrant, is a third proportional to 
the co- ſine of the fame arch and to the radius of the circle. Therefore the 
ſecant of an arch of 60 Degrees will be a third proportional to the co- ſine of 
an arch of 60 Degrees and to the radius. But the co-ſine of an arch of 60 
Degrees is the fine of an arch of 30 Degrees, which is equal to half the radius 


of the circle, or, when the radius is called 1, to the fraction — Therefore 
the ſecant of an arch of 60 Degrees will be a third proportional to the fraction 
— and 1, and conſequently will be equal to 2. Therefore the ſquare of the 


ſecant of an arch of 60 Degrees will be (= 2X2) = 4, and the exceſs of the 
ſquare of this ſecant above the {quare of the radius, or 1X1, will be (= 4— 
IX1 = 4—1) = 3. But the excels of the ſquare of the ſecant of any arch 
above the ſquare of the radius is equal to the ſquare of the tangent of the 
ſame arch, Therefore the ſquare of the tangent of an arch of 60 Degrees, in 
a circle of which the radius 1s called 1, will be equal to 3; and conſequently 
the ſaid tangent itſelf will be equal to V3, or the ſquare-root of 3. 


But it is ſhewn in books of Trigonometry that the difference between the 
ſecant and the tangent of any arch in the quadrant of a circle is equal to the 
tangent 


902 Otſervations on the foregoing Computation of the 


tangent of half the complement of the ſaid arch to an arch of 90 Degrees, or 
the arch of the whole Quadrant. Therefore the difference between the ſecant 
and the tangent of an arch of 60 Degrees will be equal to the tangent of half 
the complement of an arch of 60 Degrees to an arch of go Degrees, or to the 
tangent of an arch of half of 30 Degrees, or to the tangent of an arch of 15 
Degrees. But, ſince the ſecant of an arch of 60 Degrees is equal to 2, and 
the tangent of the ſame arch is equal to V3, the difference of the ſecant and 
the tangent of an arch of 60 Degrees, will be equal to 2=V/3. Therefore 
2— s; will be equal to the tangent of an arch of 15 Degrees, and conſe— 
quently the length of the tangent of an arch of 15 Degrees miy be obtained 
by firſt extracting the ſquare-root of 3, and then ſubtracting it from 2, 


Q. E. I. 


Now it appears from Mr. Sharp's Quadrature of the Circle from the tangent 
of an arch of 30 Degrees, ſet-down in page 142 of the 3d volume of theſe 
Scriptores Logarithmici, that V 12, or 2XV/3, is = 3.464, 101,615, 137,754, 
587,054,892,683,011,744,&c. Therefore Vz will be equal to half this num- 
ber, that is, to 1.732, o 50, 807, 568,877, 293, 527, 446, 341, 505, 872, &c, and 
2—+4 3 will be = 

2.000,000,000,000,000,000,000,000,000,000,000 } 
— 1.732, 050, 807, 568,877, 293, 527, 446, 341, 305, 872, &c 


— 0.267, 949, 192, 431, 122,06, 4) 2,5 53,6 58,494, 128 ; that is, the 
tangent of an arch of 15 Degrees will be equal to the decimal fraction 0.267, 


949,192,431,122,706,472,553,658,494,128, Q. E.I. 


Art. 73. Having thus found the tangent of an arch of 18 Degrees to be 
= 0.324,919,696,232,906,326,155,871,412,215,134,4, and the tangent of 
an arch of 15 Degrees to be = o. 267, 949, 192, 431, 122,706, 472, 553,658, 
494,128, we muſt ſubtract the latter of theſe tangents from the former, and 
their difference will be = 


0.324,919,696,232,906,326,155,871,41 2,215,134 
— . 267,949, 192,431 5122, 706, 472, 5 53,658, 494, 128 


= 0.056,970, 503,801,78 3,619,683,317,753,721,006 ; or, if the 
tangent of 18 Degrees be denoted by a, and the tangent of 15 Degrees be denoted 
by 
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by , we ſhall have a—6, (or the numerator of the fraction = 5 = 0.056, 


970, 03.801, 783,619,683, 317, 53,721,000. We muſt then multiply the 
tangent a, or o. 324, 919,696, 232, 906, 326,155, 871, 412, &c into the tangent &, 
or o. 267, 949,192,431, 122,700, 472, 553,658, &c, or (increaling the laſt figure 
8 by an unit, on account of the following figures 494, 128, & which are 
omitted, ) o- 267,9 9,92 43,122,706, 472, 553,659; and we ſhall find the 
product ab to be = o. 087, o61, 970, 2 10, 572,952, 731, 324, 783; to which if 


ab 


we add 1, we ſhall bave 14a (or the denomirator of the fraction Ir = 


1.087,061,970,210,572,952,731,324,783. And laſtly, we mult divide the 
number 0.056,970,503,801,783,019,083,317,753,721, or the numerator 4-3 
of the ſaid fraction, by the number 1.087,061,970,210,572,952,731,324,783, 
or it's denominator ; and the quotient of this diviſion, which will be 0.052, 


407,779,283,041,204,038,805, will be equal to the fraction =, or 


tangent of 18% = tangent of 15 N 
988 ID Z IT” — FI and conſequently will be equal to the tangent 


of an arch of 3 Degrees. Q. E. I. 


Art. 74. The operations of multiplying the tangent of an arch of 18 De- 
grees into the tangent of an arch of 15 Degrees, and of dividing the difference 
of thoſe tangents by the ſum of 1 (the ſquare of the radius of the circle,) and 
the product of the ſaid multiplication, are performed by Dr. Mackay in the 
following manner. 
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Tangent of 18* = o. 324, 919,696, 232, 906, 326, 155,8 71,412 
Tangent of 15* o. 267, 949, 192,43 1,122,706, 42, 553,559 


0.064 983 939 246 581 265 231 174 282 
19 495 181 773 974 379 569 352 28; 
2 274 437 873 630 344 283 091 100 
292 427 726 609 615 693 540 284 
12 996 787 849 316 253 046 23; 
2 924 277 266 096 156 935 403 
32 491 969 623 290 632 616 
29 242 772 660 961 569 354 
649 839 392 465 812 652 
129 967 878 493 162 530 
9747 590 886 987 190 
324 919 696 232 906 
32 491 969 623 291 
6 498 393 924 658 
649 839 392 466 
227 443 787 363 
1949 518 177 
129 967 878 
22 744 379 
649 839 
162 460 
16 246 
975 
195 
16 


3 


0.087,061,970,210,572,952,731,324,783 
1. 


Tang. 187 x Tang, 15 
Square of Radius 


1. 087, 061, 970, 210, 572,952,731, 324,783 
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The Divisor. " The Quotient. 
1.087,061,970,210,572,952,731,324,783) (0.052,407,779,283,041,204,038,805 
The Dividend, 


0. 056,970, 503,501,783,6 19,083,317,753 
$4 353 098 510 526 647 636 566 239 
*2 *2 617 405 291 254 972 046 751 514 

2 174 123 940 421 145 905 462 650 
443 281 350 833 826 141 288 864 
434 824 788 084 229 131 092 530 
8 456 562 749 596 960 196 334 
7 609 433 791 474 010 669 119 
* 847 128 958 122 949 527 215 
2 943 379 147 401 066 912 
* 86 185 578 975 548 460 303 
76 094 337 914 740 106 691 
10091 241 060 808 353 53 612 
9 783 557 731 895 156 575 
* 307 683 328 913 197 037 
217 412 394 042 114 $91 
790 270 934 871 082 446 
86 86 964 9 957 616 845 836 
3 305 977 254 236 610 
3 261 185 910 631 719 
* * 44 791 343 094 891 
43 482 478 808 423 
* 1 308 864 796 468 
1 087 061 970 211 
* 221 802 826 257 
217 412 394 042 
4390 432 215 
4 348 247 881 
42 184 334 
32 611 b59 
9572 475 
8 696 496 
* 875 979 
869 650 
* 6 329 
$435 
| * 894 
vor. IV. 6P The 
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The value of the tangent of an arch of 3 Degrees obtained by this diviſion, 
to wit, the quotient o. 052, 40), 7797283, o4 r, 204,038, 805, agrees with the value 
found for this tangent in the foregoing computation in Art. 32, page $17, in 
all it's twenty-four figures, 


Art. 75. By theſe calculations ſuggeſted and performed by Dr. Mackay, 
(which have taken-up only 9 pages,) we have obtained the length of the tan- 
gent of an arch of 3 Degrees to the fame degree of exactneſs as it was obtained 
above, by the quiaquiſeCtion of an arch of 45 Degrees, and the triſection of an 
arch of 9 Degrees, in the 39 pages from page 780 to page 820. 


End of Dr. Machay's Observations on the foregoing Com- 
putation of the Length of the Tangent of an Arch of 
1 Minute of a Degree by repeated Sections of an Arch of 
45 Degrees. | 


Art. 76. But there is ftill another method of proceeding to facilitate the 
Computation of the Tangent of an Arch of 1 Minute of 1 Degree, in the former 
part of fuch computation, and untill we have obtained the value of the tangent 
of an arch of 1 Degree ; which has been communicated to me by my very 
learned and ingenious friend, Mr. James Ivory, of the Royal Military College 
at Great Marlow in Buckinghamſhire, in conſequence of my having mentioned 
to him the foregoing laborious Computation of it by the Quinquiſection of an 
arch of 45 Degrees, and the following two Triſections, the ſecond Quinqui- 
ſe&ion, the third Triſection, and the two following Biſections, of arches, which 
had been performed by Dr. Mackay. And, as J am confident that this Method 
of Mr. Ivory will give great ſatisfaction to the lovers of theſe ſubje&s, I will 
now proceed to ſtate it under a ſeparate. title, as the work of its ingenious 
Inventor, 


A SKETCH 


4 


SKETCH OF 4 METHOD 


OF 


COMPUTING THE LENGTH OF THE TANGENT OF AN ARCH 
OF 1 DEGREE, IN A CIRCLE, OF WHICH THE 
RADIUS IS CALLED i. 


By JAMES IVORY, M. A. 


OF THE ROYAL MILITARY COLLEGE AT GREAT MARLOW IN BUCKINGHAMSHIRE, 


PROBLEM I. 


Art. 77. To find the Length of the Tangent of an 
Arch of 9 Degrees. 


— 


SOLUTION. 


Let the tangent of twice this arch, or of an arch of 18 Degrees, be denoted 
by the ſmall letter g, the radius of the circle being called 1. 
Then will the tangent of four times this arch, or of an arch of 72 Degrees, 
be equal to the fraction ; as has been ſhewn above in pages 770, 


1-6 +1 ? 
771, 772, and 773. 
6P 2 But 
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But an arch of 18 Degrees is the complement of an arch of 72 Degrees to 
an arch of go Degrees, or the arch of a quadrant, Therefore the rectangle 
contained under the tangent of 18 Degrees, and the tangent of an arch of 72 
Degrees will be equal to the ſquare of the radius; that is, ? x the fraction 


—— wi or 1; or g will be = 
Tür will be equal to 1x1, or 1; or A will be = 1. There. 


fore 48 — 47* will be (= 1—6*+/ x 1) = 1—b#+# ; and (adding 64 
to both ſides,) 10/7? — 4f* will be = 1+#, and (ſubtracting?“ from both ſides,) 
10-5 will be = 1, and (dividing all the terms by 5,) 2*—# will be = 


—. Therefore, if we ſubtract both fides from r, we ſhall have 1 — 77 


1 F = 0" 2P4+ = or 1—F" = 
4 * + a/ 4 2 —_ 29/5 
＋ Therefore 1—# will be = y/ — . —— and 


. 4 1 245 . * 27 
x will be = 2 + F. and I will be 1 L and will be = Y 


= —_— z that is, the tangent of an arch of 18 Degrees will be equal 


5 =2x/5 


= 


Art. 78. Having thus found the tangent of an arch of 18 Degrees to be 
= u& =, let this tangent be denoted by the capital letter T; and let the 
ſmall letter ? denote the tangent of an arch of 9 Degrees, or of half the arch 
of which the tangent is = —— or T. And then the relation between 
the tangents T and 7 will be exprefled by the quadratick equation 5 + 


Fri; as has been ſhewn above in page 773. Now this equation 
may be reſolved as follows. 


1 5 2 
Add 5+ to both ſides. And we ſhall have i + T * 1 + * = 1 


+ . that is, 7 + 1 will be = 3 + 57 Therefore : + A will be = 
V 1+ 
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11 + I. and conſequently t will be = 4/ 1 += FF — ＋ that is, the 
tangent of 9 Degrees will be equal to the binomial quantity / l + 7 


— . Q. E. 1. 


Art. 79. This binomial quantity V.. + 57 — + is equal to the tri- 


nomial quantity 1+4/ 5—4/|5+2V'5; as may be ſhewn in the following 
manner, 


It has been ſhewn above in Art, 77, that the tangent of an arch of 18 De- 
. 
5 

gent of an arch of 18 Degrees, Therefore T is = 7 and conſequently 


grees is = 4 . But, in our preſent notation, T is equal to the tan- 


T* is Q. Therefore T* x 5+2V/5 will be = = Xx 5+2v 5 


RY XY AZ L)=, 
5 5 5 5 s 


Therefore _ will be = 5245, and 1 + += will be = I+5+2v5 


(= 


= 1+V53|', and conſequently 1 + 15 will be = 11 V5. And, be- 


cauſe => is = 5+24/5, we ſhall have _ = + [5+2y/5, Therefore 
v |t + _ — AT will be = 1+4/5 — Vie+24 5+ 


Q. E. p. 


Therefore the tangent of an arch of 9 Degrees will be equal to the trinomial 
quantity 1+W 5 — (5+2V5; the value of which may be computed by 
two extraCtions of the ſquare-root, to wit, that of the ſquare-root of 5, and that 
of eld are root of the binomial quantity 5+24/ 5; which operations would 
req much lefs labour than the other method of obtaining the value of the 
ſame tangent by reſolving the quinquinomial equation 57+ 107 —10/— 5 +7 
= 1 by repcated proceſſes of Mr, Raphſon's Method of Approximation. 


PRO- 
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PROBLEM II. 


Art. 80. To find the Length of the Tangent of 
an Arch of 10 Degrees, when the Radius of 
the Circle is called 1. 


SOLUTION. 


The fine of an arch of zo Degrees is equal to half the radius of the circle, 
and therefore is = — when the radius is called 1. Therefore the ſquare of 


this fine is = _ and conſequently the ſquare of the co-fine of this arch 
{which is equal to the exceſs of the ſquare of the radius above the ſquare of 
the ſine,) will be (= 1x1 = — = I— TY, = — and the co- ſine itſelf 


will be = _ But the co-ſine of every arch in a circle that is leſs than go 


Degrees, or the arch of a quadrant, is to the fine of the ſame arch as the radius 


of the circle is to the tangent of the ſame arch. Therefore 21 is to — as 1 


is to the tangent of an arch of 30 Degrees; and nn the ald tangent 
will be equal to 1 


Now it is known, by the Doctrine of Angular Sections, that, if any arch 
of the quadrant of the circle that is leſs than go Degrees, or the arch of the 
whole quadrant, is divided into three equal parts, and the tangent of the 
whole arch be denoted by the capital letter T, and the tangent of the leſſer 
arch, or the third part of the greater arch, be denoted by the ſmall letter 7, 

(the 
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(che radius of the circle being called 1,) the relation between the two tangents 
1 and 7 will be expreſſed by the cubick equation 4/+3T xf—& = T ; which 
has two roots, (that is, real and affirmative roots,) of which the leſſer will be 
the tangent of the leſſer arch, or of the third part of the greater arch of which 
T is the tangent. Therefore, when the greater of the two arches is an arch 
of 30 Degrees, and the leſſer of them is an arch of 10 Degrees, and the tan- 


gent, T, of the greater arch is conſequently = , the equation 3/+3T x** 


v3 
— 2 T will become 3t+3 x 77 X £f—f = > or 3t += Xx 2 
= == or 3t+Y/ 3xXP—8 = 7 z and t, or the leſſer root of this equation, 


will be equal to the tangent of an arch of 10 Degrees, We muſt therefore 


endeavour to reſolve this equation gf 4 WV 3X1?) —=8 = 1 


Art. 81, To ſimplify this equation, let us ſuppoſe x to be = and 


＋ 
7 
conſequently x x V to be = #. 

Then will / be = gx*, and & will be = 3/3 Xxx, and 27 will be = 
3Xx+/3xx, and Vg N will be (= 3x3) = 3V3xx, and 3t++3 
x - will be = 39% xx+3V x — 34 3X7 


is = — 
But 3/+V 3 xf—i is = = 


Therefore 3% 3 X#4+3v 3xXs* — 3V/ 3x will allo be = 71 and con- 


ſequently 3x V3XVaxx + 3X/3XV3xxe — 3x4/3Xy 3xx* will 


/ 


be = 2 that is, 3 N + 3X 3N& * — 383 K will be = 1, or gx + 9 


— ga will be = 1; and conſequently x + x*=z* will be = TY = Gn, 
111,111,111,111, 111,111,111, &c; which is an equation of a very ſimple and 
manageable form, and may be reſolved with exactneſs to 20, or more, places 
of figures, by four ſucceſſive proceſſes of Mr. Raphſon's Method of Approxi- 
mation, taking the fraction — or o. 1, for the firſt near value of x, from 

which 
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which we begin the approximation, And, when we ſhall bave found the value 
of x to the intended degree of exactneſs, we mult muluply it into y/3, or the 
mixt number 1.732, o 50, 80), 568,87 7,293, 527,446,341, &c; and the product 
will be = , or the tangent of an arch of 10 Degrees. 

Qu E. I. 


PROBLEM III. 


Art. 82. To find the Tangent of an Arch of 
1 Degree. 


— — 


SOLUTION. 


Let & denote the tangent of an arch of 10 Degrees, and 4 the tangent of an 
arch of 9 Degrees, and y the tangent of an arch of 1 Degree, which is the 
difference of the two former arches of 10 Degrees and 9 Degrees, the tangents 
of which are à and 6. Then, by the Doctrine of Angular Sections, the tangent 
y of the difference of the ſaid two arches of 10 and 9 Degrees, will be to a—4, 
the difference of the tangents of thoſe arches, as the ſquare of the radius 1 is to 
the ſum of the ſaid ſquare and the rectangle contained under the two tangents 4 


and 4; that is, y will be to a—bas 1X1 is to IXI+4X6, or as 1 is to 14453 


and conſequently y will be Le or ==; that is, the tangent of an 
arch of 1 Degree will be = _ We muſt therefore, firſt, ſubtract the tan- 


gent of an arch of 9 Degrees from the tangent of an arch of 10 Degrees, in 


order to obtain the value of a—4, the numerator of the ſaid fraction =; 


and 


_ 


: 

4 

4 

- 
4 

® 

— 

if 3 
* 
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and we muſt then multiply the former tangent into the latter tangent, and add 
the product of the ſaid multiplication to 1, in order to obtain the value of 
1 Tab, the denominator of the ſaid fraction; and, laſtly, we muſt divide the 
ſaid value of a—b-by the ſaid value of 1 + a4; and the quotient of this diviſion 
will be equal to the tangent of an arch of 1 Degree, Q. E. I. 


Art. 83. The length of the tangent of an arch of 1 Degree may, I think, 
be computed by the method above-deſcribed with much leſs trouble than by 
the method purſued by Dr. Mackay. The length of the computation ot the 
tangent of an arch of 1 Degree by the one method would, 1 apprehend, be 
conſiderably leſs than half the length of the computation of the ſame tangent 
by the other method. The two methods appear to be equally direct and 


elementary.. 


But, when we have diſcovered the length of the tangent of an arch of 1 
Degree, and are deſirous of deriving from the known length of that tangent 
the length of the tangent of an arch of 1 Minute of a Degree, there appears 
to be no method better than that purſued by Dr, Mackay, to wit, by repeated 


ſections of the arch of 1 Degree. 
July 28, 1805. JAMES IVORY.. 


Art. 84, Dr. Mackay has alſo furniſhed' me with a computation of the 
length of the tangent of an arch of 1 Degree, in a circle of which the radius 
is called 1, according to the method here recommended by Mr. Ivory.. 


This Computation is as follows.. 


vor. IV. 6 A COM- 
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A COMPUTATION 
OF THE 


Length of the Tangent of an Arch of 1 Degree, in a 
Circle of which the Radius is called 1, in the Method 
recommended by Mr. Ivory. 


By DR. ANDREW MACKAY, LL. D. 
Late of Aberdeen in Scotland, and Fellow of the Royal Society of Edinburgh. 


The firſt part of this computation conſiſts in finding the value of the trino- 
mial quantity 1+Ws —  5+24 5, which is equal to the tangent of an 
arch of 9 Degrees. And for this purpoſe it is neceſſary to extract the ſquare- 
root of the number 5, and then to double the ſaid ſquare-root in order to 
obtain the value of 24/5, and to add the ſaid value to 5, and extract the 
ſquare-root of the ſum 5742/5, and, laſtly, to ſubtract this ſquare-root from 
I+y5, or the ſum of 1 and the ſquare-root of 5, Theſe operations Dr. Mackay 
performs in the following manner. 
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4 


4466) *27100 
- 26796 


44720) 30400 
00000" 


— — 2 — 


447206) 3040000 
2683230 
4472127) * 35976400 
31304889 
44721349) *457151100 
402492141 
447213587) * 3495895900 
3130495109 
4472135947) * 33540079100 
x1 $04951629__ 
44721359544) * 223512747100 
178585438176 
447213595489) * 4462730592400 
4914922354u40T 
4472135954989) * 437508, ;299900 
4024922359-901 _ 
44721359549987) * 353102970499900 
3130493 16849909 _ 
447213595499948) * 4911345304999 100 
35777087" 3999584 


5.000,900,000,000,000,000,000,000 (2.236,067,977,499,739,696,409, 


[ 173,068,9. 


* 433636600999516 
4024922 35949953 


' 3114430 5049503 
' 26832815729997 


* 4311549319506 


4024922359500 


433630999516 


286626960066 
2683281 57300 
18298892766 

178585743820 
410258946 
492492236 
*+ 7766710 
4472136 
3294574 
3130495 
164079 
134164 
29915 
26833 

3082 

2683 

399 

8 

* 41 


V5 = 2.236, 067, 977, 499, 7 89, 696, 409, 173, 668,9 
2 


29.8 — 4.472, 35,9 54,999,579, 392,8 I 8,3 472378 
5.000,000,000,000,000,000,000,000,000,0 


$g+2V5 = 9.472, 135,954,999, 579,392, 8 18, 347,337,8 


6 2 


9.472, 
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9.472, 135,954,999,579, 39278 i 8,347, 337,8 (377,683, 537.1 75,253, 402, 


2 ; [5709, 290,576 
60) 47 
oo 
607) 4721 . : ; 8 
4249 | 
6147) 47235 3527034785352 
4.3029 x 30770835372 
61546) * 420695 * 4320642979 
| 369276 43037 56952 
615528) * 5141949 ** 17686027 
4924224 22310734 
61 6 . 21772599 3575293 
080 18466089 5339830 
6155266 © 330651057 35463 
553665) des? — 45 
615536703) 2288273293 | * 4686 
* as 18466 10109 | 4309 
615536 067) * 44166318492 277 
oy 43087569469 | 36g 
61553670741) * 107874902381 IT 
61553070741 _ 
615536707427) * 4632123164083 
4303750951989 _ © 
6155367074345) * 32330621209447 
39776835371725 
61553670743502) *155978583772233 
12310734148 7004 
615536707435045) 3287 124228522978 
3077683537175225 
*209440091347753 
154661012230513 
*24779079117240 
2462146829 7402 
5 — 158210819838 
123107341487 
* 35103478Z51 


Therefore 
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Therefore V 572 is = 3.07, 683,537, 175.253.402, 570, 200, 576, and 
conſequently the trinomial quantity 14+2V 5 = V [5+24/5 will be = 


1. ooo, ooo, ooo, oo, ooo, ooo, ooò, ooo, oO0 
\ 


LS 2.2 36,067, 977,499,789, 696, 409, 173,668 = 
3.077, 683,537, 173, 253,402, 570, 290,769 
0 3.236, 067.977, 499,7 89, 696, 409, 173, 668 
— 377,689, 337175, 253,402, 570, 290, 576 
o. 158, 384, 440, 324,5 36, 293, 838,883, 92. Therefore the 
tangent of an arch of 9 Degrees is equal to o. 138, 384, 440, 324, 5 36, 293,838, 


$33,092. Q. E. I. 


This value of the tangent of an arch of 9 Degrees agrees in it's twenty-five 
firſt figures, to wit, o. 188, 384, 440, 324, 5 36, 293,838,883, with 0.158, 384, 
440, 3 24, 536, 293, 838,883, 06, or the value of the fame tangent found above 
in Art. 24, by the quinquiſcction of an arch of 45 Degrees by reſolving the 
quinquinomial equation 5 ＋ 101 - 5if +45 = 1, of which the (aid 
tangent is the root. And the preceeding calculations by which it has been 
obtained, (which conſiſt chiefly of the extractions of the ſquare-roots of the 
number 5 and the binomial quantity 5+24/ 5,) are evidently much fewer and 
leſs laborious than the calculations employed above in the reſolution of the 
quinquinomial equation 5f+10f— 10 —51*+i5 —= 1, which extend from 
page 781 to page 799, or through 18 pages, 


Art. 83. The ſecond part of this computation of the length of the tangent 
of an arch of 1 Degree, in the Method recommended by Mr. Ivory, conſiſts 
in finding the length of the tangent of an arch of ro Degrees. And this is 
to be performed by reſolving the cubick equation 3/+3T xif—#i = T, in 


which T is the tangent of an arch of 30 Degrees and is = — that is, by re- 


. . I 8 1 — 
ſolving the cubick equation 3/+3 x 77 * PP = 2 hs (if we put x 


_— — or * Vi = t,) by firſt reſolving the cubick equation x +a*—x* = 


— or x+x*—x? = o.111,111,111,111,111,111,0111,111,111,&c, and then 


multiplying the value found for x by ſuch reſolution into the value of g, 
| or 


J 
j 
i 
. 1 
, 
i; 0 
} 
' ! 
+ 
1 1 
ö 4 
Thi 
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17 
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or the mixt number 1.732,050,807, 568, 87), 293,5 27,446, 341, &c, in order to 
obtain the value of , or the tangent of an arch of 10 Degrees. Theſe. 
operations are performed by Dr. Mackay in the following manner. 


The Resolution of the Cubick Equation x+ax*—2* = 
0. 111,111,111, 111,11, 111,111,111, 111, Kc by 
Mr. Raphson's Method of Approximation. . 


Art. 86. Since the trinomial quantity #+x*—#5 = 5 it is evident thatr 


x muſt be leſs than 1. For, if x were = 1, * would be = 1, and x* would 
alſo be = 1,. and x A - would be (= 1+1—1) = 1, which is equal to 


6 . 1 0 . 2 
nine times the abſolute term 1 or 9 times the true value of the trinomia! 


quantity x+ a—#* in the propoſed equation K = = 2 Therefore 


the true value of in that equation will be much leſs. than 1, and probably, 
not very different from = We will therefore conjecture that it is = _, or 


0.1, and will ſubſtitute o. 1 in it's ſtead in the trinomial quantity x-, in 
order to diſcover whether the value of the ſaid quantity reſulting from ſuch 


ſubſtitution will be greater, or will be leſs,. than the abſolute term = or 


0. 111,111,111, &c, and conſequently whether the ſaid conjectural value of x, 
to wit, 0.1, will be greater, or will be leſs, than the true value of x. in the 
propoſed equation x +x*+x3 = o. 111, 111, 111, &c. 


Now, if «„ be = 0.1, we ſhall have «* = o. ot, and & = 0.001, and conſe- 
quently x+ x*—x*- (= o. 1 + 0.010 — 0.001 = 0.110 — 0.001) = 0.109 ;. 
which is leſs. than o. 111,111, 111, &c, or the abſolute term of the propoſed 
equation. Therefore q. 1 muſt be leſs than the true value of x. in that 
equation. 


A Process 
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A Process of Mr. Raphson's Method of Approximation. 


Art. 87. We will therefore put z for the difference been 0.01 and the true 
value of æ in the propoſed equation, and ſubſtitute the binomial quantity o. 1 42 
inſtead of in the ſaid equation. Now, if x is = 0.1 ＋ x, we ſhall have a* = 
0.1+2)* (= o.1\* + 2X0.1xz+&c) = 0.01 + 0.2X2+«&c, and a* = 
O. I＋ 23 (= 0.11? = 3x0.1)* X2+&c = 0.001 + 3 XN. oi Xz+&c) = 
o. oo + 0.03 XzZ+&c, and conſequently N- will be = 


— — — — — = > 2 : = * = — = —— 
2 222 — — p _— x — = A — — = 
— 1 = — — — — — 
— — — * — 4 — — — = — - — — — 
- — — — — — — - — _— * 
— = — — * — — * —— _ — —— 


— — 
— — — — e — — = 


—5ð— ͤ ͤ2d]ᷣ — 


9 by 
. + t. 20 Xx + & c 
+ 0.01 +020 XK ＋ & = | I } = 
— 0.001 — 0.03 IT — 0.001 + o. og x 2 & 


0,109 + 1.17X2,. 


7 


— — — 


== — — — 


— — 


But & - is = O. 111,111, 111, &c. 


B ⏑ ——— TY . . XR - 2 — 
1 


Therefore 0.109 + 1.17 X 2 will alſo be = o. 111,111, 11, &c; and conſe- 
quently 1.17xz will be (= o. 111, 111,111, &c — 6.109) = 0.002,111,111, 
0.002,111,111,&c 

„ 


— 


* 
N 
j 
vn 
Ul 
48 
| 


&c, and z will be = 


= 0.001,8, 


Therefore x, or 0.1 + K, will be = 0.1+06.001,8 = o. 101, 8, that is, the 
ſecond near value of x will be 0.101,8, or (neglecting the laſt figure 8, as 
perhaps not exact, ) will be o. 101. | Q. E. J. 


Art. 88. Dr. Mackay then ſubſtitutes this ſecond near value of 4, to wit, 
0.101, inſtead of x in the trinomial quantity x+x*—#, in order to diſcover 
whether the value of the ſaid quantity reſulting from this ſubſtitution will be 
greater, or will be leſs, than o. 111, 1 , 111, &c, or the abſolute term of the 
propoſed equation x +#*—a* = o.11.,111,111,&c, and conſequently whether 
o. 101, will be greater, or will be leſs, than the true value of x in that equation, 
This ſubſtitution may be made as follows. 
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. .net. 
101 
10 10 
x = 0.010,20L 
O.101 
10 201. 
1 020 IO 
x* = 0,001,030, 301 
& 
ae? 
x+ ** 
R 
x+x*— 23 


o O10, 201 


0. 111,201, 00 
0.001,030,3or 


0.1 Lads 70,699. 


Therefore the value of the trinomial quantity x + -x reſulting from this 
ſubſtitution is o. 110, 170,699; which is leſs than o. 111111, 111, &c, or-the- 
abſolute term of the propoſed equation x 4 = = o.111,111,111,&, And 

conſequently the number o. 101 is leſs than the root of the ſaid equation. 


QE. I. 


A: Second Process of Mr. Raphson's Method of Approximation. . 


Art. 89. Having thus diſcovered that 0.161 is leſs-than the true value of x in 
the equation x+x*—a* = 0.111,111,111,111,111,8c, Dr. Mackay puts 2 for their 
difference, and then ſubſtitutes the binomial quantity o. 101 +2, inſtead of *, 
in the ſaid equation. This he does in the following manner, 


Since x is = 0101 +2, we ſhall have 


8 
x* = C. IOI TZI (= O. 101] + 2x0.101X2+&c. = 0.101} + 


0.202 X z+&c) = 0.010,201 + o. z02 & 2+ &c, 


and ** = 0.1012]: (= 0.01]* + 3.x0.101]* Xz+&c = 0.101} + 


3X0.010,201 K z + & = . 101 


= 0.001,030,301 + 0,030,603 X X + &c.. 


+ 0,030,603 Xz + &c). 


Therefore 
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Therefore the trinomial quantity x T* = will be equal to the multinomial 


quantity 
O. 101 2 
+ 0.010,201 + 0.202X2 + &c 


— 0.001,030,301 0,030,003 Xz-— &C 


4 0. 111,201 + t. 202 „ + & C 
— do. oo t, o30, 3 — 90.030,003 X + & 


= o. 110, 170, 99 + 1.171, 3% & — &c. 
But the trinomial quantity x +a* —x* is = o. 111,111,111, 11, &e. 


Therefore the quantity o. 110. 170, 69 + 1. 171, 9% z + &c will alſo be = 
o. 111,111,111, Kc. And conſequently 1.171,399 x 2 + &c will be (= 
o. 111,111, 111,111, Kc — 0.110,170,699) = 0.900,940,412,111,&c, and 2 


will be = — — 2 o. o, 802,8. Therefore x, or 0.101 +2, 


 1:171,397 
will be = c.101 + 0,101,802,8 = 0.101, 802, 8; that is 0.101,802,8 will 


be a third near value of the root x of the propoſed equation x T* - = 
o. 111,111,111, 111, &c. | Q. E. I. 


Art. 90. Of this third near value of x it is probable that the fix firſt 
figures 0.101,802 are exact. And Dr, Mackay therefore ſubſtitutes thoſe fix 
figures, inſtead of x, in the trinomial quantity æ 4 -, in order to diſcover 
whether the value of the ſaid quantity reſulting from ſuch ſubſtitution will be 
greater, or will be leſs, than the abſolute term o. 111, 111,111, 111, 11, 11, &c, 
of the propoſed equation, and conſequently whether the ſaid number o. 101, 802 
will be greater, or will be leſs, than the true value of it's root x, 


Now, if x is = 0.101,802, we (hall have ** (= 0.101,802}?) 0.010,363, 
647,204, and & (= o. 101, 802) = 0,001,055,040,012,561,608, as will 
appear from the following operations. | 


Yor, IV, 6R | „ = 


= GE — 


1 
—=Y "_Lzz * >. — — py == — > — — 
.... ˙ A. — — — — 
— — — — > — — — 
+ "x8 -* . —— EA — 2 " = — — — - =_ = = — _ — 
— — — — — — — — — 
— = — - = => 2 > - = —— — — — - — — 


— 
——— — — 


[8 
i 

4 
| ; 
1 
, 

(] 

1 


—— — — = > > 
SEN — == 
— 
1 — 


Ih l 
4 
W 
| 
4. 
, 
WH 
10 4 
iſ 
li 
[ | 
4 | 1 
L 
'W i 
ö { 
* 4; 
4 
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= 0,101,802 © x. = 0.101,802 
x = 0.101,802 ** = 0.010,363,047,204 
203 604 x+x* = 0.112,165,047,204, 
81 441 60 | 
101 802 From 0.112,165,647,204 
10 180 20 Take o. oo 1, oꝶ 5, o40, o 12, 66 1,608: 
0 010,303,0475204. 0. 111,1 10, 60, 191, 338,392 
x = O. 101, 802 = * r. | 
20 727 294 408 : 
8 290 917 763 20 


10 363 647 204 
1036 364 720 40 


x* = 0.001,055,040,012,001,608 


Therefore x T* will be = o. 112, 165, 647, 204, and x+x*—x* will be (= 
0. 112,165,647, 204 — 0:001,055,040,012,661,608)* = 0.111,110,607,191,, 
338,392; which is leſs than o. 111, 111,111, 111, &c, or the abſolute term ef 
the equation x T* - = . 111, 111,111, 111, &c. And conſequently o. 101, 
802 is leſs than the true value of x, or the root of the ſaid equation. 


A Third Process of Mr. Raphson's Method of Approximation. 


Art. 91. Dr. Mackay then puts 2 for the difference of-0.101,802 and æ, and 
ſubſtitutes the binomial quantity 0.101,802 +2; inſtead of x, in the ſaid equa- 
tion, in order to obtain a fourth and more exact value of it's root x.. This be 
does in the following manner, 


Since x is = 0.101,802 +2, we ſhall have 
x* = 0.101,802+2| * (= 0.101,802}* + 2X0.101,802X2 + &c = 


0.101,802}* + 0.203,604Xz + &) = 0.010,363,647,204; 
+ 0.203,604 X 2 + &cz | 


0.010,802 + 2? (= 0.101,802|* + 3 x 0.101,802}* *2 + & 
o. 101, 8925 + 3 xo. o10, 363, 647, 2042 + & c 


o. 101 ,802]' + 0.031,090,941,612Xz + &c) 
o. — 608 + 0.031,090,941,612X2 + & c. 


Therefore. 


and a? 


ITE TI 
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Therefore the trinomial quantity x + x*%=4a* will be equal to the multinomial 
«quantity | 


0.101,802 + 2 ? 
14 0.010,36 2,647,204 + 0.203,604 x z + & SES 
| O. oo 1, o5 5, 40, o 12, 661,608 — 0.031,090,941,012 x z —&c | 


But the trinomial quantity x = is = o. 111, 111,111,111, 11, t, &c. 


0. 112, 165, 647, 204 + 1.203, Go 4 X2 J. &c 
o. o0 1, 55, 40, 012, 661,608 — 0.031,090,941,012 Xz + &c 


= 0.111,110,607,191,338,392 + 1.172,513,058,388X2 &c. 


Therefore the compound quantity 0.111,110,607,191,338,392 + 1-172, 
513,058, 388 & * & will alſo be = o.111,111,111,111,111,111,&. And 
conſequently 1.172, 5 13, 058, 388 & K will be (= 0.111,111,111,111,1t1,111, 
& c — O. 111,110, 60%, 191, 338,392) = o. ooo, ooo, 503, 919,772,719, and 2 
0.200,000,503,919,772»719 
1.1 72,5 13, 058,388 
o. 101,802 1 , will be (= o. 101, 802 + o. ooo, ooo, 429,777) = o. rot, 80a, 
429,777, and conſequently o. 101, 802, 429,777 will be a fourth near value of 
the root of the equation x+x*—a* = . 111,111, 111,111,111, 111, t, &c. 


Q. E. I. 


Art. 92. Dr. Mackay then proceeds to ſubſtitute this fourth near value of the 
root of the equation «-= = o.111,111,111,111,111,111,111,&c, to 
wit, o. 101, 802, 429,777, (which, it is probable, is exact in all it's figures,) 
in the trinomial quantity 4 -, in order to diſcover whether the value of 
the ſaid quantity reſulting from ſuch ſubſtitution will be greater, or will be leſs, 
than 0.111,111,111,111,111,111,111,&c, or the abſolute term of the propoſed 
equation x K = = 0.111,111,111,011,111,1t1,T11,&c, and conſequently 
whether the ſaid fourth near value of x is greater, or is lets, than the true 
value of æ in that equation. And for this purpoſe he computes the ſquare and 
the cube of this fourth near value of in the following manner. 


will be = = 0.000,000,429,777. Therefore x, or 


6R 2 7 = 
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x = o. 101, 802, 429,777 
x = 0. 101, 802, 429,777 


712 617 008 439 
7 126 170 084 39 

71 261 700 843 9 

916 221 867 993 
2 036 048 595 54 
40 720 971 910 8 
203 604 859 554 
81 441 943 821 60 


101 802 429 777 
- | to 180 242 977 70 


x* = 0.010,363,7 34,708,501,016,269,729- 
= 0.101,802,429,777 


0.001 036 373 470 850 101 626 973 
10 363 734 708 501 016 270 

8 290 987 766 800 813 016 

20 727 469 417 002 033 

4 145 493 883 400 406 

207 274 694 170 020 

93 273 612 376 509 

7 254 614 295 951 

725 461 429 595 

72 546 142 959 


a = 0.001,055,053,374,889,632,273;732 


= 0.101,802,429,777 
a* = 0.010,363,734,708,501,016,269,729 


x+x* = 0.112,166,164,48 5,501,016, 269,729 
* o. oo, o55, o53, 37 4, 889, 632, 273, 732 


x4 * — = . 111,111,111, 110, 611,383, 995,997 


Therefore zx+x*—+* is = o. 111, 111,111,110, 611, 383, 995,997; which is. 
leſs than the abſolute term o. 111,111,111, 111,111,111, 111,111, &c of the 
propoſed equation. And conſequently the number o. 101,802, 429,777 is leſs 
than the true value of x in that equation, Q. E. I. 


A Fourth 
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A Hourth Process of Mr. Raphson's Method of Approximation. 


Art. 93. Having thus found that the number 0.101,802,429,777 is leſs than 
the true value of x, Dr. Mackay puts z for their difference, and then has recourſe 
to a fourth proceſs of Mr. Raphſon's Method of Approximation, to obtain another 
near value of x that ſhall be much nearer than the number 0.101,802,429,77 7 
to it's true value. And for this purpoſe he ſubſtitutes the binomial quantity 
0.101,802,429,777 +2, inſtead of x, in the terms of the equation ä = 
= O.111,1I1,111,117,111,1t1,111,111,111,&,. This he does in the follow- 
ing manner. 


Since x is = 0.101,802,429,777 +2, we ſhall have 
* = 0.101,802,429,777 +21 (= 0.101,802,429,777| | + 2X0. 101, 
802,429,777 Xz + & = 0.101,802,429,777l + 0.203,004, 
8 59,554X2 + &) = o. o10, 363,734,708, 501, 016,269,729 + 
O. 203, 604, 859, 554 Xxx + &c, 


and x? = o. 101 802, 429.777 T2 (= o. 101, 802, 429,77) + 3 


0. 101, 802, 429,777“ X2 + &c = . 101, 802, 429,777 + 
3 Xx 0.010,3603,734,708,501,016,269,729 xz + & G = 


0. 101,802, 429,77 + 0.031,091,204,125,503,048,809,187 X 2 
+ &c) = o. oo, o5 3, 053, 374, 889,632, 273,732 + o. 03 1, ogt, 
204, 125, 503, 48, 809, 187 x 2 + &c. 


Therefore the trinomial quantity x Tα = will be equal to the multinomial 
quantity 


0.101,802,429,777 + 2 
4 o. o 10, 363, 734.708, 501,0 16, 269,729 + o. 203, 604, 859, 5 4 Xx⁊ + &c 
1 o. oo 1,055, 53, 374,889,632, 273,732 — 0. 031, 091, 204, 125, 503, 048, 
dog, 187 x 2 & 


= 0.112, 
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0.112,166,164,485,501,016,269;729 + 1. 203, 604, 8 59,5 54 x 
+ & c 


— 3 o. oon o55 S 74d 89.68, 732 + r. 503, | 
048,809,187 xz — &c 


= o. 41, 111,110,611 363,995,997 + 1.172, 313,65 5, 428, 496, 
951,190, 813 x2 + &c. 


But the trinomial quantity «+x*—#F is = 0.111,111,111, 111,111,111, 
111,111, 141, Kc. 


Therefore the compound quantity d. 111, 114,1 1,110,611+383:995:997 +. 
1. 172,513, 655, 428,496,951, 190, 813 * will allo be = o.111,111,111,111, 
111,111, 111,111,111, &c. And conſequently * 141.0685 100 
813 x2 will be = 
0 111,111, 111,111,111 111,111, fffl, &c } 
1— 0-111,111,141,110,611,38 3,995,997, 
= 0,000,000,000,000,499,727,115,114,111,&c, and x will be 


— *©.000,000,000,000,499,727,115,L14,H Ke . 
— T.172,513,655,426,496,951,190;813 - = 0:000,000,000,000,426,201,531, 


on. Therefore æ, or 0.401,802,429,777 +2, will be = o. 101, 802, 429, 77) 
+ o. ooo, ooo, oo0, 000, 426, 201,53 1,044 o. 101, 802, 429,777, 426,201,531, 


044 ; that is, the root of the propoſed equation x * - = 2 or 4 
. 11,141, 111,111, 111,111,111, 111, 11, &c, will be = o. 101, 802, 429, 
777.426, 201, 531,044. Q. E. I. 


The Diviſion of 0,000,000,000,000,499,727,115,114,111,&c by 1.172,513, 
65 8, 478, &c is as follows, 
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The Divisor. - The Quotient. 
k172,513,655,428) (0,000,000,000,900,426,201,531,044 
The Dividend. 


Q.009,000,000,000,499,727,!15,114,111,111,111,111,&c 
469 oog 462 1712 
30 721652 942 91 
23 450 273 108 56 
7271379834351 
7 035 o81 932 568 
* 236 297 901 783 1 
234 502 731 085 6 
**1 795 170 097 5¹ 
1172 512 655 428 
622 657 042 083 1 
586 256 327 7140 - 
36 400 214369 11 
35 175 409 662 84 
1 224.804 706 271 
1:172 513 655 428 
52 291 050 843 11 
46 900 546 217 12 

*5 390 504 625 991 

4.0690 054 621 712 

* 700 450 004 289 


Art. 94. This laſt} or fifth, near value of x, or the root of the equation 


1 
K TX -N D Or 14 — = . 111,111,111,111,111,111,111,111,111, 


&c, to uit, the number, o. 101, 802, 429,777, 426, 201,53 1, 44, is probably 
exact in all it's twenty four figures. But that the degree of it's exactneſs may 
be aſcertained, Dr. Mackay has ſubſtituted it inſtead of in the trinomial quantity 
x+a*—a?, and has-found that the value of that quantity which reſults from it's 
ſubſtitution co-incides exactly with the ahſolute term of the equation x + a*—?* 
= . 111,111,111, 1,1, 11,1% , &c in the firſt twenty-four figures 
of the ſaid abſolute term, or is = o. 111, 111,11, 111,111, 11,111,111. And 
for this purpoſe he has computed the ſquare and the cube of the ſaid number 
0. 10 1, 802, 429,777, 426, 201,531,044. to twenty-four places of figures, in the 


following manner. 
2 
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* = 0.101,802,429,777,426,201,531,044 
x = 0.101,802,429,777,426,201,531,0.44 

©.010 180 242 977 742 620 153 104 4 

101 802 429 777 426 201 631 © 

81 441 943 821 940 961 2248 

203 604 $59 554 852 403 1 

40 720971 910 970 480 6 

2036 048 595 548 524 0 

916 221 867 996 835 8 

71 261 700 844 198 3 

7 126 170 084 419 8 

712 617 008 442 © 

40 7209719110 

2 036 048 595 5 

610 814578 7 

20 360 486 0 

101 802 4 

50 901 2 

30541 

1018 

41 

4 

2 „* = 0.010,363,734,708,587,792,972,599,0 
e x = 0.101,802,429,777,426,201,531,044 


0.001 036 373 470 858 779 297 2599 
10 363 734 708 587 792 972 6 

8 290 987 766 870 234 3781 

20 727 469 417 175 585 9 

4 145 493 883 435 117 2 

207 274 694 171 7559 

93 273 612 377 290 1 

7 254 614 296 011 5 

725 461429 601 1 

72 546 142 960 1 

4 145 493 883 4 

207 274 694 2 

62 182 408 3 

2 072 7469 

10 363 7 

51819 

3109 

10 4 

4 


x? = 0.001,055,053,374,902,883,392,532,5 


Therefore 
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Therefore x+x*—4* will be equal to 


| 0.101,802,429,777,426,201,531,044 
+ 0.010,363,734,708,587,792,972,599 
— 0.001,055,053,374,902,883,392,532 


— 0. 112, 166, 164, 486,013, 994, 503, 643 
1 0.001, o5 5, 053, 374, 902, 883, 392, 532 

= O. 111,111,111,111,111, 111,111,111; which are the firſt 

twenty-four firſt figures of the infinite ſeries o. 111, 111,111,111, 111,111,111,111, 


111,111, &c, which is equal to — or the abſolute term of the propoſed 


equation x * - = — Therefore the ſaid number 0.101,802,429,777, 


426, 201, 531,44 is the true value of x, or the root of that equation. 


Art. 95. This number o. 10 1, 802, 429,777, 426, 201, 531, 44 is leſs than 
the true value of x in the equation x +x*—x® = — orx+x*—x* = 0.111, 


111, 111,111,111, 111,111,111, 111, 111, &c; becauſe, when it is ſubſtituted 
inſtead of x in the trinomial quantity x T =, it makes the ſaid trinomial 
quantity be equal to only the firſt twenty-four figures of the infinite ſeries which 


is equal to ＋ But, if this number were to be increaſed by only an unit in 


the laſt, or twenty- fourth, place of decimal fractions, the new number thence 
ariſing, to wit, the number 0.101,802,429,777,426,201,531,045, would be 
greater than the true value of & in the ſaid equation x+a"—x* = 0.111,111, 
111,111, 111,111, 111,11, 11, &c, or, if it were ſubſtituted, inftead of * 
in the trinomial quantity x -, would make that quantity be greater than 


1 a 
the abſolute term —__ or O,111,111,111,011,111,101,011,Lil,til,ti1,&c of 


the ſaid equation. This may be ſhewn in the following manner. 


Let @ be put for the number 0.101,802,429,777,426,201,531,044. Then 
will the new number 0.101,802,429,77 7,426,201,531,045 be = @+0.000, 


I — 
oo, oo, ooo, ooo, ooo, ooo, ot, or = 4 + ==. Therefore the ſquare of the 


Td 
is 7 : 1 
jaid new number will be = 4 + = =O + 26x = + =o and 
Vor. IV, 6 8 the 
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the cube of the ſaid new number will be = 2 + oy = & + 34 XX — 1555 | 
+ 38 X — 4+ Ll Therefore, if this new number were to be ſubſtituted, 
O 


inſtead of x, in the trinomial quantity x +x*—a®, the ſaid trinomial on | 


— 3 — 
_— + 28 X =o + = - 340 * = 
— 3a X 1505 — 1005 or (neglecting the terms =D 34 X 10% and 
T 
10)'? 


1 n : 3 — 2 — ds * 
faid trinomial quantity would be = @ + = + 4 + 24 X 7 a 
X =p or = 0+ =& + Eg + 242 X —— 85 — 3c * 7p which 
T 2 
exceeds the quantity @+4*—@? by the quantity = + 24a X 1. — 36 X 


1 
10 24 


za will be nearly = 0.2, and 3a will be 84 f = 0.03, Which is _ leſs 


Now, becauſe à is nearly equal to o.1, and 4 to 0.01, it follows that 


than o. 2, or 24; and conſequently 22 X - =7 will be greater than 3a* * —- = 


and the quantity =a =A + 2a X * 3a. X == will be greater than 


== that is, the exceſs . the value of the trinomial quantity 247 * re- 


100 


ſulting from the fubſtitution of a + == in it's terms inſtead of x, above the 


value of it found above by ſubſtituting a, or 0.101 2802,429,777+426, 201,531, 


044, in it's terms inſtead of x, will be greater than n or than 0.000,000, 


000,000,000,000,000,001., And conſequently the value of the ſaid trino- 


mial quantity reſulting from the ſubſtitution of the new number & + = 


Fo or 
0.101,802,429,777,426,201,531,045, in it's terms inſtead of x, will be greater 
than O.111,111,111,111,111,111,111,111 + co. ooo, ooo, ooo, ooo, ooo, ooo, 
000,001 ; that is, than o. 111,111, 111,111,111, 111,111, 12, and conſequently 
than the infinite ſeries o. 111, 111,111,111,111,111, 111,111,111, 111, &c, which 

| is 
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is leſs than o. 111,111,111, 111,111,111, 111,12. It appears therefore that 
the number a, or o. 101, 802, 429,777, 426, 201, 53, 44 is leſs than the tiue 


value of x in the propoſed equation à 4 = = Th and that the number 


0.101,802,429,777,426,201,531,045 is greater than the ſaid true value, and 
conſequently that the former of theſe numbers, to wit, the number 0.101,802, 
429,77 7,426,201,531,044, is exact in all it's tweaty-four figures. Q. E. D. 


Art. 96. Having thus found the value of «, or the root of the equation 
K* = — to be 0.101,802,429,777,426,201,531,044, Dr. Mackay 


proceeds to multiply it into the number 1.732, o 50, 80), 568, 877, 293,527,446, 3, 
which is equal to the ſquare- root of 3, in order to obtain the value of x x V1, 


which is equal to 7, or the root of the equation 30 + 3 X — X PE = 21 
3» 
or to tangent of an arch of 10 Degrees. This multiplication is performed in 


the following manner. 


V3 = 1.732,050,807,568,3877,293,527,446,3 
x = . 101, 802, 429,777, 426, 201,631,044 
0.173 205 080 756 887 729 352 744 6 

1 732 050 807 568 877 293 527 4 
1 385 640 646 055 101 834 822 0 

3 464 101 615 137 754 587 1 
692 820 323 027 550917 4 
34 641 016 151 377 5459 
15 588 457 268 119 895 6 
1212 435 565 298 214 1 
121 243 550 529 821 4 

12 124 355 652 9821 

692 820 323 027 6 

34 641 016 151 4 

10 392 304 645 4 

346 410 161 5 

1 732 050 8 


Tangent of 10 Degrees = 0.170,326,980,708,464,97 3:47 1,089.5 
68 2 And 


1 
l 
| 1 
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And thus we have compleated the ſecond part of the Computation of the 
Length of the Tangent of an Arch of 1 Degree in the Method recommended 
by Mr. Ivory, by finding the length of the tangent of an arch of 10 De- 
grees. | 


Art. 97. The third and laſt part of this Computation conſiſts in deriving 
from the lengths of the tangents of arches of g and 10 Degrees, (which have 
now been diſcovered by the foregoing calculations, ) the tangent of the difference 
of thoſe arches, or of an arch of 1 Degree, by computing the value of the 


fraction <=, in which à ſtands for the tangent of an arch of 10 Degrees, 
and & ſtands for the tangent of an arch of 9 Degrees, and conſequently à is 
= 0.176,326,980,708,464,97 3,471,089,5, and & is = 0.158,384,440,324,536, 


293,638,883,092. 
= 0.176,326,980,708,464,97 3,471,089,5 
bþ = 0.158,384,440,324,536,293,838,883,1 


0.017,942,540,383,928,679,632,206,4. 


8—b 


The multiplication of à into &, in order to find the value of ab in the deno- 
minator 1745 of the fraction =, is performed by Dr. Mackay in the fol- 


lowing manner. 
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= 0.176, 326,980,708,464,97 3,471,089,5 
b = 0.158,384,440,324,536,293,838,883,1 


0.017 632 698 070 846 497 347 108 95 
8 816 349 035 423 248 673 554 47 
1410 615 845 667 719 787 768 72 

52 898 094 212 539 492 041 33 
14 106 158 456 677 197 877 69 
705 307 922 833 859 893 88 
70 530 792 283 385 989 39 
7 053 079 228 338 598 94 
52 898 094 212 539 49 

3 526 539 614 169 30 

705 307 922 833 86 

88 163 490 354 23 

5 289 809 421 25 

I 057 961 884 25 

35 265 396 14 

15 869 428 26 

528 980 94. 

158 694 28 

5 289 81 

I 410 62 

141 06 

1411 

53 

2 


— — 


ab = o. 029, 927, 450, 1 53, 625, 532,923, 391, 52 
1. i 


14 = 1.027, 927,450, 153,625,532, 923, 391,52 
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The Division of a—b by 1+ab. 


The Divisor. The Quotient. 
1.027, 927, 450, 153,625, 5 32,923,391, 32) (0.017,455,064,928,217,535,765 
The Dividend. 

o. 017, 942, 540, 383,928, 679, 632, 206, 4 
10 279 274 501 536 255 329 2339 
7 663 265 882 392 424 302 972 5 

7 195 492 151075 3787304637 
* 467 773 731 317 045 572 5088 
411 170 980 061 450 213 169 4 
* 56 602 751 255 595 359 339 4 
51 396 372 507 681 276 646 2 
* 5 206 378 747 914 082 693 2 
5 139 637 250 768 127 664 6 
66 741 497 145 955028 6 
61 675 647 009 217 532 0 

* 5065850136 737 496 6 

' 4 111 709 800 614 502 1 

954 140 336 122 994 5 
925 134 705 138 2630 

*29 005 630 984 731 5 

20 5589 549 003072 5 

8 447 081 981 6590 

8 223 419 601 229 0 

223 662 380 430 0 

205 585 490 030 7 

* 18 076 890 399 3 

10 279 274 501 5 

*7 797 615 897 8 

7 195 492 1511 

* 602 123 746 7 

513 963 7251 

* 88 160 021 6 

82 234 196 © 

* 5925 8256 

$139 0372 

7861884 

719 549 2 

66 639 2 

61 675 6 

4963 6 
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Therefore 25 is = 0.017,455,064,928,217,585,765, which is true to the 


neareſt unit in the twenty. firſt, or laſt, place of decimal fractions; and con- 
ſequently the tangent of an arch of 1 Degree, in a circle of which the radius 
is called 1, is now found to be equal to the ſaid number 0.017,455,064,928, 


217,585,765. Q. E. I. 


This number o. o 17, 455,064, 928, 217, 58 5,765 agrees in all it's figures with 
the firſt twenty - one figures of the number o. 17, 453, 064, 928,217, 585,765, 
130, 659, which was found above in Art. 39, page 831, for the value of tbe 
tangent of an arch of 1 Degree. 


— — — — 


This Computation of the Length of the Tangent of an arch of 1 Degree by 
the Method recommended by Mr. Ivory begun in page 914, and therefore has 
taken- up only 21 pages: but in the former Computation of the ſame Tangent, 
(by, firſt, quinquiſecting an arch of 45 Degrees, and then triſecting an arch of 
9 Degrees, and afterwards triſecting an arch of 3 Degrees,) no fewer than 51 
pages were employed, to wit, the pages from page 780 to page 832. So that 
Mr. Ivory's Method muſt be acknowledged to be much ſhorter and leſs laborious 
than the other, and yet equally clear and ſatisfactory. 


End of Dr. Mackay*'s Computation of the Length of the 
Tangent of an Arch of 1 Degree, according to the 
Method recommended by Mr. foory. 
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ANOTHER 


METH OD 


OF 


COMPUTING THE VALUE OF THE TANGENT OF AN ARCH 
OF 9 DEGREES, 


OR 


OF QUINQUISECTING AN ARCH OF 45 DEGREES, 


By Means of the Quinquinomial Equation 5r*t +10 —10P8—5rt*+ 68 , 
which expresses the Relation between the Tangent of an Arch of 45 De- 
| grees, (which is equal to r, or the Radius of the Circle,) and 
t, or the Tangent of the fifth Part of the said Arch 
of 45 Degrees, or of an Arch of 9 Degrees. 


Art, 98. This equation 5r%+ 1077 — 10 1057 — 5r tf +15 = 7* has two 
other roots, (that is, real and affirmative roots,) beſides the root r, or the 
tangent of an arch of 9 Degrees; to wit, firſt, r, the radius of the circle, or 
the tangent of the arch of 45 Degrees itſelf; and, ſecondly, the co-tangent 
of an arch of 9 Degrees, or the tangent of an arch of 81 Degrees, which is 
the complement of an arch of 9 Degrees to an arch of go Degrees, or the 
arch of the whole quadrant ; which analogy between theſe tangents, when I 
firſt diſcovered it, was, I confeſs, matter of ſome ſurprize to me, That theſe 
two quantities will be roots of the faid equation as well as 7, or the tangent of 
an arch of 9 Degrees, may be ſhewn in the following manner, 


Art. 99. In the firſt place, if the radius r be ſubſtituted inſtead of ? in the 


quinquinomial quantity 57%-+ 107%*— 107 — 57t* +75, which forms the firſt, 
or 
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or left-hand, fide of the equation 5 +107 1 = 5xt' +15 = , the 
ſaid quinquinomial quantity will be thereby converted into the quinquinomial 
quantity 5* xr+107* x *— 1077 x r= 57 Xr*+7*, or 5 + 10-105 — g 
＋,‚ which is equal to , or the abſolute term of the ſaid quinquinomial 
equation grit + 10? - 10 rtr, = 15, Therefore r is a root of the 
ſaid equation, as well as t, or the tangent of an arch of 9 Degrees. 


Q E. P. 


Art. 100. Secondly, let “ be put for the tangent of an arch of 81 Degrees, 
or the complement of an arch of 9 Degrees to an arch of go Degrees, or the 
arch of the whole quadrant. And let 4 be ſubſtituted inſtead of ? in the 
quinquinomial quantity 57 + 107% 10 r* 5rt* +15, whereby the ſaid quan- 
tity will be converted into the quinquinomial quantity 5r*% + 10 - 10 — 
g&rb*+4*, And it may be ſhewn that this new quinquinomial quantity 5 + 
107*%b*— 10e - gr will be equal to r', (the abſolute term of the pro- 
poſed equation 57 ＋ 107% —10rf —grff +15 = ,) as well as the quin- 
quinomial quantity 57 ＋ 10 -i — 5rff +15 and the quinquinomia] 
quantity 5r* xr io Xx io x1r*— rx, and therefore that 3 is 


a root of the quinquinomial equation gr.] 10 - 10 - ir = 


7*, as well as 7, the tangent of an arch of 9 Degrees, and r, the radius of the 


Circle. This may be ſhewn in the following manner. 


Since 3 is the tangent of the complement of an arch of 9 Degrees to an 
arch of 90 Degrees, or the arch of the whole quadrant, the rectangle under 


the tangent 5 and the tangent 7 will be equal to the ſquare of the radius 7. 

Therefore # will be = ＋, and conſequently F will be (= 2 12 >, and 
4 

P will be (= HF) = Lol and H will be (= = I. = 2 and “ will 


be (2 27 = 5, Therefore the quinquinomlal quantity 57 N 1077 — 


10 g. will be (= X ＋ + 10% x Fo = 106) x A5 


15 os 1077 n6® — 110 
. 


Vol. IV. 6 T But 


— —— 


- — 


— : TY 
—̃̃ — K ů ů ͤðͤ—ͤlvñ.— 
— —— — — — 


— . — 
— — — 2 
— — — — — 
Os — 2 ET FS 
- Pad — 


=: 
— — —— 


938 Axrolber Method of computing the Value of the 


But 5r +1017 — 1077 *— 57144 is equal to. 


6 s 10 . 
Therefore 3, + I — 2 = £- + in alſo be equal 


to r'. Therefore (by multiplying all the terms of this equation into the frac- 
tion Ld we ſhall have grö“ 107*f*— 10136 — 5r%b +757 = b; and (by 
F 


adding 107%* + ;5r% to both fides,) we (hall have 5rb*+ 10 +r5 = 45+ 
101% , and (by ſubtracting 5rb*+ 107% from both fides,) we ſhall 
have r = 5 +101n%* + gr*b—gri*— 10, or gr + 10 —107 r 
4 = „. O. E. D. 


3 


Therefore r and 5, or , that is, the radius of the circle, and the tangent 


of an arch of 81 Degrees, or the co-tangent of an arch of 9 Degrees, are roots 
of the quinquinomial equation 5r## + tor —107F—5rf +5 = , as well 
as /, or the tangent of an arch of g Degrees. | 


Art. 101. Now, ſince the quinquinomial quantity 5r*/+ 10 - 10. 
5&rf*+1* is equal to , and the quinquinomial quantity zr. x r+ 1077? x Ff— 
107*Xri—5rX*+7* is alſo equal to -, it follows that the quinquinomial 
quantity 54+ 107% —10nP—5rff +15 will be equal to the quinquinomial 
quantity r x r+ 10 *Xr*—107* x -r x. Therefore (adding ic 
. gr x to both fides,) we ſhall have 5r#+10r* +10 x + 51 x 1f— 
tor f—rf +8 = e re N +75; and (ſubtracting 3 + 10 +15 
from both fides,) we ſhall have io x ＋ rx = Xx f—57t = 5r*Xr + 
107 x +ri—54t—10rP—15, or 10 Xi x B+ gr x -g x1 = 
z N- K i -o x f +ri—f*, or 10 XK At ir x = = 
f i * . -, and (dividing both ſides by the binomial 


222 = = .= Ti- 


quantity — we ſhall have 10 x = + gr X 


1— 


12 —P 


* + A or 10PXr+1ri+f TX = S&K 


11 


10 xr+i+rf+ D Ar, 
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101* + e gr 
ſet) 4 an 
+ 1011 4- gr't* — + 107 1 —— 3 | 
+ pris . 
+ 5 
+ FE 


15* +15 t ir, ＋ rt = 16f4+11rt+r*+1f +1, and (ſubtrafting 
15r* +1117 from both ſides) 4r3%%+15f +518 = r*+P* +71 +14, and 
(ſubtracting r*# + ri from both ſides,) 4 t+ 140i +478 = r*+8, and, 
laſtly, (ſubtracting F from both ſides,) 41% + 147+ art? —1* = ; which 
equation has two roots, of which , or the tangent of an arch of 9 Degrees, is 
the leſſer. And therefore the tangent of an arch of 9 Degrees might have 
been obtained by reſolving the quadrinomial equation 4 ＋ 141*/* + A 
= „, or, if the radius r be called 1, by reſolving the quadrinomial equation 
44 +14} +$4f—#f = 1, as well as by reſolving the quinquinomial equation 5+ 


10. —10..— 37 +5 = 1; and with much leſs labour of calculation, This 


reſolution may be performed as follows, 


The Resolution of the Quadrinomial Equation 4t+ 
14t +48 —t* = 1, of which the lesser Root is equal 


to t, or the Tangent of an Arch of 9 Degrees in a 
Circle of which the Radius is called 1. 


Art. 102. A circular arch of 9 Degrees is the 20th part of the ſemi- 
| 3.141,592,65 3, &c 
20 


But the tangent of a circular arch is greater than the arch itſelf. And therefore 
the tangent of an arch of ꝙ Degrees muſt be greater than o. 157, 9. We will 
therefore ſuppoſe it to be equal to 0.158, and will try the effect of this ſuppo- 
ſition by raiſing the powers of o. 158, and ſubſtituting o. 158, and 6.15897, 
0.158]?, and o. 15807, inſtead of t, F, I, and #*, in the quadrinomial quantity 
4t ＋ 14 ＋45—1, (which forms the firſt, or left-hand, fide of the propoſed equa- 


tion 4t+ 148 +4f—# = 1,) in order to diſcover whether the value of the 
| 6 T 2 ſaid 


circumference of the circle, and therefore 1s = . 1 57, 79, &c. 


| 
| 
| 
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ſaid quadrinomial quantity ariſing from ſuch ſubſtitution will be greater, or will 
be leſs, than the abſolute term, 1, of the ſaid equation, and conſequently whe. 
ther the ſaid number 0.158 will be greater, or will be leſs, than the true value 
of t in the ſaid equation, This may be done in the following manner, 


; = 0.158 o. 024, 964 o. 003, 944,312 
# = 0.158 0.158 o. 158 
1264 199 712 31 554 490 
7 90 1 248 20 197 215 60 
158 24954 394 431 2 
15 — o. 024, 964 PF = o. 00g, 944, 312 FX 0.000,02 3,201,296 
14 4 
99 856 4 = 0.015,777,248 | 0.158 
249 04 4 
141* = 0.349,490 | 44 = 0.632 
| 0.632,000,000,000 = 4t 
+ 0.349,496,000,000 = 14. 
+ 0.015,777,248,000 = 4 
0.997,273,248,000 = 4t+14f +4 
— o. 000,6 23,201,296 — 2 
0.996, 650, 4b, 704 = 4t+14tf +43 —1, 


Therefore the value of the quadrinomial quantity 4/+ 144 ＋45.— F reſult- 
ing from the ſuppoſition that / is equal to o. 138, is the decimal fraction 
o. 996, 650, o46, 704; which is leſs than 1, or the abſolute term of the propoſed 
equation 44 14. + 41%—#* = 1. Therefore the number o. 158 is leſs than 


the true value of 7 in that equation. Q. E. I. 


A Process of Mr. Raphson's Method of Approximation. 


Art. 103. Let 2 be put for the exceſs of the true value of 7 in the equation 
41 +148 +4 —f = 1 above 0.158, and let the binomial quantity 0.1.58 +2, 
be ſubſtituted inſtead of 7 in the ſaid equation. | 

Then 
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Then will “ be = 0.158+z] (= 0.158}* + 2X0.158X2+&c = Gd 
+ 0.316X2 + &c) = 0.024,964 + 0.316Xz; 
and ꝶ will be = 0.158+z2*(= 0 158}? + 3x0.158* Xz+&c'= 0.158) 
+ 3X0.024,964 * E + &c = 0.158] + 0.074,892Xz 
+ &c) = 0:003,944;312 + 0.074,892X2 + &c; 


and # will be = o. 158 +2) (= 0.159* + 40. 158] Xz+&c = 0. 15805 
+ 4. oog, 944, 312 & x14 & c = 0.15$]* + 0.015,77. 
248 K 2 ＋ & c) o. ooo, 623, 201,296 + o. 01,777, 248 


Xx + &c, 


Therefore 4# will be = 4x0158-+2 (= 4X0.158+4 x2) = 0.632 ＋ 4; 


and 14f will be = 14 0,024,964 + 0.316 xz+&c (= 14X0.024,964 
+ IAN 0.316Xz+&c = 14X0.024,964 + 4.424 
X2+&c) = 0.349,490 + 4-424X2+&c ; 


and 45 will be = 4 x 0.003,944,3i2' + 0.074;892 Xx z+&c (= 4 x 
0.003,944,312 + 4X0.074,892 Xz+& = 4x 
0.003,944,312 + 0. 299, 568 * ＋ &c) = 0,015,777, 
248 + 0.299, 568 K ＋ & c. | 


Therefore the whole quadrinomial quantity 4414 +4 —7* will be equal 


to the multinomial quantity 


0.632,000 — 
+ 0. 349,496 + 
25 o. 15,7 7,248 + 
o. ooo, 623, 201,296 — 


17 


8 o. 997, 273, 248, oo0 
— } — o. ooo, 623, 201, 296 


= o. 996, 550, 046, 704 + 


AZ 
4.424 X 2 + &c 
o. 299,568 X 2 + &c 
0.015,777,248 X:2 + &c 


8.723,68 X Rx + &c | 
0.015,777,248 X2 + &c 


8.707,790,752X2 = &c. 


But the quadrinomial quantity 47 14 +4 —i* is = 1, 


Therefore 
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Therefore the quantity 0.996,650,046,704 + 8.70%, 790, * &c will 
alſo be = 1. And conſequently 8.707,790,752 x z + &c will be (= 1 — 
0.003, 349,95 3-296 
8.707, 790,52 
= o. ooo, 384. Therefore , or o. 158 T z, will be = 0.158 + o. ooo, 384 = 
o. 188,384; that is, the tangent of an arch of 9 Degrees will be very nearly 
equal to o. 158, 384. | Q. E. I. 


0.996,650,046,704 = 0.003,349,953,296, and z will be = 


Art. 104. Having thus obtained the number o. 158, 384, for a ſecond 
near value of , or the leſſer root of the quadrinomial equation 4t + 148 + 4, 
—#* = 1, which is probably exact in all it's figures, let us ſubſtitute it inſtead 
of t in the quadrinomial quantity 4#+ 14e* + B—?#f, in order to diſcover whe- 
ther the value of the ſaid quantity, reſulting from ſuch ſubſtitution, will be 
greater, or will be leſs than 1, or the abſolute term of the ſaid equation, and 
conſequently whether the ſaid ſecond near value of 7 is greater, or is leſs, than 
it's true value in that equation. | 


Now, if f is = o. 1 58, 384, we ſhall have 
s = (0.158,384)) = 0.025,085,491,456, | 
and &® = (0.158,38) = o. oog, 973, 140, 478, 767, ioa, 


and 1. = (0. 158,384) = o. ooo, 629, 281,88 1, 589,048, 999, 936; as will 
appear from the following operations of multiplication. 


= o. 158,384 
= o. 158,384 


833 536 
12 670 72 
47515 2 
1 267 072 
7919 20 
15 838 4 


* = o. oa 8, o8 5,491,456 


uw w 
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P = 0.025,085,491,456 
f = 0.158,384 
100 341 965 824 
2 006 839 316 48 
7 525647 4368 
200 683 931 648 
I 254 274 572 80 
2 508 549 1456 
!* = 0.003,97 3,140,478,767,104 
t = 0.158,384 g 
15 892 561915 068 416 
317 851 238 301 368 32 
1191 942 143 030 131 2 
31 785 123 830 136 832 
198 657 023 938 355 20 
23997314047 $76 710 4 
if = 0.000,629,281,881,589,048,999,930 


Therefore 4t will be (= 4x0.158,384) = 0.633,536; 
and 147 will be (= 14X0,025,085,491,456) = 0.351,196,880,384 ; 
and 4 will be (= 4X0.003,973,140,478,767,104) = 0.015,892,561, 
915,008,416. 
Therefore 4/+14f* +48 will be = 
{ 0.633,536 | 
+ 0.351,196,880,384 : 
+ 0.01c,892,561,91 5,068,416 
= 1.000,02 5,442,299,008,416, and the whole quadri- 
nomial quantity 4#+ 147 +4 —?* will be = 
1.000,625,442,299,068,416,000,000 
— 0.000,6!9,281,881, 589,948,999,930 
2 o. 999,990, 60, 417,479,367, ooo, ob; which is leſs than 
1, or the abſolute term of the equation 47+ 148 +4 —7* = 1, and conſe- 
quently the ſaid number o. 138, 384, or the ſecond near value of the leſſer root, 
e, of the ſaid equation, will be leſs than it's true value. Q. E. I. 


A Second 
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A Second Process of Mr. Raphson's Method of Approximation. 


Art. 105. Ia order therefore to obtain a third near value of 7, or the leſſer 
root of this equation, let z be put for the exceſs of the ſaid root above it's 
ſecond near value o. 158, 384, and let the binomial quantity 0.158,384 +2 be 
ſubſtituted, inſtead of ?, in the ſaid equation 4/+ 147 + 43 — . = 1. | 


Then will 7* be = 


and will be = 


and # will be = 


0.158,3384+2]* (= 0.158,384]* + 2x0. 158,384 xx 
+ &c = 6.158, 3844 + 0.316,768 x2 + &) = 


0.025,085,491,455 + 0.316,768 xz + &c; 


o.158,384+2} (= 0.158,384) + 3X0.138,384\* 
X2 + &c = 0.1 58,3840 + 3Xx0.025,085,491,456 
xz + &c = 0.158,384\' + 0.075,256,474,363 X 2 
+ &c) = 0.003,973,140,478,767,104 + 0.075,256, 
474,308 xz + c 3 
sd Ta (= 888.380 · 4x C. 158, 384 
X 2 ＋ &c = SET + 4X0.003,973,140,478, 
767,104xz+&c . 158, 384 + 0.015,892, 501, 
915,068,416 x z+ &c) = 0.000,629,281,881,589,048, 
999,936 + o. 015, 89, 56 1, 91 5, 68, 416 x 2 + &c. 


Therefore 47 will be = 4X0. 150,384 ÞE (= 4X0.158,384 +4Xz2) = 


0.633,536 X42; 


and 147 will be = 14 X0.025,085,491,456 + 0.316,768X2 + &c 


(= 14X0.025,085,491,456 + 14X0.316,768 
X2 + &c = 14X0.025,08 5,491,450 + 4.434. 
752X2 + &c) = 0.351, 1908 880,384 + 4.434. 
75 XA ＋ &c; | 


and 
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and 45 will be = 4X 0.003,973,140,478,707, 104 + 0.07 5,256,474, 
368X2+&c (= 4X0.003,973,140,478,707,104 
+ 4X0.075,256,474,308Xz + &c = 4X0.003, 
973,140,478,707,104 + 0.301,025,897,472 x 2 
+ &c) = 0.015,892,501,915,068,416 ＋ 0.301, 
025,897,472X2 + &c. 


Therefore the whole quadrinomial quantity 4f + 14 + 4G —? will be equal 


to the multinomial quantity 


0.633,536 + 42 ' 
+ 0.351,196,880, 384 + 4.434, 2 X2 + &C 
+ 0.015,892,561,915,068,416 + 0.301,025,897,472 X2 + &c þ 
— 0.000,029,281,381,589,048,999,936 — 0.015,892,501,91 5,068,416 
XZ — xc. 
1.000, 62 5, 442, 299,068, 416 + 8.735,777,897,472X2+&c 
=< — 0.000,629,281,881,589,048,999,936 — 0.015,892,561,91 5,068, | 
8 416 Xxz — &c 


= o. 999,996, 160, 417,479,367, ooo, o64 + 8.719, 885, 335, 556,931,584 
XZ ++ &. 


But the quadrinomial quantity 4& + 14 4, is equal to 1. 


Therefore the quantity o. 999, 996, 160, 417, 479, 367, ooo, o64 + 8.7 19, 88 5, 
3335,55 6,93 1,584 X 2 &c will alſo be = 1. And conſequently 8.7 19, 886, 335, 
556, 931, 584* will be (= 1 — 0.999, 996, 160, 417, 479,367, ooo, 64) = 
o. ooo, oog, 8 39, 582, 520, 632,999,936, and z will be = the fraction 


o. ooo, ocz, 8 39, 582, 5 20, 632, 999,936 
= do. ooo, ooo, 440, 32 Therefore 7, or o. 158 
8.719,88 5, 33 5,850,931,584 „ , 38, 


384 + 2, will be (= o. 138, 384 + o. ooo, ooo, 440, 324) o. 158, 384, 440, 324, 


that is, the tangent of an arch of 9 Degrees will be very nearly equal to 


o. 158, 384, 440, 324. | | Q. E. I. 


This third near value of t, or the tangent of an arch of 9 Degrees, is 
exact in all it's twelve figures, the more accurate value of it being o. 158, 
384, 440, 324, 536, 293, 838,883, as has been ſhewn above in Art, 25, page 803. 
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A Third Process of Mr. Raphson's Method of Approximation. 


Art. 106. Having thus found the number o. 158, 384, 440, 324, conſiſting of 
12 figures, for a third near value of 7, or the leſſer root of the equation 474 
14f ＋45— f = 1, we will now proceed to make this number the foundation 
of another Proceſs of Mr. Raphſon's Method of Approximation, by which we 
may obtain a ſtill nearer value of t, which will be exact to 24, or, at leaſt, to 
23, places of figures. And, for this purpoſe, we muſt, in the firſt place, 
ſubſtitute the ſaid number o. i 58, 384, 440, 324, inſtead of t, in the quadrinomial | 
quantity 4#+ 147 +4 —ff, (which forms the firſt, or left-hand, fide of the 
equation 44 144 + 47f—71* = 1,) in order to diſcover whether the value of 
the ſaid quantity reſulting from ſuch ſubſticution will be greater, or will be leſs, 
than 1, or the abſolute term of the ſaid equation, and conſequently whether 
the ſaid number o. 1 58, 384, 440, 324 will be greater, or will be leſs, than the 
true value of t in that equation. Now this ſubſtitution may be made in the 


following manner. 


If t is = 0.158,384,440,324, F will be = 0.025,085,630,936,746,717, 
224,976, and 73 will be = 0.003,973,173,616,c91,048,653,022, and 
will be = o 000,629,288,879,494,663,981,535, as will appear from the 
following operations of multiplication, 


+ = 0.158,384,440,324 
t = 0.158,384,440,324 
633 537 701 296 
3 167 688 806 48 
47 515 332 097 2 
6 335 377 612 960 
63 353 776 129 6 
| 633 537 761 296 
> 12 670 755 225 92 
| 47 515 332 097 2 
1267 075 522 592 
7 919 222 016 20 
15 838 444 032 4 
* = 0.025,085,630,936,746,717,224,976 
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45 0.0 25,83, 630 936,746,717, 224,976 
0.138,38 4,440, (24 | 

0.002 508 563 093 074 071 722 497 5 

1251281 546 837 335 861 248 80 

200 635 047 493 973 737 799 808 

7 525 689 251 024015 167 492 

2 006 850 474 939 737 377 998 

100 342 523 746 986 868 899 

10 034 252 374 698 686 889 

1 003 425 237 469 808 688 

7 525 689 281 024015 

$01 712 618 734 934 

100 342 523 740 yob 


0.00 3,97 3,17 3,010,091,040,05 3,022, 109 


Nl 


45 


O. 003, 973, 173, 616, 91, 048, 653,022 
o. 158, 384.440.324 
o. 00 397 317 301 bog 104 805 302 2 
198 658 680 804 532 432 051 10 
31 785 388 928 728 389 224 176 
1 191 952 084 927 314 595 999 
317 853 889 287 283 892 241 
15 892 694 464 364 194 612 
i 589 269 446 436 419 461 
158 926 944 643 641 946 
I 191 952 084 827 314 
79 463 472 321 829 
2 15 892 694 404 304 
© = 0.000,629,288,879,494,663,981,535,140 


*% 


[1 1 


Therefore 47 will be (= 4 x o. 158, 384,440, 324) = 0.633,537,761,296 ; 
and 147 will be (= 14 xo. o25, o8 5, 630, 936,746, 717, 224,970) = 
0.351, 198, 833, 114, 454,041, 149,664; 
and 4. will be (= 4 No. oog, 973, 173, 616, 091, o48, 65 3, 22) = 0.015, 
892,694, 464, 364, 194,612,088; and conſequently 
4t + 1477455 will be equal to 


0.033,537,701,296 
+ 0.351, 198, 833, 114, 454, 041, 149, 664 
+ o. o 15, 892, 694, 464, 364, 194, 612,088 
= 1.000, 629, 288, 8 74, 8 18,235,701, 75, and the quadrino- 
mial quantity 47 + 144, 45 —-F will be equal to 
6 U 2 = 1,000 
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— { 1.000, 629,288,874, 8 18, 233,761, 52 
— o. ooo, 629, 288, 879, 494, 663, 98 1,5 35 


= 0.999, 999,999, 99 5,323, 571,780, 217; which is leſs than 
I, or the abſolute term of the equation 4 144 +4f—#* = 1, and conſe- 
quently the number o. 158, 384, 440, 324 1s leſs than the true value of ? in the 
ſaid equation. .Q.EI, 


Art. 107. Having thus found that 0.158,384,440,324 is leſs than 7, let z 
be put for their difference ; and, in order to avoid the frequent repetition of the 
long number 0.158,384,440,324, let the letter à be uſed inſtead of it. 


Then, ſince 7 is = 0.158,384,440,324+2, or a+z, we ſhall have 
Pf (SAY) = 242 + &c, 
and f (= a+2}*) = &#+30'z + &c, 
and T (= a+2)*) = a*+40% + &c, 
and 47 (= Ax T) = 4a ＋ 42, 
and 14. (= 14X4* 2 22 +&c) = 144*+28az + &c, 
and 4 (= 4x &*+34%z + &c) = 44 +124*z + &c. 


Therefore the quadrinomial quantity 44 14 + - will be equal to the 
multinomial quantity 


4 8 
+ 148 + 28 + &c 
+ 40? + 124'z + &c 
— 2 — 44% — &c. 


But the quadrinomial quantity 4 +14 +4 — is = 1. 


Therefore the multinomial quantity 42 ＋ 144 +46*—4& ＋ 42 +2822 +1 24*z 
+ &c—44%—&c- will alſo be = 1. And conſequently 42 ＋T 284 ＋ 124 
&c—4a%—&c will be = 1 —144 T 144 + 49—4*, and 2 will be = 


1 —[4a +144 + 44% —a* 
 4+28a+124*—443 K 


But 4 ＋ 144 ＋ 4 —4 has been ſhewn to be = 0.999,999,999,995,323» 
| 571, 
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571,780,217, Therefore 1 -f TIA Fa- is (= 1 — 0.999,999,999, 

095,3234571,780,217) = 0.000,000,000,004,076,428,219,783. Therefore 

o. ooo, ooo, ooo, oo, 676, 428, 219,783 
471284 ＋T 124 — 443 


* 1 = . 
But 28a is (= 28X0.158,384,440,324) 4.434,764,329,072, 
and 124 is (= 12 x o. oa 5, 08 5.630, 936,746, 17,224,976) = 0.301,027, 
571, 240, 960, 606,699,712, | 
and 44* is (= 4X o. oog, 973, 173, 616, 09 1, 048, 53, 22) = 0.015,892,694, 
464, 364, 194, 612,088. 


Therefore 4+28:+124* will be = 


4. 
+ 434,764,329, 072 
+ 301,027, 57 1,240, 960, 606, 699,712 
= 8 33,791, 900, 312,960, 606, 699,12, and the whole 
quadrinomial quantity 4 284 +124*—44* will be = 
8.7 35% 91, 900, 3 2, 960, 606, 699,712 
— 9.015,92, 694,464, 364, 194,612,088 
= 8.719899, 205,848,596, 412,087, 624. 


1 — 4-4. 
4 + 28a+ 124 — 443 
OE or ET 
$83. Therctore r, or a+2, or 0.158,384,440,324+2, will be (= o.158, 
384,440,324 + o. ooo, ooo, ooo, ooo, 536, 293, 838,883) = 0. 158,384,440, 
324,5 36,293, 838,883; that is, the tangent of an arch of 9 Degrees will be 
very nearly equal to the number o. 158, 384, 440, 3 24, 536, 293, 838,883. 
Q. EL 


This number o. 158, 384, 440, 324,5 36, 293,838,883, here obtained for the 
value of the tangent of an arch of 9 Degrees in a circle of which the radius 


is called 1, by reſolving the quadrinomial equation 47 +14 +4 —#* = 1, 
agrees with the value of the ſame tangent found above in Art, 25, page 803, 
by reſolving the quinquinomial equation 5/+10ffi—1o0f—;@+7 = x, in all 
it's 24 figures. And the labour of reſolving this quadrinomial equation has 

been 


will be = the numeral 


Therefore z, or the fraction 


= ᷣdi. ooo, ooo, ooo, ooo, 5336, 293,838, 


. — uy CY Rn EP > — 
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| ſize, I ſhall here put an end to it. 
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been confiderably leſs than that of reſolving the aforeſaid quinquinomial 
equation, that reſolution having taken-up 23 pages, to wit, from page 780 to 


page 804, and this Jaſt reſolution baving taken-up only 11 pages, to wit, 


from page 938 to page 950. The thought of inveſtigating the value of this 
tangent by reſolving the quadrinomial equation 4t+14f +413—t* = 1 was 
ſuggeſted ro me by the ingenious Mr. GE Frend, M. A. and Fellow of 
Jeſus College, Cambridge. | 


End of the Computation of the Length of the Tangent 
of an Arch of 9 Degrees, in a Circle of which the 


Radius is called l, by resolving the Quadrinomial Equa- 
tion 41 +14 +4—O&f = 1. 


4 


Theſe various computations of che lengths of the tangents of circular arches 
having extended this volume of the Scriptores Logarithmici to an uncommon 


5 | FRANCIS MASERES. 
Inner Temple, April 24, 1806. 


End of the Sixth Volume of the present Collection of Mathematical 
Tracts, intitled, SCRIPTOREs LOGARITHMICI, 


—— ————— — a _C_—C—CC— ——— — 


IN THE PREFACE. 


IN page xli, line 2, inſtead of “ 23 pages” read “ 24 pages.“ 
And in the fame page xli, line 3, inſtead of ©& page 473,” read “ page 474." 
In page Ixii, line 1, inſtead of o. ooo, 163, read 0.001,163. 
And in the ſame page Ixii, line 18, inſtead of “If we divide by,” read It 
we divide 2 by.” 
In page Ixxxiii, line 1, inſtead of © to both ſides, read © from both ſides.” 


Pas 


IN THE BODY OF THE WORK. 


241,290 read 241,920 * 


In page 5, line 5 from the bottom, inſtead of 


50,521 m# ud $0,521 . 
41 
And in the ſame page 5, in the bottom line, inſtead of wt read 
41,581 * 13 * ds 
967,680 ” 
, . 41,581 * 99 * d. 41,531 x 13 * 
In page 6, line 6, inſtead of = 2 read 5 — 


In page 7, line 17, inſtead of + c,“ read“ + & c.“ 
In page q, line 11, inſtead of @* read b. 


. C . 
In page 10, line 8, after g inſert a comma. 


And in ſame page 10, line 12, inſtead of = 202.704 = read 


5 X 0.069,114 __ 0.345,579 
128 „ 
In page 11, line 1, inſtead of — o. ooo, 196, read - o. ooo, 194; and inſtead 

of -o. ooo, 198, read o. ooo, 196. 

N. B. This ſmall error runs through the remainder of the calculation. 
And in the ſame page 11, line 8, inſtead of =0.002,074x*, read —0.002,704x*. 
In page 21, line 16, inſtead of. 53737, read . 557, 355. | 
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In page 35, line 5, inſtead of 12,625 45, read 19035 "nn | 
gh Ie Ds 


In page 120, line 15, inſtead of x* 2 2xe + &c, read * + _ & c. 


In page 47, line 5 from the bottom, inſtead of — 7 


In page 134, line 15, inſtead of — x "xe read — x „ „ en. 


In page 136, line 6 from the 3 inſtead of | read quantitate,” 
In page 138, line 2, inſtead of - read — «„ . 
In page 139, in the ſecond line from the bottom, inſtead of —z* read —25. 


In page 142, line 8, inſtead of Yep — =P read 2 E. 


And in the ſame page 142, line , 4 of E + 2p +49 : , read ve 3 
In page 143, line 12, inſtead of 2py, read apye. 


And in the ſame page 143, line 20, inſtead of 2 2 ADL, read FT 


And again in the ſame page 143, line 22, inſtead « 2 2 - WE, read 


. 
3 
In page 146, line 2 from the bottom, inſtead of“ + x” read X x.” 
In page 148, line 15, inſtead of y + , read y Ta“. 
In page 149, line 8, inſtead of — 2 + x,” read — — X x.” 


In page 152, line 12 from the bottom, inſtead of BA Cx?, read Bx* + (. 

In page 155, line 2 from the bottom, inſtead of 4 read ſed. 

In page 159, line 11, inſtead of 3xx* + 3xx*, read 3a + gzx*. 

In page 164, line 14, inſtead of © + x”, read © x x.“ 

And in the ſame page 164, line 4 from the bottom, inſtead of mayor, in two 
places, read minor. | 

In page 16s, line 3, inſtead of Pr, read P. 

In page 173, line 10, inſtead of gr, read x'. 

In page 175, line 9, inſtead of x + x*, read x + I, . 

In page 226, line 10 from the bottom, inflead of a“, read xt, 


In page 229, line 7, inſtead of + mmx, read —mms, 
In page 231, line 6, inſtead of *, read *. 


In- 


RAR - 


—_ page 245, line 3 from the bottom, inſtead of «77 R read ns g=. 
In page 247, line 13, inſtead of 15, read z*x. 
And in the ſame page 247, line 15, inſtead of qudm m, read ent 1. 


In page 2 58, line 5, inſtead of Lire Ten — ph. read ll + + 


DD ZZ, 
In page 262, line 10 from the bottom, inſtead of . E Ul + mm, read 


OY 


v II'+ mm. 


And in the ſame page 262, line 8 from the bottom, inſtead of _ 1 


* [+ mm, read — — + [+ [1 + mm. 


1n page 263, line 5, inſtead of ＋ ll Tun zx, read / = ll + no pos 


And in the ſame page 263, line 8, inſtead of — „ read — _ J. 
In page 266, line 3 from the bottom, inſtead of radix unca, and radix unica. 


In page 268, line 5, inſtead of /, read u. | 
In page 276, line 5, inſtead of minor, read major. 


In page 278, line 3 from the bottom, inſtead of ? 5 read / . 


In page 284, line 7, inſtead of . ſÞ m + W, read , t n. 

In page 296, line 1, inſtead of“ „ eſſe = 45,” read © x eſſe 4.5. 

In page 297, at the beginning of line 3, dele z, 

In page 298, line 12 from the bottom, inſtead of x*+ 4, read x* + Ixx. 

In page 299, line 2 from the bottom, inſtead of 551,207, read 551,204- 

N. B. This error runs through the reſt of the calculation in the next 

| Page. 

In page 304, line 8, inſtead of Vd +xx, read A CN 

In page 305, line 7 from the bottom, inſtead of 43, 50%, 212, read 43,505, 16. 

And in the ſame page 305, line 2 from the bottom, inſtead of axv, read xx. 

In page 311, lines 17, 19, 22, 23, 24, 26, 27, and 29, inſtead of 141,77 3,228x, 
read 141,873,228x, This number 141,873,228 is the product of the mul. 


tiplication of the two numbers 321,708 and 441. 
6F2 And 


* 
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And in the ſame page 311, lines 10 and 12 from the bottom, inſtead of 
4e 10,404xx,” read 10,404x%. ñ 

In page 312, line 4, inſtead of /erti, read decimi. 

In page 331, line 7, in the Parentheſis, inſtead of 7228,93! 085, 087,352, 

read 4, 228, 931.085, 087, 852. 
In page 333, line 6, inſtead of 30, 931, 573,941 ieee 30,931,572, 
941.090,565,610,4. | 

In page 335, line 2, inſtead of 4,228,913.085, in two places, read 4,228, 
931.055. 

. And in the ſame page 335, and the ſame line 2, inſtead of 2,114,4.56,542. 500, 
read 2,114,465,542.500. 

And in the ſame page 335, line 3, inſtead of 16,180,483,150.000, read 

|  8,090,241,57 5-000. 

And again in the ſame page 335, line 5, inſtead of 2,114,456,542. 590 mY 
16,180,483,150.000, read 2,114,465,542.500 + 8, 090, 241,575. ooo. 

And again in the ſame page 335, lines 6 and 7, inſtead of 18,294,939, 692. 500, 
read 10, 204, 70%, 117.500. 

In page 338, line 9, inſtead of 56, 249, 104, 561, read 56, 249, 134, 561. 

In page 342, line 10 from the bottom, inſtead of 45, read 40. 

And in the ſame page 342, line 3 from the bottom, inſtead of CD, read CB, 


In page 346, line 9, after the laſt mark of &c, and before 11.9% inſert 
the mark of equality, =, 

In page 357, line 11 from the bottom, in the Denominator of the fraction, 
inſtead of 5288.6875, read 3287.68 75. 

In page ;61, line 4, inſtead of 352, read 342. 

In page 366, lines 8, 9, and 10 from ka bottom, inſtead of = 2x*, read + 2x*, 


In page 368, line 8, inſtead of + = -, read * 2, 
t / ve 
And in the ſame page 368, the laſt = inſtead of VEE read — 


In page 383, line 10, inſtead of 43.24, X zz, read 34.24 x 22. 

In page 385, line 8, inſtead of 0.9299, read 0.9269. 

In page 393, lines 9 and 13 from the bottom, inſtead of 1.033, 908, 514,968, 
522,139,793,133,755, read 1.033, 908, 514, 968, 522,139,743, 133,755 


In 
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In page 403, line 6, at the end, dele the words “ will le, and inſert them 1 in 
line 7, after 1.242,539, &c. x x. p 

In page 410, line 7 from the bottom, inſtead of “ 5,” read o. * 

In page 415, line 9, after x* inſert =, 

In page 420, line 15, inſtead of 14245, 09, 068, 198,771, read 14,245. 709, 
008,198,771. 

In page 423, line 13, inſtead of 246.170,297,206, read 246. 170, 166, 297, 206. 

And in the ſame page 423, line 8 from the bottom, inſtead of 14,245.709,968, 
198,771, rcad 14,245. 709, 068, 198,771. 


In page 424, line 2 from the bottom, inſtead of x, read 8943. 
ay+* 


* 2 a 
In page 431, line 4 from the bottom, inſtead of 7 155 * read 57780. 


In page 438, line 8 from the bottom, inſtead of “ 480 Xx,” read,“ 80 XK 

And in the ſame page 438, line 6 from the bottom, inſtead of“ — will be,” 
read“ —x* will be.” 

In page 447, line 16, immediately after the number 1970-051,1 30,81, inſert x, 

In page 460, line 14, inſtead of .000,369,321,603,595,3, read . 000, 399, 321, 
603,59533- 


And in the ſame page 460, line 11 from the bottom, inſtead of“ Lins wins ff 


34147 
e+g?—=38 

read 7 or] 

In page 467, line 12, inſtead of .000,369,321,603,595,3, read 000,399,321, 
603,595. 3- 

And in the ſame page 467, line 15, inſtead of 33657769, read 33657759. 

In page 468, line 14, inſtead of . 999, 8 17, 230, 416,885, read 4.999,817,235, 
416,835. 

In page 470, line 10, inſtead of ++-000,000,008,307,061, read . ooo, ooo, 
008,307,070. 

In page 473, line 2 from the bottom, inſtead of .000,295,882,204,563,5 read 
ooo, 290, 888, 204, 563,5 

In page 485, line 13, inſtead of 200, ooo, ooo, ooo, ooo, read 50,090,000, 


ooo, ooo. 
In the ſame page 483, line 18, after 7, 1, 68, inſtead of a full ſtop “.“ 


inſert a Comma *© ,”. 
In 
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In page 486, line 7, after the word in inſert the ſmall Greek Letter 3. 

And in the ſame page 486, line 14, inſtead of X, read t. 

In page 630, line 15, inſtead of CG, read CF. | 

In page 636, line 3, inſtead of 200,000,000,000,000, read 50, ooo, ooo, ooo, ooo. 

And in the ſame page 636, the laſt line, inſtead of HK, read HI. 

la page 638, line 10, inſtead of o. ooo, ooo, ooo, ooo, oi, read 0.000,000, 
100, oo, .. | 

In page 647, line 13, after the word “ quadrant,” inſtead of CAP, read CAB. 

In page 660, line 2, between a and = inſert <* =, 

In page 664, line 7, inſtead of © Iſacc” read Iſaac. 

In page 671, line 2 from the bottom, inſtead of o. ooo, ooo, 111, read 0.000, 
00, 333. | | | 

And in the ſame page 671, in the laſt line, inſtead of 1,000,500,111, read 
1.000,500, 333. | 

In page 672, line 1, inſtead of 1,000, 500,111, read 1.090,500,33 3. 

And in the ſame page 672, lines 2, 3, and 4, inftcad of .001,11, read ,003,33. 

In page 673, line 9, inſtead of 9,989,068, read 9,989,968. 


od o. ooo, 100,000 


In page 674, line 4, inſtead of 2 re and inſtead of 


o. ooo, ooo, oio 0.000,001 ,000 : 
, read —— and inſtead of o. ooo, ooo, 333, read o. ooo, 


0333333» 
And in the ſame page 674, line 5, inſtead of o. ooo, ooo, ooz, read o. ooo, 


000,250 ; and, inſtead, of 1.005,000,335, read 1.005, o33, 583. 
And in the ſame page 674, line 6, inſtead of 1.005,000,335, read 1.005,033,583. 
And in the ſame page 674, line 7, inſtead of 100,500.0335, read 100,503.3 583. 
And in the ſame page 674, line 8, inſtead of 100,500.0335, read 100,503. 
583. 
And in the ſame page 674, line 8, inſtead of 100, 500.0335, read 100,503.3583. 
And in the ſame page 674, line 9, inſtead of .0335, read .3583; and in line 
10, inſtead of 100,500, read 100,503 ; and in line 18, inſtead of 100,500, 
read 109,503. 
In page 675, line 1, and likewiſe line laſt, inſtead of 100,500, read 100,503, 
In page 677, line 2, inſtead of 1,053,605,154, read 1.052, 605, 154. 


In page 682, line 5 from the bottom, inſtead of / , read f . 


17 


In 
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In page 685, line 5, inſtead of — read * 
2 
In page 690, line 6, inſtead of 100, 500.0335, read 100, 503. 3583. 
And in the ſame page 690, line 4 from the bottom, inſtead of 5 5,504. 174, 
301,25, read 55, 504. 174, 801,25. 


In page 692, line 7 from the bottom, between the fractions = and 17 


inſert the mark of multiplication * 


And in the ſame page 692, line 6 from the bottom, inſtead of“ —2,222.1 =” 


* 
read — = 2,222.1, 


In page 694, line 11, inſtead of 109, read 100, 

In page 712, line 4, inſtead of 40,317,433, read 81,425,681. 

In page 714, line 9 from the bottom, inſtead of 177, 433, read 2909, 

And again in the ſame page, line 8 from the bottom, in two places, inſtead of 


40,317,433, read 81,425,681. 


In page 769, line 13, inſtead of — read —_ 


And in the ſame page 769, line 18, inſtead of — read . 

In page 783, line 5 from the bottom, inſtead of — 107, read — 5. 

In page 785, line 12 from the bottom, inſtead of — iF, read — 5“. 

In page 786, line 2 from the top, and line 2 from the bottom, inſtead of 
—10f*, read — 5. 

In page 804, line 14 from the bottom, inſtead of 0,05 246, read 0.05279 

And in the ſame page 804, line 4 from the bottom, inſtead of 0.0542, read 00524. 

In page 806, line 10, inſtead of 0.01 524, read 0.0524. 

And in the ſame page 806, line 11, immediately after the parentheſis) inſert the 
mark =. 

And again in the ſame page 806, line 16, inſtead of 0.00524, read 0.0524 3 
and in line 18, inſtead of 0.002,745,745,76, read 0.002,745,70- 

In page 839, the bottom line, inſtead of “ read “. 

In page 849, line 2 from the bottom, inſtead of 37, read 31. 

And in the ſame page 849, in the bottom line, inſtead of the number 0.003, 


490,672,881, 596, 2 50, 318, 516, read 0.003,490,672,681,596,2 50,318,516. 
In 


958 aA 
In page 854, line 17, at the beginning of the line, inſert  ; and at the begin. 


ning of line 18, inſert 5. 


In page 881, line 8, inſtead of o. oog, 290, 888, 216,870, 315, 908, read 


o. ooo, 290, 888, 216,8 70, 315, 908. 
In page 893, the bottom line, inſtead of a“, read 4“. 
In page 929, line 8, dele the word “ ft. : 
In page 938, line 4, inſtead of = &, read = #+, 


In page 944, line 6 from the bottom, inſtead of o. 633,536 X 42, read 


0.633, 536 + 42. 


In page 949, immediately after the parentheſis) inſert the mark of . - 


END OF THE ERRATA. 


